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Abstract: This paper is concerned with the problem of static output feedback control for a class
of continuous-time nonlinear time-delay semi-Markov jump systems with incremental quadratic
constraints. For a class of time-delay semi-Markov jump systems satisfying incremental quadratic
constrained nonlinearity, an appropriate mode-dependent Lyapunov–Krasovskii functional is con-
structed. Based on the matrix transformation, projection theorem and convex set principle, the
mode-dependent static output feedback control laws are designed. The feedback control law is given
in the form of a linear matrix inequality, which is convenient for a numerical solution. Finally, two
practical examples are given to illustrate the effectiveness and superiority of the proposed method.

Keywords: semi-Markov jump systems; output feedback control; incremental quadratic constraints;
linear matrix inequality

1. Introduction

With the development of modern control theory, it has been discovered that random
abrupt variations and unexpected environmental disturbances can cause stochastic jumps in
the system structure and parameters. These characteristics of the jumps can be characterized
as Markov processes [1,2]. Markov jump systems (MJS) are a special class of stochastic
systems that can well describe this class of jump properties. The MJS are now widely
used in communication networks [3,4], fault-tolerant control [5], aerospace systems [6]
and many other practical systems. The sojourn time of MJS obeys an exponential or
geometric distribution, and consequently results in a consistent transition rate between
different modes, which limits the applicability of MJS. The semi-Markov jump system
(SMJS) relaxes the random distribution constraints of the sojourn time and is no longer
confined to memoryless random distribution, allowing it to better explain the structure and
parameter change characteristics of a wide range of industrial systems [7–11].

In previous studies, the stochastic stability analysis and controller design problems of
SMJS have attracted wide attention, such as stochastic Lyapunov stability [12–15], dissipa-
tive filter [16,17], robust control [15,18,19], etc. For instance, the notion of moment stability
in the wide sense for continuous-time SMJS was proposed in [12], but it is assumed that
the sojourn time of each semi-Markov subsystem obeys the exponential distribution and
is upper-bounded. In [13], sufficient conditions for the stochastic asymptotic stability of
the SMJS are obtained by utilizing the multiple-Lyapunov-function method. Furthermore,
the proposed method eliminates the upper bound constraint of the sojourn time of SMJS.
The stochastic stability conditions of SMJS are obtained in [15] by employing the Lyapunov
stability theory and some novel integral inequalities, and the closed-loop system meets
the prescribed mixed robust H∞ and dissipative performance. In [19], a class of state feed-
back robust H∞ control problems for continuous time SMJS is studied, stochastic stability
conditions with H∞ performance are derived based on a linear matrix inequality method.
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In a real system operation, the system state is usually not measurable. However, it
is well known that output feedback information is more readily available compared to
state feedback. Thus, many scholars have been interested in the feedback information of
system output, such as output feedback control, state estimation, tracking control, output
regulation, observer-based control and so on, and static output feedback control is one of
them [8,20–22]. In [21], by using the measured output and an integral inequality based on
the average signal weighting function, the conditions for a static output feedback controller
were obtained to guarantee the exponential stability and H∞ performance of the system.
In [8], a class of static output feedback control problems for discrete-time semi-Markov jump
systems is studied, and a new multivariate-dependent Lyapunov function is constructed,
so that the closed-loop system is mean-square stable.

The phenomenon of time-delay generally exists in the actual engineering system [23–25].
The presence of time delay has a negative impact on the system’s performance and even
threatens its stability. As a result, the stability analysis and controller design of time-delayed
systems have significant theoretical and engineering applications. A distributed-delay-
dependent method was proposed in [23] to deal with the stability of fuzzy systems affected
by network delays, which is more practical than the traditional methods to handle time-
varying network delays. The issue of stochastic stability and generalized dissipative
analysis of linear SMJS with an uncertain, neutral, time-varying delay was studied in [25].

Since nonlinearities are inevitable in practical systems, numerous scholars have studied
nonlinear SMJS. Stochastic stability and state feedback control design problems for a
class of continuous-time Lipschitz nonlinear generalized SMJS were studied in [26]. The
observer-based controller design for uncertain continuous-time Lipschitz nonlinear SMJS
was studied in [27]. The nonlinear functions in [26,27] all belong to Lipschitz nonlinearity.
Lipschitz nonlinearity is one of the most widely studied nonlinear functions, and its biggest
disadvantage is that its Lipschitz constant cannot be negative. To remedy this deficiency,
in [28], a one-sided Lipschitz nonlinearity with a Lipschitz constant that can take negative
or zero values was proposed, and its applications are more widespread. Recently, in [29],
the nonlinearity satisfying the incremental quadratic constraint (IQC) was proposed, which
contains both Lipschitz and one-sided Lipschitz nonlinearity, and the system was modeled
more generally.

The main contributions of this paper can be summarized as follows:

1. The nonlinearity satisfying IQC is introduced into the output feedback of SMJS, and
a new framework with an IQC nonlinear time-delay SMJS static output feedback
control problem is proposed, which expands the application scope of SMJS.

2. A class of augmented Lyapunov–Krasovskii functional containing more delay infor-
mation is constructed, and an improved matrix transformation is used to preprocess
the system model, making it easier to solve the output feedback controller. These
methods are more versatile and can achieve less conservative stability conditions.

