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Abstract: Currently, the efficiency of heat exchange is not only determined by enhancements in
the rate of heat transfer but also by economic and accompanying considerations. Responding to
this demand, many scientists have been involved in improving heat transfer performance, which
is referred to as heat transfer enhancement, augmentation, or intensification. This study deals
with the influence on hybrid Cu–Al2CO3/water nanofluidic flows on a porous stretched sheet of
velocity slip, convective boundary conditions, Joule heating, and chemical reactions using an adapted
Tiwari–Das model. Nonlinear fundamental equations such as continuity, momentum, energy, and
concentration are transmuted into a non-dimensional ordinary nonlinear differential equation by
similarity transformations. Numerical calculations are performed using HAM and the outcomes are
traced on graphs such as velocity, temperature, and concentration. Temperature and concentration
profiles are elevated as porosity is increased, whereas velocity is decreased. The Biot number increases
the temperature profile. The rate of entropy is enhanced as the Brinkman number is raised. A decrease
in the velocity is seen as the slip increases.

Keywords: hybrid nanofluid; convective; Joule heating; porosity; stretching sheet; chemical reaction

1. Introduction

Recently, so-called ‘hybrid nanofluids’ have attracted the attention of researchers.
Hybrid nanofluids are composed of a mixture of two different nanosized particles in a base
liquid. The purpose of incorporating hybrid nanoparticles into the base liquid is to enhance
the thermal properties of the base liquid by combining the thermophysical properties of
the nanomaterials. Due to poor heat transfer in convective liquids such as water and
kerosene, nanofluids and hybrid nanofluids have emerged. Due to their high thermal
conductivity, hybrid nanofluids have wide applications in engineering, medicine, etc. Choi
and Eastman [1] first introduced nanofluids in 1995. They investigated the enhanced heat
transfer of nanofluids compared to convective fluids. Crane’s study [2] has been key to the
study of steady flow across tension sheets. The importance of nanoparticles in improving
the thermal capability of water was studied by Prakash and Devi [3]. Nadeem et al. [4] used
a hybrid nanofluidic numerical method to study the thermal properties of nanoparticles
such as silver and copper. Rashidi et al. [5] used a computational technique to examine
the flow of hybrid nanofluids. Nawaz et al. [6] studied the thermal and mass transfer
properties of nanofluids along with chemical processes. Shafee et al. [7] analyzed the effect
of nanomaterials on heat transfer. Devi et al. [8] studied heat transfer enhancement in
hybrid nanofluids. Waini et al. [9] studied the circulation and thermal transfer of hybrid
nanofluids through permeable stretchable surfaces.

The flow velocity in the vicinity of an arc is no longer equal to the elongation velocity
of the arc. If the cohesive forces are stronger than the adhesive forces, particles near the
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surface will not move along with the flow. This is called the slip effect. Joseph et al. [10]
studied boundary conditions for permeability walls with sliding movement. Hayat et al. [11]
probed the flow of elastic-viscous fluids through stretchable films with partial slip. Bhat-
tacharyya et al. [12] explained the slip effect. Hayat et al. [13] and Sivasankaran et al. [14]
studied the slip effect and heat transfer of a nanofluid through a porous area. Salleh et al. [15]
analyzed the stability of a boundary layer of a moving fine needle. Xia et al. [16] studied
the heat and mass transfer of hybrid nanofluid flows with multiple slip boundary condi-
tions. Wang [17] analyzed gelatinous flow on a stretched sheet with a slip surface. Md.
Shoaib et al. [18] carried out a numerical investigation of the MHD flow of a hybrid nanofluid.
Adnan et al. [19] studied heat transfer in a nanofluid. Sivanandam et al. [20] analyzed the
thermally radiated convective flow of a Jeffery nanofluid. Jagan et al. [21] studied the
stratification effect on MHD flow with velocity slip.

