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Abstract

Reliable regional mortality rates are crucial for public health monitoring and planning.
However, their estimation is often complicated by data limitations, with data being pub-
lished only in broad age groups or affected by systematic errors. This is particularly relevant
in intercensal periods, when population estimates may increasingly diverge from the true
population structure. Using the German federal states as a case study, we develop and
evaluate models for estimating and nowcasting age-, sex-, and nationality-specific rates
under the outlined data issues. The analysis covers 1995–2023 and accounts for hetero-
geneous data availability, changing age groups, missing regional information on sex and
nationality in recent years, and census-related revisions of population estimates. We first
compare negative binomial regression models of increasing complexity. We then propose a
state-specific generalized additive model based on a penalized splines framework, using
national mortality schedules as a reference and explicitly modeling deviations associated
with sex, nationality, calendar time, and time since the last population revision. The fi-
nal model substantially outperforms the directly specified regression models based on
in-sample, semi- and full-out-of-sample prediction compared with unadjusted regional
estimates and national reference rates. The approach produces plausible, bias-adjusted
mortality schedules despite limited regional data and can be used both to revise historical
estimates and to nowcast mortality during intercensal periods. Although developed for
Germany, the framework is applicable to other countries and small-area settings with
incomplete or error-prone demographic data.

Keywords: nowcasting; demography; epidemiology; regional mortality estimation; gener-
alized linear models; generalized additive models

MSC: 62P25

1. Introduction
1.1. Background and Motivation

Mortality statistics are among the core indicators used, inter alia, by the World
Health Organization and the United Nations to judge and compare societal health [1].
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Mortality-based indicators have a variety of advantages when evaluating health outcomes,
among them that they are measurable and readily available [2]. Furthermore, all-cause
mortality delivers comparable health estimates on both the international [3] and regional [4]
levels over time [5].

A regional perspective on mortality trends is important to account for unequal health
risks within a country. For instance, mortality may vary among regions because of different
climates [6] or socio-economic factors [7,8]. Moreover, mortality shocks caused by, e.g., in-
fectious disease outbreaks [9], may have spatial patterns and thus diverse local or regional
effects. For instance, the COVID-19 pandemic had demographically and spatially heteroge-
neous effects on mortality, with older populations and structurally weaker regions being
more affected than younger and economically stronger regions [3,10]. Thus, monitoring
regional mortality is relevant for the planning of health services based on valid statistical
information to ensure adequate provision of healthcare responses [2,4,5,11].

To distinguish true heterogeneities in health risks from differences that are primar-
ily demographically driven, various measures, ranging from age-specific mortality rates
(e.g., [4]) or age-standardized mortality rates (e.g., [5]) to summary statistics such as life ex-
pectancies (LE) (e.g., [12]) or median life spans (e.g., [13]), rather than crude rates, are used.

Despite those advantages of good statistical mortality data for regional health service
planning, regional mortality statistics are regularly of a lower and heterogeneous quality.
This can be due to various reasons. First, smaller regions that have small populations,
and accordingly, smaller death numbers, naturally have a higher nuisance in mortality rate
estimates. Second, for less developed countries, death registrations are often incomplete [4].
Third, errors in the population data accumulate in the intercensal period, which affects the
estimation of demographic rates ([14], see also Section 2.1). Those errors are especially large
in the old-age population that would usually have particularly high mortality risks [13,15].
Thus, regions with smaller and older populations have a tendency to provide a higher risk
for biased estimates of mortality rates. Fourth, regional data exhibit stronger data privacy
restrictions, which may, e.g., be reflected in broader age groups or suppressed outputs.
Fifth, financially and structurally weaker regions often have fewer financial, technical,
and personal resources available to provide appropriate monitoring [16].

Raw mortality rate estimates, especially on regional levels, tend to be unstable due
to smaller risk populations and consequently fewer deaths, leading to implausibly strong
changes in mortality risk estimates between age groups [16,17]. Additionally, mortality
risks are not constant in time but typically decreasing [13], so only a limited number of
years can be pooled before estimates lose representativeness [3].

Typically, mathematical or statistical models are used to stabilize mortality rate esti-
mates and to conduct forecasts based on these estimates. Three approaches to mortality
modeling can be distinguished. First, there are qualitative approaches that rely on expert
opinion. For example, a certain LE for a future year may be specified. Mortality risks are
then adjusted such that the resulting LE converges towards the pre-specified LE. Second,
extrapolation methods that model future mortality based on past data are used. Those
include, e.g., Poisson, overdispersed Poisson, negative binomial regression models, or time
series approaches of varying complexities. Lastly, and more rarely, explanatory approaches
based on causal or structural models that include causes of death are applied. Thereby,
forecasting models for several causes of death, e.g., cancer, are used. Future mortality
risks then result from the predicted future prevalence of those causes of death. Naturally,
the latter approach requires a lot of detailed data, which often makes it infeasible [18].

The models used in the present paper fall into the second category, as deaths are
modeled based on all-cause mortality rather than by causes of death. Subnational modeling
gives additional challenges due to data availability limitations. For instance, regional time
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series are usually shorter than at the national level, with small numbers of deaths leading to
noisy estimates and challenges in obtaining consistent and plausible estimates on different
geographical levels [16,17,19].

One often-used approach to mortality modeling in very small areas is the use of
relational models [20,21] to stabilize estimates, which model deviations from a specified
reference distribution. In this context, variants of the TOPALS (tool for projecting age
patterns using linear splines) approach [22,23] and its modifications, like the penalized
TOPALS (P-TOPALS) [24–26], are commonly applied. Thereby, (penalized) linear splines
model the offsets to the reference rate to fit observed rates. TOPALS has also been applied
in previous studies specifically for defective data [25], abridged data [27], and to reconstruct
plausible schedules after privacy-related data perpetuation [28], all of which are relevant
in the German context. For Germany specifically, Rau and Schmertmann [12] produced
cross-sectional mortality rate and LE estimates on the county level for 2015–2017 based
on a hierarchical Bayesian model extension to the TOPALS approach [23]. Expanding
on this, Hrzic et al. [29] use hierarchical Bayesian TOPALS to analyze county-level time
trends in mortality for Germany from 1997 to 2016 by estimating cross-sectional models
and comparing the coefficients over time. Notably, those models are primarily used for
nowcasting and the analysis of past mortality patterns.

For forecasting, variants of the Lee–Carter model [30] and various extensions like
the Li–Lee multi-population model [31] are commonly used [18]. For the German state of
Bavaria, Goes [32] used a Bayesian spatiotemporal Lee–Carter variant to forecast county-
level mortality rates. For an overview of other small-area mortality forecasting methods,
we refer to Wilson [19].

Depending on the focus of the respective investigation, i.e., if the objective is to
produce long-term forecasts, short-term forecasts, or nowcasts, different methods are
suitable. For instance, assuming constant regional differences may be acceptable in the
short term but implausible in the (very) long run (see, e.g., Kibele et al. [33] for Germany).

The aim of our paper is to develop an approach to estimate regional mortality rates for
settings with missing or biased data. Our case study will be on age-, sex-, and nationality-
specific mortality data for the 16 German federal states over the period 1995–2023. Germany
is an interesting case study as it is not only the European Union’s (EU) most populous
country [34], but also a rare case study with decreasing quality of regional mortality data
in recent years due to data privacy concerns (see Section 2.1). Moreover, Germany has
a relatively old age structure, ranking in the EU’s upper tercile according to the old-age
dependency ratio that divides the old-age population by the working-age population [35].
Lastly, Germany’s demographics exhibit distinct regional differences [10]. Using that
example, we will show how we can deal with missing and varying data completeness
over time in a modeling framework. Compared to a more homogeneous dataset that is
provided in Supplementary File S1, we derive a nowcast model that is calibrated to data for
all German federal states but can be easily adapted to small-area data or other countries.

The paper is structured as follows. First, we discuss impact factors for regional
heterogeneities in mortality data and sources of demographic bias, with a special focus
on Germany (Sections 1.2 and 1.3). Data and models are presented in Section 2. Proposed
methods are evaluated in Section 3. Finally, we discuss our findings in Section 4.

