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Abstract: This paper is concerned with the problem of static output feedback control for a class
of continuous-time nonlinear time-delay semi-Markov jump systems with incremental quadratic
constraints. For a class of time-delay semi-Markov jump systems satisfying incremental quadratic
constrained nonlinearity, an appropriate mode-dependent Lyapunov—Krasovskii functional is con-
structed. Based on the matrix transformation, projection theorem and convex set principle, the
mode-dependent static output feedback control laws are designed. The feedback control law is given
in the form of a linear matrix inequality, which is convenient for a numerical solution. Finally, two
practical examples are given to illustrate the effectiveness and superiority of the proposed method.
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1. Introduction

With the development of modern control theory, it has been discovered that random
abrupt variations and unexpected environmental disturbances can cause stochastic jumps in
the system structure and parameters. These characteristics of the jumps can be characterized
as Markov processes [1,2]. Markov jump systems (M]S) are a special class of stochastic
systems that can well describe this class of jump properties. The MJS are now widely
used in communication networks [3,4], fault-tolerant control [5], aerospace systems [6]
and many other practical systems. The sojourn time of MJS obeys an exponential or
geometric distribution, and consequently results in a consistent transition rate between
different modes, which limits the applicability of MJS. The semi-Markov jump system
(SMJS) relaxes the random distribution constraints of the sojourn time and is no longer
confined to memoryless random distribution, allowing it to better explain the structure and
parameter change characteristics of a wide range of industrial systems [7-11].

In previous studies, the stochastic stability analysis and controller design problems of
SMJS have attracted wide attention, such as stochastic Lyapunov stability [12-15], dissipa-
tive filter [16,17], robust control [15,18,19], etc. For instance, the notion of moment stability
in the wide sense for continuous-time SMJS was proposed in [12], but it is assumed that
the sojourn time of each semi-Markov subsystem obeys the exponential distribution and
is upper-bounded. In [13], sufficient conditions for the stochastic asymptotic stability of
the SMJS are obtained by utilizing the multiple-Lyapunov-function method. Furthermore,
the proposed method eliminates the upper bound constraint of the sojourn time of SMJS.
The stochastic stability conditions of SMJS are obtained in [15] by employing the Lyapunov
stability theory and some novel integral inequalities, and the closed-loop system meets
the prescribed mixed robust He, and dissipative performance. In [19], a class of state feed-
back robust He control problems for continuous time SMJS is studied, stochastic stability
conditions with He, performance are derived based on a linear matrix inequality method.
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In a real system operation, the system state is usually not measurable. However, it
is well known that output feedback information is more readily available compared to
state feedback. Thus, many scholars have been interested in the feedback information of
system output, such as output feedback control, state estimation, tracking control, output
regulation, observer-based control and so on, and static output feedback control is one of
them [8,20-22]. In [21], by using the measured output and an integral inequality based on
the average signal weighting function, the conditions for a static output feedback controller
were obtained to guarantee the exponential stability and He, performance of the system.
In [8], a class of static output feedback control problems for discrete-time semi-Markov jump
systems is studied, and a new multivariate-dependent Lyapunov function is constructed,
so that the closed-loop system is mean-square stable.

The phenomenon of time-delay generally exists in the actual engineering system [23-25].
The presence of time delay has a negative impact on the system’s performance and even
threatens its stability. As a result, the stability analysis and controller design of time-delayed
systems have significant theoretical and engineering applications. A distributed-delay-
dependent method was proposed in [23] to deal with the stability of fuzzy systems affected
by network delays, which is more practical than the traditional methods to handle time-
varying network delays. The issue of stochastic stability and generalized dissipative
analysis of linear SMJS with an uncertain, neutral, time-varying delay was studied in [25].

Since nonlinearities are inevitable in practical systems, numerous scholars have studied
nonlinear SMJS. Stochastic stability and state feedback control design problems for a
class of continuous-time Lipschitz nonlinear generalized SMJS were studied in [26]. The
observer-based controller design for uncertain continuous-time Lipschitz nonlinear SMJS
was studied in [27]. The nonlinear functions in [26,27] all belong to Lipschitz nonlinearity.
Lipschitz nonlinearity is one of the most widely studied nonlinear functions, and its biggest
disadvantage is that its Lipschitz constant cannot be negative. To remedy this deficiency,
in [28], a one-sided Lipschitz nonlinearity with a Lipschitz constant that can take negative
or zero values was proposed, and its applications are more widespread. Recently, in [29],
the nonlinearity satisfying the incremental quadratic constraint (IQC) was proposed, which
contains both Lipschitz and one-sided Lipschitz nonlinearity, and the system was modeled
more generally.

