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Abstract

Our environment deteriorates primarily due to the emissions of carbon dioxide. Scientists
and entrepreneurs promote carbon offset to reduce the emissions. Scientists and investors
explore the investments of carbon offset. Some scientists encouragingly construct portfolio
selection models but do not completely optimize them. Some scientists encouragingly
construct capital asset pricing models (CAPM) but do not completely justify them. Under
such contexts, this paper proposes a model of multiple-objective portfolio selection (MOPS)
and preliminarily explores multiple-objective capital asset pricing models (MOCAPM).
By the classical transition from portfolio selection to CAPM, we introductorily conjecture
the extended transition from MOPS to MOCAPM. Specifically, we prove mathematical
properties for the model. For instance, its minimum-variance surface is convex, and its
feasible region is bounded by the convex surface. We examine whether a point on the
minimum-variance surface is nondominated. By the properties, we heuristically prove
different tangent planes for MOCAPM (instead of the unique tangent line for CAPM). We
tentatively hint the conditions for a unique tangent plane. This paper acts as a footstep of
the introductory conjecture.

Keywords: multiple criteria decision making; multiple-objective optimization; multiple-
objective portfolio selection (MOPS); multiple-objective capital asset pricing models
(MOCAPM); tangent planes; investments of carbon offset

MSC: 90C29; 91G10; 91G30

1. Introduction
To firstly illustrate this paper’s theme, we delineate a graphical abstract. It carries

five panels for research advancement. Structurally, Panels B and C depict the research lines
of progressing from portfolio selection to CAPM. As extensions, Panels D and E depict
the research lines of progressing from MOPS to MOCAPM. Particularly, Panel E depicts
the highlight.

1.1. Characteristic Research for the Investments of Carbon Offset and Preliminary Contributions of
This Paper

As our environment deteriorates primarily due to the emissions of carbon dioxide,
scientists and entrepreneurs promote carbon offset to restrict the emissions. Investors
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and scientists explore the investments of carbon offset (the markets and investments of
carbon offset will be introduced in Section 2). Chen et al. [1] encouragingly utilize utility
functions, restrict carbon offset, and optimize for green investments. Unfortunately, Chen
et al. (p. 1 [1]) constrain their universe of assets. Moreover, their optimization can be
convoluted, because Markowitz (p. 100, [2]) argues that their optimization is much more
demanding than portfolio selection.

Anquetin et al. [3] and Xue et al. [4] propose MOPS. Xue et al. [4] encouragingly
probe copula and CVaR and build 10-objective portfolio selection. Unfortunately, Xue
et al. (pp. 5–7, [4]) incompletely optimize the models. (We will contrast major methods of
multiple-objective portfolio optimization in Section 2.2).

Alessi et al. [5] encouragingly propose asset pricing models and discover greenness
premium. However, Alessi et al. (pp. 3–4, [5]) empirically propose the models and lack
completely theoretical support. We cite these three papers in the Panel A of the graphi-
cal abstract.

Under such contexts, this paper preliminarily contributes to the literature of MOCAPM
and the investments of carbon offset as follows:

• We propose MOPS, completely optimize, and free the universe of assets.
• We extend the classical research lines of progressing from portfolio selection to CAPM

into the research lines of progressing from MOPS to MOCAPM.

However, our methodology is geometrically exploratory with illustrative results. We
document the contributions in Panel A of the graphical abstract.

1.2. Portfolio Selection

Portfolio selection is commonly acclaimed as the birthplace of modern finance (as
appraised by Rubinstein [6] and Fabozzi et al. [7]). Nobel Laureate Markowitz (p. 6, [8])
targets risk and return. Markowitz (p. 83, [9]) formulates portfolio selection as two-objective
optimization as follows (multiple-objective optimization will be introduced in Section 2):

min z1 = xTΣx, variance of portfolio return
max z2 = xTµ2, expectation of portfolio return
s.t. x ∈ S, feasible region

(1)

where, by n stocks, a portfolio is determined by its weight vector x. (Bold-face symbols
(e.g., x) symbolize vectors or matrices. Normal symbols (e.g., n) symbolize scalars or sets).
Σ symbolizes the matrix of covariances of stock returns. µ2 symbolizes a vector of the
expectations of stock returns. z1 measures the portfolio return’s variance. z2 measures
the portfolio return’s expectation. z0.5

1 is the square root of z1 and measures the standard
deviation. Standard deviation can be preferred over variance z1 in finance, because standard
deviation has the same unit as the expectation z2. Variance z1 can be preferred over standard
deviation z0.5

1 in mathematics and operations research, because variance is simpler. We
considerately adopt variance z1 or standard deviation z0.5

1 . In Rn, S symbolizes a feasible
region. Scientists (e.g., Hillier and Lieberman [10]) typically assume that S is formed by
linear constraints. In (z1, z2) space, Z symbolizes the feasible region.

Formula (1) formulates a map from S to Z. In the central part of Panel B of the
graphical abstract, we delineate the map by • −→ • and delineate S as a shaded region and
Z as a shaded region (our delineation of S is hypothetical, because we can barely visualize
its space Rn).

The left boundary of the feasible region Z is called a minimum-variance frontier which
includes the nondominated set. In multiple-objective optimization, nondominated sets are
optimal sets (minimum-variance frontiers will be introduced in Section 3).
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Sharpe (pp. 59–62, [11]), Merton [12], and Campbell (p. 34, [13]) scrutinize the
following model: 

min z1 = xTΣx
max z2 = xTµ2
s.t. 1Tx = 1

(2)

where 1 symbolizes a vector of ones. Merton [12] derives the minimum-variance frontier
analytically. The term “analytically” signifies closed-form formulae by calculus and linear
algebra and is easy to understand. In Panel B of the graphical abstract, we present (2) and
its minimum-variance frontier and nondominated set.

1.3. CAPM

On the basis of (2), Nobel Laureate Sharpe [14] instigates his CAPM by

• Determining a line which is tangent to the nondominated set of (2) and is through the
risk-free asset r f (as defined by Bodie et al. (p. 136, [15]));

• Reasoning the tangent portfolio as the market portfolio (as defined by Bodie et al.
(pp. 115 and 285, [15])); and

• Concluding the following model:

E(r) = r f + β(E(rm)− r f ) (3)

where E(r) symbolizes the expectation of a stock return. E(rm) symbolizes the expec-
tation of the market portfolio’s return. β symbolizes the stock’s risk and is computed
as the covariance between r and rm divided by the variance of rm.

In Panel C of the graphical abstract, we delineate (3) and the tangency. In Panels B
and C by ↓, we delineate the research lines of progressing from portfolio selection (2) to
CAPM (3).

1.4. MOPS

Markowitz [16] and Sharpe [17] perceive extra objectives after originating portfolio
selection and CAPM. For instance, Markowitz [18] investigates long-term variance and
short-term variance. Fama (pp. 445–447, [19]) and Cochrane (pp. 1081–1082, [20]) target
multiple factors. Harvey and Siddique [21] consider skewness. Lo et al. [22] probe liquidity.
Pedersen et al. [23] contemplate ESG.

Dorfleitner et al. [24], Hirschberger et al. [25], Qi et al. [26], and Utz and Steuer [27]
expand portfolio selection into MOPS as follows:

min z1 = xTΣx, variance of portfolio return
max z2 = xTµ2, expectation of portfolio return
max z3 = xTµ3, expectation of general portfolio objective 3
...
max zk = xTµk, expectation of general portfolio objective k
s.t. x ∈ S, feasible region

(4)

where µ3 · · · µk symbolize vectors of the expectations of general stock objectives. z3 · · · zk

symbolize the expectations of general portfolio objectives. Z symbolizes the feasible region
in (z1, · · · , zk) space.

Formula (4) formulates a map from S to Z. In the central part of Panel D of the
graphical abstract, we delineate the map by • −→ • and delineate S as a shaded region and
Z as a shaded region. For visualization reasons, we delineate (z1, z2, z3) space (instead of
(z1, · · · , zk) space).
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The left boundary of the feasible region Z of (4) is called a minimum-variance surface
which includes the nondominated set. The minimum-variance surface becomes exten-
sions of the minimum-variance frontier (minimum-variance surfaces will be formulated in
Section 3).

We follow Qi et al. [26] and expand (2) into the following model:
min z1 = xTΣx, variance of portfolio return
max z2 = xTµ2, expectation of portfolio return
max z3 = xTµ3, expectation of portfolio carbon offset
s.t. 1Tx = 1

(5)

where µ3 symbolizes a vector of the expectations of stock carbon offsets. z3 symbolizes the
expectation of portfolio carbon offset. In the left part of Panel D of the graphical abstract,
we report (5). Qi et al. [26] derive the minimum-variance surface analytically. In the right
part of Panel D, we delineate the following minimum-variance surface:

z1 = 0.0724z2
2 + 0.6196z2

3 − 0.0028z2z3 − 0.0342z2 − 0.5605z3 + 0.1550 (6)

The derivation will be explained in Section 3. We also delineate the nondominated set in
the right part of Panel D.

1.5. Scant Research for MOCAPM

Scholars are developing MOPS (as surveyed by Steuer and Na [28], Zopounidis
et al. [29], Aouni et al. [30], La Torre et al. [31], and Ehrgott et al. [32]).

Despite the development, there barely exists research to progress from MOPS to
MOCAPM (as classically innovated by Markowitz [9] and Sharpe [14]). The researchers of
the survey above barely record the progress.

1.6. Highlight of This Paper: Proving Mathematical Properties of (5) and Heuristically Proving
Different Tangent Planes for MOCAPM

This paper has the following highlight in theorems, corollaries, and propositions:

• We prove mathematical properties for (5) (e.g., convex minimum-variance surface).
• We heuristically prove the following two tangent planes which are tangent to the

nondominated set of (5) and pass through the risk-free asset:

z0.5
1 − 0.0993z2 − 0.2472z3 + 0.0010 = 0 (7)

z0.5
1 − 0.2434z2 − 0.0189z3 + 0.0024 = 0 (8)

We delineate the highlight in Panel E of the graphical abstract.

1.7. Paper Structure

We develop the other sections of this paper as follows: In Section 2, we review
multiple-objective optimization, tangent planes, asset pricing, and the investments of
carbon offset. In Section 3, we model the investments of carbon offset by MOPS. In
Section 4, we heuristically prove different tangent planes for MOCAPM. In Section 5, we
preliminarily probe the conditions for a unique tangent plane. We conclude in Section 6.
We enumerate main symbols in Appendix A.
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2. Theoretical Knowledge: Multiple-Objective Optimization, Tangent
Planes, Tangent Lines, Asset Pricing, and the Investments of
Carbon Offset

In this section, we briefly review multiple-objective optimization, tangent planes,
tangent lines, asset pricing, and the investments of carbon offset.