Joule heating is a physical effect in which heat energy is generated by passing an
electric current through a conductor. Masken et al. [22] investigated heat transfer enhance-
ment in hydrodynamic hybrid nanofluidic flows. Reddy et al. [23] explained the effect of
Joule heating on MHD nanofluids. Sajid et al. [24] analyzed the impact of Joule heating
on ferrofluids. Daniel et al. [25] reviewed the effect of Joule heating on MHD electrical
nanofluids. Kamran et al. [26] carried out a numerical study on magnetohydrodynamic
flow in Casson nanofluids along with Joule heating. Khan et al. [27] studied the enhance-
ment of entropy of Williamson nanofluids in the presence of chemical reactions and Joule
heating. Gholini et al. [28] carried out an MHD free convection numerical study of Walters
B nanofluids on graded stretch films under the influence of Joule heating. Patel et al. [29]
analyzed radiation effects on micropolar MHD flow with viscous dissipation and Joule
heating. Safwa et al. [30] investigated flow and heat transfer in hybrid nanofluidics with
Joule heating.

The estimation of a system’s thermal energy (per unit temperature) that is not ob-
tainable for useful work is called entropy. Entropy generation is the amount of entropy
during an irreversible process. Heat and mass transfer processes include fluid flow, mixing
of substances, expansion of matter, heat exchange, and the motion of bodies. Entropy
generation minimization is important for increasing the performance of a system. When
there is less irreversibility in the system, much less energy loss occurs. Li et al. [31] studied
hybrid nanofluids in nonlinear mixed Marangoni convection with entropy generation.
Hussain et al. [32] reviewed entropy analysis in mixed convection in hybrid nanofluids.
Kashyap et al. [33] studied the impact of entropy generation in mixed convective hybrid
nanofluids. Kasaeipoor et al. [34] studied free convective heat transfer and the cause
of entropy in MWCNT MgO/water nanofluids. Ahammed et al. [35] reviewed the en-
tropy production of graphene-alumina hybrid nanofluids. Anuar et al. [36] studied hybrid
nanofluidic stagnation point flow in MHDs in the existence of homogeneous-heterogeneous
reactions. Rashid et al. [37] performed a theoretical analysis of the MHD flow of hybrid
nanofluid with chemical reactions. Krishna et al. [38] studied the radiative MHD flow of
He–Casson hybrid nanofluids on porous surfaces. Sivasankaran et al. [39], Arifuzzaman
et al. [40] and Kasmani et al. [41] analyzed convection in hybrid nanofluids with chemical
reactions. Shoaib et al. [42] studied the entropy generation of the unsteady squeezed flow
of MHD carbon nanotubes. Ali et al. [43] analyzed the entropy generation of the Peristaltic
flow of nanomaterial in a rotating medium with heat flux. Ramzan et al. [44] carried out an
analysis on Entropy generation minimization in the Blasius–Rayleigh–Stokes nanofluid
flow through a transitive magnetic field with bioconvective microorganisms.

Homotopy Analytic Method (HAM) is a semi-analytic routine to solve nonlinear
ordinary or partial differential equations. The homotopy analysis method uses the homo-
topy concepts from topology to obtain convergent series solutions of nonlinear systems
(see [45–49]). In this paper, we have adapted the Tiwari–Das (see [50]) model. Here, we are
studying the flow, temperature, concentration, and entropy production of hybrid nanoflu-
ids on porous stretching sheets with convective boundary conditions, slip effects, Joule
heating, and chemical reactions.
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The present study aims to determine the entropy generation of a hybrid nanofluid flow
with convective boundary conditions in the presence of slip effect, Joule heating, and chemical
reactions through a porous stretching sheet. Novel to this study, the heat and mass transfer in
hybrid nanofluid flow over a porous stretching sheet with convective boundary condition is
examined in this study. The study of the heat transfer of convective boundary-layer hybrid
nanofluid flows has various applications in mechanical manufacturing processes such as
extrusion processes, hydrogen fuel, heat conduction in tissues, electrical-device cooling, mixed
hydroelectric dams, large-capacity refrigeration, fuel systems, sunlight, etc.; Investigations of
the flow, temperature, concentration and entropy generation with the considered effects are
carried out and the results are shown through graphs.

2. Mathematical Formulation

Let us examine a stable two-dimension, incompressible, boundary layer flow of a
hybrid nanofluid over a stretching sheet, arranged along the xy-plane with the velocity and
convective boundary conditions as shown in Figure 1.
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Figure 1. Pictorial description of the problem.