1.2. Impact Factors of (Regional) Heterogeneities in Mortality Data with a Focus on Germany

Mortality rates, especially among regions, vary based on a combination of both actual
mortality risk differences and bias in the underlying data. Several factors drive regional
heterogeneities. The strongest predictor of mortality rates is age, since mortality qualita-
tively follows a relatively robust pattern over the life-cycle with sharply decreasing trends
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in the first years following birth, after which mortality rates increase overall monotonously
starting in teenage years with a so-called accident hump around age 20. A common nonlinear
model that combines those mortality aspects during different periods of life well is the
Heligman–Pollard model (HP) [36,37] that will serve as an important theoretical foundation
for the majority of the models we will present in Section 2.2. Sex also significantly influences
mortality, since females have higher ceteris paribus (c.p.) LE than males due to a combi-
nation of biological factors and, on average, healthier lifestyles [13,33,38]. Consequently,
regions with higher shares of males in the population (e.g., caused by a high net male
in-migration) and an old age structure (e.g., associated with a net out-migration by younger
individuals) [10] will exhibit relatively high death counts and crude mortality rates due to
their respective demographics.

Another aspect that may play into regional mortality differences is the connection
between migration and health. A variety of international studies on developed countries
have shown persistent differences in mortality risks between international migrants and
residents, with the former usually having higher c.p. LE. First, those may be connected
to the so-called healthy migrant effect that describes a positive selection among migrants,
since those migrating to other countries are of above-average health status [39,40]. Second,
there may be mortality differences between the countries of origin and the destination
countries because of, for instance, warmer climates and better nutrition in the countries of
origin [13], which contribute to better health among migrants. This effect tends to diminish
with a longer duration in the destination countries, leading to a convergence of health
behaviors and mortality risks of migrants to those of the non-migrant population [40]. Third,
the mortality estimates of migrants have a higher tendency for bias due to unobserved
emigration [10,40]. Additionally, the so-called salmon bias may play a role, which describes
“the compulsion to die in one’s birthplace” [41] (p. 1237). Thereby, migrants with worse
health outcomes leave for their home countries at a higher probability, while healthier
cohorts are more likely to stay in the accommodating countries. Lower mortality would
thus be a result of selectivity of both immigration and emigration regarding health. Indeed,
based on a census-follow-up study, Di Napoli et al. [42] find a strong increase in immigrant
mortality, explaining a small part of the large mortality gap by accounting for deaths in
the country of origin. However, the evidence for the existence of a general salmon effect is
disputed [43–45].

Temporal aspects play a major role in mortality estimation. Long-term mortality
trends in developed regions are negative (i.e., LE increase, c.p.) due to various aspects, such
as healthcare (technology) improvements and better knowledge of hygiene and healthy
lifestyles in the population [3,13].

Estimation of demographic rates is complicated by data errors, especially for small
areas. Erroneous data, both in the numerator (here, counted deaths) and in the exposure
(usually person-years lived), lead to biased estimates if the errors are systematic. For mor-
tality, underreporting of deaths, population undercounts, and age misreporting for both
deaths and population are especially relevant [4]. However, for Germany, the vital registra-
tion is generally deemed to be high quality [46] such that a relevant bias from misreporting
of the number of deaths or ages at death is unlikely. While a certain undercount of deaths
is expected due to only registering deaths in Germany and not those of Germans occur-
ring in foreign countries [47,48], which could potentially affect persons with non-German
citizenship, this effect is likely negligible due to the relatively low numbers.

On the other hand, errors in exposure, namely due to the overestimation of population
counts rather than undercounts, particularly for the foreign population, have proven
more relevant for Germany. Both the census 2011 and census 2022 have shown that
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older populations, specifically for persons with foreign citizenship, have been strongly
overestimated, with a severe effect on estimated mortality rates (see Section 1.3).

While some mortality differences may be expected due to the healthy migrant effect
rather than data artifacts alone (see, e.g., Wallace and Kulu [49] for England and Wales),
discrepancies in estimated rates for Germans and non-Germans have been implausibly
high in intercensal periods. For one, people may live in Germany without formally regis-
tering. However, this is deemed a lesser factor than emigration-induced biases. The latter
may occur when people leave Germany without official deregistration. This could be on
purpose, e.g., to avoid losing residence permission, or unintentionally, like unexpectedly
longer stays [50] (p. 14). In case of a death in another country, they are counted as living
in Germany and are only removed when registers are corrected (so-called statistical im-
mortality, [51] (p. 389)). As exposure is overestimated while deaths are properly counted,
death rates will thus be systematically underestimated. Until registers are corrected again,
the bias increases annually. Since the overcounted register population ages each year, not
only the more mobile younger age groups, but also the older age classes are particularly
affected (see also Section 2, particularly the figure in Section 2.1). Indeed, an analysis
of the effects of the adjustment of the central register for foreigners between 2000 and
2004 already concluded that a thorough review of the population numbers, specifically
for foreigners, via a census would be urgently necessary [52]. Since the Federal Statistical
Office did not produce revised population estimates following the census 2011, adjusted
population estimates by age, sex, and federal state for 1987–2011 have been provided
by Klüsener et al. [53].

Migration-related population overestimation resulting from unregistered emigrations
is not limited to Germany. For instance, Monti et al. [54] analyze the influence of overcov-
erage in Swedish population registers on mortality and fertility indicators. Correction of
population counts thereby disproportionately affected people with migration backgrounds
from countries with known high emigration rates. Adjusting for overcounts in popula-
tion registers led to increasing mortality rates for migrants, in part explaining the healthy
migrant effect for mortality, and indicating a strong underestimation of fertility rates for
migrants. Likewise, an earlier study for Sweden by Weitoft et al. [55] also found that there
is a systemic underestimation of mortality rates for foreigners. When indicators of actual
residence in the country are included, namely generating income of any sort, which requires
either a job or some contact with the employment office or social welfare office, or receiving
disability pensions, the gap in mortality rates between Swedes and foreign-born closes
remarkably. Similar conclusions have been drawn for Germany in the past. Based on a
recalculation of mortality rates from the German pension insurance, which requires yearly
confirmation of being alive, Kibele et al. [51] found a large disagreement with death rates
calculated from official data, e.g., the remaining LE calculated from official statistics at age
65 was 30 years for foreigners against only 15 years according to pension insurance data.
No such deviation was found for Germans. In fact, the remaining LE for Germans was
slightly higher (15.3 years according to the official statistics against 15.6 years according to
insurance data) [51] (p. 391). However, in contrast to Scandinavian countries with extensive
and linked population registers, no such correction can be directly conducted on registers
in Germany except for censuses, leaving large periods in which mortality indicators are
increasingly unreliable.

Thus, apart from the general temporal effects on mortality risks, mortality rates in
intercensal periods will additionally decrease simply due to the bias induced by population-
related errors. Put differently, mortality estimates for Year 8 or 9, with Year 0 being a census
year, will be more strongly biased than mortality estimates for Year 1 or 2. Later, we will
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illustrate this for the case of Germany. Those effects on mortality rates need to be taken
into account in a thorough approach for regional mortality estimation.

1.3. Analysis of Regional Mortality Rate Discrepancies in Germany

Germany is divided into 16 federal states (NUTS-1 level). Between World War II
and 1990, Germany was split into two distinct German states: the capitalist Federal
Republic of Germany (BRD) and the socialist Democratic Republic of Germany (DDR).
An overview of all federal states is given in Figure A1 in Appendix A. The DDR consisted
of the six federal states in the northeastern part of the country (MV, BB, East Berlin, ST,
SN, TH). The BRD, accordingly, consisted of the remaining part of Germany, including
West Berlin. Even after reunification, this separation has been associated with consistent
differences in LE at birth, which is illustrated in Figure 1 (for below federal state-level
mortality patterns in Germany, we refer to [12]), and other socio-demographic indicators
(see, e.g., Vanella and Hassenstein [56] for fertility rates).
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Figure 1. Life expectancies of West and East Germany, 1956–2020 (sources: [57,58]; authors’ illustration).

Figure 1 illustrates the time series of LE estimates for the two parts of Germany
following World War II. Starting in the 1970s, LEs diverged with a consistent and strong
improvement in mortality rates in the BRD against relatively lower increases in the DDR.
While differences became smaller until the 2000s, East Germany never fully recuperated
this gap, as is apparent in the figures. This gap may be connected to a lower socio-
economic level that was, inter alia, associated with an unhealthier lifestyle because of
worse work conditions, more air pollution, poor nutrition, fewer investments in healthcare,
selective out-migration, and sustainable psychological effects of political oppression on
DDR citizens [37,59].

Apart from those historically induced East–West mortality differences, a variety of
socioeconomic, demographic, infrastructural, climatic, and topological factors play a role in
regional mortality differences across Germany. We do not intend to give a full overview of
those in our paper. Instead, interested readers are referred to Kibele et al. [33], who provide
a thorough discussion of determinants for mortality disparities in Germany. Notably, the
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discussed East–West divide and a convergence of mortality can be observed across time
for Germany (see van Raalte et al. [60] for state-level and Hrzic et al. [29] for district-level
analyses). Our primary focus is on how the demographic composition drives mortality
differences across regions. The development of central indicators over time and by federal
state, namely LE estimates, mean ages of the populations, the female population share,
and the shares of foreign citizens, are displayed in Figure 2. To show the effect of the
population revision following the 2022 census, all indicators have been calculated based on
both the original and the revised population data.
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Figure 2. Demographic development by federal state (sources: [61]; authors’ computation
and illustration).