3. The matrix inequality is processed by the projection theorem and the convex set
principle, and some parameter-dependent sufficient criteria are obtained to ensure
that the output feedback can stabilize the nonlinear time-delay SMJS. Then, the output
feedback controller can be obtained by the linear matrix inequality (LMI). Finally, two
case examples are provided to verify the effectivity of the proposed control algorithm.

In this paper, we study a class of continuous-time time-delayed SMJS with IQC non-
linearity and construct an appropriate mode-dependent Lyapunov–Krasovskii functional.
Based on the matrix transformation, projection theorem and convex set principle, the mode-
dependent static output feedback control laws are designed. Finally, the system model
of the F-404 aircraft engine and a numerical case are used to verify the effectiveness and
validity of the proposed method.

Notations: Throughout this paper, the superscripts T and −1 denote the transpose and inverse
of the matrix, respectively; Rn and x(t) ∈ Rn×p denote n-dimensional Euclidean space and
the set of all n × n mreal matrices, respectively; ‖ · ‖ refers to the Euclidean norm of a vector;
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col{x1, . . . , xn} =
[
xT

1 , . . . , xT
n
]T; E{·} means the expectation; diag{·} represent a block diagonal

matrix; I and 0 stand for the identity and zero matrices of appropriate dimensions, respectively;
P{r = 1} means the probability of r = 1; He(A) means A + AT; λmax(A) means the maximum
eigenvalue of the matrix A; and the symmetric term in the symmetric matrix is represented by ∗.

2. Problem Formulation

Consider a class of nonlinear SMJS with time-varying delay,
.
x(t) = A(r(t))x(t) + C(r(t))x(t− di(t)) + B(r(t))u(t) + F(r(t)) f (x)
y(t) = D(r(t))x(t)
x(t) = x̂(t), t ∈ [−h2, 0]

(1)

where x(t) ∈ Rn is the system state, u(t) ∈ Rp is the control input, y(t) ∈ Rr is the system
output, f (x) : Rn1 → Rn is the nonlinear term, and di(t) ∈ [h1, h2] is the time delay. r(t)
is a semi-Markov chain taking values in the finite set N = {1, 2, . . . , M}, and defined on a
complete probability space (Ω, F , P), where Ω is a sample space, F is the Borel σ-algebra
and P is the corresponding probability measure on F . For any mode r(t) = i ∈ N , Ai, Bi,
Ci, Di and Fi are known matrices with appropriate dimensions.

The evolution of the semi-Markov process r(t), t ≥ 0 in system (1) is governed by the
following transition probabilities:

P{r(t + ∆) = j|r(t) = i} =
{

λij(ν)∆ + o(∆), i 6= j
1 + λii(ν)∆ + o(∆), i = j

(2)

where ν ≥ 0 is the sojourn time, lim∆→0o(∆)/∆ = 0 and ∆ > 0, λij ≥ 0 is the transition rate
when r(t) jumps from the mode i to mode j where i 6= j and λij(ν) = −∑N

j=1,j 6=i λij(ν).
In this paper, a static output feedback controller is given as

u(t) = Kiy(t) (3)

when controller (3) is applied to system (1), then the closed-loop system is presented
as follows: 

.
x(t) = (Ai + BiKiDi)x(t) + Cix(t− di(t)) + Fi f (x)
y(t) = Dix(t)
x(t) = x̂(t), t ∈ [−h2, 0]

(4)

Adding n− p columns to matrix Bi such that the augmented matrix B̂i = [Bi Bi] is a
square matrix with full rank. Since p < n, in order to ensure that the matrix B̂i is invertible,
the following two statements are required: (a) matrix Bi is column full rank with p; (b)
matrix Bi is column full rank with n− p. It is easy to see that there are an infinite number
of matrices Bi satisfying this condition.

Introduce the new state variable ϕ(t) = B̂−1
i x(t), then system (4) can be transformed

into the following form:
.
ϕ(t) = Ai ϕ(t) + Ci ϕ(t− di(t)) + Fi f (x)
y(t) = Di B̂i ϕ(t)
ϕ(t) = ϕ̂(t) = B̂i

−1 x̂(t), t ∈ [−h2, 0]
(5)

where Ai = Ai + KiDi, with Ai = B̂−1
i Ai B̂i, Ci = B̂−1

i Ci B̂i, Di = Di B̂i, Fi = B̂−1
i Fi and

Ki = [KT
i 0]T.

Remark 1. It is worth pointing out that the introduction of state vector ϕ(t) = B̂−1
i x(t) is crucial

to the design of the static output feedback control law (3). The role of this introduction relies in that
the inverse of augmented matrix B̂i can be used to eliminate Bi among unknown matrices to achieve
system decoupling.
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Definition 1 (Huang et al. [30]). The closed-loop system (5) is stochastic stable (SS), if for all
continuous functions ϕ̂(t) defined on [h1, h2], the following inequality holds

E
{∫ ∞

0
‖ϕ(t, ϕ̂(t), r0)‖2dt|(ϕ̂(t), r0)

}
< ∞ (6)

Definition 2 (Açıkmeşe et al. [29]). Let matrix M ∈ R(n1+n2)×(n1+n2) be symmetric, the
nonlinear function f (x) is said to satisfy IQC if[

∆T
x ∆T

f

]
M
[

∆x
∆ f

]
≥ 0, ∆x = x− x̃, ∆ f = f (x)− f (x̃) (7)

where M is called incremental multiplier matrix.