The Continuity, Momentum, Energy, and Concentration equations considering poros-
ity, Joule heating, and chemical reactions are as follows [51–53]:

Continuity Equation
∂u
∂x

+
∂v
∂y

= 0, (1)

Momentum Equation

u
∂u
∂x

+ v
∂u
∂y

=
µhn f

ρhn f

(
∂2u
∂y2 −

u
k∗

)
−

σhn f

ρhn f
B2

o u, (2)

Temperature Equation

u
∂T
∂x

+ v
∂T
∂y

=
khn f(

ρCp
)

hn f

(
∂2T
∂y2

)
+

σhn f B2
o(

ρCp
)

hn f
u2, (3)

Concentration Equation

u
∂C
∂x

+ v
∂C
∂y

= DM

(
∂2C
∂y2

)
− kr(C− C∞), (4)

with boundary conditions [51–53]:

at y = 0 : u = uw + uslip = ax + L ∂u
∂y , v = vw = 0, khn f

∂T
∂y = hs(T − Tw), C = Cw

as y→ ∞ : u→ 0, T → T∞, C → C∞

}
. (5)
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where x and y are the cartesian coordinates. The flow occupies the domain y ≥ 0. The
velocity of the sheet along the x-direction is uw = ax, where a is a positive constant. Further,
Tw and Cw are the temperature and concentration at the surface, respectively. T∞ and C∞
are ambient temperature and concentration, respectively. Here u and v are velocities along
x and y axes, respectively. T and C are the temperature and concentration of the hybrid
nanofluid, respectively. µhn f , ρhn f , khn f , σhn f ,

(
ρCp

)
hn f are the viscosity, density, thermal

conductivity, electrical conductivity, and heat capacity of the hybrid nanofluid (refer to
Tables 1 and 2), respectively. DM is mass diffusivity, kr is chemical reaction rate, B2

o is
magnetic field strength, and k∗ is the permeability of a porous medium.

Table 1. Thermophysical properties of Alumina, Copper, and Water (refer to Krishna et al. [38] and
El-dawy et al. [53]).

Property Water Copper Alumina

Specific Heat (J/kgK) 4180 385 765

Density (kg/m3) 997.0 8933 3970

Thermal Conductivity
(W/mK) 0.6071 400 40

Electrical Conductivity (s/m) 5.5 × 10−6 59.6 × 106 35 × 106

Table 2. Thermophysical properties of Nanofluid and Hybrid nanofluid (refer to Krishna et al. [38]
and El-dawy et al. [53]).

Thermophysical
Property Nanofluid Hybrid Nanofluid

Density ρn f = [(1− φ1)ρ f + φ1 ρn1] ρhn f = (1− φ2 )[(1− φ1)ρ f + φ1 ρn1] + φ2 ρn2

Dynamic Viscosity µn f =
µ f

(1−φ1)
2.5 µhn f =

µ f

(1−φ1)
2.5 (1−φ2)

2.5

Thermal Conductivity knf =
kn1+2k f−2φ1(k f−kn1)

kn1+2k f +φ1(k f−kn1)
kf

khnf =
kn2+2kn f−2φ2(kn f−kn2)
kn2+2kn f +φ2(kn f−kn2)

knf,

where

knf =
kn1+2k f−2φ1(k f−kn1)
kn1+2k f +φ1(k f−kn1)

kf

Heat Capacity
(
ρCp

)
n f = (1−φ1)

(
ρCp

)
f + φ1

(
ρCp

)
n1 (ρC)hn f = (1−φ2)

[
(1−φ1)

(
ρCp

)
f + φ1

(
ρCp

)
n1

]
φ2
(
ρCp

)
n2

Electrical Conductivity σn f =
σn1+2σf−2φ1(σf−σn1)
σn1+2σf +φ1(σf−σn1)

σf σhn f =
σn2+2σf−2φ2(σf−σn2)
σn2+2σf +φ2(σf−σn2)

σn f

Following Devi and Devi [8] and Krishna [38], we are looking for an analogical solution
of Equations (1)–(5) by using the suitable variables stated below:

ψ = x√aν f f (η), where ψ is the steam function with u = ∂ψ
∂y and v = − ∂ψ

∂x

η =
√

a
ν f

, u = ax f ′(η), v = −√aν f f (η) y, θ(η) = (T−T∞)
(Tw−T∞)

, φ(η) = (C−C∞)
(Cw−C∞)

.