2.1. Multiple-Objective Optimization

Scientists (e.g., Steuer [33] and Wang and Rangaiah [34]) exhibit multiple-objective
optimization as follows: 

max z1 = f1(x)
...
max zk = fk(x)
s.t. x ∈ S

(9)

where, in decision space, x ∈ Rn symbolizes a decision vector, and S ⊂ Rn symbolizes

a feasible region. In criterion space, z =
[
z1 · · · zk

]T
symbolizes a criterion vector,

and Z = {z | x ∈ S} symbolizes the feasible region. k symbolizes the number of objectives.
Scientists commence the following definitions:

Definition 1. For z̄ ∈ Z and z ∈ Z, that z̄ dominates z is defined as z̄1 ≥ z1, · · · , z̄k ≥ zk with
at least one strict inequality.

Definition 2. That z̄ ∈ Z is nondominated is defined as that there does not exist a z ∈ Z such

that z dominates z̄. Then, if x̄ ∈ S is an inverse image of z̄ (i.e., z̄ =
[

f1(x̄) · · · fk(x̄)
]T

), x̄
is efficient.

One goal of multiple-objective optimization is locating the

• Efficient set as the set of efficient x;
• Nondominated set as the set of nondominated z.

“Nondominated” and “efficient” generalize the optimality of common 1-objective
optimization in criterion space and decision space. For terms, the optimal outcome of
(1) in (z1, z2) space is usually called efficient frontiers. On the contrary, we use the terms
“nondominated” for criterion space and “efficient” for decision space by Definition 2 and
call the outcome nondominated sets.

To solve (9), scientists (e.g., Steuer (pp. 202–205, [33]) utilize the following e-
constraint methods: 

max z1 = f1(x)
s.t. f2(x) = e2
...
fk(x) = ek

x ∈ S

(10)

where e2 · · · ek symbolize the parameters and (10) is an ordinary 1-objective optimization.
Alternatively, scientists (e.g., Steuer (pp. 165–170, [33])) utilize the following weighted-

sums methods:

max zw = λ1 f1(x) + · · ·+ λk fk(x) (11)

s.t. x ∈ S

where
[
λ1 · · · λk

]T
≩ 0 are the parameters.
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For models with min zk = fk(x) (in contrast to just max), we adjust Definition 1
as follows: 

max z1 = f1(x)
...
max zk−1 = fk−1(x)
min zk = fk(x)
s.t. x ∈ S

Definition 3. For z̄ ∈ Z and z ∈ Z, that z̄ dominates z is defined as z̄1 ≥ z1, · · · , z̄k−1 ≥ zk−1

and z̄k ≤ zk with at least one strict inequality.

2.2. Graphically Contrasting Major Methods of Multiple-Objective Portfolio Optimization

We graphically contrast major methods of multiple-objective portfolio optimization
for (4) in Figure 1.

n
x 1x

2x

3x

2z

3z

1z

multiple nonlinear 
formulations, widely used,
suboptimal, approximation, 
no set structure.

: 

: 

Panel D: Heuristic algorithms

n
x 1x

2x

3x

2z

3z

1z

easy, plenty software,
discrete approximation, 
no set structure.

: 
: 

Pane C: Repetitive quadratic 
programming

n
x 1x

2x

3x

2z

1z

2z 3z

=0.0724 2z
2

3z
2+0.6196

-0.0342 -0.5605 +0.1550
2z 3z-0.0028

3z

1z

1z

2z 3z

=0.0124 2z
2

3z
2+0.0196

-0.0571 -0.0505 +0.0550
2z 3z-0.0002

full sets in piecewise 
segments,
complex, three objectives.

: 

: 

Panel B: Parametric quadratic 
programming

n
x 1x

2x

3x

mvx

23

1z

2z 3z

=0.0724 2z
2

3z
2+0.6196

-0.0342 -0.5605 +0.1550
2z 3z-0.0028

3z

1z

2z
understandable, full sets,
suitable for asset pricing,
equality constraints only.

: 

: 

Panel A: Analytical methods

Figure 1. Contrasting major methods of multiple-objective portfolio optimization for (4).

2.2.1. Analytical Methods

By analytical methods on the basis calculus and linear algebra, Merton [12],
Qi et al. [26], and Qi and Steuer [35] understandably derive full nondominated sets. Ana-
lytical methods could have the following advantages: Firstly, the scholars prove the sets’
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paraboloidal structure. For instance in Panel A of Figure 1, we depict a nondominated set
as a segment of the following paraboloid:

z1 = 0.0724z2
2 + 0.6196z2

3 − 0.0028z2z3 − 0.0342z2 − 0.5605z3 + 0.1550

Secondly, the scholars derive the efficient sets and prove the sets’ conical structure. In
Panel A of Figure 1, we depict a cone. Thirdly, the scholars derive the minimum-variance
surfaces, and we will elaborate this advantage in Sections 3.3–3.5. In contrast, researchers
hardly derive minimum-variance surfaces by other methods of multiple-objective port-
folio optimization. Fourthly, due to the analyticity, analytical methods are suitable for
asset pricing. Lastly, researchers can obtain mathematical results on tangent hyperplanes
and convex surfaces, and we will prove the minimum-variance surface as convex in
Theorem 4. In contrast, to the best of our knowledge, researchers hardly obtain the results
by other methods of multiple-objective portfolio optimization.

However, one disadvantage is that the scholars are restricted to equality con-
straints only.

2.2.2. Parametric Quadratic Programming

Bank et al. [36] describe parametric optimization. Best [37], Goh and Yang [38],
Hirschberger et al. [25], Jayasekara et al. [39], and Jayasekara et al. [40] suggest their
parametric quadratic programming algorithms.

However, parametric quadratic programming is much more complex than quadratic
programming. Moreover, the researchers do not explicitly prove the nondominated sets’
structure. For instance, Best [37] and Goh and Yang [38] launch active-set algorithms
but do not prove the structure. Jayasekara et al. [39] and Jayasekara et al. [40] contrast
optimization methods and propose generalized scalarization algorithms but do not prove
the structure. Hirschberger et al. [25] suggest that the nondominated sets for just three
objectives are composed of piecewise paraboloidal segments but do not prove the structure.
Hirschberger et al. [25] also suggest that the efficient sets are composed of piecewise linear
segments but do not prove the structure. For instance in Panel B of Figure 1, we depict that
a nondominated set is composed of two segments of the following two paraboloids:

z1 = 0.0724z2
2 + 0.6196z2

3 − 0.0028z2z3 − 0.0342z2 − 0.5605z3 + 0.1550

z1 = 0.0124z2
2 + 0.0196z2

3 − 0.0002z2z3 − 0.0571z2 − 0.0505z3 + 0.0550

We also depict that the efficient set is composed of two piecewise linear segments in Panel B.
Furthermore, the researchers do not offer public-domain software, so practical op-

timization is still absent. Hirschberger et al. [25] code the software for three objectives.
Utz et al. [41], Utz et al. [42], and Utz and Steuer [27] utilize the software. Unfortunately,
the software is still private.

2.2.3. Repetitive Quadratic Programming

Researchers can utilize e-constraint methods (10) with a group of preset e2 · · · ek or

weighted-sums methods (11) with a group of preset
[
λ1 · · · λk

]T
, transform (4) into

(ordinary) quadratic programming, and repetitively solve.
Repetitive quadratic programming is easy to execute with plenty of software. However,

it offers discrete approximations for nondominated sets and efficient sets. For instance in
Panel C of Figure 1, we depict six points as an approximation for the nondominated set
and six points as an approximation for the efficient set. Moreover, repetitive quadratic
programming cannot reveal nondominated sets’ structure (e.g., the paraboloidal structure
of (5)).
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2.2.4. Heuristic Algorithms

Researchers often utilize heuristic algorithms (e.g., evolutionary algorithms, Tabu
search, and simulated annealing of Woodside-Oriakhi et al. [43]). As an advantage, heuristic
algorithms can handle multiple nonlinear formulations. However, heuristic algorithms
offer suboptimal solutions. Moreover, heuristic algorithms also suffer from disadvantages
of repetitive quadratic programming. For instance in Panel D of Figure 1, we depict
six points as an approximation for the nondominated set and six points as an approximation
for the efficient set.

2.3. Tangent Planes and Tangent Lines

Scholars (e.g., Larson and Edwards [44] and Stewart et al. [45]) describe tangent planes
and tangent lines. We present the relationship between tangent planes and tangent lines in
Figure 2. In (x, y, z) space, a surface is symbolized as follows:

F(x, y, z) = 0 (12)

On the surface, a point (x0, y0, z0) is chosen. A surface with (x0, y0, z0) is delineated in
Panel A of Figure 2.

Definition 4. If F(x, y, z) is differentiable at (x0, y0, z0) with the nonzero gradient ∇F(x0, y0, z0),
the tangent plane to the surface F(x, y, z) = 0 at (x0, y0, z0) is expressed as follows:

Fx(x0, y0, z0)(x − x0) + Fy(x0, y0, z0)(y − y0) + Fz(x0, y0, z0)(z − z0) = 0 (13)

∇F(x0, y0, z0) =
[

Fx(x0, y0, z0) Fy(x0, y0, z0) Fz(x0, y0, z0)
]T

(14)

Fx =
∂F
∂x

Fy =
∂F
∂y

Fz =
∂F
∂z

The tangent plane’s normal vector is ∇F(x0, y0, z0).

A tangent plane with the normal vector is delineated in Panel B of Figure 2.

x

z

y

Panel E: The tangent line
on the tangent plane

x

z

y

Panel D: The tangent line

x

z

y

Panel C: A curve on the
surface

x

z

y

Panel B: The tangent plane
at 0z0y0x(   )   ,   ,   

F 0z0y0x(   )   ,   ,   

x

z

y

Panel A: A surface with
point 0z0y0x(   )   ,   ,   

0z0y0x(   )   ,   ,   

Figure 2. The relationship between tangent planes and tangent lines.
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On the surface, a curve passing through (x0, y0, z0) is chosen as follows:

x = x(t) y = y(t) z = z(t) t ∈ R (15)

x0 = x(t0) y0 = y(t0) z0 = z(t0)

Definition 5. If x(t), y(t), and z(t) of a curve are differentiable at t0 with the nonzero derivatives
(i.e., x′(t0) ̸= 0, y′(t0) ̸= 0, and z′(t0) ̸= 0), the tangent line to the curve at tangent point
(x0, y0, z0) is expressed as follows:

x − x0

x′(t0)
=

y − y0

y′(t0)
=

z − z0

z′(t0)
(16)

On the surface, a curve passing through (x0, y0, z0) is delineated in Panel C of Figure 2.
The tangent line to the curve at (x0, y0, z0) is delineated in Panel D. Moreover, the tangent
line lies on the tangent plane (as delineated in Panel E). The relationship is stated in the
following theorem:

Theorem 1. For the tangent plane in Definition 4 and tangent line in Definition 5, the tangent
line lies on the tangent plane.