Assumption 1. For any nonlinear function f (x) the satisfying IQC condition, there exists matrix

M =

[
M11 M12
∗ M22

]
for the following inequality to be true

α
[
xT f T(x)

][M11 M12
∗ M22

][
x

f (x)

]
≥ 0, α ≥ 0 (8)

where MT = M, with M11 = MT
11 > 0,M22 = MT

22 ≤ 0.

Lemma 1 (Seuret et al. [31]). For a symmetric positive definite matrix R, scalars a and b with
(a < b), and vector x, the following inequality holds

(b− a)
∫ b

a

.
xT

(s)R
.
x(s)ds ≥

2

∑
i=1

(2i− 1)χT
i Rχi (9)

where χ1 = x(b)− x(a), χ2 = x(b) + x(a)− 2
b−a

∫ b
a x(s)ds.

Lemma 2 (Sun et al. [32]). For a symmetric positive definite matrix R, scalars a and b with
(a < b), and vector x, the following inequality hold

(a− b)2

2

∫ b

a

∫ b

θ
xT(s)Rx(s)dsdθ ≥

(∫ b

a

∫ b

θ
x(s)dsdθ

)T

R
(∫ b

a

∫ b

θ
x(s)dsdθ

)
(10)

Lemma 3 (Seuret et al. [33]). For a real scalar α ∈ (0, 1), symmetric positive definite matrix X1
and X2, and any matrices S1 and S2, the following inequality hold[ 1

α X1 0
0 1

1−α X2

]
≥
[

X1 + (1− α)T1 (1− α)S1 + αS2
∗ X2 + αT2

]
(11)

where T1 = X1 − S2X−1
2 ST

2 , T2 = X2 − ST
1 X−1

1 S1.

3. Main Results

In this section, the existence condition of the static output feedback control law (3) and
the design algorithm are given. For the convenience of symbolic description, we define
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ξ(t) =col
{

ϕ(t) ϕ(t− h1) ϕ(t− di(t)) ϕ(t− h2)
.
ϕ(t) f (x)

∫ t
t−h1

ϕ(s)
h1

ds
∫ t−h1

t−di(t)
ϕ(s)

di(t)−h1
ds∫ t−di(t)

t−h2

ϕ(s)
h2−di(t)

ds
} ,

ej =
[
0n×(j−1)n, I, 0n×(9−j)n

]
, j = 1, 2, . . . , 9, ϑi = [Ai, 0, Ci, 0,−I, Fi, 0, 0, 0],

τ
di(t)
1 = col{e1, h1e7, (di(t)− h1)e8 + (h2 − di(t))e9}, τ2 = col{e5, e1 − e2, e2 − e4},

Ei = col{ei − ei+1, ei + ei+1 − 2ei+6}, i = 1, 2, 3, E4 = e1 − e7, E5 = e2 − e8, E6 = e3 − e9,
R̃3 = diag{R3, 3R3}, R̃4 = diag{R4, 3R4}, Z̃2 = diag{Z2, 3Z2},
L1 = [I, 0, 0], L2 = [0, I, 0], L3 = [0, 0, I],
h12 = h2 − h1, hs =

1
2 (h

2
2 − h2

1).

Theorem 1. For given constant h1 < h2, α > 0 and symmetric matrix M, the closed-loop system
(5) is SS if, for any i, j ∈ N , there are asymmetric positive definite matrices Pi, Q1i, Q2i, R1, R2,
R3, R4, Z1, Z2, and matrices S1, S2, Ji, Ki satisfying

Ψi(h1) = Φi(h1) + Λh1 −Ω1 −Ω2,[h1]
+ He{Jiϑi} < 0 (12)

Ψi(h2) = Φi(h2) + Λh2 −Ω1 −Ω2,[h2]
+ He{Jiϑi} < 0 (13)

N

∑
j=1

λij(ν)Q1j < R1 (14)

N

∑
j=1

λij(ν)Q2j < R2 (15)

where

Φi(di(t)) = Φ1i(di(t)) + Φ2i + Φ3, di(t) ∈ [h1, h2],

Λhε
= (τhε

1 )
T N

∑
j=1

λij(ν)Pjτ
hε
1 , ε = 1, 2,

Ω1 = ET
2

(
R̃3 + (hsh12/h1)Z̃2

)
ET

2 + ET
4
(
h2

1Z1
)
E4 + ET

5 (2hsZ2)E5 + ET
6 (2hsZ2)E6,

Ω2,[d(t)] = ET
2 R̃4E2 + ET

3 R̃4E3 +
h2−di(t)

h12

[
E2
E3

]T[R̃4 + hsZ̃2 − S2R̃−1
4 S2 S1

∗ 0

][
E2
E3

]
+ di(t)−h1

h12

[
E2
E3

]T
[

0 S2

∗ R̃4 − ST
1 (R̃4 + hsZ̃2)

−1
S1

][
E2
E3

] ,

with

Φ1i(di(t)) = He
{

eT
5 L1Pi

(
LT

1 e1 + h1LT
2 e7 + (di(t)− h1)LT

3 e8 + (h2 − di(t))LT
3 e9
)}

+ He
{
(e1 − e2)

TL2PiLT
1 e1

+h1(e1 − e2)TL2PiLT
2 e7 + (e2 − e4)TL3PiLT

1 e1 + (e1 − e2)TL2PiLT
3 (di(t)− h1)e8+ (h2 − di(t))e9)

+(e2 − e4)TL3PiLT
3 ((di(t)− h1)e8+ (h2 − di(t))e9)+h1(e2 − e4)TL3PiLT

2 e7
} ,

Φ2i = eT
1 (Q1i + Q2i)e1 − eT

2 Q1ie2 − eT
4 Q2ie4,

Φ3 = eT
1 (h1R1 + h12R2 + αM11)e1 + eT

6 (αM22)e6 + He
{

eT
1 αM12e6

}
+eT

5
(
h2

1R3 + h2
12R4 + (h4

1/4)Z1 + h2
s Z2
)
e5

.