Long-term trends in LEs have been quite robust for all federal states, with similar
mortality improvements across all regions. However, differences across federal states are
quite stable in the long term, with declining decreases in mortality differences since 2000.
This reinforces the need for a regional perspective, as LEs are highly heterogeneous across
regions. For most federal states, there is only a small gap between LEs based on the original
and revised population estimates that, however, widens with increasing time lags between
the study year and the previous census.

An inspection of the long-term trends in mean ages exhibits huge differences in both
the federal states’ age structures and their developments. We can derive two major aspects
from the curves. First, population aging advances more strongly for East German regions,
which is mainly associated with consistent net outflows among the younger subpopulations
in the age groups typically in education or at the beginning of their labor tenure from the
overall economically weaker East German regions [10]. Second, the curves of the three
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city-states Berlin, Hamburg, and Bremen stand out, with relatively constant mean ages since
around 2008. In the case of Bremen, the mean ages have even decreased recently. This shows
the important role of urban and rural areas within regions. Cities and, overall, metropolitan
areas attract migration of younger subpopulations, as they provide better infrastructure,
labor markets, and educational opportunities [10]. For most states, the revision of the
population estimates leads to increases in the mean ages.

The third row shows significant differences in the shares of females in the population
among the federal states that, however, have diminished somewhat lately for the East
German federal states. Overall, the regions have quite heterogeneous shares that, obviously,
will factor in the regions’ mortality developments as well, given the differences in LEs
between the sexes, as discussed in Section 1.2. Through the population revision, the female
share has been corrected upwards for most states.

Finally, the bottom row gives the shares of foreign citizens in the total populations.
Apart from generally increasing trends in the last 15 years, we see a clear East–West divide,
with the East German federal states generally attracting fewer international migrants, with
Berlin being the lone exception as the national capital and metropolis. A pattern that applies
to both figures is higher shares of foreign citizens for the more urban federal states, such
as the city states, in comparison to the highly rural regions such as Schleswig–Holstein in
the North of Germany. As discussed earlier, urban regions are more attractive to young
migrants, and since international migrants are predominantly young, they seek urban rather
than rural areas, which is also connected to stronger networks in those areas in comparison
to the countryside [10,62]. Thereby, the national composition of regions is a crucial point
when estimating mortality rates, as discussed in Section 1.2, as this may affect both mortality
risks and bias in mortality estimates. For most states, the shares of the foreign populations
have been corrected downwards following the census. Indeed, the overestimation of
foreigners, who are on average younger and more often male, explains the effect of the
revision on the mean ages and the female population shares. Due to the overestimation of
the population at risk, mortality rates are further naturally biased downwards, explaining
the decrease in LEs following the census.

As discussed earlier, errors in the official population estimates potentially occur during
intercensal periods. Intercensal population estimates are thereby obtained via the cohort-
component method, in which the population is updated annually based on the registered
births, deaths, and migration data [14].

Figures 3 and 4 illustrate the age-, sex-, and nationality-specific biases in the ex ante
population estimates for 31 December 2010 based on the 1980s’ censuses compared to the
revised population estimates based on the 2011 census and for 31 December 2021 based on
the 2011 census compared to the revised population estimates based on the 2022 census,
respectively. The relative effect of the first revision is larger, which is unsurprising, as the
temporal lag since the previous censuses was bigger. Notably, there is no significant bias
for the German population in both revisions.

Following the publication of the census 2022 results, the initial population struc-
ture based on the accounting model had to be revised with a population estimate almost
1.3 million or 1.5% lower than the initial estimate. Assuming that the error is mostly driven
by migration, the error in each cohort was distributed proportionally to the migration vol-
ume of the respective year for the German districts (see Grobecker and Schmollinger [63]
for a more detailed description). Notably, the reduction was lower both in absolute and
relative numbers (−416,000 and −0.6%) for Germans than for non-Germans (−864,000 and
−7.3%) [63]. For non-Germans, the revision led to lower counts in all age classes with clear
age patterns (see Figure 4). For younger ages below 30 years, there is no difference in the
bias patterns for males and females. Until age 75, there was a consistent overestimation for
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the foreign population, especially distinct among females. For foreign males, this bias was
less severe, but quickly exceeded that of females for ages beyond 80 years. However, note
that this overestimation is low in absolute numbers (see left panel) but important when
estimating demographic rates, leading to too low rates for foreigners as the exposure is
assumed too large in intercensal years. As a consequence, mortality rates will be signifi-
cantly underestimated, particularly for the very young and very old age groups. Similarly,
fertility rates for female mothers will be underestimated due to the particularly strong
overestimation of female counts in fertile ages.
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Figure 3. Initial and census-corrected population for Germany, 2010 (sources: [61,64]; authors’
computation and illustration).
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Figure 4. Initial and census-corrected population for Germany, 2021 (sources: [65,66]; authors’
computation and illustration).
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In order to illustrate the impact of this intercensal bias in the population estimates,
we produced sex- and nationality-specific LE estimates based on the official population
data. The resulting time series are given in Figure 5. Whereas overall LE has not changed
much (see Figure 2) because the rates for Germans were mostly unaffected, LE at birth and
remaining LE at age 65 for foreigners strongly decreased following the census correction.
For non-German males, remaining LE at 65 dropped by over 23 years from 43.9 to 20.8
and by over 14 years (37.9 to 23.7) for foreign females. For male Germans, there was no
change in LE, and for females, this change was only marginal. However, even after the
census correction, a mortality advantage seems to exist for foreigners, which may be a
result of the aforementioned healthy migrant effect. However, this gap seems to be closing
since 2011 due to the increasing German LE at birth and a simultaneous decrease in foreign
LE. Notably, this decrease was entirely masked prior to the census correction due to the
underestimation of mortality rates for foreigners.
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Figure 5. Initial and census-corrected life expectancy at birth and remaining life expectancy at age 65
by sex and nationality (sources: [65–67]; authors’ computation and illustration).

Assuming the censuses resulted in the correct (or at least best) estimates for the 2010
and 2021 end-of-year populations, we can derive two major conclusions for the case of
Germany. First, the annual population updates tend to lead to overestimates in the young
and especially old age groups. Second, whereas the errors for Germans are quite small
and somewhat balanced between over- and underestimates, the foreign population has
been systematically overestimated in the ex ante population updates. This underlines that
estimates for the old and for the migrant populations during intercensal periods are error-
prone and tend to increase with a larger time lag between the previous census year and
the respective year under study. The latter connection was already discussed in Section 1.1
and is confirmed for the case of Germany given the large differences in bias between the
migrant population estimates for 2021 (ten and a half years since the previous census,
see upper right panel of Figure 4) compared to that for 2010 (23 and a half and 27 and a
half years since the previous West and East censuses, respectively; see upper right panel
of Figure 3). Overall, bias estimation in migrant population data is thus of significant
importance when trying to estimate more accurate mortality rates for regions in Germany.
Since our descriptive analysis shows signs of temporal dependencies for those census
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errors, we should consider introducing a lag between a census and the current mortality
rate estimates for our eventual regional mortality rate model.

Finally, the abovementioned effect of the COVID-19 pandemic needs consideration in
regional mortality estimation for Germany. Figure 6 illustrates federal state estimates for
losses in LEs by sex for the years 2020 and 2021.

Figure 6. Losses in life expectancy at birth during COVID-19 pandemic (source: [68]).

We see very heterogeneous effects among the German regions. This suggests that
estimates for regional mortality rates since the pandemic need adjustments to the long-term
trend that should be region-specific. The latter point suggests joint effects between the
impact factors on regional mortality rates in Germany. Therefore, from a quantitative
perspective, interactions between those factors should be considered as well. We will
present our approach to integrate these factors in a statistical model in Section 2.2.

2. Materials and Methods
2.1. Data Sources and Preparation

Given the illustrated bias in population estimates for non-Germans, consideration
of nationality when estimating demographic rates is important to tackle bias. Further,
differences in mortality persist even after accounting for the bias. Thus, even in the
case when only sex-specific rates are of interest, estimation of nationality-specific rates is
still beneficial: since population estimates generally contain information on nationality,
the overall rate can be obtained as a weighted mean of the rates, which is likely better than
estimating the overall rate directly, since the former considers changes in the nationality
composition of the population. However, estimation of mortality rates by nationality
at regional levels is challenging, as available data from the Federal Statistical Office of
Germany vary in availability and resolution (see Table 1).
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Table 1. Data sources for models.