Proof. The curve (15) is on the surface (12), so (15) satisfies (12) as follows:

F(x(t), y(t), z(t)) = 0

We calculate the derivative with respect to t = t0 and rearrange by (14) as follows:

Fx(x0, y0, z0)x′(t0) + Fy(x0, y0, z0)y′(t0) + Fz(x0, y0, z0)z′(t0) = 0

[
Fx(x0, y0, z0) Fy(x0, y0, z0) Fz(x0, y0, z0)

]x′(t0)

y′(t0)

z′(t0)

 = 0

∇F(x0, y0, z0)

x′(t0)

y′(t0)

z′(t0)

 = 0 (17)

Formula (17) indicates that the tangent line’s direction vector

x′(t0)

y′(t0)

z′(t0)


T

is perpendicular

to the tangent plane’s normal vector ∇F(x0, y0, z0). Moreover, (x0, y0, z0) is on the tangent
plane. The tangent line is determined by its direction vector and (x0, y0, z0), so the tangent
line lies on the tangent plane. Theorem 1 is proved.

2.4. Asset Pricing

The purpose of asset pricing is to price assets in financial markets. Asset pricing is
fundamental in finance. We sketch the advance of asset pricing through the following
typical phases:

• Portfolio selection (since the 1950s), especially by Markowitz [9];
• CAPM (since the 1960s), especially by Sharpe [14];
• Arbitrage formulations and continuous-time formulations (since the 1970s), especially

by Ross [46] and Black and Scholes [47];
• Factor models (since the 1990s), especially by Fama and French [48];
• Behavioral analyses (since the 1990s), especially by Thaler [49];
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• Machine learning analyses (since the 2010s), especially by Gu et al. [50].

2.5. Advance of Carbon Offset Markets

The markets of carbon offset evolve through the following typical phases:

i Foundations (since the 1980s), especially by the United Nations Framework Conven-
tion on Climate Change;

ii Births (since the 1990s), especially by the Kyoto Protocol;
iii The launch of the European Union Emissions Trading System (since 2005);
iv Modern period (since 2015), especially by the Paris Agreement with the globalization

of the markets.

2.6. Literature for the Investments of Carbon Offset

Generally, scientists investigate the investments of carbon offset primarily in the
following aspects: For environment and carbon offset, Wagner and Weitzman [51]
evaluate climate change and emphasize risk management for carbon offset projects.
Dechezleprêtre et al. [52] report the effect of carbon offset markets.

For portfolio selection and MOPS, Luo and Wu [53] inspect time-varying correlations
of carbon dioxide allowance and financial markets. Mueller et al. [54] incorporate carbon
offset into portfolio selection and find positive effects.

For asset pricing, Bolton and Kacperczyk [55] document that assets with higher carbon
emissions require higher returns. Giroux et al. [56] establish a premium for carbon risk.

For derivatives, Kumar et al. [57] assess carbon offset futures and analyze economic
indicators. Qi and Wang [58] assess carbon offset options for Asian styles with jumps and
Brownian motions.

3. Studying the Investments of Carbon Offset by MOPS
In this section, we formulate the investments of carbon offset by MOPS (5). Al-

though (5) is simplistic, we prove that (5) has mathematically convenient properties. Par-
ticularly, its minimum-variance surface is convex, its feasible region in (z1, z2, z3) space is
bounded by the convex minimum-variance surface, and we examine whether a point on
the minimum-variance surface is nondominated. We illustrate by the components of the
Shanghai Stock Exchange 50 Index. By the properties, we will heuristically prove different
tangent planes in the next section.

3.1. Studying the Investments of Carbon Offset by MOPS (5)

For the investments of carbon offset, we expand classical portfolio selection models (2)
by minimizing variance of the portfolio return, maximizing the expected portfolio return,
and maximizing the expected portfolio carbon offset.

The nondominated set of (2) is a 2-dimensional curve (as depicted in Panel B of the
graphical abstract) in (z1, z2) space. As extensions, the nondominated set of (5) expands into
a 3-dimensional surface (as depicted in Panel D of the graphical abstract) in (z1, z2, z3) space.
The surface serves as a collection of the optimal variance of portfolio return (z1), expectation
of portfolio return (z2), and expectation of portfolio carbon offset (z3). Investors perceive
the surface as a detailed depiction of the tradeoffs among z1, z2, and z3. Investors consider
carbon offset and generally balance z1, z2, and z3 on the surface. Investors appreciate
having much more freedom of options on the surface than on the curve.

3.2. The Assumptions of (5) and Extensions of the Risk-Free Asset

Qi et al. [26] make the following assumptions for (5):
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Assumption 1. The number of stocks n is greater than the number of objectives (i.e., n > 3).

Assumption 2. Vectors µ2, µ3 and 1 are linearly independent.

Assumption 3. Covariance matrix Σ is invertible and thus positive definite.

Brockwell and Davis (pp. 33 and 35, [59]) define covariance matrices as symmetric
and positive semidefinite. By Assumption 3, Σ is positive definite.

By the framework of portfolio selection (1), researchers (e.g., Bodie et al. (p. 136, [15]))
model the risk-free asset with z1 variance as 0 and z2 expected return as r f (as depicted in
Panel A of Figure 3).

1z

2z

rf (0,     )

Panel A: The risk-free asset

rf (0,     ,0)

1z
3z

2z

Panel B: Extend the risk-free asset

Figure 3. Extending the risk-free asset.

By the framework of MOPS (5), we assume the risk-free asset with z1 variance as 0
and z2 expected return as r f and z3 as 0 (as depicted in Panel B of Figure 3) as follows:

Assumption 4. In (z1, z2, z3) space of (5), the risk-free asset is modeled as (0, r f , 0).

However, assuming z3 as 0 is convenient but subjective, because the risk-free asset
can carry nonzero values. For instance with z3 for expected ESG, Steuer [60] contends that
different investors can designate distinctive ESG values to the risk-free asset. Namely, some
investors can disconnect return and ESG and designate zero. Some investors can positively
connect return and ESG and designate positive values. Some investors can negatively
connect return and ESG and designate negative values.

3.3. The Analytic Properties of the Minimum-Variance Surface of (5)

By e-constraint methods (10), we formulate the minimum-variance frontier of (2) in
the following model: 

min z1 = xTΣx
s.t. xTµ2 = e2

1Tx = 1

where e2 ∈ R symbolizes the parameter. As e2 changes, the optimal solutions of the model
above constitute the minimum-variance frontier in (z1, z2) space. Merton [12] derives the
frontier analytically and verifies it as a parabola.

By e-constraint methods (10), we formulate the minimum-variance surface of (5) in
the following model: 

min z1 = xTΣx
s.t. xTµ2 = e2

xTµ3 = e3

1Tx = 1

(18)
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where e2 ∈ R and e3 ∈ R symbolize the parameters. As e2 and e3 change, the optimal
solutions of (18) constitute the minimum-variance surface in (z1, z2, z3) space. We prove
the feasibility of (18) in the following theorem:

Theorem 2. (18) is always feasible for any e2 ∈ R and e3 ∈ R. Namely, the following feasible
region S(18) is not empty:

S(18) = {x ∈ Rn | µT
2 x = e2, µT

3 x = e3, 1Tx = 1} (19)

Proof. We rephrase S(18) of (19) into the following linear equations:

µT
2

µT
3

1T


3×n

xn×1 =

e2

e3

1


3×1

(20)

where the subscripts (e.g., 3 × n) demonstrate the matrix dimensions. Because µ2, µ3 and 1

are linearly independent by Assumption 2, the rank of matrix

µT
2

µT
3

1T

 is 3. Furthermore with

n > 3 by Assumption 1, we follow the knowledge of solvability of linear equations (e.g.,
that of Strang (pp. 39–56, [61])) and determine (20) as solvable (i.e., S(18) as not empty).
We accordingly express S(18) in the form of the solutions of (20) as follows:

S(18) = {x ∈ Rn | x = x̄ + t1x̄1 + · · ·+ tn−3x̄n−3, t1, · · · , tn−3 ∈ R} (21)

where x̄ is a solution of (20). x̄1 ̸= 0 · · · x̄n−3 ̸= 0 are the basis of the solutions of the
following homogeneous linear equations:µT

2
µT

3
1T

x = 0

Theorem 2 is proved.

Theorem 2 is an advantage of (5), because we can readily preset e2 and e3 in (18)
and confirm the feasibility. Conversely for MOPS (4), we can encounter infeasibility for
computing the minimum-variance surface as follows:

min z1 = xTΣx
s.t. xTµ2 = e2
...
xTµk = ek

x ∈ S

(22)

where e2 ∈ R · · · ek ∈ R symbolize the parameters. Namely, (22) can be infeasible for
inappropriate e2 · · · ek.

