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Abstract

Quantum computing has emerged as a revolutionary technology in recent years, with
wide-ranging applications across many fields. It provides a significant advantage in
terms of exponential speedups, leading researchers to believe that classical computing
cannot overcome this gap. However, its true potential has not yet been thoroughly in-
vestigated in statistics. In the present study, we incorporate quantum dynamics into the
statistical estimation method and propose a quantum-based estimation approach, i.e.,
quantum maximum likelihood estimation. The proposed method leverages quantum
principles and dynamics to estimate the unknown parameters of probability distribu-
tions. This study implements the proposed method to estimate the Laplace location pa-
rameter. Simulation studies and real-world analyses are performed to evaluate the per-
formance of the QMLE estimate of the Laplace parameter compared to the MLE estimate.
The validity of the QMLE estimate is also assessed through variance and convergence
analyses. All the findings validate the potential computational advantages of the QMLE
approach as a competitive and promising method for parameter estimation of the La-
place parameter. QMLE provides more accurate, precise, efficient, less uncertain, and
better-fitting estimates than MLE. Overall, the results indicate that statistical estimation
theory can be improved by incorporating quantum dynamics into the classical estimation
process.

Keywords: estimation; Laplace distribution; quantum computing; Quantum Maximum
Likelihood Estimation; quantum state; quantum filter

1. Laplace Distribution

Pierre-Simon Laplace introduced the Laplace distribution, also called the first law of
Laplace, in 1774. The second law of Laplace, also called the Gaussian or normal distribu-
tion, was proposed in 1778. The random variable of the Laplace distribution arises as the
difference of two exponential variables with the same scale, so it is also known as the
double exponential distribution.

The exponential decay in the density function of the Laplace distribution, measured
by the absolute distance from the mean, leads to slower decay in the tails and a higher
central peak. Therefore, the Laplace distribution has a sharper peak and heavier tails
than the normal distribution, indicating it is leptokurtic. The simplicity of Laplace dis-
tributions and their characteristic functions make them popular in probability theory.
Laplace distributions were used by the famous probabilist ].M. Keynes in 1911 as a law of
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errors. This distribution has a broader range of applications in various fields, including
engineering, business, biology, astronomy, environmental sciences [1], life testing, ma-
chine learning, finance, economics, speech and image recognition, quality control, hy-
drology, geology, telecommunication, and nuclear medicine. The probability density
function of the classical Laplace distribution, with location and scale parameters, has the
following form.

[w —
a

f(w)=2laexp(— > —oo<w< oo 1)

Here, p € (—o0, ) represents the location parameter and a > 0 represents the scale
parameter of the Laplace distribution. It is a symmetric distribution around p, whose
tails are heavier than normal distribution but not heavier than those of a Cauchy distri-
bution. The Laplace distribution has close relationships with other distributions, such as
exponential, chi-square, uniform, Cauchy, normal, Rayleigh, and double Lomax distri-
butions. Its role in the theory of Brownian motion for modeling random times is also
significant. It highlights the importance of the Laplace distribution in distribution theory
[2]. The Laplace distribution models symmetric data with long tails, while the normal
distribution is used when the tails are shorter. This characteristic enables the Laplace
distribution to model data with extreme values (outliers) more effectively. It is essential
to choose an appropriate probability distribution in statistical inference, with tail proba-
bilities, to draw the best possible conclusions [3,4]. The Laplace distribution is also used
for error modelling, e.g., in global navigation systems, astronomy, etc., which motivates
the least absolute deviation method for parameter estimation [5].

Many studies introduced skewness into symmetric distributions and proposed their
skewed forms. Various skewed forms of the Laplace distribution have also been intro-
duced in the literature. One of the earliest skewed forms of Laplace has the probability
density function as

1 w—
(gexp(—a ll)’ ifw<p
fwy =1 @)
- if

where —co < w < 00, —00 < 1 < 00,a4,a, > 0 [6].

Moreover, various studies have proposed generalized and extended forms of the
Laplace distribution to capture heavy-tailed probabilities. Further research continues to
highlight its key role and to reflect more real-world applications of the Laplace distribu-
tion in life testing, reliability, telecommunications, and related fields.