The main contributions of this paper can be summarized as follows:

1. The nonlinearity satisfying IQC is introduced into the output feedback of SMJS, and
a new framework with an IQC nonlinear time-delay SMJS static output feedback
control problem is proposed, which expands the application scope of SMJS.

2. Aclass of augmented Lyapunov—Krasovskii functional containing more delay infor-
mation is constructed, and an improved matrix transformation is used to preprocess
the system model, making it easier to solve the output feedback controller. These
methods are more versatile and can achieve less conservative stability conditions.

3.  The matrix inequality is processed by the projection theorem and the convex set
principle, and some parameter-dependent sufficient criteria are obtained to ensure
that the output feedback can stabilize the nonlinear time-delay SMJS. Then, the output
feedback controller can be obtained by the linear matrix inequality (LMI). Finally, two
case examples are provided to verify the effectivity of the proposed control algorithm.

In this paper, we study a class of continuous-time time-delayed SMJS with IQC non-
linearity and construct an appropriate mode-dependent Lyapunov—Krasovskii functional.
Based on the matrix transformation, projection theorem and convex set principle, the mode-
dependent static output feedback control laws are designed. Finally, the system model
of the F-404 aircraft engine and a numerical case are used to verify the effectiveness and
validity of the proposed method.

Notations: Throughout this paper, the superscripts T and —1 denote the transpose and inverse
of the matrix, respectively; R" and x(t) € R"*P denote n-dimensional Euclidean space and
the set of all n x n mreal matrices, respectively; || - || refers to the Euclidean norm of a vector;
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col{xy,...,xy} = [xI,..., xl] T E{-} means the expectation; diag{-} represent a block diagonal

matrix; I and O stand for the identity and zero matrices of appropriate dimensions, respectively;
P{r = 1} means the probability of r = 1; He(A) means A + AT; Ayax(A) means the maximum
eigenvalue of the matrix A; and the symmetric term in the symmetric matrix is represented by .

2. Problem Formulation

Consider a class of nonlinear SMJS with time-varying delay,

x(t) = A(r(t))x(t) + C(r(t))x(t — d;(t)) + B(r(t))u(t) + E(r(t))f(x)
y(t) D
X

(r(
(r()x() M
(t) = %(t),t € [—hy,0]

where x(t) € R" is the system state, u(t) € R is the control input, y(t) € R” is the system
output, f(x): R™ — R" is the nonlinear term, and d;(t) € [hy, hy] is the time delay. r(t)
is a semi-Markov chain taking values in the finite set ' = {1, 2, ... , M}, and defined on a
complete probability space (€2, F, P), where () is a sample space, F is the Borel o-algebra
and P is the corresponding probability measure on F. For any mode r(t) =i € N, A;, B;,
Ci, D; and F; are known matrices with appropriate dimensions.

The evolution of the semi-Markov process 7(t), t > 0 in system (1) is governed by the
following transition probabilities:

Plr+a) =iy =iy = { PSS @

where v > 0 is the sojourn time, limp_,00(A)/A =0and A >0, Ajj > 01is the transition rate
when 7(f) jumps from the mode i to mode j where i # jand A;;(v) = — Zjlillﬁéi Aij(v).
In this paper, a static output feedback controller is given as

u(t) = Kiy(t) ®)

when controller (3) is applied to system (1), then the closed-loop system is presented
as follows:

y(t) = Dix(t) )

x(t) = (A; + BiKiDj)x(t) + Cix(t — d;(t)) + Ff (x)
{ *(t) = £(£),£ € [, 0]

Adding n — p columns to matrix B; such that the augmented matrix B; = [B; B;] is a
square matrix with full rank. Since p < n, in order to ensure that the matrix Bi is invertible,
the following two statements are required: (a) matrix B; is column full rank with p; (b)
matrix B; is column full rank with n — p. It is easy to see that there are an infinite number
of matrices B; satisfying this condition.

Introduce the new state variable ¢(t) = B’i_lx(t), then system (4) can be transformed
into the following form:

_I_
) (5)
B

'Bi, F; = Bl-_lFi and

3
-
=
=
I
Uj|>
=
NU;b
ol
I
ou|>
o
ses
o
I
S

where A; = A; + K;D;
K =[KT0]".