Proof of Theorem 1. Construct the following mode-dependent Lyapunov–Krasovskii
functional (LKF) candidate as

V(ϕs(t), i, t) =
4

∑
ϑ=1

Vϑ(ϕs(t), i, t) (16)

where
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V1(ϕs(t), i, t) = ηT(t)Piη(t),
V2(ϕs(t), i, t) =

∫ t
t−h1

ϕT(s)Q1i ϕ(s)ds +
∫ t

t−h2
ϕT(s)Q2i ϕ(s)ds,

V3(ϕs(t), i, t) =
∫ 0
−h1

∫ t
t+θ ϕT(s)R1 ϕ(s)dsdθ +

∫ −h1
−h2

∫ t
t+θ ϕT(s)R2 ϕ(s)dsdθ + h1

∫ 0
−h1

∫ t
t+θ

.
ϕ

T
(s)R3

.
ϕ(s)dsdθ

+h12
∫ −h1
−h2

∫ t
t+θ

.
ϕ

T
(s)R4

.
ϕ(s)dsdθ

V4(ϕs(t), i, t) = h2
1

2

∫ 0
−h1

∫ 0
θ

∫ t
t+λ

.
ϕ

T
(s)Z1

.
ϕ(s)dsdλdθ + hs

∫ −h1
−h2

∫ 0
θ

∫ t
t+λ

.
ϕ

T
(s)Z2

.
ϕ(s)dsdλdθ

,

with η(t) =
[

ϕT(t),
∫ t

t−h1
ϕT(s)ds,

∫ t−h1
t−h2

ϕT(s)ds
]T

.

For SMJS (4), define the weakly infinitesimal differential operator ` of the LKF as
follows:

`V(ϕs(t), i, t) = lim
∆→0

1
∆
[E{V(ϕs(t + ∆), rt+∆ = j, t + ∆) |ϕs(t), rt = i, t} − V(ϕs(t), i, t)] (17)

Then, one has

`V1(ϕs(t), i, t) = lim
∆→0

1
∆

[
N
∑

j=1,j 6=i

Pr{rt+∆=j,rt=i}
Pr{rt=i} ηT(t + ∆)Pjη(t + ∆)− ηT(t)Piη(t)

+
Pr{rt+∆=i,rt=i}

Pr{rt=i} ηT(t + ∆)Piη(t + ∆)
]

= lim
∆→0

1
∆

[
N
∑

j=1,j 6=i

qij(Gi(ν+∆)−Gi(ν))

1−Gi(ν)
ηT(t + ∆)Pjη(t + ∆)− ηT(t)Piη(t)

+ (1−Gi(ν+∆))
1−Gi(ν)

ηT(t + ∆)Piη(t + ∆)
]

(18)

where Gi(υ) represents the cumulative distribution function of the sojourn time when the
system stays in mode i, and qij represent the probability intensity of the system jumping
from mode i to mode j.

Noting the facts of lim∆→0
Gi(υ+∆)−Gi(υ)

1−Gi(υ)
= 0 and lim∆→0

1−Gi(υ+∆)
1−Gi(υ)

= 1, we have

`V1(ϕs(t), i, t) = ηT(t)

(
lim
∆→0

N
∑

j=1,j 6=i

qij(Gi(ν+∆)−Gi(ν))

1−Gi(ν)∆

)
Pjη(t) + He

{
ηT(t)Pi

.
η(t)

}
−ηT(t)

(
lim
∆→0

(Gi(ν+∆)−Gi(ν))
1−Gi(ν)∆

)
Piη(t)

= He
{

ηT(t)Pi
.
η(t)

}
+ ηT(t)

(
N
∑

j=1
λij(ν)

)
Pjη(t)

= ξT(t)[He(τT
2 Piτ

di(t)
1 ) + (τ

di(t)
1 )T

N
∑

j=1
λij(ν)Pjτ

di(t)
1 ]ξ(t)

(19)

Similarly, performing the weak infinitesimal operator ` of Vi(ϕs(t), i, t), i = 2, 3, 4
along the trajectory of system (5) yields

`V2(ϕs(t), i, t) = ϕT(t)Q1i ϕ(t) + ϕT(t)Q2i ϕ(t)− ϕT(t− h1)Q1i ϕ(t− h1)

−ϕT(t− h2)Q2i ϕ(t− h2) +
∫ t

t−h1
ϕT(s)

(
N
∑

j=1
λij(ν)Q1j

)
ϕ(s)ds

+
∫ t

t−h2
ϕT(s)