Type Source Years Age Groups States Sex Nat.

Population

[69] 1995–2013 <3, 3–5, 6–9,
. . ., 65–74, 75+

[61] 2000–2024 0–89, 90+

[65]
1990–2015 0–94, 95+

2016–2024 0–99, 100+

[70] 2022–2023 0–99, 100+

Deaths

[71] 1995–2017 0, 1–4, 5–9,
. . ., 80–84, 85+

[72] 1995–2023 0, 1–14, 15–24, 25–29,
. . ., 80–84, 85+

[67] 2000–2024 0–99, 100+

Mortality data stratified by sex and nationality are only available for 1995–2017 and in
age groups 0, 1–4, open-ended age 85, and otherwise 5-year steps. Since population figures
before 2000 are only available in age groups <3, 3–5, 6–9, followed by 5-year age groups and
an open-ended age group starting at 75, a lot of information is lost due to incompatibility
of groups below 10 and due to the truncation at 75. For 2000–2017, rates can be obtained in
desired detail for the age groups 0, 1–4, and 85+ with 5-year groups in between. Notably,
for Schleswig-Holstein and for Hessen, no data on deaths are available for ages 75–79,
80–84, 85+ before years 2001 and 2007, respectively (deaths for an open-ended age group
75+ can be calculated from published total death counts), and for Hamburg and Bayern,
no deaths are available for the ages 75+ before 2000. Since 2018, nationality-specific rates
are only available at the national level. State-specific data are further only available in
broader age classes and contain neither sex nor nationality. Specifically, ages below 25,
except newborns, are now aggregated into the two age classes 1–14 and 15–24.

Note that the less detailed publishing of mortality data is due to generally stricter
disclosure control measures in Germany and is not limited to mortality data, but affects,
e.g., fertility data as well that are published in less detail for later years. Thus, we can
plausibly conclude that missingness was independent of the missing values themselves
and ignorability was assumed for modeling purposes.

On an annual basis, we harmonized the population and mortality data listed in Table 1
with respect to the regional levels, nationalities, sex, and age groups. The constructed strata
that contain the most information available for each year are shown in Table 2. For each year
y, these are the death numbers d, the population size p, the (mean) age in the class a, sex
(male, female and unobserved), nationality (German, foreign and unobserved), the federal
state, a census lag index giving the number of years since the previous census, and a
pandemic dummy for the years since 2020.

Table 2. Created strata for the models.

Years Age Groups States Sex Nat.

1995–1999 0–9, 10–14, . . ., 60–64, 65–74, 75+
2000–2017 0, 1–4, 5–9, . . ., 80–84, 85+
2018–2023 0, 1–14, 15–24, 25–29, . . ., 80–84, 85+
2000–2021 0–89, 90+
2022–2023 0–99, 100+
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Please note that p refers to Vanella’s [13] adjusted population that gives the hypotheti-
cal end-of-year population for some stratum at the end of some year y for region r if there
had been no deaths. For instance, the estimate for the subpopulation of age a, nationality n,
sex g at year-end y is then

pr,y,n,a,g := p∗r,y,n,a,g + dr,y,n,a,g, (1)

with dr,y,n,a,g being the number of deaths in the respective stratum and year in region r
and p∗r,y,n,a,g being the official population estimate for the same stratum and year. Most
approaches refer deaths to the end-of-year population estimate of the previous year. Apart
from accounting for migration flows throughout the year, which mitigates biased estimates
in the mortality rates that may occur during years of huge migration flows [13,73], this also
restricts the mortality rates between 0 and 1.

In addition to the original variables, interaction terms between the explanatory vari-
ables are calculated and included in the models. Exact specifications are given in more
detail in the following section. Table 1 illustrates that not only the degree of detail for the
available population and death data varies over time but also the resolution between deaths
and population data. Therefore, depending on the available information, we consistently
aggregated the more detailed data to the level of less detail in a comparison of the death
and mortality data. For instance, for the year 1995, age groups between the population
and death data vary significantly and overlap in the first ten age years. Therefore, we
computed age-, sex-, and nationality-specific mortality rates for age group 0–9 years as the
youngest age group. Likewise, the oldest age group for that year is 75 and older, since
we do not have more detailed population data in that age group. The resulting dataset
is provided in Supplementary File S1. The mean ages in the group are computed based
on the single-age population data when available. For the years 1995–1999, where this is
not the case, the mean between the upper and lower ages of the specific age spectrum was
used instead. For instance, for age group 3–5, we took 4 years of age as the mean. For the
highest age class in those periods, we took the national mean age of age group 75+ as the
mean for the federal states. For the upper age group since the year 2000 (85+), we assumed
mean population ages according to the federal state population data. However, for the age
group 90+, we assumed a mean age of 90 years.

To give a first impression of the effect of census errors in the baseline population on
resulting mortality rates, Figure 7 illustrates age-, sex-, and nationality-specific mortality
rates for Germany for the year 2017, both according to the initial population estimates
from the cohort-component update based on the 2011 census and compared to revised
population estimates from the 2022 census. Due to the overestimation of the population,
mortality rates are lower when calculated on the initially published population structure
already after six years. Note that since nationality-specific data at the regional level are only
published until 2017, differences would only be observable at the regional level for the first
six years after the census and for age classes. As expected from the population structure
correction, revised rates are higher than initial rates in all age classes for non-Germans,
with peaks in both the very young and very old ages. For males, mortality rates increase by
over 13.5% in the age class 5–10 after the recalculation and for females by around 11.9%.
Similarly, revised mortality rates are 9.5% for males and 8.1% higher for females for the
open-ended age class (85+).

https://doi.org/10.3390/math14173158

https://doi.org/10.3390/math14173158


Mathematics 2026, 14, 3158 14 of 34

female male

0%

5%

10%

15%

M
or

ta
lit

y 
ra

te

−10

−8

−6

−4

−2

Lo
g 

m
or

ta
lit

y 
ra

te

0 20 40 60 80 0 20 40 60 80

0%

5%

10%

age

D
iff

er
en

ce
 to

 in
iti

al
 r

at
e

foreign German initial revised

Figure 7. Age-grouped mortality rates by nationality for 2017 as observable at the regional level
(sources: [65–67]; authors’ computation and illustration).

2.2. Methodological Approach

To derive more robust and realistic estimates for the underlying mortality risks, we
incorporate the drivers of mortality and bias identified in the previous sections into several
regression models. The models were then compared based on prediction quality and model
efficiency. For illustrative purposes only, Nagelkerke’s R2 is computed as well. To assess
candidate models for demographic forecasting, Vanella et al. [10,56] suggested using the
symmetric mean absolute percentage error (SMAPE) [74] for forecasting evaluation when
observed values may be zero, like in regional migration or fertility applications. In this
instance, common alternatives like the mean absolute percentage error (MAPE) or its
revised version (MAPE-R) (see [75]) are undefined since they would divide by the zero
value, while the SMAPE will return the bound value of 2. With respect to our target variable,
which is the number of deaths for a specific stratum in year y, the SMAPE of model Mk is
for o observations [56]

SMAPEk =
1
o ∑

r
∑
y

∑
n

∑
a

∑
g

2|dr,y,n,a,g −Ek(dr,y,n,a,g)|
|dr,y,n,a,g|+ |Ek(dr,y,n,a,g)|

, (2)

with Ek(dr,y,n,a,g) being the expected deaths from the model for region r in year y among
individuals of nationality n and sex g in age group a. The SMAPE has desirable properties
for our purposes, since it is a relative measure that is not biased by the level of the under-
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lying variables, i.e., it measures the relative prediction error rather than an absolute one.
Naturally, an absolute measure would identify very small errors for small mortality rates,
which are prevalent in the middling age groups. Moreover, the SMAPE avoids asymmetries
in the error measure that could be caused by values of the mortality rates close to zero [10].

In addition to the relative measure of the SMAPE, the mean squared error (MSE) is
also considered. Thereby, the squared deviations between predicted and observed deaths
are averaged across all strata. Accordingly, the MSE is given by

MSEk =
1
o ∑

r
∑
y

∑
n

∑
a

∑
g
(dr,y,n,a,g −Ek(dr,y,n,a,g))

2. (3)

While this measure does not have the zero-count problem, it is sensitive to the scale of
the target value. For instance, predicting 10 deaths while observing 0 is equally penalized
as predicting 1010 deaths when 1000 deaths are observed. Further, due to the quadratic
loss function, extreme deviations are penalized more strongly.