Qi et al. [26] derive the optimal solution of (18) as follows:

x = x1 + e2d2 + e3d3 (23)
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where

C ≡

a b c
b d e
c e f

 ≡

µ2
TΣ−1µ2 µ2

TΣ−1µ3 1TΣ−1µ2
µ2

TΣ−1µ3 µ3
TΣ−1µ3 1TΣ−1µ3

1TΣ−1µ2 1TΣ−1µ3 1TΣ−11

 (24)

|C| = ad f − ae2 − b2 f + 2bce − c2d > 0 (25)

x1 =
1
|C| [(be − cd)Σ−1µ2 + (bc − ae)Σ−1µ3 + (ad − bb)Σ−11] (26)

d2 =
1
|C| [(d f − ee)Σ−1µ2 + (ce − b f )Σ−1µ3 + (be − cd)Σ−11] (27)

d3 =
1
|C| [(ce − b f )Σ−1µ2 + (a f − cc)Σ−1µ3 + (bc − ae)Σ−11] (28)

Discretely, (23) is the optimal solution for (18). Continuously, Qi et al. [26] and Qi [62]
derive the (whole) minimum-variance surface of (5) analytically as follows:

z1 =
[
z2 z3 1

]
1×3

D3×3

z2

z3

1


3×1

(29)

D =

d2
TΣd2 d2

TΣd3 d2
TΣx1

d2
TΣd3 d3

TΣd3 d3
TΣx1

d2
TΣx1 d3

TΣx1 x1
TΣx1

 (30)

where

d2
TΣd2 =

1
|C|2 (ad2 f 2 − 2ade2 f + ae4 − b2d f 2 + b2e2 f + 2bcde f − 2bce3 − c2d2 f + c2de2) (31)

d2
TΣ d3 =

1
|C|2 (−abd f 2 + abe2 f + acde f − ace3 + b3 f 2 + bc2d f − 3b2ce f + 2bc2e2 − c3de) (32)

d3
TΣ d3 =

1
|C|2 (a2d f 2 − a2e2 f − ab2 f 2 + 2abce f − 2ac2d f + ac2e2 + b2c2 f − 2bc3e + c4d) (33)

d2
TΣ x1 =

1
|C|2 (abde f − abe3 − acd2 f + acde2 − b3e f + b2cd f + 2b2ce2 − 3bc2de + c3d2) (34)

d3
TΣ x1 =

1
|C|2 (−a2de f + a2e3 + ab2e f + abcd f − 3abce2 + ac2de − b3c f + 2b2c2e − bc3d) (35)

x1
TΣ x1 =

1
|C|2 (a2d2 f − a2de2 − 2ab2d f + ab2e2 + 2abcde − ac2d2 − 2b3ce + b4 f + b2c2d) (36)

Obtaining a continuous expression (29) is an advantage of (5). Conversely for MOPS (4),
a continuous expression of the minimum-variance surface is typically unavailable.

For the minimum-variance surface (29), Qi et al. [26] derive the inverse image (i.e.,
the set of x) analytically as follows:

{x ∈ Rn | x = x1 + z2d2 + z3d3, z2 ∈ R, z3 ∈ R} (37)

For the minimum-variance surface’s inverse image, Qi et al. [26] prove d2 and d3 in (27)
and (28) as linearly independent as follows:

Theorem 3. d2 and d3 are linearly independent.

Geometrically by Theorem 3, the minimum-variance surface’s inverse image (37) is a
2-dimensional affine set. Explicitly in Rn, the set is created by d2 and d3 at the origin and
translated by x1.
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In order to further analyze the geometric properties of the minimum-variance surface
and feasible region of (5), we prove the surface’s convexity as follows:

Theorem 4. The minimum-variance surface of (5) is convex. Namely in (29), z1 is a convex
function with respect to z2 and z3.

Proof. Because z1 is twice differentiable with respect to z2 and z3, we compute the Hessian
matrix as follows:  ∂2z1

∂z2
2

∂2z1
∂z2z3

∂2z1
∂z2z3

∂2z1
∂z2

3

 =

[
d2

TΣd2 d2
TΣd3

d2
TΣd3 d3

TΣd3

]
(38)

Qi et al. (p. 170, [26]) prove D in (30) as positive definite. The Hessian matrix in (38)
is a principal submatrix of D and thus positive definite. By the knowledge of the pos-
itive semidefinite Hessian matrix and convexity (e.g., that of Boyd and Vandenberghe
(p. 71, [63])), z1 is a convex function with respect to z2 and z3. Theorem 4 is proved.

3.4. The Analytic Properties of the Feasible Region of (5)

By Theorem 2, we prove the feasible region S(18) as unbounded as follows:

Theorem 5. S(18) in (19) is unbounded.

Proof. We simply take t2 = 0 · · · tn−3 = 0 in (21) and obtain as follows:

x = x̄ + t1x̄1 (39)

For (39), we determine x → ∞ as t1 → ∞, because x̄1 ̸= 0. Therefore, S(18) is unbounded.
Theorem 5 is proved.

We prove the feasible region Z(18) as unbounded above as follows:

Theorem 6. For (18), the feasible region Z(18) (as follows) is unbounded above:

Z(18) = {z1 = xTΣx | x ∈ S(18)}

Proof. We adopt (39) and substitute it into z1 = xTΣx as follows:

z1 = (x̄ + t1x̄1)
TΣ(x̄ + t1x̄1) = (x̄1)

TΣx̄1 t2
1 + 2(x̄)TΣx̄1 t1 + (x̄)TΣx̄ → ∞, as t1 → ∞

because the limit is determined by the quadratic-term coefficient (x̄1)
TΣx̄1 and we deter-

mine (x̄1)
TΣx̄1 > 0 by Assumption 3. Therefore, Z(18) is unbounded above. Theorem 6

is proved.

By Theorems 4 and 6, we prove the geometric property and the shape of the feasible
region of (5) as follows:

Theorem 7. For (5) in (z1, z2, z3) space, the feasible region Z(5) (as follows) is bounded by the
convex minimum-variance surface (29) along the negative z1-direction. The feasible region Z(5) is
unbounded along the positive z1-direction. Therefore, the minimum-variance surface (29) forms the
only boundary of Z(5).

Z(5) = {z1 = xTΣx, z2 = xTµ2, z3 = xTµ3 | x ∈ S(5)}

S(5) = {x ∈ Rn | 1Tx = 1}
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Proof. For any e2 and e3, we formulate the negative z1-direction by min z1 in (18) and
obtain the optimal solution (23). We formulate the positive z1-direction by max z1 and
determine max z1 = ∞ by Theorem 6. Continuously, the convex minimum-variance surface
(29) forms the only boundary of Z(5). Theorem 7 is proved.

3.5. Difficulties in Determining the Minimum-Variance Surface and Feasible Region of MOPS

Theorem 7 is an advantage of (5). Conversely for MOPS (4) and even for portfolio
selection (1), the geometric property and the shape of the feasible region are typically
unknown. We present the unknown status in Figure 4.
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2z

Panel F: Partially unknown
feasible region of (1)

Z
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Panel E: Discretely
approximate 
maxmum-variance frontier 
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x S

1z
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Figure 4. The difficulties in determining the feasible region of even portfolio selection (1).

In order to demonstrate the partially unknown and thus potentially odd shape of
the feasible region, we initially borrow an example from Qi et al. (pp. 316–319, [64]). The
example is for the standard portfolio selection model (as termed by Markowitz (p. 3, [8]))
as follows: 

min z1 = xTΣx
max z2 = xTµ2
s.t. 1Tx = 1
x ≥ 0

(40)

The example is for three stocks with unique parameters as follows: Investors can rescale
the parameters (e.g., by dividing each element by 100) to fit empirical data.

Σ =

4 0 4
0 9 0
4 0 4

 µ2 =

2
3
5

 correlation matrix =

1 0 1
0 1 0
1 0 1


Qi et al. (pp. 316–319, [64]) exploit the three stock status and parameters and prove the
feasible region (instead of utilizing mathematical programming). We present the feasible
region Z as a shaded region in Panel A of Figure 4.
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As the first uniqueness, there exist vertical linear segments for a nonlinear model
(40). As the second uniqueness, there exist alternative optima for the minimum-variance
portfolio of (40). The minimum-variance portfolio is formulated as follows:

min z1 = xTΣx
s.t. 1Tx = 1
x ≥ 0

(41)

In Panel A of Figure 4, vertical linear segment p1 to p2 corresponds to all optima of
(41). Moreover, vertical linear segment p1 to p2 poses a challenge for optimizing (41),
because quadratic programming solvers (e.g., Matlab) typically locate only one point on the
segment and can not locate the whole segment for all optima. Furthermore, the parametric
quadratic programming solver of Hirschberger et al. [65] cannot solve (40).

We present (1) and its nondominated set in Panel B of Figure 4. Markowitz [66]
and Markowitz and Todd (p. 176, [67]) deploy parametric quadratic programming to
continuously and exactly resolve (1) and prove the piecewise parabolic segment structure
in the following theorem:

Theorem 8. The nondominated set of (1) is a continuous, strictly increasing, and strictly concave
curve in (z1, z2) space. Moreover, the set is piecewise composed of connected parabolic segments.
Correspondingly, the efficient set is piecewise composed of connected linear segments.

For instance, we presume that the nondominated set is piecewise composed of two
connected parabolic segments: segment p5 to p6 and segment p6 to p7 with the following
expressions respectively:

z1 = 295.46z2
2 − 4.20z2 + 0.02 z1 = 168.80z2

2 − 2.25z2 + 0.01

The expressions above are a continuous and exact description of the nondominated set.
Moreover, Markowitz and Todd (pp. 301–338, [67]) code their algorithm in Ex-

cel VBA. Jacobs et al. [68], Stein et al. [69], Niedermayer and Niedermayer [70], and
Hirschberger et al. [65] also propose their parametric quadratic programming algorithms.

For (1), the nondominated set is the upper part of the minimum-variance frontier. We
formulate the lower part of the minimum-variance frontier as follows:

min z1 = xTΣx
min z2 = xTµ2
s.t. x ∈ S

(42)

Because min z2 = xTµ2 is equivalent to −(max −z2 = xT(−µ2)), we continuously and
exactly compute the lower part of the minimum-variance frontier by Theorem 8 in the
following corollary:

Corollary 1. The lower part of the minimum-variance frontier of (1) is a continuous, strictly
decreasing, and strictly convex curve in (z1, z2) space. Moreover, the part is piecewise composed of
connected parabolic segments.

In Panel C of Figure 4, we present (42) and the lower part of the minimum-variance
frontier and presume that the part is piecewise composed of two connected parabolic
segments: segment p3 to p4 and segment p4 to p5.
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We combine the nondominated set in Panel B of Figure 4 and the lower part of the
minimum-variance frontier in Panel C and present the minimum-variance frontier in
Panel D.

For (1), we formulate the maximum-variance frontier (as the right boundary of the
feasible region) as follows:

max z1 = xTΣx
s.t. xTµ2 = e2, e2 ∈ [e2min, e2max]

x ∈ S
(43)

where e2 is the parameter and [e2min, e2max] is the range. e2min and e2max are respectively the
optimal values of (44) and (45) as follows:{

min xTµ2
x ∈ S

(44)

{
max xTµ2
x ∈ S

(45)

However, we encounter the following difficulties: Firstly, we maximize a convex function
z1 = xTΣx in (43), so the maximization is complex. Secondly, we can discretely select
numerous e2 ∈ [e2min, e2max], repetitively solve (43) with the e2, and obtain numerous
optimal solutions. We present the solutions as points in Panel E of Figure 4. However,
the points are only discrete approximations of the maximum-variance frontier. Lastly,
the maximum-variance frontier is continuous with unknown mathematical properties
(e.g., possibly piecewise monotonicity and convexity). Therefore, the frontier’s intricate
structure (e.g., stock 2 as a local maximal value in Panel A) can be overlooked by the
discrete approximations.