We acquire the following ordinary (similarity) differential equations by using the
above similarity transformation to Equations (1)–(5):

f ′ ′ ′ − f ′

E
+

1
µhn f /µ f

[
ρhn f

ρ f

(
f f ′′ − f ′

2
)
−

σhn f

σf
M f ′

]
= 0, (6)

f θ′ +
1(

ρCp
)

hn f /
(
ρCp

)
f

(
khn f

k f

1
Pr

θ′′ +
σhn f

σf
MEc f ′

2

)
= 0, (7)
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f φ′ +
1
Sc

φ′′ − Krφ = 0, (8)

subjected to:

f (0) = 0, f ′(0) = 1 + Λ f ′′ (0), θ′(0) = − k f
khn f

Ω(1− θ(0)), φ(0) = 1

f ′(∞) = 0, θ(∞) = 0, φ(∞) = 0

}
, (9)

where Pr =
ν f
α f

, M =
σf B2

o
aρ f

, Ec =
a2x2

(Tw−T∞)(Cp) f
, Ω = hs

k f

√
ν f
a , Sc =

ν f
DM

, E = ak∗
ν f

, Kr =
kr
a ,

Λ = L
√

a
ν f

.

where Pr = Prandtl number, M = Magnetic parameter, E = Porosity parameter,
Sc = Schmidt number, Ec = Eckert number, Ω = Biot number, Kr = Chemical reaction
parameter, Λ = Slip parameter, and α f = Thermal diffusivity of a fluid.

The physical parameters such as the skin friction coefficient and local Nusselt number
are defined as [8,38]:

C f =
τw

ρ f u2
w

, Nux =
xqw

k f (Tf − T∞)
, (10)

where τw is the surface shear stress and qw is the heat flux from the stretching sheet, which
is defined as:

τw = µhn f

(
∂u
∂y

)
y=0

, qw = −khn f

(
∂T
∂y

)
y=0

, (11)

Using similarity variables solving (10) and (11) we get:

Re
1
2
x C f =

µhn f

µ f
f ′′ (0), Re

1
2
x Nux =

khn f

k f
θ′(0), (12)

where Rex is called the local Reynold’s number and it is given by, Rex = uwx
υ f

.

3. Entropy Generation

The rate of volumetric entropy generation for the current study can be portrayed as
(see Li et al. [31], Oztop et al. [54] and Aly et al. [55]):

EG =
khn f

T2
∞

(
∂T
∂y

)2
+

(
σhn f B2

o

)
T∞

u2 +
RDM

T∞

(
∂C
∂y

∂T
∂y

)
+

RDM
C∞

(
∂C
∂y

)2
+

µhn f

T∞k∗
u2 +

µhn f

T∞

(
∂u
∂y

)2
. (13)

Here, the production of entropy is due to heat, mass, fluid friction, Joule heating, and
porosity. The characteristic entropy generation is given by [31,54]:

E0 =
k f (Tw − T∞)a

υ f T∞
.

The entropy generation number (NG) is obtained by dividing volumetric entropy generation
and characteristic entropy generation:

NG = EG
E0

,

NG =
khn f
k f

Aθ′
2
+

σhn f
σf

MBr f ′2 + B
[
φ′ θ′ + A′

A φ′
2
]
+

µhn f
µ f

Br
[

f ′2

E + f ′′ 2
]

,

where B = RDM(Cw−C∞)
k f

, A = (Tw−T∞)
T∞

, A′ = (Cw−C∞)
C∞

, Br =
µ f a2x2

k f (Tw−T∞)
.

where B = Diffusion Parameter, A = Temperature difference parameter, A′ = Concentration
difference parameter, and Br = Brinkman number.
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The Bejan number is the proportion of heat and mass transfer to the total entropy (see
Li et al. [31], Oztop et al. [54] and Aly et al. [55]):

Be =

khn f
k f

Aθ′
2
+ B

[
φ′ θ′ + A′

A φ′
2
]

khn f
k f

Aθ′2 +
σhn f
σf

MBr f ′2 + B
[
φ′ θ′ + A′

A φ′2
]
+

µhn f
µ f

Br
[

f ′2

E + f ′′ 2
] . (14)

Hence, it is clearly seen from (14) that Be lies between 0 and 1. When Be� 0.5, this
implies that heat transfer dominates the irreversibility. When Be� 0.5, the irreversibility
is caused because of viscous dissipation, Joule heating, and porosity. When Be = 0.5, this
implies that the irreversibilities due to heat transfer, porosity, Joule heating, and viscous
dissipation are equivalent.

