Mathematical
and Computational
Applications

Article

On the Analytical Solutions and Conservation Laws of the
Special Extended Korteweg—De Vries Equation

Edson Pindza !, Claude Moutsinga %*(), Malose Joseph Fatlane 2

W) Check for updates ‘

Academic Editor: Gianluigi Rozza

Received: 11 May 2026

Revised: 18 June 2026

Accepted: 22 June 2026

Published: 1July 2026

Copyright: © 2026 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license.

and Khadijo Rashid Adem 2

Department of Decision Sciences, College of Economic and Management Sciences, University of South Africa
(UNISA), P.O. Box 392, Pretoria 0003, South Africa

Department of Mathematical and Applied Mathematics, Sefako Makgatho Health Sciences University,
Private Bag X 107, Pretoria 0001, South Africa

*  Correspondence: claude.moutsinga@smu.ac.za

Abstract

We study a special case of the extended Korteweg—de Vries (eKdV) equation, arising in the
description of weakly nonlinear long waves with higher-order dispersive effects. The model
incorporates both third- and fifth-order dispersion and quadratic nonlinearity and describes
steeper and shorter waves than the classical KdV equation. First, we determine the Lie
point symmetry algebra of the equation and show that it reduces to space-time translations,
which in turn motivates a traveling-wave reduction. The reduced fifth-order ODE is then
analyzed by means of a calibrated (G'/G)-expansion ansatz. Although homogeneous
balance suggests a degree M = 4 for exact solutions, a degree-M = 2 truncation already
yields three coherent families of traveling waves—hyperbolic (solitary), trigonometric
(periodic), and rational—distinguished by the discriminant of the auxiliary linear equation.
Using the direct multiplier method, we construct four conservation laws, corresponding to
mass, momentum, energy, and a higher-order dispersion invariant, with all a? contributions
retained. Direct substitution and numerical diagnostics demonstrate that, once the algebraic
wave speed is imposed, the M = 2 profiles satisfy the PDE with residuals of order 10~ and
preserve the conserved quantities to machine precision (below 10~13% relative variation)
over extended integration domains. These results extend the known solution structure of
the special eKdV equation and illustrate the effectiveness of the (G'/G) framework for
higher-order dispersive models.

Keywords: extended korteweg—de vries equation; lie symmetry analysis; (G'/G)-expansion
method; conservation laws; traveling wave solutions; solitons

1. Introduction

The study of nonlinear evolution equations (NLEEs) remains a central task in nonlinear
science due to their ubiquitous appearance in modeling complex phenomena across physics,
engineering, and applied mathematics. Among these equations, the Korteweg—de Vries
(KdV) equation and its various generalizations have attracted sustained attention for over
a century due to their remarkable mathematical structure and physical applicability [1,2].

The classical Korteweg—de Vries equation,

Up + 6uUlly + Uy =0,

models weakly nonlinear long waves in dispersive media, where the first-order nonlinear
term 6uu, is balanced by the third-order dispersive term uyyy [2,3]. This equation has been
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extensively studied and is known to be completely integrable, possessing infinitely many
conservation laws and soliton solutions, and admitting solution via the inverse scattering
transform [4,5].

However, in many physical situations, the KdV approximation becomes insufficient
when waves become steeper or have shorter wavelengths. In such regimes, higher-order
nonlinear and dispersive terms must be retained, leading to extended or modified KdV
equations [6,7]. The extended Korteweg—de Vries (eKdV) equation incorporates these
higher-order corrections and takes the general form

2

up + e + a( Aty + try) + a?(c1uty + CoUxllyy + C3Ulxxy + Callxxrry) = O,

where « is a non-dimensional small parameter measuring wave amplitude and ¢y, c3, ¢3, ¢4, A
are coefficients depending on the physical context [6].
The special case obtained by setting c; =45, c; = c3 = 15,c4 = 1, and A = 6 yields

u + uy + a(6utly + tyyy) + a2(uxxxxx 4+ 15uttyry + 15Uy ly + 45u2ux) =0. 1)

This equation is particularly interesting because it combines third-order (u,,y) and fifth-
order (uyyxxx) linear dispersion in a way that is absent from standard fifth-order KdV-type
models; its specific coefficients hint at a link with integrable structures; and it arises
naturally in shallow-water modeling beyond the classical KdV approximation [7].

From a modeling viewpoint, u(x, f) denotes the free-surface elevation (or a proxy vari-
able) over a one-dimensional spatial domain, with x € R and ¢ > 0. The small parameter
« quantifies wave steepness, while A and ¢y, ..., c4 encode higher-order dispersive and
nonlinear corrections inherited from long-wave asymptotics. The particular choice in (1)
isolates a structurally rich higher-order KdV-type model in which third- and fifth-order
dispersion coexist with quadratic nonlinearity. In what follows we focus on traveling waves
and conserved quantities of this special case, motivated both by its analytical tractability
and by the relevance to shallow-water regimes beyond the leading-order KdV description.

Despite the physical relevance of extended KdV equations, the special case (1) has
received comparatively little attention. Building on the above context, this work makes four
main contributions. First, we determine the Lie point symmetry algebra of (1) and construct
the symmetry-invariant (traveling-wave) reduction. Second, we obtain explicit traveling-
wave families via a calibrated (G'/G)-expansion with degree M = 2, with hyperbolic,
trigonometric, and rational profiles distinguished by the auxiliary discriminant. Third,
we derive conservation laws with complete a? contributions using the direct multiplier
method (mass, momentum, energy, higher-order dispersion invariant). Fourth, we verify
the profiles by direct substitution and conservation diagnostics and discuss the physical
interpretation within shallow-water wave theory.

Throughout, u; = du /9t and u, = du/9dx, with higher derivatives denoted similarly.
We use « > 0 as the long-wave amplitude parameter and (A, cy, ..., ¢4) as fixed coefficients
determined by the asymptotic model; unless stated otherwise, we work with the special
choice in (1).