We combine Panels D and E of Figure 4 and present the approximated feasible region
in Panel F.

Determining the minimum-variance surface and feasible region of MOPS (4) is much
more complicated than for portfolio selection (1) due to the following reasons: Firstly,
researchers have not continuously and exactly resolved (4). Even only for three objectives,
Hirschberger et al. [25] harness parametric quadratic programming, design an algorithm,
but do not prove the structure of the nondominated set (as comparable to Theorem 8).
Secondly for the minimum-variance surface (22), we can encounter infeasibility with
inappropriate e2 · · · ek. Thirdly, setting a single parameter e2 in (43) is possible, but setting
and coordinating e2 · · · ek in (22) are exponentially more challenging. Lastly, we discretely
approximate the minimum-variance surface and maximum-variance surface (as extensions
of maximum-variance frontiers (43)) but cannot reveal their structure.

3.6. The Efficient Set and Nondominated Set of (5)

Analytically, Qi et al. [26] derive the efficient set of (5) as follows:

{x ∈ Rn | x = xmv + λ2∆2 + λ3∆3, λ2 ≥ 0, λ3 ≥ 0} (46)

where

xmv =
1
f

Σ−11 (47)

∆2 = Σ−1µ2 −
c
f

Σ−11 (48)

∆3 = Σ−1µ3 −
e
f

Σ−11 (49)
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Qi et al. [26] prove ∆2 and ∆3 in (48) and (49) as linearly independent as follows:

Theorem 9. ∆2 and ∆3 are linearly independent.

Geometrically by Theorem 9, the efficient set (46) is a 2-dimensional cone. Explicitly
in Rn, the cone is spanned by ∆2 and ∆3 at the origin and translated by xmv. We substitute
(46) into (5) and obtain the nondominated set.

3.7. Examining Whether a Point on the Minimum-Variance Surface Is Nondominated

For (5), we present the relationship between the minimum-variance surface and non-
dominated set and relationship between the minimum-variance surface’s inverse image
and efficient set in Figure 5. In Panel A, we present the minimum-variance surface (30). In
Panel B, we present the nondominated set by (46). In Panel C, we present the minimum-
variance surface’s inverse image (37). We delineate the inverse image as a 2-dimensional
affine set (i.e., as created by d2 and d3 at the origin and translated by x1 in Rn) by
Theorem 3. In Panel D, we present the efficient set (46). We delineate the efficient set
as a 2-dimensional cone (i.e., as spanned by ∆2 and ∆3 at the origin and translated by xmv in
Rn) by Theorem 9. We prove the efficient set as a subset of the minimum-variance surface’s
inverse image below. We delineate the subset relationship in Panel E.

n
x 1x

2x

3x

Panel E: The inverse image
and efficient set as a subset

mvx

23

2d

x13d

n
x 1x

2x

3x

Panel D: Efficient set

mvx
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x 1x

2x

3x

Panel C: Inverse image of
minimum-variance surface

2d

x13d

3z

1z

2z

Panel B: Nondominated set

3z

1z

2z

Panel A: Minimum-
variance surface

Figure 5. The relationships between the minimum-variance surface and nondominated set of (5) and
their inverse images.

Theorem 10. The efficient set of (5) is a subset of the minimum-variance surface’s inverse image.

Proof. The nondominated set of (5) is a subset of the minimum-variance surface. The
efficient set of (5) is the inverse image of the nondominated set of (5). Therefore, the subset
relationship holds for the inverse images. Namely, the efficient set of (5) is a subset of the
minimum-variance surface’s inverse image. Theorem 10 is proved.

With λ2 ≥ 0, λ3 ≥ 0 in (46), the efficient set is a cone and a subset of the minimum-
variance surface’s inverse image. When generalizing the nonnegative condition into
λ2 ∈ R, λ3 ∈ R, we prove that the generalized set equals the minimum-variance surface’s
inverse image as follows:

Theorem 11. The minimum-variance surface’s inverse image (37) equals the following set on the
basis of the efficient set:
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{x ∈ Rn | x = xmv + λ2∆2 + λ3∆3, λ2 ∈ R, λ3 ∈ R} (50)

Proof. By Theorem 3, the minimum-variance surface’s inverse image (37) is 2-dimensional.
By Theorem 9, the efficient set (46) is also 2-dimensional. With λ2 ≥ 0, λ3 ≥ 0 in (46),
the efficient set is a cone and a subset of the minimum-variance surface’s inverse image.
When λ2 ≥ 0, λ3 ≥ 0 is generalized into λ2 ∈ R, λ3 ∈ R, the generalized set (50) equals the
minimum-variance surface’s inverse image. Theorem 11 is proved.

For a portfolio with weight vector x on the minimum-variance surface (29), we ex-
amine whether the portfolio is nondominated by checking whether x is efficient in the
following theorem:

Corollary 2. For any element x of the minimum-variance surface’s inverse image (37), the following
linear equations with λ2 and λ3 as the unknown is solvable and there is only one solution:

x = xmv + λ2∆2 + λ3∆3 (51)

Proof. Because x is an element of the minimum-variance surface’s inverse image (37), x is
an element of (50) by Theorem 11. Namely, there exist λ2 ∈ R, λ3 ∈ R such that (51) holds.
Therefore, (51) is solvable.

Suppose that there are multiple solutions for (51). Namely, there are λ2b ∈ R, λ3b ∈ R
such that [

λ2b λ3b

]T
̸=

[
λ2 λ3

]T
(52)

x = xmv + λ2b∆2 + λ3b∆3 (53)

We subtract (51) from (53) and obtain as follows:

0 = 0 + (λ2 − λ2b)∆2 + (λ3 − λ3b)∆3

By the equation above, we determine
[
(λ2 − λ2b) (λ3 − λ3b)

]T
̸= 0 by (52) and conclude

the linear dependence of ∆2 and ∆3. However, the conclusion contradicts the linear inde-
pendence of ∆2 and ∆3 in Theorem 9. Therefore, the supposition is incorrect. Namely, there
is only one solution for (51).

Corollary 2 is proved.

3.8. An Illustration

To illustrate, we select the 47 components of Shanghai Stock Exchange 50 Index
from 1 January 2020 to 31 December 2022. We adopt the tentative rating of carbon offset
of Qi et al. [71] (Qi et al. [71] preliminarily suggest a scheme of rating carbon offset.
They classify carbon offset into four levels of indicators and assign carbon offset as the
first-level indicator. They design six second-level indicators (e.g., information disclosure),
twenty third-level indicators (e.g., information disclosure willingness), and fifty four fourth-
level indicators. They set all fourth-level indicators as binary variables, annually estimate
them, and assign them as one with supportive evidences or as zero without supportive
evidences. They sum all fourth-level indicators under a third-level indicator and assign
it the sum. They sum all third-level indicators under a second-level indicator and assign
it the sum. They sum all second-level indicators and assign the sum as carbon offset.
They normalize the carbon offset into [0, 1] to be compatible with the scale of expected
returns. The original data presented in the study are openly available in Mendeley Data at
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https://data.mendeley.com/datasets/dfd3f8jtft/1). We presume the components’ carbon
offset in 2020 as µ3 in (5).

We collect the components’ monthly returns from 1 January 2020 to 31 December 2020.
We compute the sample means of the components’ returns and thus presume the means as
µ2 in (5). We compute the sample covariance matrix of the components’ returns. Because
there are only 12 monthly returns, the rank of the 47 × 47 sample covariance is maximally
12. We follow Ledoit and Wolf [72] and compute Σ in (5) as follows:

Σ = 0.5 × I + (1 − 0.5)× sample covariance matrix (54)

where I is a 47 × 47 identity matrix. We compute the rank and condition number of Σ as
47 and 5.1385. Σ is invertible and positive definite.

Ledoit and Wolf [72] encouragingly shrink sample covariance matrices. However,
it could be a pity that, in their series of research (e.g., Ledoit and Wolf [73]), they do not
suggest the appropriate shrinkage intensity. Or the appropriate shrinkage intensity may
not exist consistently. To the best of our knowledge, researchers distinctively report the
appropriate shrinkage intensity. For instance, Ranazzi et al. [74] suggest the appropriate
shrinkage intensity as 0.5 under some conditions. Therefore, we adopt 0.5 in (54).

After assigning the parameters of (5), we utilize (29) and obtain the minimum-variance
surface (6). We have reported (6) in the graphical abstract and introduction. We also
obtain the efficient set and nondominated set (the code presented in the study is openly
available in Mendeley Data at https://data.mendeley.com/datasets/dfd3f8jtft/1 accessed
on 18 August 2026).

4. Heuristically Proving Different Tangent Planes for MOCAPM
We emphasize the scant literature for MOCAPM in Section 3. In this section, we

heuristically prove the presence of different tangent planes which are tangent to the non-
dominated set of (5) and pass through the risk-free asset. To the best of our knowledge,
there exists no such research.

4.1. Suggesting and Justifying MOCAPM for the Investments of Carbon Offset

To the best of our knowledge, the literature for MOCAPM is limited. Ingersoll [75]
investigates skewness, conjures the nondominated set and a tangent line, and conjures
CAPM. Qi et al. [71] demonstrate the presence of different tangent lines. Qi [62] tries to
categorize minimum-variance surfaces (some scientists (e.g., Jurczenko and Maillet [76]
and Harvey and Siddique [21]) probe CAPM with skewness and kurtosis by utility function
methods. Here, we deploy MOPS).

We have sketched the research for asset pricing in Section 2. We contrast CAPM with
factor models as follows:

• For the presumptions, CAPM entail strong presumptions, while factor models entail
empirical presumptions.

• For the factors, CAPM entail precisely one factor as the market portfolio, while factor
models may indistinctly entail multiple factors.

• For the justification, CAPM theoretically justify the market portfolio by presumptions
of homogeneity and market equilibrium. Inversely, factor models justify the factors
historically instead of theoretically.

• For the integrity, the research lines of progressing from portfolio selection to CAPM
are rational, and the research for portfolio selection and the research for CAPM jointly
benefit. Inversely, the association between portfolio selection and factor models
is weak.
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In order to formulate the investments of carbon offset, we extend portfolio selec-
tion into MOPS and CAPM into MOCAPM. We compare MOCAPM with factor models
as follows:

• For presumptions, MOCAPM entail strong presumptions, while factor models entail
practical presumptions.