2. Methods of Estimation

Methods of statistical analysis heavily depend on the underlying probability dis-
tributions. To model the various phenomena of the real world, larger classes of proba-
bility distributions and statistical methodologies have been developed over the years.
Further, the parameter estimation of these probability distributions plays a significant
role in statistical inference. It provides the fundamentals for prediction, modeling, and
decision making across several real-life domains [3]. The Laplace distribution is an im-
portant distribution for modeling lifetimes in telecommunications, engineering, and life
testing. It is often used as an alternative distribution of the Gaussian distribution in some
robustness studies. The location parameter represents the mean of the Laplace distribu-
tion, while the scale parameter controls its spread. Accurate parameter estimation for the
Laplace distribution is crucial in environmental and biological sciences, astronomy, life
testing, medicine, inventory management, finance, and quality control [6].
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Several statistical methods, with distinct characteristics and tailored to specific re-
al-world scenarios, are proposed for parameter estimation. Maximum likelihood estima-
tion (MLE), method of moments (MoM) [3,7,8], and Bayesian methods are among the
most widely used for estimating the parameters of the Laplace distribution. Linear esti-
mation based on ordered observations and best linear unbiased estimators is also found
in the literature for Laplace parameters [4,9]. Further, methods such as L-moments [10],
trimmed L-moments [11], and robust estimation [12] have also been proposed for pa-
rameter estimation of probability distributions. Recently, a method called quantile least
square has also been used for the estimation of location-scale families [13]. However,
these methods are computationally intensive and are not widely used for parameter es-
timation of the Laplace distribution.

One of the powerful statistical estimation methods is MLE, which estimates the pa-
rameters of different probability distributions using observed data. MLE maximizes the
likelihood function L(9; wy, Wy, ..., w,), of a probability distribution and identify the pa-
rameter’s value which maximizes L(9;wy, wy, ..., wy). Here wy,wy, ..., w, represent the
values of observed data and 9 represents the parameter [14,15]. MLE estimates are in-
variant, sufficient, asymptotically efficient, and consistent estimates. These estimates are
asymptotically unbiased but biased in small samples. Additionally, these estimates are
numerically sensitive to small changes in observed values and become inconsistent when
the model is not specified correctly [16,17]. Moment estimates are biased, less efficient,
inconsistent, and do not offer a natural framework for handling censored data and vari-
ance estimation [16]. The location parameter of the Laplace distribution is the median
when its likelihood function is maximized [3], whereas its moment estimate is the mean
[7].

The method of Bayesian estimation involves prior and posterior distributions, and
the choice of prior information is crucial. All the inferences are based on the selection of
previous knowledge. Bayesian estimation can yield computationally intensive and bi-
ased results with non-conjugate priors [18]. A prior distribution provides prior
knowledge about the parameters, while the posterior distribution for Bayesian estimation
is obtained from the likelihood of the sample distribution and this prior distribution [15].
Researchers used various discrete and continuous probability distributions and loss
functions as prior information for Bayesian estimation of Laplace parameters [4,9,19].

Accurate and precise parameter estimation validates theoretical foundations and
enables sound decision making and predictive modeling in statistical inference. The most
common methods for estimating Laplace parameters across various applied fields are the
MOM, MLE, and Bayesian methods. Notwithstanding the significant success of these es-
timation methods, they have pros and cons depending on the specific application, data
nature, sample size, and inferential objectives, offering trade-offs among efficiency, ac-
curacy, robustness, and interpretability. Further, in cases of censored samples or sparse
data where precise measurements are difficult, implementing these methods becomes
challenging. These limitations motivate the adoption of novel computational technolo-
gies, such as quantum computing (QC), in statistical estimation procedures. QC uses
principles of quantum mechanics to speed up computation by allowing parallel paths.
The development of quantum-based statistical estimation, such as quantum maximum
likelihood estimation, can accelerate the estimation process potentially, improving the
precision and accuracy of classical methods.