As a central criterion of model efficiency, the Bayesian Information Criterion (BIC)
is computed for all models. For o observations and p parameters, the BIC of model k is
defined as [76]

BIC(k) := −2ℓk + p · ln(o). (4)

In essence, information criteria follow Occam’s Razor, i.e., choosing models such that they
find a good balance between goodness of fit (represented by the first summand, a linear
transformation of the log-likelihood of the model) and model complexity (represented by
the second summand, a penalty term that includes the parameters of the models and the
number of observations). Accordingly, models with a lower BIC are preferred. Apart from
model selection, the BIC is also suitable for scoring forecasts, as shown in Dawid [77] and
Gneiting and Raftery [78]. However, the BIC is primarily of use for comparing models and
is not meaningful quantitatively for a single model.

For illustrative purposes only, i.e., the extent to which our models improve the good-
ness of fit to the data, we report Nagelkerke’s R2. It is defined as

R2
Nagelkerke(k) :=

1 −
(
L0
Lk

)2/o

1 −L2/o
0

(5)

This measure has desirable properties, since it compares a model’s likelihood with a
baseline likelihood of a null model that does not include any predictors—which is our bench-
mark model as well. Nagelkerke’s R2 is limited to [0; 1] and delivers similar interpretations
to the classical least squares-based R2 [79]. Whereas this statistic (like the SMAPE) was
not included in the eventual model choice, it may still assist in understanding the model
performance due to its interpretability. Please note that we used the BIC as the central
criterion for the model choice, as our goal was to choose the most efficient model. All other
criteria are included purely to provide the readers with more comprehensible summary
statistics on the model fit.

Since the target is a count variable, a generalized linear model (GLM), specifically
the Poisson model, is a natural choice. For estimating the number of deaths given a set of
predictors x and for E(d) = V(d) = λ, the model is given with [80]

ln(λ) = α + β′x, (6)

where α is the intercept and β the set of coefficients to estimate. However, Poisson models
assume that neither under- nor overdispersion is present in the data, i.e., that the mean and
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variance are identical [81], which may not necessarily be the case. A conceivable alternative,
which is the backbone of our models, is a negative binomial (NB) regression model, which
is a generalization of Poisson models. The NB introduces a dispersion parameter θ, such
that the variance for the deaths in some stratum s is given by

V(ds) = λ + θλ2. (7)

Thus, the variance is allowed to exceed the mean except for the case of no overdispersion,
i.e., θ = 0, where the NB model reduces to the Poisson model [82].

For our example, the probability for the number of deaths and survivors in a popula-
tion p being δ and σ, respectively, can be given as [83]

P(D = δ) =
Γ(δ + σ)

Γ(δ + 1)Γ(σ)

(
λ

p

)δ(
σ

p

)σ

, δ, σ ∈ N+
0 , (8)

with λ still being the expectation for the number of deaths during some year and Γ() being
the gamma function at the argument [84]:

Γ(δ) :=
∫ ∞

0
tδ−1 exp(−t)dt. (9)

Here, exp(−t) denotes Euler’s number e ≈ 2.71828 [85] to the power of −t. In the GLM
context, we can model the counts for our outcome contingent on a set of predictors x.
Employing a Poisson link function, we can generalize (8) to [83]

P(D = δ|x) = Γ(δ + σ)

Γ(δ + 1)Γ(σ)

(
exp

(
β′x
)

σ + exp
(

β′x
))δ(

σ

σ + exp
(

β′x
))σ

. (10)

Equation (10) can then be used to construct the likelihood function for the models.
Keeping the above-mentioned limitations of Poisson models in mind, we chose NB

models as the model class to be fitted to our data. Based on our identification of aspects
influencing either regional mortality risks or biasing their estimates in Section 1.2, we
iteratively tested models with increasing complexity by including regressors representing
those effects. Those models were then compared based on the above-mentioned criteria,
thereby optimizing our model for death prediction. The NB regression was estimated via
maximum likelihood (ML) using the MASS package (version 7.3-66) [86] in the statistical
programming language R (version 4.6.1) [87].

We start with a baseline model that is a simple null model (M0) that does not include
any predictors. To account for the unequal population sizes in each stratum i, the mortality
rate mi := di/pi is modeled by offsetting ln(pi). M0 can then be written as

M0 : ln
(
E[di]

)
= α + ln(pi), (11)

which is equivalent to the mortality rate

M0 : ln
(
E
[
mi]
)
= α. (12)

Please note that in actuarial applications or in clinical studies, where individual data
on insured individuals or patients are available, mortality rates are often based on person-
years [88]. However, in demographic approaches that are commonly restricted to annually
published macro population data for a specific date, computation of mortality rates assumes
the population estimates at that date [13].

https://doi.org/10.3390/math14173158

https://doi.org/10.3390/math14173158


Mathematics 2026, 14, 3158 17 of 34

A nice feature of this simple model is that it serves as the baseline against which all
other models are compared in the pseudo-R2, i.e., we can directly compare the extent of
improvements in the goodness-of-fit of all other models compared to a naïve approach
that does not include any predictors. Given that improvements in LE for the study period
(1995–2023) have been almost monotonous and increasing concavely, M1 adds a linear
annual index y that takes the value 0 for the year 1994. Since the link function imposes a
logarithmic transformation, the concavely increasing long-term trend in the mortality rates
should be mirrored quite well:

M1 : ln
(
E[mi]

)
= α + βy. (13)

M2 adds an HP-type age schedule (see Section 1.2) to cover the main demographic impacts
on mortality. However, the HP model itself is nonlinear and thus cannot be estimated in
a GLM. Therefore, we followed their idea in our age schedule, but chose adjustments to
their model such that the named effects could be estimated using a linear combination
of different age effects. The first component is a monotonously decreasing, convex trend
that primarily mirrors decreases in mortality during the first years of life. We included
this using a negative exponential trend function of age. The second component, a negative
parabola that adds the accident hump, was modeled using a quadratic function of age.
Finally, component 3, which gives a linear increase in mortality rates until about age 80 and
then converges to one, is represented by a linear combination of a simple linear trend and
a logarithmic trend in our model. However, for all models, those four linear parameters
for age were checked for individual statistical significance and, if applicable, limited to the
most efficient set of age transformations. For the full age schedule, our model approach,
with a being the representative age for a given age group, was as follows:

M2 : ln
(
E[mi]

)
= α + β1y + β2a + β3a2 + β4 ln(a) + β5 exp(a). (14)

To facilitate readability, we apply the following transformation in the following models:

f (a) := β2a + β3a2 + β4 ln(a) + β5 exp(a). (15)

Thereby, an alternative notation for M2 is as follows:

M2 : ln
(
E[mi]

)
= α + β1y + f (a). (16)

M3 adds sex dummies F and M that take the values 1 for females and males, re-
spectively, with age groups consisting of all sexes (unobserved) being the reference. This
categorization is important, since regional mortality data for Germany do not exhibit com-
bined information for age and sex since 2018 (see Table 1). The same holds true for some
federal states for the mid-1990s data.

M3 : ln
(
E[mi]

)
= α + β1y + f (a) + γ1F + γ2M. (17)

Including dummies for both sexes (the same holds true for the following models,
e.g., nationality dummies) could be associated with multicollinearity. However, since the
BIC is the primary criterion for model choice, it accounts for both model fit while punishing
model complexity; undue multicollinearity is automatically discarded from the models.

M4 added the nationality dummies G and I that take the values for Germans and
non-Germans, respectively, with data without nationality (unobserved) being the baseline.
The data on nationalities exhibit the same limitations as the sex-specific data; therefore,
the modeling approach is similar:
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M4 : ln
(
E[mi]

)
= α + β1y + f (a) + γ1F + γ2M + γ3G + γ4 I. (18)

Earlier, we have seen that the bias in the population data during intercensal periods is
especially stressed in the oldest-age groups. Therefore, M5 tests a pragmatic approach
by including an additional age dummy O that takes the value 1 for age groups 80 years
or older:

M5 : ln
(
E[mi]

)
= α + β1y + f (a) + γ1F + γ2M + γ3G + γ4 I + γ5O. (19)

Previous models ignored any regional patterns. Thus, M6 adds dummies for each federal
state, with the national data used as the reference category.

M6 : ln
(
E[mi]

)
= α + β1y + f (a) + γ1F + γ2M + γ3G + γ4 I + γ5O

+ γ6FS01 + . . . + γ21FS16.
(20)

Again, to enhance readability, we introduce a functional notation:

g(FS) := γ6FS01 + . . . + γ21FS16, (21)

which makes M6:

M6 : ln
(
E[mi]

)
= α + β1y + f (a) + γ1F + γ2M + γ3G + γ4 I + γ5O + g(FS). (22)

As discussed earlier, the bias in the population data increases with time passed since
the last census. Thus, M7 adds an index c that denotes the time difference between the
respective year and the year of the last census. Note that, for the years before 2011,
these vary between federal states due to the different timings of the census for East and
West Germany.