Remark 1. It is worth pointing out that the introduction of state vector ¢(t) = B 'x(t) is crucial
to the design of the static output feedback control law (3). The role of this introduction relies in that
the inverse of augmented matrix B; can be used to eliminate B; among unknown matrices to achieve
system decoupling.
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Definition 1 (Huang et al. [30]). The closed-loop system (5) is stochastic stable (SS), if for all
continuous functions §(t) defined on [hy, hy], the following inequality holds

JE{/:O Iqu(t,¢(t),ro)||2dt|(¢(t),r0)} < o ©

Definition 2 (Acikmese et al. [29]). Let matrix M € RUm+m)x(m+m2) pe symmetric, the
nonlinear function f(x) is said to satisfy IQC if

[ATAf}M{ A; ] > 0,00 = x — %,Af = f(x) — (%) @)

where M is called incremental multiplier matrix.

Assumption 1. For any nonlinear function f(x) the satisfying IQC condition, there exists matrix

M= [Mn Mz

. M, } for the following inequality to be true

M M X
T 4T i >0,0>0 8
st f (x)]{ * Mzz] [f(x)] =t ®
where MT = M, with My, = M11 > 0,My = M22 <0.

Lemma 1 (Seuret et al. [31]). For a symmetric positive definite matrix R, scalars a and b with
(a < b), and vector x, the following inequality holds

(b—a)/ab 22:21—1 R)(i 9)

i—1
where x1 = x(b) — x(a), x2 = x(b) + x(a) — ﬁfuh x(s)ds.

Lemma 2 (Sun et al. [32]). For a symmetric positive definite matrix R, scalars a and b with
(a < b), and vector x, the following inequality hold

s)Rx(s)dsdf > ( / / dsd0> ( / / dsd6> (10)

Lemma 3 (Seuret et al. [33]). For a real scalar « € (0, 1), symmetric positive definite matrix Xy
and Xy, and any matrices S1 and Sy, the following inequality hold

1x 0 X1 +(1—a)Ty (1—a)S;+aS;
o ) |

0 * Xo+aT,
where Ty = X1 — $,X, 'S, T = Xo — STX 'Sy.

3. Main Results

In this section, the existence condition of the static output feedback control law (3) and
the design algorithm are given. For the convenience of symbolic description, we define



Math. Comput. Appl. 2023, 28, 30 50f 16

¢<>=col{<o<> plt—t) o(t—di(D) @(t—h) ¢(t) f(x) [, G2ds [ 78ds

S e ds ) ’

e = [ nx(]_l)n,l,onx(g_j)n} i=1,2,...,9, 8 = [A;,0,C;,0,—1,F;,0,0,0],

Tldi(t) = COl{el,h1€7, (d ( ) hl)eg + (hz — d ( ))69} T = C01{€5,€1 €y,6p — 64},

E,‘ = COI{E,’ —ej11,6 ey — 261+6} i=1,23, Ey=e1—e7, Es =ey —eg, Eg =e3 —e9,
R3 = diag{R3,3R3}, Ry = diag{Ry4,3Rs}, Z;, = diag{Z,,37,},

Ly =[1,0,0], L, = [0,1,0], L3 = [0,0, ],

hip = hy — hy, hs = 3(h3 — h2).

Theorem 1. For given constant hy < hy, & > 0 and symmetric matrix M, the closed-loop system
(5) is SS if, forany i, j € N, there are asymmetric positive definite matrices P;, Qy;, Qai, R1, Ro,
R3, R4, Z1, Z3, and matrices Sq, Sz, J;, K; satisfying

‘Pi(hl) = (I)Z(h1> + Ah1 -0 — QZ,[hﬂ + He{jlﬂl} <0 (12)
Yi(hy) = ®;(hy) + Apy — O — 021[112] +He{J;¥;} <0 (13)
Z Al] Ql] <R (14)

Aij(v)Q2j < Rz (15)

M= T

1

j
where
@;(d;(t) = q’li(di(t)) + @y + @3, d;(t) € [hy,h2],
Ahc (’Z.'lhs) ;l /\1’]'<1/)P]'T1hg,8 =1,2,

0Oy =E] (7%3 + (hshio /h1)§2> EY + Ef (W3Z1)E4 + EX(2hsZ)Es + EL(2hsZ5)Es,
Trs o 51
. e —a;t) [E2] [Ra+hsZ, — SRS, S1] [E
D 4y = E3 RaE2 + E3R4E3 + k2, hle(t) [Eﬂ { s 2* B 01} [Ei]