• For the factors, MOCAPM entail precisely one factor as the market portfolio, while
factor models may indistinctly entail multiple factors.

• For the justification, MOPS can act as a theoretical basis of MOCAPM. By the classical
transition from portfolio selection to CAPM, the extended transition from MOPS
to MOCAPM can be introductorily envisioned. However, key steps for definitely
deriving MOCAPM (e.g., presumptions of homogeneity, a common tangent plane,
the market portfolio as the tangent point, and market equilibrium) must be rigorously
proved. In contrast, factor models justify the factors historically instead of theoretically.

• For the integrity, the research lines of progressing from MOPS to MOCAPM are
rational, and the research for MOPS and the research for MOCAPM jointly benefit.
Inversely, the association between MOPS and factor models is weak.

4.2. Geometrical Guidance

Initially, we emphasize the difficulty in readily locating tangent planes to the nondom-
inated set of (5) for the following reasons:

• The minimum-variance surface as a superset of the nondominated set is complex (as
expressed in (29)–(36)).

• With the cross-term z2z3 in (29), the surface is even rotated (as proved by Qi et al. [26]).

Therefore, we present a geometrical guidance for locating tangent planes in Figure 6.

1z
0.5

3z

2z

Panel G: Tangent plane (7)
to nondominated set

n
x 1x

2x

3x

Panel F: Check tangent
point as nondominated

mvx

23
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3d x1

1z
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Panel E: Tangent point on
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Figure 6. Geometrically locating the first tangent plane.
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We analyze (z0.5
1 , z2, z3) space and rephrase the minimum-variance surface (6)

as follows:

z0.5
1 = (0.0724z2

2 + 0.6196z2
3 − 0.0028z2z3 − 0.0342z2 − 0.5605z3 + 0.1550)0.5 (55)

A In Panel A of Figure 6, we present the minimum-variance surface in (z0.5
1 , z2, z3) space.

B In Panel B, we present the risk-free asset (0, r f , 0) with r f = 0.01 by Assumption 4
and a plane z2 = 0.01 + 0.9142z3. The plane passes through the risk-free asset.

C In Panel C, plane z2 = 0.01 + 0.9142z3 intersects the minimum-variance surface. We
present the intersection as a thick curve.

D In Panel D, we target the circumstance only on plane z2 = 0.01 + 0.9142z3 or
z3 = z2−0.01

0.9142 , ignore z3 = 0, and analyze in (z0.5
1 , z2) space. We follow Sharpe [14]

and draw a tangent line which is tangent to the intersection and passes through the
risk-free asset. We determine the tangent point (0.1770, 0.4890).

E In Panel E, we rephrase the tangency in (z0.5
1 , z2, z3) space with the tangent point

(0.1770, 0.4890, 0.5240).
F In Panel F, we check the tangent point as nondominated by Corollary 2.
G In Panel G, we compute the tangent plane with the tangent point (0.1770, 0.4890,

0.5240) by Definition 4. The plane contains the tangent line by Theorem 1 and thus
passes through the risk-free asset.

4.3. Estimating the First Tangent Plane via the Intersecting Plane z2 = 0.01 + 0.9142z3

We follow the guidance and calculate the first tangent plane in this subsection.

4.3.1. Locating the Intersection in Panels A–C of Figure 6

We substitute the intersecting plane z2 = 0.01 + 0.9142z3 or z3 = z2−0.01
0.9142 to (55) and

locate the intersection (as a hyperbola) as follows:

z0.5
1 = (0.0724z2

2 + 0.6196(
z2 − 0.01

0.9142
)2 − 0.0028z2

z2 − 0.01
0.9142

− 0.0342z2 − 0.5605
z2 − 0.01

0.9142
+ 0.1550)0.5

= (0.0724z2
2 + 0.6196

z2
2 − 0.02z2 + 0.0001

0.8358
− 0.0028

z2
2 − 0.01z2

0.9142
− 0.0342z2 − 0.5605

z2 − 0.01
0.9142

+ 0.1550)0.5

= (0.0724z2
2 + 0.7414z2

2 − 0.0148z2 + 0.0001 − 0.0031z2
2 + 0.00003z2 − 0.0342z2 − 0.6131z2 + 0.0061 + 0.1550)0.5

= (0.8107z2
2 − 0.6621z2 + 0.1612)0.5 (56)

4.3.2. Estimating the Tangency in Panel D of Figure 6

In 2-dimensional (z0.5
1 , z2) space, we directly visualize and analyze. We follow classical

textbooks (e.g., Larson and Edwards (p. 102, [44])) and calculate the tangent line in the
following proposition:

Proposition 1. In (z0.5
1 , z2) space, there exists a tangent line which is tangent to the intersection

(56) and is through the risk-free asset r f with the following expression:

0.4790z0.5
1 − 0.1770z2 + 0.0018 = 0 (57)

The tangent point is as follows:
(0.1770, 0.4890) (58)

Proof. For the tangent line, we suppose the tangent point to the intersection (56) in (z0.5
1 , z2)

space as follows:
(z0.5

10 , z20) (59)
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We fix the line by connecting the tangent point (59) and (0, r f ) with r f = 0.01. We evaluate
the line slope as follows:

z0.5
10 − 0

z20 − 0.01
(60)

We follow Larson and Edwards (pp. 102 and 111, [44]) and measure the derivative of the
intersection (56) as follows:

d(z0.5
1 )

dz2
=

1.6214z2 − 0.6621
2z0.5

1
(61)

At the tangent point (59), the tangent line’s slope equals the derivative. We equalize (60)
and (61) at the tangent point (59) as follows:

z0.5
10

z20 − 0.01
=

1.6214z20 − 0.6621
2z0.5

10

(z20 − 0.01)(1.6214z20 − 0.6621) = 2z10 (62)

We substitute z10 of (56) into (62) and determine the root z20 as follows:

(z20 − 0.01)(1.6214z20 − 0.6621) = 2(0.8107z2
2 − 0.6621z2 + 0.1612)

1.6214z2
20 − 0.0162z20 − 0.6621z20 + 0.0066 = 1.6214z2

20 − 1.3242z20 + 0.3224

0.6459z20 = 0.3158

z20 = 0.4890 (63)

We substitute (63) into (56) and compute z0.5
10 as follows:

z0.5
10 = (0.8107 × 0.48902 − 0.6621 × 0.4890 + 0.1612)0.5 = 0.1770 (64)

We have calculated the tangent point (58) by (63) and (64). Eventually, we calculate the
tangent line by connecting the tangent point (58) and (0, r f ) with r f = 0.01 as follows:

z0.5
1 − 0

z2 − 0.01
=

0.1770 − 0
0.4890 − 0.01

z0.5
1

z2 − 0.01
=

0.1770
0.4790

0.4790z0.5
1 − 0.1770z2 + 0.0018 = 0

The equation above matches (57). Proposition 1 is numerically proved.

4.3.3. Rephrasing the Tangency in (z0.5
1 , z2, z3) Space in Panel E of Figure 6

We insert z20 = 0.4890 in (58) into the intersecting plane z2 = 0.01 + 0.9142z3 and
compute z30 as follows:

z30 =
0.4890 − 0.01

0.9142
= 0.5240 (65)

With (65), we rephrase the tangent point (58) in (z0.5
1 , z2, z3) space as follows:

(0.1770, 0.4890, 0.5240) (66)

Similarly, with the intersecting plane z2 = 0.01 + 0.9142z3 or z3 = z2−0.01
0.9142 , we rephrase the

tangent line (57) in (z0.5
1 , z2, z3) space as follows:
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0.4790z0.5
1 − 0.1770z2 + 0.0018 = 0

z3 = z2−0.01
0.9142

(67)

4.3.4. Examining Whether the Tangent Point Is Nondominated in Panel F of Figure 6

We substitute z20 = 0.4890 and z30 = 0.5240 in (66) into (37) and compute the tangent
point’s portfolio weight vector x0 as follows:

x0 = x1 + 0.4890d2 + 0.5240d3 (68)

By Corollary 2, we substitute x0 in (68) into (51) as follows:

x0 = xmv + λ2∆2 + λ3∆3

We solve the equations above and report λ2 and λ3 as follows:

λ2 = 0.0352 > 0 λ3 = 0.0874 > 0

With λ2 > 0 and λ3 > 0, we determine x0 in (68) as efficient by (46). Therefore, we
determine the tangent point in (66) as nondominated.

4.3.5. Estimating the First Tangent Plane (7) in Panel G of Figure 6

With the tangent point (66), we utilize Definition 4 and calculate the first tangent plane
in the following proposition:

Proposition 2. With the tangent point (66), the tangent plane to (55) is (7).

Proof. We rephrase the minimum-variance surface (55) in the form of F(z0.5
1 , z2, z3) = 0

as follows:

F(z0.5
1 , z2, z3) = z0.5

1 − (0.0724z2
2 + 0.6196z2

3 − 0.0028z2z3 − 0.0342z2 − 0.5605z3 + 0.1550)0.5 = 0

We compute the partial derivatives of F(z0.5
1 , z2, z3) as follows:

Fz0.5
1

=
∂F

∂z0.5
1

= 1 (69)

Fz2 =
∂F
∂z2

=
−0.1448z2 + 0.0028z3 + 0.0342

2(0.0724z2
2 + 0.6196z2

3 − 0.0028z2z3 − 0.0342z2 − 0.5605z3 + 0.1550)0.5
(70)

Fz3 =
∂F
∂z3

=
−1.2392z3 + 0.0028z2 + 0.5605

2(0.0724z2
2 + 0.6196z2

3 − 0.0028z2z3 − 0.0342z2 − 0.5605z3 + 0.1550)0.5
(71)

We follow (14), substitute the tangent point (0.1770, 0.4890, 0.5240) in (66) into (69)–(71),
and compute the gradient at the tangent point as follows:

Fz0.5
1
(0.1770, 0.4890, 0.5240) = 1 Fz2(0.1770, 0.4890, 0.5240) = −0.0993 Fz3(0.1770, 0.4890, 0.5240) = −0.2472 (72)

With the tangent point (0.1770, 0.4890, 0.5240) (66) and its gradient (72), we utilize
Definition 4, compute the tangent plane, and rearrange it as follows:

1(z0.5
1 − 0.1770)− 0.0993(z2 − 0.4890)− 0.2472(z3 − 0.5240) = 0

z0.5
1 − 0.0993z2 − 0.2472z3 + 0.0010 = 0

The model above matches (7). Proposition 2 is numerically proved.
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Moreover, we confirm Theorem 1 and prove that the tangent line (67) lies on the
tangent plane (7) in the following proposition:

Proposition 3. The tangent line (67) lies on the tangent plane (7).