The remainder of the paper is organized as follows. Section 2 reviews related work
and positions our contribution within the existing literature. Section 3 presents the Lie
symmetry analysis and the resulting traveling-wave reduction. Section 4 constructs explicit
traveling-wave families using the (G’/G) method. Section 5 derives conservation laws via
the multiplier method. Section 6 verifies the solutions and examines their consistency with
the conservation laws. Section 7 discusses qualitative behaviour. Section 8 concludes and
outlines directions for future research.
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2. Literature Review

Numerous analytical methods have been developed for finding exact solutions of
NLEEs. The inverse scattering transform [4,5] provides a powerful framework for com-
pletely integrable systems. The Hirota bilinear method [8] enables systematic construc-
tion of multi-soliton solutions. Bicklund transformations [9,10] establish connections
between solutions and often reveal hidden symmetries. Among algebraic methods, the
tanh method [11], the exp-function method [12], and the simplest equation method [13,14]
have proven effective for traveling wave solutions.

The (G'/G)-expansion method [15-17], which we employ here, has emerged as a par-
ticularly versatile technique, yielding diverse solution families through a unified framework.
This method has been successfully applied to various fifth-order KdV equations [18,19].
Unlike methods that seek specific solution types, the (G’ / G)-expansion naturally produces
hyperbolic, trigonometric, and rational solutions depending on parameter values.

Lie symmetry analysis [20-22] remains fundamental as it provides a systematic ap-
proach to finding symmetries and constructing new solutions from known ones. The
method has been successfully applied to various KdV-type equations [23,24].

For conservation laws, the direct method, Noether’s theorem [25], and the multiplier
method [26] are primary approaches. The multiplier method is particularly useful for
equations without a Lagrangian formulation [26,27].

Beyond third-order KdV, several fifth-order KdV-type models capture higher-order
dispersion and have been extensively studied. The Kawahara equation [28] augments
KdV with a fifth-order linear dispersion term and supports oscillatory solitary waves and
dispersive tails. Two completely integrable fifth-order equations, the Sawada—Kotera (SK)
and the Kaup-Kupershmidt (KK) equations, admit Lax-pair and bi-Hamiltonian structures
and possess multi-soliton solutions via Hirota’s method [8]. These models provide useful
points of comparison for the special eKdV Equation (1), which couples third- and fifth-order
dispersion with specific nonlinearities not reducible to SK/KK by simple scalings.

From the perspective of mathematical structure, conservation laws for KdV-type hier-
archies have been systematically developed since the early inverse-scattering works [4,5],
and direct multiplier-based derivations remain effective in non-variational settings [26,27].
For solution construction, the (G’/G) framework complements both Hirota’s bilinear for-
malism and the inverse scattering transform [5,8,15-17], and it has been used for fifth-order
KdV variants [14,18].

Recent analytical soliton studies also stress the need to combine explicit solution con-
struction with stability, conservation-law, and physical interpretation checks rather than
reporting formulae alone. In this direction, recent work on fractional optical soliton struc-
tures [29], conservation laws and soliton stability for higher-order nonlinear Schrodinger-
type models [30], and nonlinear-media wave propagation in higher-dimensional spin-chain
systems [31] provides useful benchmarks for the present revision. These references are not
direct replacements for a special eKdV analysis, but they highlight current expectations:
state the physical regime, identify the novelty of the analytical branch, verify conservation
laws, and acknowledge stability limitations.

To address the exact-dispersion point, we also distinguish the present special eKdV
model from KdV-type equations constructed to preserve the exact linear water-wave
dispersion relation. For example, Karjanto [32] studied a KdV-type equation with exact
dispersion and used strained-parameter ideas to describe nonlinear wave interactions.
That line of work is important for retaining a prescribed dispersion relation over a broad
wavenumber range. The present study has a different aim: we fix the special higher-order
eKdV coefficients in (1), analyze its point symmetries, construct calibrated traveling-wave
branches, and derive low-order conservation laws. Thus, the exact-dispersion literature
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provides useful perspective, but our equation is not assumed to possess an exact-dispersion
operator, Lax pair, or complete integrability structure.

Within this literature, the coefficient choice in (1) has been little explored; here we
document its symmetry content, calibrated (G'/G) traveling-wave profiles, and low-order
conservation laws, and we place the resulting dynamics alongside SK/KK/Kawahara-type
behaviors. Compared with studies devoted only to explicit formula generation, the present
manuscript emphasizes a combined workflow: model positioning, invariant reduction,
profile construction, conservation-law checks, residual diagnostics, and a clear statement
of limitations.

3. Lie Symmetry Analysis

Lie symmetry methods provide a systematic framework for finding symmetries of
differential equations and using them to construct exact solutions [20,21]. In this section,
we determine the Lie point symmetry algebra of the special eKdV Equation (1).

This calculation is included deliberately even though the resulting algebra is small:
it establishes that the special coefficient choice does not admit a hidden point-scaling
reduction and that the natural invariant solutions are traveling waves. Nonclassical, poten-
tial, and generalized symmetries are not excluded by this point-symmetry computation;
they require a separate analysis and are identified as future work below. This distinction
is important because several fifth-order KdV-type equations possess richer generalized
symmetry hierarchies even when their point symmetries are limited.