M7 : ln
(
E[mi]

)
= α + β1y + f (a) + β6c + γ1F + γ2M + γ3G + γ4 I + γ5O + g(FS). (23)

Finally, M8 includes a pandemic dummy to account for a mortality shift since the pan-
demic outbreak:

M8 : ln
(
E[mi]

)
= α + β1y + f (a) + β6c + γ1F + γ2M + γ3G + γ4 I + γ5O

+ g(FS) + γ22C19.
(24)

Based on those model specifications, several interaction effects between the variables
were tested M9 − M14. For illustrative reasons, we only give a generic version of the
resulting models:

M14 : ln
(
E[mi]

)
= α + β1y + f (a) + β6c + γ1F + γ2M + γ3G + γ4 I + γ5O

+ g(FS) + γ22C19 + ϕ′z,
(25)

where z is some vector of interactions between the covariates and ϕ is the vector of
corresponding coefficients. Since the dimension of the interaction vector exceeds the
scope of our analysis, we do not dive too deep into that vector’s interpretation. As an
illustrative example, let zi be the interaction between a stratum’s representative age a
and the male dummy M. In this case, zi := a · M, with a corresponding coefficient
ϕi measures age-dependent deviations in age-specific mortality risk curves for males
compared to the reference level. Similarly, zj := y · I represents potentially diverging long-
term c.p. mortality trends for non-Germans compared to the overall population. Thereby,
the interactions account for potential heterogeneities in M8 and the models thereafter.
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To test whether models further improve when they are estimated separately for each
region instead of being fit globally, M15 is estimated as separate models for each of the 16
regions. Thus, all coefficients of the model as well as the overdispersion parameter are state-
specific. The models for federal states 01 (Schleswig-Holstein) to 16 (Thueringen) each are
then essentially

M15 : ln
(
E[mi]

)
= α + β1y + f (a) + β6c + γ1F + γ2M + γ3G + γ4 I + γ5O

+ γ6C19 + ϕ′z.
(26)

This way, e.g., the global pandemic dummy no longer assumes a uniform effect of the
pandemic on mortality rates but is rather estimated for each region to account for different
policy responses as well as other heterogeneities in excess mortalities [68,89].

Lastly, an approach based on P-TOPALS [24,26,90] is used. In the original specification,
the deaths di are modeled via a Poisson regression with

ln
(
E[mi]

)
= ln(m∗

i ) + B(a)βpen, (27)

where m∗
i is the reference age-specific mortality rate, here taken as a (smoothed) age- and

sex-specific mortality rate at the national level, B(a) is a linear B-spline matrix representing
linear offsets from the reference rate and βpen is a vector of penalized coefficients [24].
For βpen, a first-order difference to regularize changes between the knots is applied. This
is particularly useful for smaller populations, where observed mortality rates naturally
fluctuate strongly due to smaller risk populations. The penalty is given with

λ ∑
j
(βj − βj−1)

2 (28)

where λ is the smoothing penalty and β refers to the coefficient vector for the knots. We
modify the original approach in several ways. First, instead of setting λ to a fixed value,
we estimate λ alongside the other parameters using ML estimation for model selection and
restricted ML for the final models in a generalized additive model (GAM) framework using
the mgcv package [91] (version 1.9-4) in R. The GAM approach allows for an easy extension
of the model by additional smooth functions, multilevel structures, different distributions
or link functions.

In a GAM, a response from the exponential family distribution is modeled via smooth
functions of covariates in the form

g(µi) = Miγ + ∑
j

f j(xij) (29)

with the monotonic link function g, model matrix M, parameters γ for the strictly paramet-
ric terms, and smooth functions f of covariates x [92,93]. Due to the offset of the reference
rate, the interpretation of the model changes. Rather than modeling deaths directly, the dif-
ference between regionally observed and expected deaths from the national schedule is
modeled. The spline then shapes the reference distribution such that it best matches the ob-
served death numbers. Following Gonzaga and Schmertmann [24] and Schmertmann [90],
we set knots at age groups 0, 1, 10, 20, 40, 70 and 100. In addition to simplifying the
estimation, this also ensures a plausible distribution within age groups, as the shape is
borrowed from the reference rate. Thus, a smooth single-age mortality schedule can be
derived. Consistent with the other models, deaths are modeled via an NB distribution to
account for potential overdispersion.
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Expanding on M15, models are estimated separately by federal state. Similarly, a para-
metric coefficient pan is included for a pandemic indicator for the years 2020 and 2021.
Note that via the reference rate, an overall pandemic effect is already captured and is not
separately estimated again as C19 like in the previous models. The dummy thus only
models the state-specific effect beyond a general mortality shock for those two years.

To separate the biasing effect from the overall temporal development, not only the
original but also the revised population data [53,64,66] are used for the estimation (type) of
the final model M16. The variable ysr is introduced to indicate the time since the population
data was last revised. It is 0 for all years in the revised population data and otherwise
the years since the last census. Thus, the general change in mortality rates relative to
the national level is captured via the overall year effect y and its interaction with sex,
while the functions on ysr capture the deviations in mortality rates attributable to the
distance to the last population correction. As a result of the inclusion of the original and
revised population as well as the data with unobserved nationality and sex, the number
of observations would be artificially boosted. To not change the overall magnitude of the
likelihood, the contribution of the redundant age classes is weighted down accordingly to
maintain the overall population size.

To simplify the notation for the final model, particularly regarding the splines, vari-
ables sex, nat and type are used for the categorical variables in the equation rather than
all dummies for male, female, and unobserved sex; German, foreign and unobserved
nationality; and original and corrected data. For instance, fa,sex(ai) denotes all sex-specific
smooths of age a. Additionally, × is used to indicate interactions rather than introducing
additional letters into the notation. Accordingly, fa, nat × type(ai) denotes the age-smooths
for each of the six cross-combinations of data type and nationality rather than writing
each combination.

The model is constructed as a series of deviations from the national schedule based
on the P-TOPALS idea. An overall state-specific deviation, fa(ai), is modeled using an
intercept and a linear P-spline over age. Further smooths are used to model the sex-specific
and nationality and data type-specific deviations from the overall age smooth. To capture
the changes over time, a smooth for the years, fy(yi) and years by sex, fy, sex(yi) accordingly,
are estimated. Finally, the effect of the population revisions is estimated. For one, with a one-
dimensional smooth for each combination of nationality and data type, fysr, nat × type(ysri),
and additionally via a tensor smooth interaction between age and years since revision for
each combination of nationality and data type denoted as f (ti)

n (ai, ysri). This type of smooth
is used to model the smooth interaction of multiple variables without pre-specifying, but
rather estimating the relative penalization of the variables [94]. The term thus captures how
the age differences between the n combinations of nationality and data type evolve when
moving further from the census-correction. Due to this, the bias is implicitly estimated in
the model via nationality and data type interactions.

For variable selection, a double penalty approach is applied to penalize both the null
space and range space of the smooth, which can completely remove terms from the model
and is the recommended form of variable selection for GAMs [95]. This regularization
is additionally a measure to reduce overfitting of the model. The overall model for each
federal state is then

M16 : ln
(
E[mi]

)
= ln(m∗

i ) + α + γ1pani + γ2sex

+ fa(ai) + fa, sex(ai) + fa, nat × type(ai)

+ fy(yi) + fy, sex(yi)

+ fysr, nat × type(ysri) + ∑
n

f (ti)
n (ai, ysri).

(30)
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For all age smooths, linear P-splines with first-order difference penalty are used with
knots at 0, 1, 10, 20, 40, 70, and 100 to model the offsets of the reference distribution. Years
since revision and calendar years are modeled with thin-plate splines [96].

For the nowcasting application that assumes national deaths are regularly provided,
a (smoothed) same-year mortality rate by sex and one without sex, the latter for the case
when sex is not observed in the data, is used as a reference (m∗

i ). Both sex-specific and
nationality-specific effects are modeled via difference smooths to the unobserved category,
which can be constructed for all years. For modeling, the standard for the age group is
obtained via a weighted mean to account for the distribution of ages within the group.
Note that only the original, instead of the revised, data enter the reference distribution,
since only the former is available until the next census. Thus, the model provides estimates
by nationality and sex for each region given past trends relative to the national schedule
and can be used for prediction based on both the revised and original population estimates.

Section 3 gives the results for each of the optimized models among all models tested
in each of the 16 steps.