3. Quantum Computing

Classical computing achieved tremendous success in the 1950s due to its high
computational power. However, the potential of quantum computing to solve complex
tasks more efficiently attracted scientists, and by the 1980s, they began to consider this
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new computing paradigm. QC has emerged as a revolutionary technology in recent years
due to its widespread applications across various fields. Its mechanical system performs
computations on quantum hardware using principles of quantum mechanics, such as
quantum superposition, interference, and entanglement. The significant speed advantage
of QC over classical computing indicates its supremacy, and researchers strongly believe
that classical computing cannot overcome this gap [20]. Quantum computations use
qubits, or quantum bits, to process quantum information, while classical computation
relies on bits and has a limited ability to perform complex calculations. There are only
two possible values for bits: 1 or 0, which describe their state as having only one value at
a time. At the same time, a qubit not only exists in its pure states of 0 or 1 but also in a
linear combination of these pure states at the same time, i.e., in more than a single state
simultaneously, known as a superposition. The generic states of bits and qubits are
shown in Figure 1 [21].

Bits Qubits

1
Oorlor
@0

0

Only one state at a time More than one state simultaneously

Figure 1. Generic states of classical bits and qubits.

Dirac notation |.) is a standard notation used to represent quantum states in quan-
tum mechanics. For instance, Dirac ket vectors of two pure states [0) or |1) have their
respective complex matrices (3) and ((1)) The superposition state of qubits as a linear
combination of pure states is defined as

l@) = by0) + b, [1) ®)

where the coefficients b; and b, belong to complex numbers such that (by,b;) € C,
representing the probability amplitude of two basic states, i.e., |b;|? + |b,|* = 1. Qubits
are used to store information in a quantum mechanism, where superposition and entan-
glement play significant roles [20]. Superposition enables quantum parallelism in QC,
enabling vast calculations to be conducted simultaneously. It reduces the number of
computational steps and solves high-complexity problems more efficiently. Its combina-
tion with entanglement enables parallel computation and improves computational effi-
ciency, enabling probabilistic solutions in quantum algorithms [22]. Quantum entan-
glement indicates the relationship between several qubits when they are combined and
correlated. It enables information to propagate between distant quantum systems and
allows a single qubit to change the overall state of all other qubits when an operation is
performed on it. This characteristic increases computational efficiency [23]. Another
property of QC is quantum coherence, which enables quantum states to maintain their
superposition state over time despite external interference. Qubits are initialized in a
register to process the QC and store information in a quantum processor, where quantum
gates are applied to these input qubits. Quantum entanglement and superposition enable
quantum gates to change the state of qubits and perform computations to generate some
classical output. Qubit initialization is important for processing quantum information
and for performing quantum computation [20,24]. Qubits, their quantum states, quantum
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gates, and quantum circuits are building blocks of quantum computing in quantum al-
gorithms.

Current developments in quantum-based methodologies across various fields mo-
tivate academic researchers and statisticians to incorporate quantum dynamics into sta-
tistical methods. This incorporation will bridge the gap between quantum computing
and statistics. Given the significant use of the Laplace distribution across various do-
mains, the growing demand for computing, and the growing strength of quantum
computing, this study proposes a quantum-inspired estimation framework to estimate
the parameters of the Laplace distribution. This approach has the potential to outperform
the classical estimation approach and improve the statistical estimation process.

4. Quantum Maximum Likelihood Estimation

Maximum likelihood estimation is a classical estimation method that uses observed
data and obtains parameter estimates by maximizing the likelihood function of the
probability distributions. MLE provides invariant, sufficient, asymptotically efficient, and
consistent estimates. However, its estimates are numerically sensitive, biased and have
some computational limitations for complex models and high-dimensional data [17].
Richer dynamics of QC offer the computational efficacy to cope with these challenges,
providing potential advantages. Many researchers have attempted to incorporate quan-
tum evolution into classical estimation methods to estimate quantum parameters [25-28].
Recently, Clausen et al. [25] used the Kraus map, sensitivity equations, quantum filter,
and stochastic differential equations to formulate a recursive log-likelihood gradient
framework and estimated quantum parameters [25]. The Kraus map is a mathematical
tool that describes the changes in quantum states due to the measurement process or en-
vironmental interactions [20]. A quantum filter is another tool that mathematically esti-
mates the evolution of quantum states over time. In practice, it is not easy to observe a
true quantum state due to measurement disturbance and quantum uncertainty [29]. Su-
race and Pfister [27] also used quantum states, a quantum filter, and its corresponding
sensitivity equations to estimate quantum parameters via MLE. However, Cortez et al.
[26] did not involve the propagation of the quantum filter in their computations.