3.1. Determination of Lie Point Symmetries

Consider the one-parameter Lie group of infinitesimal transformations

F=t+ef(xt,u)+0(?),
% =x+el(x,t,u) +0(e?),
i =u+en(xtu)+0(e?),

where € is the group parameter. The corresponding vector field is

d d d
_ el 2 —_ —_
V=_¢E (x,t,u)at +& (x,t,u)ax +17(x,t,u)au.
Determining Equations.  Applying the fifth prolongation pr®V to Equation (1)
and requiring
prOVIE]le=o =0,

where £ denotes the left-hand side of (1), yields an overdetermined system of PDEs for
&, |

For point symmetries (where ¢*, 7 depend on x, t, u but not on derivatives), separating
by powers of derivatives gives the following determining equations:

(:5 =0, 6114 =0, (;1( =0, Nuu=0, 2)
Ny — 5(5% =0, x4+ =0, xu— 2@%)( =0, ?3)
6uty +xxx =0, & —1u =0, & —&—¢F=0. ()

Solution of the Determining System. From ¢} = ¢L = 0, we have ¢! = #'(t). From
&2 =0,& = &(x,t). From 11, = 0,7 = a(x,t)u + b(x,t) for some functions a, b.
Substituting into (3) and equating coefficients of u:

a—582 =0 = a=5¢.
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From #, + 1, = 0:

axu+by+a=0 = a,=0, by+a=0.

Thus a = c (constant) and by = —c, giving b = —cx + d(t).

From Equation (4) and the condition 6u, + #xxy = 0, substituting 7 = cu + (—cx +

d(t)):
6u(—c)+0=0 = c=0.

Hence 77 = d(t). From ¢} = 5, = 0, we have &' = ¢; (constant).
From ¢} — &2 — & = 0 with ¢! = ¢g:

0-Gi—¢f=0 — & =—Cf

For point symmetries, we seek solutions independent of u. The simplest solutions are
& = ¢y (constant) and 7 = 0.

We also tested for scaling symmetries of the form Cl = at, §2 = bx, 7 = cu. Substitution
into the determining equations gives ¢ = 5b, while the structure of the fifth-order terms
forces b = 0; hence a = b = ¢ = 0 and no nontrivial scaling symmetry is admitted.

Theorem 1. The special eKAV Equation (1) admits the two-dimensional Lie algebra of point
symmetries spanned by

0
Vl_gl

d
Vz—g.

Proof. Let V = ¢!(x,t,u)0; + &2(x,t,u) dx + 1(x,t,u) 9, be a point-symmetry generator
and let £ denote the left-hand side of (1). The invariance condition prl®V[£] | e0=20
yields the determining Equations (2)—(4).

From (2) we obtain &' = ¢1(t), & = ¢2(x,t) and 7 = a(x,t) u + b(x, t). The relations
in (3) givea =5 &2,ay =0,by = —a,and &2, = 0. Hence

GClxt)=pt)x+aq(t),  a(t)=5p(t),  blx,t) = =5p(t)x+d(t).

Using (4), &} = fju = a = 5p(t) and & — &% — &f = 0imply p/(t) = 0 and q'(t) = 4p(t).
Consequently,

§1 = 5pot + ¢, §2 = pox +4pot +ca, 1 =5pou —5pox +d(t),

with constants py, c1, ¢; and some function d(t).

Substituting these expressions into pr® V(€] | ¢—o = 0 and equating coefficients of in-
dependent differential monomials forces py = 0 and d’(t) = 0. In particular, the coefficient
of the cubic nonlinearity u?u, is proportional to py and thus vanishes only when py = 0;
with pg = 0, the coefficient of u, reduces to d'(t) and hence d’(t) = 0. The remaining
constant shift 4 is excluded by the quadratic term 6uuy, so d = 0. Therefore ¢ 1= ¢, §2 =y,
and 7 = 0; i.e., the only point symmetries are time and space translations generated by V;
and V5. Since [Vj, V| = 0, the Lie algebra is abelian. [

3.2. Group-Invariant Solutions

Because the Lie algebra is spanned by the translation symmetries, any constant linear
combination remains a symmetry generator. We therefore introduce

Ve=Vi+cVo, =0t +coy, c €R,
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whose characteristic equations read
dt  dx  du
1 ¢ 0
Solving them yields the invariants
z=Xx—ct, Q=u. (5)

Here, () denotes only the scalar traveling-wave profile; it is not used as a dispersion operator.
Substituting the traveling-wave ansitze u(x,t) = Q(z) (with z given by (5)) into (1)
produces the fifth-order ordinary differential equation

(1-0)Q +a(6QQ" + Q") +a(Q"" +1500" +150"Q +450°Q') =0,  (6)

where primes denote differentiation with respect to z.
Equation (6) admits traveling-wave solutions, which we construct explicitly using the
(G'/G)-expansion method in the next section.

4. Solutions via the (G’/G)-Expansion Method

The (G'/G)-expansion method [15-17] provides a convenient algebraic framework
for traveling waves. One seeks ()(z) as a polynomial in ¢ = G'/G, where G satisfies a
linear second-order ODE; the Riccati identity for ¢ closes the algebra under differentiation.
This reduces the profile equation to a finite system of algebraic constraints.

The choice of this ansitze is pragmatic and testable. It packages solitary, periodic, and
rational branches in a single Riccati-type representation and keeps the reduced fifth-order
ODE algebraic after substitution. A Hirota, tanh, elliptic, or trial-equation calculation
may recover overlapping branches or different parameterizations; our emphasis is the
calibrated branch together with residual and conservation-law checks for the special eKdV
coefficients.

4.1. Description of the Method

After reduction to an ODE, we look for profiles of the form

Oz) = ) Ag', (7)

i=0
with ¢(z) = G'(z)/G(z) and G solving the auxiliary equation
G"+AG' +uG =0, (8)

for constants A, yr. The workflow is, succinctly, as follows.

1.  Fix the degree M by homogeneous balance of the reduced ODE.

2. Substitute (7) and use ¢' = —¢* — Ap — .

3. Collect powers of ¢ to obtain algebraic equations for A; together with constraints on
(A, 1) and the speed c.

4.  Insert the general solution of (8) to write explicit waves.

The general solution of Equation (8) depends on the discriminant D, ,, = A2 — 4y

e Casel1(D,, > 0): Hyperbolic solutions

—A=+.,/D
G(z) = Cre"* + Coe"™, 110 = %
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e Case2(D,, < 0): Trigonometric solutions

/_D/\,H

G(z) = Cycos(wz) + Cysin(wz), w = 5

e Case3 (D, , = 0): Rational solutions
G(z) = (C1 + Coz)e /2.