4. Numerical Evaluation Using HAM

The homotopy Analysis Method is used to acquire a solution for the higher number of
terms in the approximation series. A higher number of terms improves the accuracy, but
the form of the approximation series becomes more expanded. Equations (6)–(8), subject to
the initial conditions (9), are solved using the HAM technique. (See [45–49])

Choosing initial guesses as:

f0(η) =
1

1 + Λ
(
1− e−η

)
,

θ0(η) =
Ω(

khn f
k f

)
+Ω

e−η ,

φ0(η) = e−η ,

linear operators as L f = f ′′′ − f ′:

Lθ = θ′′ − θ,
Lφ = φ′′ − φ,

which satisfies the property:

L f [C1 + C2 exp(η) + C3 exp(−η)] = 0,

Lθ [C4 exp(η) + C5 exp(−η)] = 0,

Lφ[C6 exp(η) + C7 exp(−η)] = 0.

where Cj (j = 1 to 7) are arbitrary constants.
Using initial guesses and linear operators, the convergence of a solution is found by

HAM and appropriate graphs were obtained.
The estimation of the convergence-control parameter (h), which exists in the ana-

lytical approximate solution, should be regulated to ensure the convergence of the ap-
proximation series [39–43]. This value can be determined using so-called h-curves and
tabulated (Table 3). The value of the h f , hθ , hφ parameters should be in ranges,−1.2 < h f < 0,
−1.5 < hθ < 0.3 and −1.4 < hφ< 0.2 (Figure 2). Therefore, when h = −1, the convergence of
the approximation series is secured and results are acquired.
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Table 3. Convergences of series φ1 = 0.01, φ2 = 0.01, Λ = 0.2, Bi = 0.1, Pr = 3.97, Ec = 0.3, M = 0.5,
E = 0.3, Sc = 0.6, Kr = 0.2.

Order −f ′′(0) −θ′(0) −φ′(0)

1 0.9431 0.0821 0.7028

5 1.0069 0.0773 0.5170

10 1.0089 0.0770 0.4924

15 1.0089 0.0771 0.4873

20 1.0089 0.0771 0.4858

25 1.0089 0.0771 0.4853

30 1.0089 0.0771 0.4851

35 1.0089 0.0771 0.4850

40 1.0089 0.0771 0.4850

45 1.0089 0.0771 0.4850

50 1.0089 0.0771 0.4850
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5. Results and Discussion

In this current study, we have investigated the effect of involved parameters on velocity,
temperature, and concentration. The results are seen through the plotted graphs.

From Figure 3a, we can observe that the velocity profile is decreased as the slip
parameter is increased. When the slip parameter increases, the fluid velocity decreases
because of the slip condition at the boundary. The dragging of the stretching sheet can only
partly be transmitted to the flow of the hybrid nanofluid. In Figure 3b, we can see the dual
nature of the solution. At certain values of slip, the temperature first increases and then
decreases. In Figure 3c, the concentration increases as the slip parameter increases because
there is no friction between the hybrid nanofluid and the surface.