3. Results
Table 3 gives the results of the iterative model comparison, as presented in Section 2.2.

The model improves both with regard to model fit (decreasing SMAPE and increasing
pseudo-R2) and efficiency (decreasing BIC) with increasing complexity. While not as strictly
decreasing as the other metrics, the MSE is usually improving with model complexity.
Naturally, a large improvement in model fit results from including an age schedule in the
simple model containing only the intercept, the year indices, and the population (M1 to
M2). Improvements regarding BIC are mostly minor for each model complexity. However,
the inclusion of interactions with years, sex, and nationality each significantly improves the
model quality. Apart from M1, all models exhibit a significantly improved goodness-of-fit
over M0 as measured by the pseudo-R2, which is above 90% for all models.

Since M15 and M16 are estimated separately for each state, obtaining the BIC is not
straightforward. However, we can construct a joint BIC, as we will show quickly. We have
seen earlier that the BIC is defined as

BIC(k) := −2ℓk + p · ln(o). (31)

Keeping in mind that ℓk = ln(Lk) is the log-likelihood of Mk, the joint probability that
two independent datasets have been generated by two independent processes, say X and
Y, is simply

k

∏
i=1

P(Xi) =
k

∏
i=1

Lxi (32)

The joint log-likelihood for those k datasets is, accordingly

ln

(
k

∏
i=1

Lxi

)
=

k

∑
i=1

ln(Lxi ) =
k

∑
i=1

ℓxi , (33)

which shows that log-likelihoods of the models are additive. The penalty term of the BIC
depends on the respective model’s number of parameters and the sample size fed into the
model, which is not additive. Thus, the BIC of the submodels cannot be simply summed.
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For a collection of k distinct models, with o1, . . . , ok observations and p1, . . . , pk pa-
rameters or degrees of freedom used, respectively, the joint sample sizes and number of
parameters across the models are ∑k

i=1 oi and ∑k
i=1 pi. Hence, BICjoint is

BICjoint = −2
16

∑
j=1

ℓk +

[
k

∑
i=1

pi

]
· ln

(
k

∑
i=1

oi

)
. (34)

Switching from a global model that includes regional dummies to separate models for
the regions indeed strongly improves the model performance (M14 to M15) regarding the
BIC. Interestingly, SMAPE and MSE are marginally worse. The model further simplifies the
specification slightly, as the models are estimated directly rather than via regional dummies
and their interactions. Finally, using the relational approach rather than modeling deaths
directly leads to another huge improvement in model efficiency as measured by the BIC
and, particularly, the model fit as measured by the SMAPE and the MSE.

Table 3. Death prediction models with performance indicators.

Model Predictors R2

[%]
SMAPE

[%] MSE BIC

M0 exclusively population as offset 0 140.3 17,868,715 513,107
M1 M0 + year index 1 139.8 19,071,551 512,721
M2 M1 + Heligman–Pollard type age schedule 94.3 52 1,658,073 401,633
M3 M2 + sex dummy (1 for females) 95.8 44.2 1,692,044 389,396
M4 M3 + nationality dummies (baseline: both) 96.6 39.8 1,090,099 381,913
M5 M4 + Oldest-old dummy (1 for age group over 79 years) 96.6 39.6 898,345 381,148
M6 M5 + federal state dummies (baseline: national) 96.7 39.1 954,438 380,541
M7 M6 + census lag index 96.8 38.9 941,839 379,920
M8 M7 + pandemic dummy (1 since Year 2020) 96.8 38.8 923,012 379,614
M9 M8 + year interactions 97.2 37.4 1,067,330 374,935
M10 M9 + sex interactions 97.4 36.7 733,561 371,514
M11 M10 + census interactions 97.4 36.6 724,112 371,031
M12 M11 + pandemic interactions 97.4 36.5 728,973 370,916
M13 M12 + nationality interactions 97.9 35 643,809 364,002
M14 M13 + age schedule interactions 97.9 35 628,135 363,925
M15 Separate Federal state models based on M14 99.9 40.1 649,369 235,127
M16 Separate Federal state models based on P-TOPALS 99.8 21.3 11,352 143,463

Based on the in-sample measures, the region-specific GAM-based TOPALS model M16

is the most efficient model tested. Furthermore, the SMAPE indicates that the predictions of
M16 have, on average, the least relative deviation from the observed values. Typical model
checks highlight no problems in the residuals. Moreover, the predictions align well with the
observed values, as indicated by Figure 8, which plots all observed numbers of deaths per
data cell against the respective predictions according to M16 (R2 = 0.999, a slope parameter
of 1.000, and a statistically not significant intercept of 0.193, indicated by the red line in the
figure). Specifically, to check that the great improvement of the metrics from M15 to M16 is
not simply due to overfitting, a reduced model was estimated for 1995–2015 and evaluated
against the in-sample fit of the full model for 2016 and 2017. Although way less information
on the effect of the post-census population revision enters the model, performances were
remarkably similar for those years, indicating no issue in that regard (SMAPE: 23.6% to
22.3%, MSE: 8638 to 10,832).
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Figure 8. Predicted deaths by M16 against observed death numbers black circles. Red lines indicate the
estimated slope against the ideal slope of 1 (dashed) (source: authors’ computation and illustration).

As previously described, the parametric coefficient pan describes the state-specific
disturbance in the overall mortality level beyond the general shock captured via the sex-
specific schedule. Indeed, for about half of the states, 9 out of 16, a statistically significant
shift in mortality is estimated. However, for all states, this effect is very small, as the major
effects are already captured via the national schedule. Further, the direction of the effect
varies around 0, since the deviations from the national schedule naturally average out
across the regions. Due to the double-penalty approach, terms without much explanatory
power are shrunken out of the model. Expectedly, this often removes the higher-order
interaction term between nationality, age and years since the last population revision for
the German subpopulation, for which bias is expected to be very small or non-existent.
Notably, the interaction terms between nationality, data type and years since revision and
between nationality, data type and age are statistically significant at conventional levels in
all models.

With regard to the models’ dispersion, M0–M16 showed monotonous decreases in
overdispersion, starting at an initial value of θ0 ≈ 3.07 for the national null model and
approaching 0 (0.002 to 0.00016 depending on federal state) for the final state-specific
models, giving another indicator of model improvement through our iterative procedure.

Due to the outlined data issues, namely, the lack of regional nationality- and sex-
specific death data after 2017, directly validating the full method on new data is difficult.
While such data are not provided by German official statistics, Eurostat data can be ob-
tained for single years of age and sex at the regional level for the years 2018–2022 [97].
However, only selected ages are available depending on the year and the region in the
data. For instance, ages 42–100 for 2018, 46–99 for 2019, 39–99 for 2020, ages 0, 40–100 for
2021, and ages 0, 48–100 for the year 2022 for most but not all regions. Note that these are
only semi out-of-sample (semi-OOS), since information on unobserved sex and unobserved
nationality is in the training data and only the combination of region and sex is not. Thus,
this evaluates how well subgroups are predicted given the estimated overall regional trend.

To assess true out-of-sample performance (full-OOS), an additional validation is
performed by re-estimating the models on the data before 2018 and evaluating the fit on
the same Eurostat death data. Note that this means that only a reduced model with no
pandemic effect can be estimated and that the model generally has less data to estimate
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from. Both the prediction of uncorrected and corrected death rates are conducted on the
uncorrected population to mirror a nowcasting situation for intercensal years.

As the BIC delivers no direct out-of-sample interpretation, the average log-score is
used instead. It is defined as − ln

(
p(ω)

)
, where p() is the predictive distribution implied

by the model and ω is the observed outcome [78,98], here deaths. Thus, the score evaluates
how likely the observed value is given the model prediction. This method has an advantage
over SMAPE in the sense that it considers that smaller populations naturally have a wider
predictive distribution. Thus, the same relative deviation will not be penalized as harshly
for small populations as for larger populations. Furthermore, the log score is strictly proper
for evaluating forecasts [78,98]. Note that the notation ln

(
p(ω)

)
with the non-negative

logarithm is also common, where higher values of the score would be preferred. However,
we use the former notation such that, in line with the other metrics, lower values indicate
better forecasts.

In either case, the metrics are calculated across nationalities for each year, region, and
age since nationality is unavailable for newer data. Perhaps surprisingly, the metrics are
lower out-of-sample than in-sample. However, this is due to the nature of the validation
data. For one, not all ages are available in the data; namely, the specifically difficult-to-
estimate and predict young ages are missing. Since deaths are very rare in those age
classes, even small absolute deviations would give large relative differences and thus larger
SMAPE values. Second, since no nationality-specific data is available for the validation,
the evaluation is based on the combined prediction of German and non-German deaths, for
which the numbers are less fluctuating. For non-Germans, observed deaths (and rates) are
naturally less stable due to the small risk population, such that the obtained SMAPE values
will be higher even when the prediction is good. This is also the reason why improvements
in the SMAPE are expected to be relatively small, since the bias is predominantly driven
by the non-German population that makes up only a small share of the total population.
Note that since different ages are available for each year, the respective SMAPE values are
only comparable within each year but not intertemporally. As a baseline, the SMAPE is
also calculated from the sex-specific same-year national mortality rate that was also used
as a standard for the TOPALS approach.