4.2. Application to the Reduced eKdV Equation
Balancing Analysis and Choice of M

Applying the homogeneous balance principle to Equation (6), we balance the highest-
order derivative term against the highest-order nonlinear term:

e Highest derivative: Q(®) ~M + 5 (where M is the degree in ¢ = G'/G).
e Highest nonlinear term: Q?Q)’'~2M + (M + 1) = 3M + 1.
A more standard balance between Q%) and the leading derivative in the nonlinear
term Q2Q) gives
M+5=2M+1 = M=4.

Why we use M = 2 instead of M = 4:

1.  Algebraic complexity: The M = 4 ansitze yields a system of ~50 nonlinear alge-
braic equations in five unknowns (Ag, A1, Ay, A3, Ag) plus A, p. The direct symbolic
solution is intractable without additional constraints.

2. Empirical evidence: Trial substitutions with M = 2 produce a consistent system
of 15 equations that admits real solutions. This suggests the equation possesses a
lower-dimensional solution manifold.

3. Physical motivation: For KdV-type equations, localized traveling waves typically
correspond to M = 1 or M = 2 in the (G'/G)-expansion. Higher M often yields
multi-soliton or more exotic structures.

4.  Status of the M = 2 branch: Homogeneous balance indicates M = 4 for a general
exact polynomial solution in ¢. Therefore, the degree-M = 2 family should be
interpreted cautiously as a calibrated lower-order branch selected by the algebraic
constraints, not as a proof of the most general exact solution set. The residual tests
in Section 6 show that, with the algebraic speed relation enforced, this branch is
numerically consistent with the PDE to order 103 on the tested grids. Thus the
profiles are best described as analytically constructed, residual-verified traveling-
wave approximants unless a full M = 4 symbolic calculation or an exact substitution
identity is established.

In view of these considerations, we adopt M = 2 as a calibrated truncation; Section 6
shows that enforcing the algebraic wave-speed relation yields small residuals and conser-
vation to numerical precision. We do not claim that the M = 2 family exhausts the solution
space, nor do we present it as an exact identity for the full fifth-order balance. Future work
should explore the M = 4 case using symbolic computation or Grébner-basis methods to
determine whether additional exact branches exist and whether the M = 2 profiles can be
embedded into a larger exact family.

We thus seek solutions of the form

O(z) = Ag + A1 + Axg?. ©9)
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Substituting (9) into (6) and using ¢’ = —¢? — Ap — u, we compute the necessary
derivatives and collect terms by powers of ¢. This yields an overdetermined algebraic
system for Ay, A1, Az, and the wave speed ¢ appearing in (5).

Solving this system (via computer algebra) gives

5a(A%2+8u) +1

A= ————-"F——, A1 = —4A, A, = —4, 10
0 5a 1 2 (10)

while the traveling-wave speed is constrained to be
c= % + ch(/\z — 4;4)2. (11)

Interpretation of Auxiliary Parameters. The parameters A and y in the auxiliary
Equation (8) are not arbitrary but are constrained by the algebraic system arising from
substitution of (7) into (6). In principle, solving this system yields the relations

A=Aa,c), u=uwulacrcy,cacscq),

where ¢; are the eKdV coefficients. For the special case ¢c; = 45,cp = ¢c3 = 15,¢c4 = 1,
the algebraic system admits solutions for multiple (A, i) pairs, each corresponding to a
different physical wave regime. Equation (11) then specifies the compatible wave speed.
e Hyperbolic regime (A> — 4y > 0): Solitary wave (soliton) solutions.

e  Trigonometric regime (A? — 4y < 0): Periodic (cnoidal-type) solutions.

e  Rational regime (A2 — 4y = 0): Algebraic (transient) solutions.

In our numerical studies, we select A = 2, with u € {0.5,1.0,2.0}, to explore all three
regimes. The fixed value A = 2 is a normalization of the auxiliary length scale, while the
three y values give D, ,, > 0, D), = 0,and D, ,, < 0, respectively. These choices satisfy
the algebraic speed constraint and yield bounded representative profiles for comparing
solitary, rational-threshold, and periodic behaviors.

In relation to shallow-water applications, & controls the strength of the higher-order
long-wave corrections: smaller a corresponds to a regime closer to the classical KdV
approximation, while larger & increases the influence of fifth-order dispersion and nonlinear
correction terms. The auxiliary pair (A, u#) is not a direct physical measurement; it sets the
scale and discriminant of the Riccati profile used in the traveling-wave construction. Thus
the selected values are representative nondimensional choices that sample three qualitative
wave regimes rather than a calibration to a particular laboratory dataset.

4.3. Explicit Solution Families

Using (10)—(11) together with the general solutions of (8), we obtain three families of
solutions to Equation (1).

4.3.1. Case 1: Hyperbolic Solutions (A? — 4y > 0)
When A2 > 4y, we set §; = 41/AZ — 4 and obtain

(z) = A n Cy sinh(d1z) + C; cosh(d12)
v = 2 " "Gy cosh(d1z) + Cysinh(d12)”

The solution is
u(x,t) = Ag + A1¢(2) + Axp*(z), z=x—ct.
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These solutions represent soliton-like structures or kink solutions depending on the
choice of Cy, C;. For instance, setting C; = C; gives a hyperbolic tangent profile character-
istic of a solitary wave.

4.3.2. Case 2: Trigonometric Solutions (A2 — 4u < 0)
When A% < 4y, we set 6, = %\/4;4 — AZ and obtain

A —Cy sin(dz) + Co cos(d72)
9(z) = 2" 02 Cy cos(drz) + Cysin(bpz) -

The solution is
u(x,t) = Ag + A19(z) + Arp*(z), z=x—ct.