L )ty P]T 0 I {Ez] ’
Mz |Es| |x Ry—ST(Ra+hsZy) Si||Es

with

®;(d;i(t)) = He{eI L1 P;(LTey + hyLTe; + (d;(t) — hy)LTes + (ha —d;(t))LTeo)} +He{(el — )L, PLTey
+h1(ey — e2) TLaPLiey + (ex — es) TL3 P, Llel + (e1 — e2)TLo B LY (d;(t) — hy)es+ (hy — d;i(t))eg) /
+(e2 — eq) TL3PiLY ((di(t ) h1)€8+ (ha — d;(t))eg) +hi(ez — e4) TL3P;Lye7 }
Dy = = T(Q1i+ Qai)er — el Quier — e} sz€4,
D3 = ¢ (I’l1R1 + h1pRy + 1XM11)€1 + 66 (lXMzz)% + He{€1 D(M12€6}
+ed (h3R3 + h2,Ry + (h3/4)Z1 + h2Z5)es

Proof of Theorem 1. Construct the following mode-dependent Lyapunov-Krasovskii
functional (LKF) candidate as

4
=1

where
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Vilgs(t),i,t) = 1 (t )PU( )

Va(gs(t),it) = ft ny @1(5)Quip(s)ds + [, @ (s)Qaigp(s)ds

Va(@s(t),i,t) = f_hl ft+9(p Rl(p( )dsdf)—i—f_ ft+9<p szp( )dsd6+h1f ft+9q) JR3¢(s)dsdf
+h12f " ft+9€0 JR4¢(s)dsde

Va(gs(t),i,t) = 1f—h1 fe JEy @' (5)Z1¢p(s)dsdAd8 + h f s fm(p )Z2¢(s)dsdAd6

with s)ds, thl @ (s )
71 t hl t—

For SMJS (4), define the weakly infinitesimal differential operator ¢ of the LKF as
follows:

tV(gs(t),i,t) = lim = CIEV(gu(t+A),rivn = ot A) |ps(t), 1 = it} — V(gs(t)i,) (17)

Then, one has

N =ir=i
Vig(t),it) = limk ]:izjaéi%’?T(HA)Pm(HA) = (P (8)

ij(Gi(v+A)—Gi(v
(G DG T (4 4 AYPp(t+ A) — 5T (£) Py ()

N
= limi| ¥ T=G.(v)

M08 |t
+ UG T (¢4 APyt + )]

where G;(v) represents the cumulative distribution function of the sojourn time when the
system stays in mode i, and g;; represent the probability intensity of the system jumping
from mode i to mode j.

Noting the facts of limAﬁo%W =0 and limA_)O%Ui)A) =1, we have

B . N i v+A G,
VA(gs(t),it) = nT<t><hm » W)PW( +He{n" ()P (1)}

A=0j=1j#i
T . (Gi(vr+A)—=Gi(v))
-1 (#) (hrnl)Pm
A—0 (19)
= He{nT()P7(t)} +n7( (;1 Aij(v) ) (t)

= () He(ZT P ) + (2 OYT 5 Ay (0) P D) (r)

Similarly, performing the weak infinitesimal operator ¢ of V;(¢s(t),i,t),i = 2,3,4
along the trajectory of system (5) yields

Va(gs(t),it) = @ (H)Quig(t) + @  (£)Qaip(t) — @ (t — 1) Quigp(t — h1)
—@T(t — 1) Qoiqp(t — h2) + ft—hl 9T (s) <]Zl /\ij(V)Qlj> @(s)ds

+ftt,h2 9T (s) (gl /\z']‘(V)sz) @(s)ds (20)
]:
= &T(t){ef (Qui+ Qai)er — el Quier — e} Qoieq }E(t)
N N
+ftt,h] @' (s) (El /\z‘j(V)Qu) @(s)ds + ftt,hZ @' (s) (]El )\ij(V)sz> @(s)ds

and
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EW%MMF:¢U%&+M&WU+$UW&+%R) = Jiy 97 R1p(s)ds
— [ 9T () Rag(s)ds — I [}, ¢ ()Rap(s)ds ’le (5)R4p(s)ds

From Lemma 1, we have

(21)