From Figure 4a, we can clearly see that the velocity profile decreases as the porosity
parameter increases because, as the permeability of the sheet increases, the hybrid nanofluid
will pass through it, which will affect the flow. In Figure 4b,c, it is found that the temperature
and concentration increase as porosity increases.
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In Figure 5, we can observe that an increase in the Biot number leads to an increase
in temperature. Since the Biot number is the function of thermal conductivity, it helps to
enhance thermal conduction, thus the temperature increases.
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From Figure 6a, we observe that the increment in magnetic parameter leads to a
decrease in velocity. This is because the application of a magnetic field to an electrically
conducting fluid gives rise to a type of resistive force called the Lorentz force that opposes
the fluid flow. However, we observe an increase in the temperature and concentration
profiles as the magnetic parameter is increased. This is because the Lorentz force that is
produced opposes the fluid flow in the presence of a transverse magnetic field and the
resistance provided to the fluid flow is responsible for the increase in the fluid temperature.Math. Comput. Appl. 2023, 28, x FOR PEER REVIEW  10  of  16 
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From Figure 7a,b, a rise in parameter A leads to a decrease in both NG and Be. Pa-
rameter A is associated with temperature difference, according to the definition of entropy,
when the temperature difference is high the disorder of the system is decreased, and hence
it will reduce the rate of entropy generation. Whereas in Figure 8a,b, a rise in parameter
A′ increases both NG and Be. Because A′ is the concentration difference parameter, if
there is a rise in the concentration difference, then the disorder of the system will increase.
This is because, if the concentration is lower in the system, this increases the random
motion of the molecules in the hybrid nanofluid. Thus, the rate of entropy generation is
high. From Figure 9a,b we can observe that increasing B increases both NG and Be. We
know that B is a diffusion parameter and as, mass diffusivity increases, the density of a
hybrid nanofluid will be decreased, which creates a highly disordered system. Hence,
the rate of entropy generation is increased. From Figures 10a and 11a, we can see that
both the porosity and magnetic parameter show the effect of the dual nature of the so-
lution on NG. Whereas, Be decreases as both porosity and magnetic parameter increase
(Figures 10b and 11b). The higher magnetic field will increase the Lorentz force, which
retards the fluid motion, and, thus, in the presence of a strong applied magnetic field, the
entropy generation rate decreases.
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From Figure 12, we can detect that, as Br increases, the rate of entropy generation also
increases. We know that, physically, Br is responsible for the heat transfer via the dual chief
sources, i.e., heat generated by viscous dissipation.
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6. Conclusions

In this study, the effect of convective, porosity, slip, Joule heating, and chemical
reactions on a hybrid nanofluid, and the rate of entropy generation of a hybrid nanofluid
over a stretching sheet has been analyzed. The main conclusions are given below.

• An increase in porosity results in a decrease in velocity, whereas, the thermal and
concentration profiles are increased. As a result, the rates of both heat and mass
transfer increase.

• An increase in the slip parameter decreases the rate of flow of a hybrid nanofluid. The
concentration increases as the slip increases.

• An increase in the magnetic parameter increases temperature and concentration but
decreases velocity.

• As the Biot number increases, the temperature also increases.
• An increase in the Brinkman number improves the viscous force, which amplifies the

collision of fluid particles. Hence, the rate of entropy generation is enhanced.
• When the magnetic parameter is increased there is a decrease in the Bejan number.
• An increase in the Brinkman number increases the rate of entropy generation. Thus,

entropy is enhanced due to viscous dissipation.
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Nomenclature

u,v Velocity components taken along x- and y-axes (m/s)
uw Velocity at the surface (m/s)
Tw Surface temperature (K)
Cw Surface concentration
T∞ Ambient temperature
C∞ Ambient concentration
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M Magnetic parameter
E Porosity parameter
D Mass diffusivity (m2s−1)
qr Heat flux (kg·m2s−3)
Cp Specific heat (J/kg)
T Temperature of the fluid (K)
C Concentration of the fluid
k Thermal conductivity
Pr Prandtl number
Ec Eckert number
Sc Schmidt number
Cf Skin friction coefficient
Nu Nusselt number
Kr Chemical reaction parameter
B Diffusion parameter
A Temperature difference parameter
A′ Concentration difference parameter
Br Brinkman number
Be Bejan number
Greek symbols
ν f Kinematic viscosity of the fluid (m2/s)
ρ f Density of the fluid (kgm−3)
µ f Dynamic viscosity of the fluid (m2/s)
α f Thermal diffusivity (m2/s)
σ Electrical conductivity (s/m)
Ω Biot number
Λ Slip parameter
Subscripts
∞ Ambient
f base fluid
nf Nanofluid
hnf hybrid nanofluid
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