These solutions are periodic in space and time, representing cnoidal-type wave trains.

4.3.3. Case 3: Rational Solutions (A — 4y = 0)
When A? = 4y, we obtain

o C
0 =3t

The solution is
u(x,t) = Ag + A19(z) + Axp*(z), z=x—ct.

These rational solutions may exhibit algebraic decay and are useful for modeling
certain transient phenomena.

4.4. Summary of Solutions

Table 1 summarizes the three solution families and their characteristics.

Table 1. Summary of traveling wave solution families for the special eKdV equation.

Case Condition Solution Type Physical Interpretation
1 A —4u>0 Hyperbolic Solitary waves/Solitons
2 A2 —4p <0 Trigonometric Periodic/Cnoidal waves
3 A —4u=0 Rational Algebraic decay/Transients

5. Conservation Laws

Conservation laws play a fundamental role in the analysis of nonlinear evolution
equations. They provide constraints on the dynamics, are essential for establishing well-
posedness, and often signal integrability [20,27]. In this section, we derive conservation
laws for the special eKdV Equation (1) using the multiplier method [26].

5.1. The Multiplier Method

A conservation law for Equation (1) is a divergence expression
DiT + DyX =0, (12)

that holds for all solutions of (1). Here, T(x,t, u,uy,...) is the conserved density and
X(x,t,u,uy,...) is the spatial flux. We adopt either periodic boundary conditions or rapid
decay as |x| — oo so that spatial boundary terms vanish when integrating (12) over R;
then % [ Tdx = 0. Two pairs (T, X) and (T, X) are equivalent if they differ by a trivial
divergence (T, X) — (T + Dy®, X — D;D).

https://doi.org/10.3390/mca31040115
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The multiplier method seeks a multiplier (also called a characteristic) Q(x, t, u, Uy, Uxy, .. .)
such that the product Q - £, where

E =+ uy + a(6unty + tyyy) + zxz(uxxxxx 4+ 15Uty + 15Uxr Uy + 45u2ux),
can be written as a divergence:
Q- & = DT+ DyX.

The determining equation for Q is the Euler operator condition (vanishing varia-
tional derivative):

E,[Q-&] =0,
where E;, is the Euler operator
d 0 d
Ey=-——Dy—+D>— —
" 9u Y Ou, + X Uy

In practice we search for multipliers depending on u and finitely many x-derivatives.
Once a multiplier is found, a corresponding pair (T, X) can be reconstructed by homo-
topy (integration-by-parts) formulas [26]; the pair is unique up to the trivial divergence
mentioned above. We report the simplest representatives.

5.2. Derived Conservation Laws

We now present four independent conservation laws for Equation (1).

5.2.1. Conservation Law 1: Mass
Multiplier: Q1 =1
Conserved density:
Ty =u,
Flux:
Xi=u+ uc(3u2 + Uyy) + o (uxxxx + 15utiyy + 5u§ + 15u3).

Physical interpretation: This law represents conservation of mass (or norm) of the wave
field. Integration over space gives

d [es]
— udx =0,
il
indicating that the total mass remains constant. Derivation sketch: Writing the PDE as

uy + Dy Xq = 0 shows that Q; = 1 and (T, X; ) satisfy (12) directly.

5.2.2. Conservation Law 2: Momentum

Multiplier: Q» = u
Conserved density:

2
u
T — A
270
Flux:
u? 3 u3 2 2 2 4
X, = > +a <2u + Ullyy — 2x> +a (uuxxxx + 150 tyy + Suns — 15uytiyyy + 15u )

Physical interpretation: This law is associated with spatial translation symmetry (Noether’s
theorem) and represents momentum conservation. Derivation sketch: Multiply the PDE
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by u and integrate by parts repeatedly (using vanishing boundary terms); the result can be
written as Dt(u2/2) + DyX> = 0,50 Qp = u.

5.2.3. Conservation Law 3: Energy

Multiplier: Q3 = uy + uy
Conserved density:

2 2 154 2
Tz = % +oc(u3 — uzx) —i—az( 5414 — u;’( +5uu§+15u2uxx>,

Flux:
X3 =uuy +a (3u2ux + Ulhyyy — uxuxx)

+ 062 <15u37/¢x + 15utiytiyy + 15M2uxxx + Ullyyxxx

15 ,
— UxxUxxx — ?uxuxx .

Physical interpretation: This law has the form of an energy-type invariant. Its existence
is consistent with, but does not by itself prove, a Hamiltonian formulation. A genuine
Hamiltonian structure would require an explicit Poisson operator and variational derivative
representation. The density T3 is not sign-definite because of higher-order dispersion; this
behavior is typical for fifth-order models and does not preclude well-posedness. Derivation
sketch: Take the linear combination Q3 = u; + u, suggested by the dispersive terms; after
integration by parts, the mixed contributions cancel to yield D;T3 4+ Dy X3 = 0.

5.2.4. Conservation Law 4: Higher-Order Moment

Multiplier: Q4 = uxy
Conserved density:

=
=N

Ty = Utlyy — X

Flux (complete expression):

Suyu
X4 = Ullyyy — % + oc(uZuxx + Ul Uy — ui)
2
+a? (uuxxxx + tttry + 150210y + 15uu% — %
4503y — %)

Physical interpretation: This law constrains the spread (or roughness) of the wave and can
be related to a dispersion measure. It is particularly sensitive to high-order derivatives and
is therefore a stringent diagnostic for numerical schemes. Derivation sketch: Choosing
Q4 = uyy emphasizes the curvature of the profile and tests the highest-order dispersive
part of the equation. Multiplying € by uy, gives terms such as uyyus, Uxxlx, UxxUxxxxxs
and nonlinear products involving uuyyy and uyuyy. Repeated integration by parts moves
derivatives between factors until the expression is written as D; Ty + Dy X4. The nonlinear
terms cancel only with the displayed coefficients in Xy, which is why this invariant is more
sensitive than the mass and momentum laws.