’MU¢TRWUm>ﬂx§%&m)
a1 07 (6)Rag(s)ds > &7(0) (i EIRAE + 25 EVRAES ) 2(1),

Thus,

CVs(gs(t),it) < ET(t)(ef (R +h12R2)€1 +e5(h2R3 +h3,Ry)es
—ERaE: — gH2 ETR4E, — ()ETR4E3)§(> 22)

— i, T () Rigp(t ds—ftfhlqv s)Rog(t)ds

and

Walgs(t),it) = ¢ (t )( 1Z1+h2Z2)§0 1f " S0 ' (9)Z1¢p(s)dsde
—hs f— ft+94’ )Z2¢(s)dsd#,

From Lemmas 1 and 2, we have

(23)

1f hy ft+9 (P s)Z1¢(s)dsdo f h ft+9 ‘P deQZIf ft+9 ¢(s)dsde
gt )(ETh221E4)§( )
—hs [T [l 9 (5)Zagp(s)dsd0 < —&T(t)(EX(2hsZ2)Es + EL (201:25)Eg

+%E1TZVZE1 + BI;)%EZTZ}EZ — hsEzTszEz)g(t)

Il I/\

Thus,

CVa(os(t),i t) < ET(t)( el ﬁzl +h2Z, |es — Ef (h3Z1)Eq — EX(2hsZ5)E5 — EL(2hsZ,)Es
2 6

(24)
—lshz BT 20y — o2 BT Z)Ep + o] zzEz)g( )
Furthermore, for any appropriate dimension matrix J;, we have
28T (DT [—p(t) + Aip(t) + Cip(t — di(t)) + Fif (x)] =0 (25)

Since the nonlinear function satisfies the IQC condition, according to the above condi-
tions (18)—(25) and conditions (14) and (15), it can be deduced that

4
Yo Vo(@s(t), (1), 1) < T ()¥ildi(t))E(t) (26)
=1
Furthermore,
EV(gs(t),r(t)) < max{Amax(¥ i(di () HIE®)|? (27)

Based on the Dynkin’s formula,

—
—
N—
<
<
—~
(=)
N
~—

E[V(es(t),r(t))] — V(o(t),r(0)) = ]E[fotW @s(t),r(t))ds|(¢
< max{)tmax(‘i’l(di(t)))}lﬁl[

ieN

Then,
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—max{Amax (¥i(di (1)) }E| [y 12(£)|Pts

ieN

(@(f)/r(o))} < V(@(1),7(0)) = E[V(gs(t), r(t))]
< V(¢(t),7(0))

It is obvious that the maximum eigenvalue Amax ('¥;(d;(t))) < 0, then
— max{Amax(¥i(di(t)))} > 0
ieEN

Finally,

) __ V(9(t),(0))
(qv(t)ff(o))] ~ max{Ama(¥i(di(1))}

< 0

| [ le(olPas

Then, the closed-loop system (5) is SS, which concludes the proof. [J

Remark 2. The matrix inequality (11) can be used easily in combination with the recently proposed
integral inequality to develop new inequalities with less estimation gaps. Moreover, the inequality
(11) can be combined with more efficient LKF to further improve the results.

Remark 3. It is evident that the treatment of the time-delay term depends on the construction of the
LKEF. In this paper, the LKF constructs an augmented vector 11(t) including more time-varying delay
information, and the LKF includes a triple integration term in Theorem 1. As a result, the conditions
derived in this paper are less conservative and more relaxed than the results from previous studies.

Remark 4. Most of the existing result on the stability of SMJS or MJS consider nonlinearities such
as Lipschitz [27] and one-sided Lipschitz [34]. The nonlinearity satisfying IQC investigated in
this paper contains Lipschitz and one-sided Lipschitz, and the system model is more universal. In
particular, if the symmetric matrix M in Definition 2 is chosen to be in a special form, the IQC can
be transformed into Lipschitz and one-sided Lipschitz. For example, if the matrix M is chosen as

oz 0

M_‘"[o -1

],zx>0

Equation (7) is equal to

2
T AT]|0° O Ay
1y Sl =
The above inequality is equivalent to
Valallx = x|[=[If(x) = f(D)][] = 0
This shows that the function f(x) satisfies the Lipschitz constraint. Similarly, when

1
ol  —3I

M:a{
-3 0

],zxZO,

The nonlinear function f(x) satisfies the one-sided Lipschitz constraint.