Proof. We substitute the tangent line (67) into the tangent plane (7) as follows:

z0.5
1 − 0.0993z2 − 0.2472z3 + 0.0010 = 0

0.1770z2 − 0.0018
0.4790

− 0.0993z2 − 0.2472
z2 − 0.01

0.9142
+ 0.0010 = 0.3695z2 − 0.0038 − 0.0993z2 − 0.2704z2 + 0.0027 + 0.0010 = 0

With the result 0, the tangent line lies on the tangent plane. Proposition 3 is numeri-
cally proved.

4.4. Estimating the Second Tangent Plane via the Intersecting Plane z2 = 0.01 + 3.1243z3

We follow the computation style of the previous subsection.

4.4.1. Locating the Intersection in Panels A–C

We substitute the intersecting plane z2 = 0.01 + 3.1243z3 or z3 = z2−0.01
3.1243 to (55) and

locate the intersection (as a hyperbola) as follows:

z0.5
1 = (0.0724z2

2 + 0.6196(
z2 − 0.01

3.1243
)2 − 0.0028z2

z2 − 0.01
3.1243

− 0.0342z2 − 0.5605
z2 − 0.01

3.1243
+ 0.1550)0.5

= (0.0724z2
2 + 0.6196

z2
2 − 0.02z2 + 0.0001

9.7613
− 0.0028

z2
2 − 0.01z2

3.1243
− 0.0342z2 − 0.5605

z2 − 0.01
3.1243

+ 0.1550)0.5

= (0.0724z2
2 + 0.0635z2

2 − 0.0013z2 + 0.0000 − 0.0009z2
2 + 0.0000z2 − 0.0342z2 − 0.1794z2 + 0.0018 + 0.1550)0.5

= (0.1350z2
2 − 0.2149z2 + 0.1568)0.5 (73)

4.4.2. Estimating the Tangency in Panel D

We calculate the tangent line in the following proposition:

Proposition 4. In (z0.5
1 , z2) space, there exist a tangent line which is tangent to the intersection

(73) and is through the risk-free asset r f with the following expression:

1.4583z0.5
1 − 0.3638z2 + 0.0036 = 0 (74)

The tangent point is as follows:
(0.3638, 1.4683) (75)

Proof. We follow the proof structure of Proposition 1. We suppose the tangent point to the
intersection (73) as follows:

(z0.5
10 , z20) (76)

We fix the tangent line by connecting the tangent point (76) and (0, r f ) with r f = 0.01. We
evaluate the line slope as follows:

z0.5
10 − 0

z20 − 0.01
(77)

We measure the derivative of the intersection (73) as follows:

d(z0.5
1 )

dz2
=

0.2700z2 − 0.2149
2z0.5

1
(78)

We equalize (77) and (78) as follows:
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z0.5
10

z20 − 0.01
=

0.2700z20 − 0.2149
2z0.5

10

(z20 − 0.01)(0.2700z20 − 0.2149) = 2z10 (79)

We substitute z10 of (73) into (79) and determine the root z20 as follows:

(z20 − 0.01)(0.2700z20 − 0.2149) = 2(0.1350z2
2 − 0.2149z2 + 0.1568)

0.2700z2
20 − 0.0027z20 − 0.2149z20 + 0.0021 = 0.2700z2

20 − 0.4297z20 + 0.3136

0.2122z20 = 0.3115

z20 = 1.4683 (80)

We substitute (80) into (73) and compute z0.5
10 as follows:

z0.5
10 = (0.1350 × 1.46832 − 0.2149 × 1.4683 + 0.1568)0.5 = 0.3638 (81)

We have calculated the tangent point (75) by (80) and (81). Eventually, we calculate the
tangent line by connecting the tangent point (75) and (0, r f ) with r f = 0.01 as follows:

z0.5
1 − 0

z2 − 0.01
=

0.3638 − 0
1.4683 − 0.01

z0.5
1

z2 − 0.01
=

0.3638
1.4583

1.4583z0.5
1 − 0.3638z2 + 0.0036 = 0

The equation above matches (74). Proposition 4 is numerically proved.

4.4.3. Rephrasing the Tangency in (z0.5
1 , z2, z3) Space in Panel E

We insert z20 = 1.4683 in (75) into the intersecting plane z2 = 0.01 + 3.1243z3 and
compute z30 as follows:

z30 =
1.4683 − 0.01

3.1243
= 0.4667 (82)

With (82), we rephrase the tangent point (75) in (z0.5
1 , z2, z3) space as follows:

(0.3638, 1.4683, 0.4667) (83)

Similarly with the intersecting plane z2 = 0.01 + 3.1243z3 or z3 = z2−0.01
3.1243 , we rephrase the

tangent line (74) in (z0.5
1 , z2, z3) space as follows:1.4583z0.5

1 − 0.3638z2 + 0.0036 = 0

z3 = z2−0.01
3.1243

(84)

4.4.4. Examining Whether the Tangent Point Is Nondominated in Panel F

We substitute z20 = 1.4683 and z30 = 0.4667 in (83) into (37) and compute the tangent
point’s portfolio weight vector x0 as follows:

x0 = x1 + 1.4683d2 + 0.4667d3 (85)

By Corollary 2, we substitute x0 in (85) into (51) as follows:

x0 = xmv + λ2∆2 + λ3∆3
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We solve the equations above and report λ2 and λ3 as follows:

λ2 = 0.1771 > 0 λ3 = 0.0138 > 0

With λ2 > 0 and λ3 > 0, we determine x0 in (85) as efficient by (46). Therefore, we
determine the tangent point in (83) as nondominated.

4.4.5. Estimating the Second Tangent Plane (8) in Panel G

With the tangent point (83), we calculate the second tangent plane in the follow-
ing proposition:

Proposition 5. With the tangent point (83), the tangent plane to (55) is (8).

Proof. We follow the proof structure of Proposition 2. We substitute the tangent point
(0.3638, 1.4683, 0.4667) in (83) into (69)–(71) and compute the gradient at the tangent point
as follows:

Fz0.5
1
(0.3638, 1.4683, 0.4667) = 1 Fz2(0.3638, 1.4683, 0.4667) = −0.2434 Fz3(0.3638, 1.4683, 0.4667) = −0.0189 (86)

With the tangent point (0.3638, 1.4683, 0.4667) (83) and its gradient (86), we compute the
tangent plane and rearrange it as follows:

1(z0.5
1 − 0.3638)− 0.2434(z2 − 1.4683)− 0.0189(z3 − 0.4667) = 0

z0.5
1 − 0.2434z2 − 0.0189z3 + 0.0024 = 0

The model above matches (8). Proposition 5 is numerically proved.

We heuristically prove that the tangent line (84) lies on the tangent plane (8) in the
following proposition:

Proposition 6. The tangent line (84) lies on the tangent plane (8).

Proof. We substitute the tangent line (84) into the tangent plane (8) as follows:

z0.5
1 − 0.2434z2 − 0.0189z3 + 0.0024 = 0

0.3638z2 − 0.0036
1.4583

− 0.2434z2 − 0.0189
z2 − 0.01

3.1243
+ 0.0024 = 0.2495z2 − 0.0025 − 0.2434z2 − 0.0060z2 + 0.0001 + 0.0024 = 0

With the result 0, the tangent line lies on the tangent plane. Proposition 6 is numeri-
cally proved.

4.5. Generalizing from the First Two Tangent Planes to More Tangent Planes

In the two subsections before, by r f = 0.01 (i.e., (0, 0.01, 0) in (z0.5
1 , z2, z3) space), we

identify the

• First tangent plane by choosing plane z2 = 0.01 + 0.9142z3;
• Second tangent plane by choosing plane z2 = 0.01 + 3.1243z3.

Similarly, we can identify more tangent planes by choosing more planes (e.g.,
z2 = 0.01 + 2.0192z3) which pass through (0, 0.01, 0). Of course, we prefer choosing
planes z2 = 0.01 or z3 = 0 for their simple expressions, but the resultant tangent points are
dominated (instead of nondominated) in Panel F of Figure 5.
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5. Preliminarily Probing the Conditions for a Unique Tangent Plane
for MOCAPM

In Section 4, we heuristically prove different tangent planes as a preliminary geometric
exploration for MOCAPM. In this section, we provisionally study the conditions for a
unique tangent plane.

5.1. Analyzing the Necessary Conditions for a Unique Tangent Plane
5.1.1. Theoretically Suggesting the Necessary Conditions

We provisionally study the conditions for a unique tangent plane in the follow-
ing proposition:

Proposition 7. In order to determine a unique tangent plane which is through the risk-free asset r f

and is tangent to (55) at the tangent point as follows:

(z0.5
10 , z20, z30), (87)

a necessary condition is that z20 and z30 satisfy the following relationship

h(z20, z30) = 0 (88)

Proof. By Definition 4, the tangent point (z0.5
10 , z20, z30) (87) decides the tangent plane.