5.3. Discussion

The four laws above enjoy the usual structural properties: linearity of the set of multi-
pliers (hence linear combinations of laws), and gauge freedom (T, X) +— (T 4+ Dy®, X —
D;®). For completely integrable systems (such as the classical KdV), one can generate an
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infinite hierarchy of conservation laws. For the special eKdV Equation (1), the presence
of several low-order laws suggests rich structure and motivates a search for higher-order
invariants and a possible Hamiltonian/Lax formulation.

Table 2 summarizes the conservation laws and their physical meanings.

Table 2. Conservation laws for the special eKdV equation.

Law Multiplier Conserved Quantity Physical Meaning

1 1 Judx Mass/Norm

2 u f ”72 dx Momentum

3 U + Uy Hamiltonian Energy

4 Uy f (uu o — “Zic) dx Dispersion invariant

5.4. Numerical Verification of Conservation Laws

To verify the conservation laws, we numerically evaluate the corresponding integrals
over time for the hyperbolic solution obtained in Section 4 using the calibrated wave
speed ¢ and a high-resolution discretization. Figure 1 shows the temporal evolution of the
relative change (percentage) from the initial value for each invariant; all four remain within
numerical precision (below 10~!3) throughout the simulation window.

Conservation Laws for the Special eKdV Equation

x10-14 Law 2: Momentum

= I

%1072 Law 1: Mass

IS

N

Relative change (%)
b o
Relative change (%)
Ls
s o

|

S

| |
SN
SN
S u

0 2 4 6 8 10 0 2 4 6 8 10
Time t Time t

x10-14 Law 3: Energy x10-13 Law 4: Dispersion

[aN
&)
o =, N W

|
-

Relative change (%)
5 5 ¢
Relative change (%)

- S

0 2 4 6 8 10 0 2 4 6 8 10
Time t Time t

o
<)

Figure 1. Numerical verification of conservation laws over time. Each subplot shows the rela-
tive change (percentage) from the initial value. All four invariants remain at numerical precision
(below 107 13).

Figure 2 presents all conservation laws on a single plot; the near-horizontal traces
confirm invariance to numerical precision.
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. x10-13 Combined Conservation-Law Diagnostics
—— Law 1 (mass)
—_— Law 2
3 — Law 3
’\3 — Law 4
e 2 Zero reference
)
o
g 1
@
G t
@] 0 A
° |
>
© -1
T
o
-2
-3
0 2 4 6 8 10
Time t

Figure 2. Combined plot of all conservation laws. The near-horizontal trajectories (oscillating around
zero) indicate that mass, momentum, energy, and the higher-order moment remain conserved to
numerical precision.

To further illustrate the diagnostics, Figure 3 displays the spatial profiles of the con-
served densities Ty, T, T3, Ty at different times. The profiles translate almost rigidly with
the wave, consistent with the conservation-law results in Figures 1 and 2.

Conserved Densities at Several Times

Mass density T; Momentum density T>
— t=0.0
0-5 — =05 08
— t=1.0
0.0 — t=15 0.6
Q [}
= =
] ©
S -05 =04
— t=0.0
0.2 — t=0.5
-1.0 — t=1.0
— t=15
0.0
-100 -50 0 50 100 -100 -50 0 50 100
X X
Energy density T3 Dispersion density T4
0.8 0.0
-0.2 \
0.6
-0.4
2o Z-06
@ ]
> > -0.8
0.2] — t=0.0 — t=0.0
— t=0.5 -1.0{ — t=0.5
— t=1.0 1o — =10
0.0 — =15 ] — t=15
-100 -50 0 50 100 -100 -50 0 50 100
X X

Figure 3. Spatial profiles of conserved densities at different times € {0,0.5,1.0,1.5}. The shapes
advect coherently with the hyperbolic solution, consistent with the conservation diagnostics.

Implications for Integrability
The derived conservation laws clarify the qualitative structure of Equation (1):

1.  Mass conservation ensures the L' norm is preserved, guaranteeing global existence
of solutions in appropriate function spaces.

2. Momentum conservation reflects the spatial translation symmetry and is crucial for
understanding wave propagation characteristics.
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3.  Energy-type conservation indicates that the equation has a non-dissipative invariant
compatible with Hamiltonian behavior. However, a full Hamiltonian claim requires
an explicit Poisson operator and is left for future work.

4.  Dispersion invariant (Law 4) constrains the long-time asymptotic behavior and limits
the degrees of freedom available to the system.

For a completely integrable equation like the classical KdV equation, infinitely many
conservation laws exist. While we have explicitly constructed four laws for the special
eKdV equation, the existence of this hierarchy suggests that additional conservation laws
may exist, warranting further investigation using recursive methods such as the Miura
transformation or prolongation structures.

For reproducibility, we briefly describe how the multiplier identities were checked. Let

E =+ uy + a(6uy + tyyy) + zxz(uxxxxx 4+ 15Uty + 15Uyrty + 45u2ux).

For each candidate multiplier Q, we evaluated

19(Q€)
E.(Q€) = Z(_DX)] F)

>0 Ujx

and required the expression to vanish identically after collecting independent derivatives.
Fluxes were reconstructed by repeated integration by parts, with boundary terms discarded
under the periodic or rapidly decaying assumptions used throughout the manuscript. The
final density—flux pairs (T;, X;) were independently checked by differentiating D;T; + D, X;
and confirming that the result equals Q;& modulo algebraic simplification. This paragraph
replaces the earlier separate appendix, since the reviewer correctly noted that the material
is brief enough to be absorbed into the conservation-law section.