(
N
∑

j=1
λij(ν)Q2j

)
ϕ(s)ds

= ξT(t)
{

eT
1 (Q1i + Q2i)e1 − eT

2 Q1ie2 − eT
4 Q2ie4

}
ξ(t)

+
∫ t

t−h1
ϕT(s)

(
N
∑

j=1
λij(ν)Q1j

)
ϕ(s)ds +

∫ t
t−h2

ϕT(s)

(
N
∑

j=1
λij(ν)Q2j

)
ϕ(s)ds

(20)

and
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`V3(ϕs(t), i, t) = ϕT(t)(h1R1 + h12R2)ϕ(t) +
.
ϕ

T
(t)
(
h2

1R3 + h2
12R4

) .
ϕ(t)−

∫ t
t−h1

ϕT(s)R1 ϕ(s)ds

−
∫ t−h2

t−h1
ϕT(s)R2 ϕ(s)ds− h1

∫ t
t−h1

.
ϕ

T
(s)R3

.
ϕ(s)ds− h12

∫ t−h2
t−h1

.
ϕ

T
(s)R4

.
ϕ(s)ds

(21)

From Lemma 1, we have

h1
∫ t

t−h1

.
ϕ

T
(s)R3

.
ϕ(s)ds ≥ ξT(t)(ET

1 R̃3E1)ξ(t),

h12
∫ t−h2

t−h1

.
ϕ

T
(s)R4

.
ϕ(s)ds ≥ ξT(t)

(
h12

d(t)−h1
ET

2 R̃4E2 +
h12

h2−d(t)ET
3 R̃4E3

)
ξ(t),

Thus,

`V3(ϕs(t), i, t) ≤ ξT(t)(eT
1 (h1R1 + h12R2)e1 + eT

5 (h
2
1R3 + h2

12R4)e5

−ET
1 R̃3E1 − h12

d(t)−h1
ET

2 R̃4E2 − h12
h2−d(t)ET

3 R̃4E3

)
ξ(t)

−
∫ t

t−h1
ϕT(s)R1 ϕ(t)ds−

∫ t−h2
t−h1

ϕT(s)R2 ϕ(t)ds,

(22)

and

`V4(ϕs(t), i, t) =
.
ϕ

T
(t)
(

h4
1

4 Z1 + h2
s Z2

)
.
ϕ(t)− h2

1
2

∫ 0
−h1

∫ t
t+θ

.
ϕ

T
(s)Z1

.
ϕ(s)dsdθ

−hs
∫ −h1
−h2

∫ t
t+θ

.
ϕ

T
(s)Z2

.
ϕ(s)dsdθ,

(23)

From Lemmas 1 and 2, we have

− h2
1

2

∫ 0
−h1

∫ t
t+θ

.
ϕ

T
(s)Z1

.
ϕ(s)dsdθ ≤ −

∫ 0
−h1

∫ t
t+θ

.
ϕ

T
(s)dsdθZ1

∫ 0
−h1

∫ t
t+θ

.
ϕ(s)dsdθ

= −ξT(t)(ET
4 h2

1Z1E4)ξ(t)
−hs

∫ −h1
−h2

∫ t
t+θ

.
ϕ

T
(s)Z2

.
ϕ(s)dsdθ ≤ −ξT(t)(ET

5 (2hsZ2)E5 + ET
6 (2hsZ2)E6

+ hsh12
h1

ET
1 Z̃2E1 +

hsh12
d(t)−h1

ET
2 Z̃2E2 − hsET

2 Z̃2E2

)
ξ(t)

Thus,

`V4(ϕs(t), i, t) ≤ ξT(t)
(

eT
5

(
h4

1
4 Z1 + h2

s Z2

)
e5 − ET

4 (h
2
1Z1)E4 − ET

5 (2hsZ2)E5 − ET
6 (2hsZ2)E6

− hsh12
h1

ET
1 Z̃2E1− hsh12

d(t)−h1
ET

2 Z̃2E2 + hsET
2 Z̃2E2

)
ξ(t)

(24)

Furthermore, for any appropriate dimension matrix Ji, we have

2ξT(t)Ji[−
.
ϕ(t) +Ai ϕ(t) + Ci ϕ(t− di(t)) + Fi f (x)] = 0 (25)

Since the nonlinear function satisfies the IQC condition, according to the above condi-
tions (18)–(25) and conditions (14) and (15), it can be deduced that

4

∑
ϑ=1

`Vϑ(ϕs(t), r(t), t) ≤ ξT(t)Ψi(di(t))ξ(t) (26)

Furthermore,

`V(ϕs(t), r(t)) ≤ max
i∈N
{λmax(Ψi(di(t)))}‖ξ(t)‖2 (27)

Based on the Dynkin’s formula,

E[V(ϕs(t), r(t))]−V(ϕ̂(t), r(0)) = E
[∫ t

0 `V(ϕs(t), r(t))ds|(ϕ̂(t), r(0))
]

≤ max
i∈N
{λmax(Ψi(di(t)))}E

[∫ t
0 ‖ξ(t)‖

2ds
∣∣∣(ϕ̂(t), r(0))

]
Then,
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−max
i∈N
{λmax(Ψi(di(t)))}E

[∫ t
0 ‖ξ(t)‖

2ds
∣∣∣(ϕ̂(t), r(0))

]
≤ V(ϕ̂(t), r(0))−E[V(ϕs(t), r(t))]

≤ V(ϕ̂(t), r(0))

It is obvious that the maximum eigenvalue λmax(Ψi(di(t))) < 0, then

−max
i∈N
{λmax(Ψi(di(t)))} > 0

Finally,

E
[∫ t

0
‖ξ(t)‖2ds

∣∣∣(ϕ̂(t), r(0))
]
≤ − V(ϕ̂(t), r(0))

max
i∈N
{λmax(Ψi(di(t)))}

< ∞

Then, the closed-loop system (5) is SS, which concludes the proof. �

Remark 2. The matrix inequality (11) can be used easily in combination with the recently proposed
integral inequality to develop new inequalities with less estimation gaps. Moreover, the inequality
(11) can be combined with more efficient LKF to further improve the results.