Therefore, we need to determine the tangent point.
We follow (14), substitute the tangent point (z0.5

10 , z20, z30) into (69)–(71), and compute
the gradient at the tangent point as follows:

Fz0.5
1
(z0.5

10 , z20, z30) = 1 (89)

Fz2(z
0.5
10 , z20, z30) =

−0.1448z20 + 0.0028z30 + 0.0342
2(0.0724z2

20 − 0.0028z20z30 + 0.6196z2
30 − 0.0342z20 − 0.5605z30 + 0.1550)0.5

(90)

Fz3(z
0.5
10 , z20, z30) =

0.0028z20 − 1.2392z30 + 0.5605
2(0.0724z2

20 − 0.0028z20z30 + 0.6196z2
30 − 0.0342z20 − 0.5605z30 + 0.1550)0.5

(91)

With the gradient (89)–(91), we utilize Definition 4, and compute the tangent plane
as follows:

1(z0.5
1 − z0.5

10 ) + Fz2(z
0.5
10 , z20, z30)(z2 − z20) + Fz3(z

0.5
10 , z20, z30)(z3 − z30) = 0 (92)

Because the tangent plane passes through the risk-free asset (i.e., (0, r f , 0) in (z0.5
1 , z2, z3)

space), we substitute (0, r f , 0) into (92) and rearrange as follows:

1(0 − z0.5
10 ) + Fz2 (z

0.5
10 , z20, z30)(r f − z20) + Fz3 (z

0.5
10 , z20, z30)(0 − z30) = 0

f (z0.5
10 , z20, z30) = 0 (93)

f (z0.5
10 , z20, z30) = 1(0 − z0.5

10 ) + Fz2 (z
0.5
10 , z20, z30)(r f − z20) + Fz3 (z

0.5
10 , z20, z30)(0 − z30)

Because the tangent point (z0.5
10 , z20, z30) lies on the surface (55) and satisfies the following:

z0.5
10 = (0.0724z2

20 − 0.0028z20z30 + 0.6196z2
30 − 0.0342z20 − 0.5605z30 + 0.1550)0.5 (94)

We substitute (94) into (93), drop z0.5
10 , and rearrange as follows:

f ((0.0724z2
20 − 0.0028z20z30 + 0.6196z2

30 − 0.0342z20 − 0.5605z30 + 0.1550)0.5, z20, z30) = 0

g(z20, z30) = 0 (95)

g(z20, z30) = f ((0.0724z2
20 − 0.0028z20z30 + 0.6196z2

30 − 0.0342z20 − 0.5605z30 + 0.1550)0.5, z20, z30)
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With merely g(z20, z30) = 0 (95), we cannot uniquely determine z20 and z30. We additionally
consider h(z20, z30) = 0 (88) as follows:{

g(z20, z30) = 0
h(z20, z30) = 0

With the two equations above for two unknown variables z20 and z30, it is possible that we
can solve the equations, compute a group of z20 and z30, and pinpoint a unique z20 and z30.
However, solving the equations is difficult, because they are both nonlinear. Moreover, we
wish that we can pinpoint a unique z20 and z30, because either a unique z20 and z30 is the
only solution or we can discard other solutions as inappropriate. Therefore, we underscore
(88) as “necessary conditions”.

With the unique z20 and z30, we compute z0.5
10 by (94) and locate the unique tangent

point (z0.5
10 , z20, z30). Then, we locate the unique tangent plane by Definition 4. Proposition 7

is illustratively proved.

Theoretically, h(z20, z30) = 0 (88) is a modeling convention as a preliminary or illustra-
tive mechanism for selecting one tangent plane from several possible tangent planes.

5.1.2. Possibility of Practically Adopting the Necessary Conditions

Practically, adopting Proposition 7 is difficult, because researchers are only prelimi-
narily envisioning MOCAPM and far from obtaining a complete MOCAPM equilibrium
equation. Therefore, researchers and investors are not ready for practically adopting
Proposition 7.

Only after researchers obtain a complete MOCAPM equilibrium equation and em-
pirically verify it, we could orient investors toward constructing h(z20, z30) = 0 (88)
as a preference.

5.2. Designing the Assumptions for MOCAPM

In order to progress from portfolio selection (2) to CAPM (3), Sharpe [14] and
Bodie et al. (p. 284, [15]) design homogeneity and perfect markets as follows:

Assumption 5. Investors are all homogenous and stock markets perfectly function as follows:

• Investors all operate portfolio selection (2).
• Investors all plan an identical time horizon and collect an identical set of information for the

parameters of (2).
• Investors all draw tangent lines which are tangent to the nondominated set and are through

the risk-free asset.
• Investors all can freely trade without trading cost or taxes.

On the basis of Assumption 5, Sharpe [14] and Bodie et al. (pp. 288–291, [15]) deduce
the market portfolio as all investors’ ultimate choice and reason CAPM (3). We could
generalize Assumption 5 to attempt progressing from MOPS to MOCAPM as follows:

Assumption 6. Investors are all homogenous. Stock markets and carbon offset markets perfectly
function as follows:

• Investors all operate MOPS (5).
• Investors all plan an identical time horizon and collect an identical set of information for the

parameters of (5).
• Investors all draw tangent planes which are tangent to the nondominated set and are through

the risk-free asset.
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• Investors all set an identical h(z20, z30) = 0 in Proposition 7.
• Investors all can freely trade without trading cost or taxes.

On the basis of Assumption 6, investors and scientists begin the journey for accomplish-
ing MOPS by drawing a unique tangent plane, concluding the tangent point as the market
portfolio, and reasoning MOCAPM. However, the journey is challenging, because we shall
generalize (3) and price for (5). The generalizing and pricing are difficult due to

• Pinpointing the tangent point;
• Estimating a stock’s contribution to the market portfolio’s premium;
• Linking the contribution with the other objectives;
• Explicitly deducing MOCAPM.

6. Conclusions
In this section, we list advantages, disadvantages, and future research directions of

this paper and conclude.

6.1. Advantages and Disadvantages

Generally, we attempt to enrich the classical research lines of progressing from portfolio
selection to CAPM into the extended research lines of progressing from MOPS to MOCAPM.
Particularly, we heuristically prove multiple tangent planes for MOCAPM and analyze the
conditions for a unique tangent plane.

Meanwhile, we realize this paper’s disadvantages as follows: Firstly, we follow Mer-
ton [12] and install only one constraint 1Tx = 1 in (5). The constraint formulation is
insufficient, because 1Tx = 1 allows unrealistic short sales. Secondly, there can exist
many constraints (e.g., liquidity). Thirdly, we devise (5) for unified markets instead of
fragmented markets. In practice, carbon offset markets become fragmented. For instance,
carbon offset markets are classified into compliance markets and voluntary markets with
different operations. For a firm with financial assets on both kinds of markets, the different
operations can trigger different prices which impede (5). Lastly, we overlook the country
difference when devising (5). Developing countries can have higher risks in regulation and
legislation than developed countries. Investors actually distinguish different countries for
the investments of carbon offset and require extra compensations for the investments in
developing countries.

6.2. Future Research Directions

We envision the following future research directions: Firstly, we only heuristically
prove two tangent planes by numerically analyzing a minimum-variance surface (6) and
illustratively verifying Propositions 1–7. In the future, we will try to (generally) prove the
existence of infinitely many tangent planes. Namely,

• We symbolically analyze the minimum-variance surface (29)–(36).
• We prove that infinitely many planes intersect the minimum-variance surface (29) in

(z0.5
1 , z2, z3) space.

• We compute tangent points on the intersecting planes.
• We examine the tangent points as distinct and nondominated.
• We compute infinitely many tangent planes by the tangent points.

Secondly, we follow the tentative rating of carbon offset of Qi et al. [71] and assign
µ3 in (5). The assignment is preliminary, and we will consider more assignment styles
(e.g., by carbon credits, avoided emissions, carbon intensity, ESG greenness, or other
environmental metrics).
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Thirdly, we offer a pilot illustration by the components of Shanghai Stock Exchange
50 Index here. Although the pilot illustration demonstrates that we can devise the in-
vestments of carbon offset by MOPS and MOCAPM, the sampling is restrictive. We will
adopt larger samples (e.g., the 500 components of S&P 500 Index). Moreover, we will use
the historical risk-free rates (instead of the usage of conceptual risk-free rate r f = 0.01),
although this paper’s theme is proving different tangent planes heuristically (instead
of empirically).

Fourthly, we will apply this paper’s method to ESG and green-asset pricing, be-
cause ESG and greenness are relevant to carbon offset. Investors typically utilize portfolio
selection for ESG investments (e.g., Integrating ESG in Portfolios by MSCI) (data source:
An ESG Framework for Asset Owners Integrating ESG in Portfolios and Benchmarks,
MSCI, https://www.msci.com/documents/1296102/23164160/MSCI-ESG-Framework-
For-Asset-Owners.pdf, accessed on 20 June 2026). Researchers (e.g., Pástor et al. [77])
typically investigate ESG asset pricing empirically. Therefore, we could try MOPS and
preliminarily explore MOCAPM.

Fifthly, as a universal principle in mathematics and finance, models are abstractions of
practical worlds (instead of exact formulations). By the models, we simplify complex reality
by making assumptions and focusing on core mechanisms and thus inevitably overlook
technical factors. For example, our sampling period covers the span of COVID-19 and
many policy interventions are introduced in stock markets and the carbon offset markets.
We will investigate the interventions, formulate them as constraints, and consider other
volatile sampling periods.

Lastly, we will contrast MOPS with utility function methods. von Neumann and
Morgenstern [78] instigate maximizing expected utility functions as a fundamental principle
for finance. Campbell [13] exhibits the utilization in portfolio selection. Maximizing
expected utility functions is more consistent with economic and financial theory than
MOPS is. Conversely, maximizing expected utility functions is more complicated than
MOPS, because Markowitz (p. 100, [2]) emphasizes the computation burden of maximizing
expected utility functions. We will compare the two methods for parameter estimation,
optimization, and sensitivity.

6.3. Summarizations

Tentatively, we analytically characterize the minimum-variance surface, construct
two distinct tangent planes numerically, verify that the associated tangent points belong
to the nondominated set, and propose a preliminary condition for selecting a unique
tangent plane. Meanwhile, we fully aware that we do not yet derive a complete MOCAPM
equilibrium equation and the derivation is considerably challenging.

6.4. Conclusions

Theoretically, Markowitz [9] and Sharpe [14] pioneer portfolio selection and CAPM.
Scientists are enriching portfolio selection into MOPS and experimenting with MOCAPM.
Practically, investors are pursuing the investments of carbon offset and aspiring new tools.
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Appendix A. Lists of Main Symbols
Appendix A.1. English Symbols

1. 1 is a vector and is introduced in (2).
2. E(r) = r f + β(E(rm)− r f ) is a model and is introduced in (3).
3. F(x, y, z) = 0 is a function and is introduced in Definition 4.
4. f1(x) · · · fk(x) are objective functions and are introduced in (9).
5. k is a scalar, symbolizes the number of objectives, and is introduced in (9).
6. n is a scalar and is introduced in Section 1.2.
7. S is a set and is introduced in (1) and (9).
8. x is a vector and is introduced in Section 1.2.
9. xmv is a vector and is introduced in (46).
10. (x0, y0, z0) is a vector and is introduced in Definition 4.
11. Z is a set and is introduced in (9).
12. z is a vector and is introduced in (9).
13. z1 and z2 are scalars and are introduced in (1).
14. z0.5

1 is a scalar and introduced in Section 1.2.
15. z3 · · · zk are scalars and are introduced in (4).

Appendix A.2. Greek Symbols

1. ∇F(x0, y0, z0) is a vector and is introduced in Definition 4.
2. ∆2 and ∆3 are vectors and are introduced in (46).
3. µ2 is a vector and is introduced in (1).
4. µ3 · · · µk are vectors and are introduced in (4).
5. Σ is a matrix and is introduced in (1).
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