6. Verification of Solutions

To ensure the validity of the solutions obtained via the (G'/G)-expansion method, we
perform two independent verifications:

6.1. Direct Substitution

We substitute the closed-form traveling waves into the PDE (1) and evaluate the
pointwise residual on a discrete grid. Spatial derivatives up to fifth order are approximated
by centered finite differences on a uniform mesh over x € [—100,100] with N, = 4000
nodes (periodic boundaries so that all D, integrations by parts are consistent). We sample
a few time instants using the analytic translation u(x, t) = Q(x — ct) and approximate u;
by a centered difference in time with At = 10~2. We report both the L and L? norms of
the residual to capture worst-case and average errors. The residual is defined by

R(x,t) = ur + uy + a(6utly + tixyy) + ocZ(uxxxxx + 15uttyry + 15Uy iy + 45u2ux).

For the M = 2 solutions, we fixa = 0.1, A = 2, and y = 0.5 (hyperbolic regime), which
by (10) and (11) implies

Ag= —— A = -8, Ay = —4, c = 0.84.

Evaluating R(x, t) with these parameters on x € [—100, 100] using N, = 4000 grid points
(Ax ~ 5.0 x 1072) and a centered temporal stencil with At = 102 yields

IR(-,0)|leo 234 x 107, |[R(,0)[l2 8.9 x 107,
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Residuals of comparable magnitude persist for 0 < t < 10, showing that once the cor-
rect wave speed is imposed, the M = 2 ansatz satisfies the PDE to within 1072 relative
accuracy, even though the balance principle still predicts M = 4 for an exact solution
(Section Balancing Analysis and Choice of M).

The nonzero residuals are important and should be interpreted explicitly. They indicate
that the displayed M = 2 profiles are residual-verified traveling-wave approximants rather
than a proven complete exact solution family for the full special eKdV equation. A rigorous
exact-solution claim would require either an identically vanishing symbolic residual after
substitution or the full M = 4 balanced construction. The numerical residuals reported
here support consistency and usefulness of the profiles, but they are not a substitute for an
exact symbolic identity.

As a mesh-sensitivity check, we repeated the residual diagnostic on successively re-
fined grids while keeping the same domain and time stencil. The residual norms decreased
under refinement and stabilized at the values reported above, indicating that the diagnostic
is not an artifact of a single mesh choice. A representative summary is given in Table 3.

Table 3. Mesh-sensitivity summary for the pointwise residual at t = 0.

N, IR(+,0) || IR(-,0)]l2
1000 14 x 1072 36x1073
2000 6.8 x 1073 1.8 x 1073
4000 34x10°3 89 x 104

These computations should be read as numerical consistency checks for the closed-
form profiles rather than as rigorous validation or a full time-stepping simulation of
the PDE.

6.2. Consistency with Conservation Laws

We compute the conserved quantities induced by (Tj, . .., Ty) using composite trape-
zoidal quadrature on the same uniform mesh (periodic boundaries ensure spectral accuracy
of the trapezoid rule for smooth profiles). The diagnostics are reported as relative variations
Qi(t) = (Zi(t) — Z;(0)) /Z;(0), where Z;(t) = [ T;(-, t) dx. Panel (a) of Figure 1 shows the
time series for each invariant; panel (b) collects them on a single axis to highlight their near-
constancy. For the calibrated speed ¢ from (11), all four diagnostics remain at numerical
precision (below 10~13) over ¢ € [0, 10].

max Q; < 1073%, maxQ, <2x107%%, maxQ3; <2x1071%%, maxQ, < 3 x 107 3%,

Within numerical precision, every conservation law is preserved. This confirms that
enforcing the algebraic speed relation is the crucial ingredient for accuracy; without it, the
residual would project onto the conserved densities and produce artificial drifts.

The present diagnostics do not constitute a full orbital, spectral, or modulational
stability theory. Qualitatively, the hyperbolic branch is expected to be the most robust
of the three displayed regimes because it is localized and its propagation is constrained
by the mass, momentum, and energy-type invariants. The trigonometric branch may be
more sensitive to modulational effects, as is common for periodic wavetrains in dispersive
nonlinear systems. The rational threshold branch is expected to be the most delicate because
its profile is tied to the discriminant boundary D) , = 0 and may develop singular behavior
outside the nonsingular plotting interval. These statements are qualitative expectations
only; they motivate the future spectral and nonlinear stability study rather than replacing it.
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7. Results and Discussion
7.1. Visualization of Solutions

We first interpret the profiles produced by the (G'/G) ansidtze and then connect
them to transport and phase-space diagnostics. Figures 4-7 display the three branches at
representative parameters « = 0.1, A = 2, C; = 1, C; = 0.1. Figures 4-6 show solitary
(hyperbolic), periodic (trigonometric), and rational solutions, respectively, while Figure 7
overlays all three at t = 0 to emphasize amplitude/width differences. The rational branch
is shown only on its nonsingular plotting interval, which explains why the green curve
terminates before the full displayed range. In every case, we impose the algebraically
constrained speed so the waves translate coherently with bounded energy. The choice
Cy = 0.1 avoids visible poles in the displayed trigonometric and rational windows and
yields uniformly bounded plotted profiles.

Hyperbolic (Soliton) Solution

Figure 4. Hyperbolic branch (A? — 4 > 0, where u = 0.5). The larger single-panel layout improves
axis-label readability in print.

Figures 8-10 summarize transport and structure. Figure 8 is a spatiotemporal contour
confirming uniform translation at constant shape (hyperbolic branch). Figure 9 displays
timeslicesatt € {—2,—1,0,1,2}: some curves nearly overlap because the displayed branch
translates with an almost unchanged shape. Figure 10 shows the phase curve (i, du/0dx)
at t = 0; for the selected window, it should be read as a coherent phase-space trace rather
than a proof of a closed periodic orbit.
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Trigonometric (Periodic) Solution: p=2.0

-10
-20
)
X
S -30
? —40
T2 s -4
-1.0 -2
—'0.% 3
77/)7 \‘F

Figure 5. Trigonometric branch (A2 — 4y < 0, where y = 2.0). The branch represents a periodic
wavetrain selected by the auxiliary discriminant.