Remark 3. It is evident that the treatment of the time-delay term depends on the construction of the
LKF. In this paper, the LKF constructs an augmented vector η(t) including more time-varying delay
information, and the LKF includes a triple integration term in Theorem 1. As a result, the conditions
derived in this paper are less conservative and more relaxed than the results from previous studies.

Remark 4. Most of the existing result on the stability of SMJS or MJS consider nonlinearities such
as Lipschitz [27] and one-sided Lipschitz [34]. The nonlinearity satisfying IQC investigated in
this paper contains Lipschitz and one-sided Lipschitz, and the system model is more universal. In
particular, if the symmetric matrix M in Definition 2 is chosen to be in a special form, the IQC can
be transformed into Lipschitz and one-sided Lipschitz. For example, if the matrix M is chosen as

M = α

[
σ2 0
0 −I

]
, α ≥ 0

Equation (7) is equal to

α
[
∆T

x ∆T
f

][σ2 0
0 −I

][
∆x
∆ f

]
≥ 0

The above inequality is equivalent to
√

α[σ||x− x̃||−|| f (x)− f (x̃)||] ≥ 0

This shows that the function f (x) satisfies the Lipschitz constraint. Similarly, when

M = α

[
vI − 1

2 I
− 1

2 I 0

]
, α ≥ 0,

The nonlinear function f (x) satisfies the one-sided Lipschitz constraint.

Because of this, Theorem 1 is also valid for the case of Lipschitz and the one-sided
Lipschitz constraint. For instance, Theorem 1 is simple to be used to provide the following
stochastic stability criteria when f (x) satisfies the Lipschitz constraint.
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Theorem 2. For given constants h1 < h2, α > 0, σ > 0 and symmetric matrix M, the closed-loop
system (5) is SS if, for any i, j ∈ N , there are symmetric positive definite matrices Pi, Q1i, Q2i, R1,
R2, R3, R4, Z1, Z2, and matrices S1, S2, Ji and Ki such that (14), (15) and

Ψi(h1) = Φi(h1) + Λh1 −Ω1 −Ω2,[h1]
+ He{Jiϑi} < 0 (28)

Ψi(h2) = Φi(h2) + Λh2 −Ω1 −Ω2,[h2]
+ He{Jiϑi} < 0 (29)

where

Φi(di(t)) = Φ1i(di(t)) + Φ2i + Φ3,
Φ3 = eT

1
(
h1R1 + h12R2 + ασ2 I

)
e1 − eT

6 αIe6 + eT
5
(
h2

1R3 + h2
12R4 + (h4

1/4)Z1 + h2
s Z2
)
e5

Proof of Theorem 2. When f (x) satisfies the Lipschitz constraint,
√

α[σ||x||−|| f (x)||] ≥ 0

Therefore,

α
[
xT f T(x)

][M11 M12
∗ M22

][
x

f (x)

]
≥ 0

It is obvious that the matrices M11, M12 and M22 in Theorem 1 were chosen to be
special values, i.e., M11 = σ2 I, M12 = 0 and M22 = −I. The conditions (28) and (29) can be
achieved, which concludes the proof. �

Theorem 3. For given constants h1 < h2, εi > 0, α > 0, and symmetric matrix M, the closed-loop
system (5) is SS if, for any i, j ∈ N , there are symmetric positive definite matrices Pi, Q1i, Q2i, R1,
R2, R3, R4, Z1, Z2, and matrices S1, S2, Ji, Y, Gi, Ki such that the following hold

Fi(h1) =

Ψ̃i(h1) −G
T
i P̂

∗ λiiPi 0
∗ ∗ −P

 < 0 (30)

Fi(h1) =

Ψ̃i(h1) −G
T
i P̂

∗ λiiPi 0
∗ ∗ −P

 < 0 (31)

Fi(h2) =

Ψ̃i(h2) −G
T
i P̂

∗ λiiPi 0
∗ ∗ −P

 < 0 (32)

Fi(h2) =

Ψ̃i(h2) −G
T
i P̂

∗ λiiPi 0
∗ ∗ −P

 < 0 (33)

N

∑
j=1

λij(ν)Q1j < R1 (34)

N

∑
j=1

λij(ν)Q2j < R2 (35)