Because of this, Theorem 1 is also valid for the case of Lipschitz and the one-sided
Lipschitz constraint. For instance, Theorem 1 is simple to be used to provide the following
stochastic stability criteria when f(x) satisfies the Lipschitz constraint.
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Theorem 2. For given constants hy < hy, & > 0, o > 0 and symmetric matrix M, the closed-loop
system (5) is SS if, for any i, j € N, there are symmetric positive definite matrices P;, Qy;, Qi, R1,
Ry, R3, Ry, Z1, Z3, and matrices S, S», J; and K; such that (14), (15) and

"Pi(l’ll) = 61(111) + Ahl -0 — QZ,[hﬂ + He{jzl%} <0 (28)
Ti(hz) = 61(1’12) + Ahz -0y — Q2r[h2} + HE{kZ'l%} <0 (29)
where
@;(d;(t)) = P1;(di(t)) + Do + s,

@5 = el (1 Ry + hiaRo + ao?I)e; — el aleg + el (B3R5 + h2,Ry + (h/4)Z1 + h2Z5)es

Proof of Theorem 2. When f(x) satisfies the Lipschitz constraint,

valo|[x[|=[If(x)[[] = 0

Therefore,
M M x
T T 11 12
o|x x >0
= f1] [ * Mzz} L‘(X)} -
It is obvious that the matrices M11, M1, and Mj; in Theorem 1 were chosen to be

special values, i.e., My = 021, My = 0 and My, = —I. The conditions (28) and (29) can be
achieved, which concludes the proof. [J

Theorem 3. For given constants hy < hy, &; > 0, & > 0, and symmetric matrix M, the closed-loop
system (5) is SS if, for any i, j € N, there are symmetric positive definite matrices P;, Q1;, Qai, R1,
Ry, Rs, R4, 21, Zy, and matrices S1, Sa, Ji, Y, Gi, K; such that the following hold

_ ¥i(m) -G P

Fi(hl) = * )\iipi 0 <0 (30)
L * _,P_
Fi(m) -G P |

EFi(h) = AP 0 | <0 (31)
L * _P_
Fi(m) -G P

Fi(ha) = AiP; 0 | <0 (32)
L * _,P_
¥i(ho) -G P

Fi(h2) = AP0 | <0 (33)
L * * _P_
N —
Y Aii(v)Quj < Ry (34)
=1
N —
Y Aij(1)Qy < Ry (35)
j=1
N
Y Aij(v)Qi < Ry (36)
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N
Y Aij(v)Qaj < Ry (37)
j=1
where
_ N _ N
Aii(v) == L Ai(v), Ai(v) == X Ay(v),
j=Lj#i j=1,j#i ,
D; — ) 9. T m T
F,(hy) = Di(hy) — O — 5 +He{jll91}+He{gl T } Ezﬁzll
* —Ry
G,(hy) = Di(hy) — _:2+He{u7il9i}+He{ngT{12} Els
l * —Ry—hs 25|
P = dlag{ P, ..., Py, Py, ..., Pn }/ PT = [7}[{16/0}'8 =1,2,
with

[
L&
I

T
:|
3

M

|

27:\;,4—0—}1522 El E> = _ E; T 'ﬁ,4 53 E>
% Ral|Es) =% |Es) | + 2Ru||Es)

Ti=[ Vi 0 oy VR o A | 8= 160
Ii:[\/filf eeey \/Ai(ifl)' \/Ai(,url), e, @}Y:diag{l,()}

Furthermore, a suitable state feedback control gain is given as K; = ] 71YK;.

Proof of Theorem 3. Rewrite (28) as

T, (hy)T < 0 (38)
where
I i . T h
I = |}3:{| , Ti(hl) = dlag{‘l’i(hi) — (Tlhl) /\iiPiTlll)\’iiPi}
1
By employing Projection Lemma [35] to Equation (38), it holds that
et =T
¥, () +He{gi rl} <0 (39)
where G; = [G;,0], T | is the right null matrix of T, G; € R¥>",
Applying the Schur complement lemma to Equation. (39), we can obtain
a T
Vi) -G} (") T
Fi(hl) = * AiiP; 0 <0 (40)
* * —P
where ?i(lﬁ) = 61‘(1’11) -0 — QZ,[hﬂ + He{jil%} + He{giTrlhl }
The slack matrix J; introduced in Equation (25) is defined as
T T T
Ji = [J7,0,0,0,&7",0,0,0,0] (41)
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Letting YK; = JK; in (25), we have

-1
SRR
2

[t 0], _ [Ka
B { 0 0 Ki= 0
where the structure of | is diagonal.
In addition, A;j(v) can be represented as A;j(v) = aA;(v) 4 bA

71‘]‘/
and a + b = 1. Based on the conditions (30) and (31), we can obtain

wherea > 0,a > 0

_ T )

_ \Pl(hl) B _gi P

aFi(h) +bE(m) = | «  (ak;+bA)P; 0 | <O (42)
* * —P

Equation (42) can be obtained from Equation (40) by applying the Schur complement
lemma, i.e., conditions (30) and (31) can give condition (28). Condition (32) and (33) can
also give condition (29).