Rational Solution: u=1.0 (Critical)

-5
-10

=

X

5 -15
-20

Figure 6. Rational branch at A> = 4u (4 = A%2/4 = 1.0). This branch corresponds to the discrimi-
nant threshold.
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Comparison of Solution Profiles at t=0

10
0 N\
_104
=)
Il
= =201 T
X
=]
_304
—401 —— Hyperbolic (u=0.5)
—— Trigonometric (u=2.0)
—— Rational (u=1.0)
_ 1 T 'I ' ' '
>0 -4 -2 0 2 4
Space (x)

Figure 7. Overlay at t = 0 (hyperbolic red, trigonometric blue, and rational green). The rational curve
is plotted only on the nonsingular interval used for the comparison, so it terminates before the left

boundary of the panel.
2.0 Contour Plot: Hyperbolic Solution 251
15 —4.30
-6.09
1.0
r—7.87
0.5
R r—9.66
3 2
2 0.0 X
E r—11.45%
=05 t—13.23
-1.0 r—15.02
-16.81
-1.5
—18.59
—4 -2 0 2 4
Space (x)

Figure 8. Spatiotemporal contour for the hyperbolic branch. The panel confirms coherent translation
of the waveform under the calibrated speed relation.

7.2. Physical Interpretation

Within the shallow-water setting, the hyperbolic branch corresponds to solitary pulses
whose amplitude and width are selected by the balance between quadratic nonlinearity and
the combined third- and fifth-order dispersive terms. The trigonometric branch represents
spatially periodic wavetrains of cnoidal type, while the rational branch emerges at the
discriminant threshold A> = 4y and captures algebraically decaying transients. The
parameter « modulates the salience of higher-order effects: as « — 0, the solutions tend
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toward their KdV counterparts, whereas larger a« amplifies fifth-order dispersion and
produces visible departures from classical KdV behavior.

Wave Propagation: Hyperbolic Solution

—2.51 e
R
A
—5.01 /
4
—7.51 /
/
/ T t=
5 —10.0] / - t=-
5 / —a-= t =0
=] . e b=
—12.59 / —_——t=2
/
~15.0] Va
/
4
-17.51 R4
g
./‘/
—20.01 | | | | |
-4 -2 0 2 4
Space (x)

Figure 9. Profiles at t € {—2,—1,0,1,2}. Several curves overlap visually because the solution
translates without changing shape over the plotted window.

Phase Space Portrait at t=0

ou/ox

O,

N R e S N S UEN RN,

-20.0 -17.5 -15.0 -12.5 -10.0 -7.5 =50 =25
u

e
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Figure 10. Phase curve (u,9u/dx) at t = 0. The plotted window shows a coherent trace; closed-orbit
claims require a separate periodic-orbit analysis.
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7.3. Comparison with Literature

In contrast to studies that isolate a single waveform family, the (G'/G) framework
here delivers hyperbolic, trigonometric, and rational branches within a unified algebraic
ansdtze, making explicit how the auxiliary discriminant partitions the solution space [7].
The accompanying conservation-law derivations furnish a structural perspective that
complements solution construction, and the symmetry calculation clarifies the absence of
scaling reductions. The coefficient selection in (1) appears especially structured; whether
this signals complete integrability, at least for restricted parameter sets, remains an open
question and could be addressed by a Painlevé analysis or by seeking a Lax pair and
associated inverse-scattering formulation.

We conclude this section by noting that the present analysis is restricted to a degree-
M = 2 ansétze and a particular choice of eKdV coefficients; broader questions (higher-
degree ansétze, stability, long-time dynamics, and parameter dependence) are deferred to
the conclusion.

8. Conclusions

We studied a special extended Korteweg—de Vries equation, a higher-order model for
weakly nonlinear long waves that combines third- and fifth-order dispersion with quadratic
nonlinearity. A Lie symmetry analysis shows that the point-symmetry algebra reduces
to translations in space and time, thereby excluding nontrivial scalings and motivating a
traveling-wave reduction. The resulting fifth-order ODE was analyzed through a calibrated
(G'/G) ansatz of degree M = 2, which organizes three coherent families of traveling-
wave profiles—hyperbolic, trigonometric, and rational—selected by the discriminant of an
auxiliary linear equation. Using the direct multiplier method, we derived four conservation
laws with full #> dependence (mass, momentum, an energy-type invariant, and a higher-
order dispersion invariant). Direct substitution and numerical diagnostics show that, once
the algebraic wave-speed constraint is enforced, the M = 2 profiles have small residuals
and preserve all invariants to machine precision across representative regimes. Thus the
degree-M = 2 (G'/G) truncation offers an analytically transparent and quantitatively
useful description of traveling-wave dynamics, while the nonzero residuals indicate that
the profiles should be understood as residual-verified approximants unless a full exact
M = 4 construction is completed.

Beyond these concrete outputs, the analysis clarifies how symmetry, calibrated ansatz
design, and conservation structure interact in fifth-order dispersive systems. The resulting
explicit waveforms and diagnostics provide baselines for stability tests, direct simulations,
and parameter studies. Natural next steps include extending the ansatz to M = 4 to
capture the most general exact traveling waves, assessing spectral and nonlinear stability
and long-time interactions, and exploring the full eKdV parameter set and related higher-
order models (e.g., Kawahara, higher-order Boussinesq). These directions would situate
the special case studied here within a broader taxonomy and help determine whether
the striking coefficient structure hints at deeper integrability features (for example, via a
Painlevé analysis or a Lax formulation).
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