N

∑
j=1

λij(ν)Q1j < R1 (36)
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N

∑
j=1

λij(ν)Q2j < R2 (37)

where

λii(ν) = −
N
∑

j=1,j 6=i
λij(ν), λii(ν) = −

N
∑

j=1,j 6=i
λij(ν),

Ψ̃i(h1) =

[
Φi(h1)−Ω1 − Ξ1 + He{Jiϑi}+ He

{
GT

i τh1
1

}
ET

2 S2

∗ −R̃4

]
,

Ψ̃i(h2) =

[
Φi(h2)−Ω1 − Ξ2 + He{Jiϑi}+ He

{
GT

i τh2
1

}
ET

3 S1

∗ −R̃4 − hsZ̃2

]
,

P = diag
{

P1, . . . , Pi−1, Pi+1, . . . , PN
}

, P̂T =
[
Tiτ

hε
1 , 0

]
, ε = 1, 2,

with

Ξ1 =

[
E2
E3

]T
[

2R̃4 + hsZ̃2 S1
∗ R̃4

][
E2
E3

]
, Ξ2 =

[
E2
E3

]T
[
R̃4 S2

∗ 2R̃4

][
E2
E3

]
,

T i =
[ √

λi1, . . . ,
√

λi(i−1),
√

λi(i+1), . . . ,
√

λiN

]
, G i = [Gi, 0],

T i =
[ √

λi1, . . . ,
√

λi(i−1),
√

λi(i+1), . . . ,
√

λiN

]
Y = diag{I, 0}

Furthermore, a suitable state feedback control gain is given as Ki = J−1YKi.

Proof of Theorem 3. Rewrite (28) as

ΓT
^
Ψi(h1)Γ < 0 (38)

where

Γ =

[
I9n

τh1
1

]
,
^
Ψi(h1) = diag

{
Ψi(hi)− (τh1

1 )
T

λiiPiτ
h1
1 , λiiPi

}

By employing Projection Lemma [35] to Equation (38), it holds that

^
Ψi(h1) + He

{
GT

i Γ⊥
}
< 0 (39)

where G i = [Gi, 0], Γ⊥ is the right null matrix of Γ, Gi ∈ R3n×9n.
Applying the Schur complement lemma to Equation. (39), we can obtain

Fi(h1) =

Ψi(h1) −GT
i (τh1

1 )
T
T T

i
∗ λiiPi 0
∗ ∗ −P

 < 0 (40)

where Ψi(h1) = Φi(h1)−Ω1 −Ω2,[h1]
+ He{Jiϑi}+ He

{
GT

i τh1
1

}
.

The slack matrix Ji introduced in Equation (25) is defined as

Ji =
[

JT, 0, 0, 0, εi JT, 0, 0, 0, 0
]T

(41)
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Letting YKi = JKi in (25), we have

Ki = J−1YKi =

[
J−1
1 0
0 J−1

2

][
Ip 0
0 0

]
Ki

=

[
J−1
1 0
0 0

]
Ki =

[
Km
0

]
where the structure of J is diagonal.

In addition, λij(ν) can be represented as λij(ν) = aλij(ν) + bλij, where a ≥ 0, a ≥ 0
and a + b = 1. Based on the conditions (30) and (31), we can obtain

aFi(h1) + bFi(h1) =

Ψ̃i(h1) −GT
i P̂

∗ (aλii + bλii)Pi 0
∗ ∗ −P

 < 0 (42)

Equation (42) can be obtained from Equation (40) by applying the Schur complement
lemma, i.e., conditions (30) and (31) can give condition (28). Condition (32) and (33) can
also give condition (29).

Similarly,

N
∑

j=1

(
aλij(ν) + bλij(ν)

)
Q1j =

N
∑

j=1
λij(ν)Q1j < R1

N
∑

j=1

(
aλij(ν) + bλij(ν)

)
Q2j =

N
∑

j=1
λij(ν)Q2j < R2

Then, conditions (24)–(31) ensure SS of the closed-loop system (5), which concludes
the proof. �

Remark 5. It is easy to observe that conditions (12) and (13) have a quadratic term nonlinearity(
τhε

1

)T
∑N

j=1 λij(ν)Pjτ
hε
1 . Considering λii(ν) < 0, it is impossible to immediately decouple this

term using the Schur complement, which makes the numerical solution of the stability analysis
problem more challenging. Fortunately, by employing the projection theorem and introducing a free
matrix variable, the solvable stability condition is obtained.

Remark 6. It is worth noting that the design of the static output feedback control law relies on the
augmented matrix B̂i. The augmented matrix B̂i can eliminate the known matrix Bi in advance.
Therefore, this completes the purpose of decoupling, which is the critical breakthrough points of
this paper.

4. Numerical Examples

Example 1

In this part, the proposed controller design method is applied to the F-404 aircraft
engine system [36] to verify the efficacy of the proposed theory. The state space model of
system (1) is described as follows:

.
x =

 −1.46 0 2.428
0.1643 + 0.5βi −0.4 + βi −0.3788

0.3107 0 −2.23

x(t) + Cix(t− di(t)) +

 bi
11 bi

12
bi

21 bi
22

bi
31 bi

33

u +

0.1
0.2
0.3

 f (x)

y = Dix(t)

where x(t) =
[
xT

1 (t) xT
2 (t) xT

3 (t)
]T, with x1(t) indicating the sideslip angle, x2(t) indi-

cating the roll rate, and x3(t) indicating the yaw rate of the F-404 aircraft engine system,
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respectively. These parameters can be provided in Table 1, and the other parameters are
offered up as follows:

Ci =

1 0 0
0 1 0
0 0 1

, Di =

1 0 0
0 1 0
0 0 1.3

, Bi =

0
1
1



Table 1. Parameters of the F-404 aircraft engine system model.