Similarly,

o N
(@2ij(v) + bAy (1) ) Qyy = L Aij(v)Quj < Ry

o N
(ﬂ/\l‘j(l/) + bAU(V)) sz = 421 /\IJ(V)QZJ < RZ
j=

—

Mz Tz

Then, conditions (24)—(31) ensure SS of the closed-loop system (5), which concludes
the proof. O

Remark 5. It is easy to observe that conditions (12) and (13) have a quadratic term nonlinearity
T

(Tff) Z]N:1 Aij(v)Pjrlhf. Considering Aj;(v) < 0, it is impossible to immediately decouple this

term using the Schur complement, which makes the numerical solution of the stability analysis

problem more challenging. Fortunately, by employing the projection theorem and introducing a free
matrix variable, the solvable stability condition is obtained.

Remark 6. It is worth noting that the design of the static output feedback control law relies on the
augmented matrix B;. The augmented matrix B; can eliminate the known matrix B; in advance.
Therefore, this completes the purpose of decoupling, which is the critical breakthrough points of
this paper.

4. Numerical Examples
Example 1
In this part, the proposed controller design method is applied to the F-404 aircraft

engine system [36] to verify the efficacy of the proposed theory. The state space model of
system (1) is described as follows:

—1.46 0 2.428 i, b, 0.1
= (01643 +058; —04+p; —03788|x(t)+Cix(t—di(t))+ | by, Dby |u+ [0.2]f(x)
0.3107 0 —-2.23 bi, bl 0.3

y = Dix(t)

where x(t) = [xI(t) xI(#) xg(t)]T, with x; (t) indicating the sideslip angle, x5 (t) indi-

cating the roll rate, and x3(t) indicating the yaw rate of the F-404 aircraft engine system,
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respectively. These parameters can be provided in Table 1, and the other parameters are

offered up as follows:
1 0
Ci= |0

0
1 0|, D;j=
0

(o]
—_ o

1
0

o

0
1
0

Table 1. Parameters of the F-404 aircraft engine system model.

Parameters i=1 i=2 i=3
Bi —05 1.5 2
b, 0.15 0.15 0.15
v, 0.12 02 02
bhy 0.15 0.13 0.15
bh, -15 -13 —0.15
iz 0.2 03 0.4
b, 02 0.3 0.4

In order to conveniently employ the conclusions of Theorem 2, the model is trans-
formed into the following three modes of SMJS:

Mode 1:
[ —1.46 0 2.428 1 0 0 0.15 0.12 0.1
x=|—00857 —09 —0378|x(t)+ |0 1 0|x(t—di(t))+ | 015 —15 |u+ [02]f(x)
| 0.3107 0 —2.23 0 0 1 0.2 0.2 0.3
1 0 0
y=10 1 0 |x(t)
0 0 13
Mode 2:
[—146 O 2.428 1 0 0 015 0.2 0.1
x= 109143 11 —03788|x(t)+ [0 1 O|x(t—da(t)+ | 013 —1.3 |u+ |02]f(x)
10.3107 0 —2.23 0 01 0.3 0.3 0.3
1 0 0
y=10 1 0 |x(¢t)
0 0 13
Mode 3:
[—146 O 2.428 1 0 0 0.15 0.2 0.1
x= (11643 1.6 —03788|x(t)+ [0 1 O|x(t—ds(t)+ | 015 —15 |u+ |02]f(x)
10.3107 0 —2.23 0 01 0.4 0.4 0.3

[1 0 0
y=10 1 0 ] x(t)
0 0 13

The system jumping modes {r(t)} are described by the semi-Markov process, and
r(t) = i € {1, 2, 3}. The mode sojourn time will be assumed to follow exponential
distributions with the parameters of 1 and 4, respectively, when i = 1, 2. The last mode
sojourn time will be assumed to follow the Weibull distribution with scale parameter
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and shape parameter of 1 and 2, respectively. Then, the upper and lower bounds for the
transition rate are then chosen as follows:

B -15 07 038 -1 03 0.7
Aij=104 -1 06}, Aij =102 —-05 03
03 07 -1 01 05 -06

The mode-dependent time-varying delays are assumed to be d (t) = 1+ 0.4sin(t),
dy(t) =1+ 0.8sin(t) and d3(f) = 1+ 0.2cos(t). This gives i = 0.2, h; = 1.8, and 1 = 0.5,
gy =1, e3 = 0.5. It is assumed that the initial state of the system is ¢(0) =[1.51 3]T, the
initial mode is 7y = 1 and the system nonlinear parameters are « = 0.01, f(x) = o sin(10¢)
and o = 1.1. Based on Theorem 3, the system can be designed with a static output feedback
control law to make the closed-loop system stochastic stable, and the control law gain
matrices are obtained as:

Ky = { —-24.7062 —2.01 —11.9365 ]
0.2508 2.5334 —1.2964 |’
Ky — { —27.7127 —4.9369 —6.9075
2.9157 3.6541 —1.2866 |’
Ky = [ —84.5315 —47.5973 —12.745 }
37.1042  34.5375 —1.1839

Figure 1 illustrates the semi-Markov jump mode. The open-loop system trajectory is
illustrated in Figure 2a, which shows that the system is instable. By using the designed
controller, the state response of the closed-loop system is illustrated in Figure 2b. Figure 2c
illustrates the trajectory of the system output, whereas Figure 2d illustrates the trajectory of
the control input. It is easily found that the designed controller is effective.

3
()
B2
£
1

0 1 2 3 4 5
time(s)

Figure 1. Semi-Markov jump modes.

1000

11\
\
of— N
—_ 0 —
= . .
Z 1000 %,
)(1 X1
-2000 X, 2 %,
X, X3
-3000 -3
0 20 40 60 80 100 0 1 2 3 4 5
time(s) time(s)
(a) (b)
i
L \_ 50
0 —
= o of =
=1 5 /
v /
2 ! 50 f u
—y, | 4
u.
3 A | 2
-100
0 1 2 3 4 5 0 1 2 3 4 5
time(s) time(s)

() (d)

Figure 2. (a) State response of the open-loop system; (b) State response of the closed-loop system;
(c) Output response of the closed-loop system; (d) Input response of the closed-loop system.
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Example 2
Considering system (1), its parameters are described as follows [37]:
Mode 1:

—0.7050  0.0280 01 0 0.1
A= [ 0.0195 —0.6294]’ G = [ 0 0.2]' h=a [02}&1 = 0003,
Mode 2:
~1.1568  0.0064 03 0 0.1
Az = [ 0.0434 —1.5905]' C2= [ 0 0.1]’ h=c [0.2}”2 = 0011,

the other parameters are offered up follows:

0

01| % 1 0
Bl':|: :|/Bl': 1 /Di:|:0 12:|/
1 .

di(t) = 0.8(1 —sin(0.5¢)), ¢, =1, « = 0.01, f(x) = osin(t), ¢ = 0.5.

It is assumed that the initial state of the system is ¢(0) = [1.5 1 3] " and the initial
mode is 7y = 1. From Figure 3b, one can show that the system is stochastic stable and the
system state trajectories converge faster compared to that of the literature [37]. Therefore, it
can be shown that the stability criterion obtained in this paper is less conservative.

3 T . r ' 0.5
2 Or
[} —
3 <
S
1 051 X,
)
0 . . . : -1 . - . .
0 1 2 3 4 5 0 2 4 6 8
time(s) time(s)
(a) (b)

Figure 3. (a) Semi-Markov jump modes; (b) State response of the closed-loop system.

5. Conclusions

In this paper, we discuss the problem of the static output feedback control for nonlinear
time-delayed SMJS with an IQC condition. An appropriate mode-dependent Lyapunov—
Krasovskii functional is constructed, and a mode-dependent static output feedback control
law is designed using the matrix transformation, projection theorem and convex set princi-
ple. The feedback control law is given explicitly in the form of LMI, which is convenient for
a numerical solution. Finally, the effectiveness and advantages of the proposed method are
verified by the F-404 aircraft engine systems and a numerical case. The future works will
focus on the analysis and synthesis problems of observer-based time-delayed SMJS with an
1QC condition.
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