In the present study, we incorporate quantum dynamics into the statistical estima-
tion method, and a quantum-based estimation approach, i.e., quantum maximum like-
lihood estimation (QMLE), is proposed. The proposed QMLE method leverages quantum
principles via the Kraus map, quantum states, sensitivity equations, and a quantum filter
to estimate the unknown parameters of probability distributions. Further, this study im-
plemented the QMLE method to estimate the Laplace parameters. The Kraus map,
quantum state, and quantum filter play a significant role in the quantum-inspired esti-
mation approach. The Kraus map determines the quantum state evolution under deco-
herence and measurements, while the quantum filter updates these states. Further, the
gradient-ascent-based approach iteratively estimates the unknown parameters in this
OMLE method.

This proposed framework aims to provide more accurate and efficient parameter
estimates for continuous probability distributions to improve statistical estimation by
integrating quantum theory into the classical estimation method. The performance of this
novel QMLE framework will be compared with that of the classical MLE method. The
classical MLE method serves as a widely used and standard benchmark in statistical in-
ference. The direct comparison between QMLE and MLE aims to evaluate the potential
advantages of quantum incorporation into classical estimation procedures and assess
whether the quantum-inspired framework provides any improvements compared to
classical likelihood estimation. The QMLE approach has the potential to outperform the
classical MLE method. Laplace distribution has closed form MLE estimates and
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well-understood properties. We used Laplace distribution as a benchmark problem in
our study to evaluate the statistical performance, convergence behavior and feasibility of
our proposed QMLE framework, estimating the same statistical objects as classical MLE.
Our broader motivation is introducing a quantum-inspired estimation mechanism,

which can be extended for the scenarios where the closed form estimators are not avail-
able.

4.1. QMLE Framework

We consider a density matrix ¢ to represent the mathematical form of quantum
states. For a valid density matrix, it holds that ¢ € C™, i.e., ¢ is a complex matrix of size
m, ¢ =0, and Trace(p) = 1. These properties highlight the probabilistic nature of ¢,
encapsulating all statistical information of a quantum state. In our proposed QMLE
framework, the quantum state evolves continuously under stochastic measurement
outcomes, and the evolution determines each measurement outcome at each minor in-
terval after the Kraus map is applied. The Kraus map in the current quantum state ¢,
depending on measurements w; and parameter 9, has a mathematical form

:
B0 (@0 = Oy, @t Oy, + (1 — Q) Lo LAt )
where
1
Ofw, =1 iH(O)At -~ LFLAt + VO LAw, )
Aw, = VO Ty ((L + LDg,) At + AV, ©)

Equation (4), a stochastic master equation (SME), captures measurement effects and
decoherence arising from measurement inefficiency. 03,, defines the quantum state
evolution during a small time interval, i.e., At, conditioned to stochastic measurement
outcome Aw;. The measurement operator 03, integrates both stochastic and deter-

ministic dynamics and @gwt+ confirms the accurate mathematical form of quantum state
evolution. (1 — Q) Lo LfAt models decoherence with Q€ [0,1], where Q = 1 indicates
ideal measurement. Further, Hamiltonian operator H(9), specifying the unitary evolu-
tion subject to parameters ‘9" and Lindblad operator L, models the decoherence induced
by measurements, indicating an environmental effect on the quantum state. The Hamil-
tonian operator needs to hold Ht = H, ensuring unitary evolution, and L must be a
well-defined linear operator, reflecting measurement back-action and decoherence. In
our QMLE framework, the selection of L and H(9) is very important. Aw, in Equation
(6) defines an incremental measurement signal of measurement outcomes, where the
Wiener process AV, is a noise in measurement outcomes which captures the probabilistic

nature of measurement and Tr ((L + L‘L)(pt) is the expected value of L + L' with respect

to ¢,. This equation indicates a balance between deterministic evolution of the quantum
state and randomness.