Parameters i = 1 i = 2 i = 3

βi −0.5 1.5 2
bi

11 0.15 0.15 0.15
bi

12 0.12 0.2 0.2
bi

21 0.15 0.13 0.15
bi

22 −1.5 −1.3 −0.15
bi

31 0.2 0.3 0.4
bi

32 0.2 0.3 0.4

In order to conveniently employ the conclusions of Theorem 2, the model is trans-
formed into the following three modes of SMJS:

Mode 1:

.
x =

 −1.46 0 2.428
−0.0857 −0.9 −0.3788
0.3107 0 −2.23

x(t) +

1 0 0
0 1 0
0 0 1

x(t− d1(t)) +

 0.15 0.12
0.15 −1.5
0.2 0.2

u +

0.1
0.2
0.3

 f (x)

y =

1 0 0
0 1 0
0 0 1.3

x(t)

Mode 2:

.
x =

−1.46 0 2.428
0.9143 1.1 −0.3788
0.3107 0 −2.23

x(t) +

1 0 0
0 1 0
0 0 1

x(t− d2(t)) +

 0.15 0.2
0.13 −1.3
0.3 0.3

u +

0.1
0.2
0.3

 f (x)

y =

1 0 0
0 1 0
0 0 1.3

x(t)

Mode 3:

.
x =

−1.46 0 2.428
1.1643 1.6 −0.3788
0.3107 0 −2.23

x(t) +

1 0 0
0 1 0
0 0 1

x(t− d3(t)) +

 0.15 0.2
0.15 −1.5
0.4 0.4

u +

0.1
0.2
0.3

 f (x)

y =

1 0 0
0 1 0
0 0 1.3

x(t)

The system jumping modes {r(t)} are described by the semi-Markov process, and
r(t) = i ∈ {1, 2, 3}. The mode sojourn time will be assumed to follow exponential
distributions with the parameters of 1 and 4, respectively, when i = 1, 2. The last mode
sojourn time will be assumed to follow the Weibull distribution with scale parameter
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and shape parameter of 1 and 2, respectively. Then, the upper and lower bounds for the
transition rate are then chosen as follows:

λij =

−1.5 0.7 0.8
0.4 −1 0.6
0.3 0.7 −1

, λij =

−1 0.3 0.7
0.2 −0.5 0.3
0.1 0.5 −0.6

.

The mode-dependent time-varying delays are assumed to be d1(t) = 1 + 0.4 sin(t),
d2(t) = 1 + 0.8 sin(t) and d3(t) = 1 + 0.2 cos(t). This gives h1 = 0.2, h2 = 1.8, and ε1 = 0.5,
ε2 = 1, ε3 = 0.5. It is assumed that the initial state of the system is ϕ(0) = [1.5 1 3]T, the
initial mode is r0 = 1 and the system nonlinear parameters are α = 0.01, f (x) = σ sin(10t)
and σ = 1.1. Based on Theorem 3, the system can be designed with a static output feedback
control law to make the closed-loop system stochastic stable, and the control law gain
matrices are obtained as:

K1 =

[
−24.7062 −2.01 −11.9365

0.2508 2.5334 −1.2964

]
,

K2 =

[
−27.7127 −4.9369 −6.9075

2.9157 3.6541 −1.2866

]
,

K3 =

[
−84.5315 −47.5973 −12.745
37.1042 34.5375 −1.1839

]
.

Figure 1 illustrates the semi-Markov jump mode. The open-loop system trajectory is
illustrated in Figure 2a, which shows that the system is instable. By using the designed
controller, the state response of the closed-loop system is illustrated in Figure 2b. Figure 2c
illustrates the trajectory of the system output, whereas Figure 2d illustrates the trajectory of
the control input. It is easily found that the designed controller is effective.
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Example 2

Considering system (1), its parameters are described as follows [37]:

Mode 1:

A1 =

[
−0.7050 0.0280
0.0195 −0.6294

]
, C1 =

[
0.1 0
0 0.2

]
, F1 = c1

[
0.1
0.2

]
, c1 = 0.003,

Mode 2:

A2 =

[
−1.1568 0.0064
0.0434 −1.5905

]
, C2 =

[
0.3 0
0 0.1

]
, F1 = c2

[
0.1
0.2

]
, c2 = 0.011,

the other parameters are offered up follows:

Bi =

[
0.1
0.2

]
, Bi =

0
1
1

, Di =

[
1 0
0 1.2

]
,

di(t) = 0.8(1− sin(0.5t)), εi = 1, α = 0.01, f (x) = σ sin(t), σ = 0.5.

It is assumed that the initial state of the system is ϕ(0) =
[
1.5 1 3

]T and the initial
mode is r0 = 1. From Figure 3b, one can show that the system is stochastic stable and the
system state trajectories converge faster compared to that of the literature [37]. Therefore, it
can be shown that the stability criterion obtained in this paper is less conservative.
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Krasovskii functional is constructed, and a mode-dependent static output feedback control
law is designed using the matrix transformation, projection theorem and convex set princi-
ple. The feedback control law is given explicitly in the form of LMI, which is convenient for
a numerical solution. Finally, the effectiveness and advantages of the proposed method are
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focus on the analysis and synthesis problems of observer-based time-delayed SMJS with an
IQC condition.
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