The sensitivity of the SMAPE metric to the number of observed outcomes, and thus,
indirectly, the size of the risk population, is illustrated in Figure A3 in Appendix C.
The SMAPE is consistently higher for non-Germans and largest in states, where fewer
migrants live. Conversely, SMAPE values are lowest when no nationality is observed and in
the more populous federal states. Similarly, due to the division problem, SMAPE values are
highest in age groups, where deaths are very rare. Here, very small absolute deviations can
lead to very large percentage deviations. As shown in Figure A4 in Appendix C, SMAPE
values are lowest in the age classes with the highest mortality rates. In contrast, the MSE is
strongly driven by the oldest age groups and large populations, since absolute deviations
are penalized. Accordingly, this metric is almost exclusively driven by the prediction
quality on the unobserved and German population. Finally, the shape of the log score
across age follows the distribution of the log mortality rate. Since groups with lower rates
naturally have a wider predictive distribution, larger relative deviations are penalized less
strongly than for groups with high death counts.

Table 4 clarifies that any regional model performs better than the same-year national
rate (standard), even when regional data is only available in more aggregated age classes.
This is of course due to the fact that the national distribution does not capture any of
the regional patterns. Additionally, the model-corrected estimate is preferred over the
uncorrected estimate in both the semi- and full out-of-sample tests. As expected, the semi
out-of-sample performance is better than the full out-of-sample, since the overall regional
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effect was still modeled for the former. For nowcasting, the true out-of-sample evaluation
is more indicative of the performance. However, the semi out-of-sample evaluation is more
interesting for analyzing past patterns in regional mortality, here for the time after 2017,
for which no detailed data are published.

Even though the three metrics penalize different aspects of the prediction, the overall
pattern for the log score and MSE is identical to those of the SMAPE: all models are preferred
over the national rate, and the semi-OOS models perform better than the full-OOS. In both
cases, however, the corrected estimates predict death counts better than the uncorrected.

The corrected prediction by sex based on the original population for 2021, the last
year before the population correction due to the census, is shown in Figure 9. Notably,
the mortality schedule fits well to the death rates by sex based on the revised population
despite the fact that no sex-specific data for the regions has been available since 2017.
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Figure 9. Predicted and observed corrected death rates, 2021 (source: authors’ computation
and illustration).
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A nowcast for mortality rates by region, sex, and age based on the most recent pop-
ulation data, 2024, is shown in Figure A2 in Appendix B. Based on past trends, a lower
mortality for non-Germans is expected in most age classes except children. While these
nowcasted rates cannot be evaluated due to the lack of detailed data, the patterns appear
plausible considering previous mortality differences and bias patterns (see, e.g., Figure 7).

Table 4. Out-of-sample performance metrics for death count prediction.

Semi-OOS Full-OOS
Year Standard Uncorrected Corrected Uncorrected Corrected

SMAPE [%]

2018 13.33 9.32 9.12 9.76 9.34
2019 12.15 8.66 8.42 9.06 8.61
2020 13.51 10.31 10.14 10.71 10.31
2021 13.75 10.03 9.86 11.00 10.57
2022 12.09 8.25 8.00 8.90 8.44

Log-score

2018 7.13 5.81 5.63 5.92 5.62
2019 7.27 4.20 4.12 4.34 4.17
2020 6.93 5.73 5.47 5.92 5.56
2021 7.48 5.19 5.02 5.57 5.27
2022 8.27 4.83 4.70 4.89 4.77

MSE

2018 7350 4882 3982 5379 4037
2019 7534 5231 4389 5732 4365
2020 7121 5128 4307 5853 4497
2021 7090 4531 3730 5632 4282
2022 12,287 8529 6931 9859 7454

4. Discussion and Conclusions
In this paper, we developed an approach for regional estimation and nowcasting of

age-, sex-, and nationality-specific mortality rates in the presence of data with varying
detail and bias in the exposure. Based on theoretical and empirically known impact factors
on mortality, several models with increasing complexity were constructed in a stepwise
fashion. Apart from demographic information, known driving factors of the demographic
bias were included. Overall, the analysis showed that the relational approach is preferred
over direct modeling of death counts. Thereby, information on the mortality schedule
is borrowed from a reference distribution, here the deaths expected from the national
single-age death rates, to stabilize estimates and give plausible single-age estimates even
when deaths are only published in broad age classes. This final model explicitly modeled
the temporal evolution of the bias by including both original and revised population
information and temporal trends in the model.

Despite severe data limitations, namely, incoherent age groups and varying levels of
data availability and information on nationality and sex, our final model gave an excellent
prediction of the death numbers. The model both allows adjustment of historical mortality
rate data to bias and nowcast current data during intercensal periods that are increasingly
erroneous and, in the case of Germany, less detailed and delayed due to a stricter data policy.
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As with any forecasting or nowcasting model, the model is implicitly dependent on
certain assumptions. For the models at hand, these include that the future bias of the
mortality rates for intercensal years develops similarly to the past and, when nationality-
and sex-specific rates should be predicted, that the past trend gives a good prediction of
the future patterns. Unfortunately, verifying the former will only be possible after each
census when revised population estimates are made available. For the latter, it is unclear if
nationality-specific rates can be verified at all on the regional level, as newer data in the
required detail has not been published for over eight years.

Estimating the models separately for each federal state improved the model fit in
comparison to the global model. However, federal states are still a comparably large
regional unit. In contrast, estimating independent models on geographically very low
levels is often infeasible in practice and likely too unstable to be useful. For one, smaller
regions (e.g., smaller cities or counties) typically have worse data management systems and
less expertise in statistical analysis. For instance, many smaller municipalities in Germany
do not have a statistical unit that would keep and structure the data. Therefore, detailed
demographic data are not always available. Moreover, small regions often have too small
populations to permit a reliable estimation of the underlying mortality risks [16]. For the
geographical units directly published via official statistics, e.g., the county-level, statistical
disclosure methods have become particularly relevant. For newer mortality data, the cell
key method is applied, which randomly distorts the original values by adding or subtracting
values. Particularly in small areas and age groups, where death counts are often already in
the single digits or zero, small absolute distortions can have a huge relative effect, which
further complicates estimation. Thus, combining regional information with information
from an overarching region will be beneficial. While the relational approach inherently
borrows information from the reference schedule, a multilevel structure like in Rau and
Schmertmann [12] may be employed to further pool information between geographically
nested units. Our model was estimated for German federal states. However, the model
could easily be translated to other countries or regional levels. Further studies could,
for instance, test the model approach on the NUTS-3 level or even smaller regional units.

The GAM-based approach may also be extended into a functional regression frame-
work, where a mortality function in time is modeled rather than deaths directly. Indeed,
functional regression is directly implementable via the mgcv package (see Wood [92], Chap-
ter 7.11, and Greven and Scheipl [99] for an implementation based thereon), which was
also used to estimate the final model.

This paper focused on the effect of biased and incomplete population information on
mortality rate estimation. However, other demographic components of population change
are similarly affected, namely, birth and migration rates. For these, younger and middle
ages are particularly relevant, which have been shown to be overestimated for foreigners
as well. Further, they are also affected by a lack of detailed and up-to-date data. Future
research could thus explore similar modeling for those rates.

Finally, in the absence of other approaches to improve the population estimates in
intercensal years, one could explore the use of bias-adjusted models to obtain estimates
of a corrected intercensal population. Since deaths are assumed reliable for Germany, one
could obtain an estimate of how the population is likely structured to produce the observed
deaths given the model. A similar approach of using mortality rates to produce population
sizes is indeed applied by the Human Mortality Database for population estimation on the
national level [88].
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Appendix A. German Federal States
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Figure A1. Overview of German federal states (sources: [100]), author’s illustration).
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Appendix B. Nowcasted Mortality Rates
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Figure A2. Nowcasted mortality rates by sex and nationality, 2024 (source: authors’ computation
and illustration).
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Appendix C. Behavior of the Evaluation Metrics
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Figure A3. SMAPE metric by nationality over time (source: authors’ computation and illustration).
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Figure A4. In-sample SMAPE, MSE and log score by nationality and age (source: authors’ computa-
tion and illustration).
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