In our QMLE methodology, Hamiltonian term H(9) updates the quantum state
depending on the unknown value of parameter ‘9’. Parameter ‘9’ is estimated by max-
imizing L(9; wy, @), which is based on this quantum state evolution. A quantum filter is
used to describe the evolution of the quantum state under decoherence and measurement
(Equations (7,8)):

Ewt,s (@)
Ty (Ewt,ﬂ((pt))

Pryot =

@)
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0%, @t Oy, + (1 — DLep,LTAL
Pryst = P P
Tr (@Awt@t 0%y, +(1- Q)L(ptL’fAt)

®)

where Tr (Ewt,{, ((pt)) = P(w¢|9, @), a probability of measurement outcome based on the
parameter and quantum state. Trace ensures normalization of the updated density ma-
trix, i.e., Y, Tr (Ewt,ﬁ((pt)) = 1. As the true quantum state is unknown, we use @, the

best estimated quantum state, to obtain an estimate 9 of the true 9.

(T) _ Ewt,s ((T)t) (9)
t+6t — /. N\

T5 (S0 (@)
OB, Pt O, + (1 — DLPLIAL "

Prest = — T —
Ty (0%, @c O, + (1 — WLPLIAL)

Likelihood function over measurements {wi}icjor) conditioned on the initial esti-
mated quantum state @, and parameter 9 is defined as

L1 (8 wiory, @) = P(wior19, o) (11)
Ly (9; wiory, @0) = Tr (Ewo,e ((T’o)) LTy (Ewl,s (@1)) T (EWT,B (@T)) (12)
T
L (9 wiom, o) = | [ 1 (6wea(@0) (13)
t=0
It can be written as
Letrst = Lesst (95 Weise, @o) (14)

The recursive form of this likelihood function and its log-likelihood function are
given in Equations (15) and (16), respectively.

Levse = Tr (Ew&,s (({St+8t)) Ly (2)
10g(Lurse) = 108 (Tr (Buges @rran))) + log(L) ©)
We take log(Liyst) = Liyse and log(Ly) £ L
Levse = log (TI' (Ew&,{)((ﬁt+8t))) + G “)
Leyse — Lp = log (Tr (EWSt:B ((T’t+5t))) )

Gradient Ascent Approach

Gradient ascent is the most commonly used approach in parameter estimation to
maximize the log-likelihood function. It iteratively updates an estimate 9, starting from
an initial guess 9, and steps in the direction of the gradient with B; > 0, i.e., some var-
ying step size. In our QMLE framework, Equation (19) provides an iterative update to
maximize ET(ﬁj), where VSET@]) is the gradient of QT(fA)]-) w.r.t. 9, computed at the
current estimated value, which depends on @; and {wi}cjo1), @ complete measurement
record.

801 =9+ BV 1 (9)) (6)
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T
0y by 05,
L N 20 20
Vol 68+;6¢)t 39 (20)

Equation (20) encapsulates both direct and indirect effects of 9 on L where the
indirect effect is captured through the impact on @, at each time t. This decomposition
structure simplifies computations by separating the effects and aligns with quantum fil-
tering, in which quantum state estimates are continuously updated. We used the sensi-
tivity equation to capture the changes in @; due to 9 and provide the computationally

26
20
time t, while @, is a filtered quantum state. Filter sensitivity measures the sensitivity of

feasible formulation of the estimation process. We define S, = filter sensitivity at

Py w.r.t. parameter 9. It is traceless, i.e., Trace(S;) = 0, a Hermitian operator having
dimensions the same as those of ®;. We differentiate @,s; given in equation (9) w.r.t. 9
to find filter sensitivity Si,st:

0 [ Eweo(@0)

Seage = == | — T _ 21
09\ 1y (5, 0(90) “
5 = D0Ben (@) + By T (205 @) + Eun(0) o
t+8t — - t+6t
Ty (w0 (@) Tr (s (@)
Equation (18) implies that
5ty = = £y = log (Tr (5,0 (@) 23)

SL; sums all the previous incremental contributions of log-likelihood from initial meas-
urement to current measurement, ie., [L;= ZiT:o 8L;. Instead of recalculating from
scratch at each step, it enables incremental gradient updates with measurements.

T
Volr =V, Z 80, (24)
i=0
= /a(s0,)  a(se) 09
i i (]
= N (2 9% 2
Volr Z;( 3 %, as) (25)
i=
_ a6y | A(6CLr) 0
VBQT— 39 + a(’ﬁT -ﬁ"’vx‘)DT—l (7)

601 = log (T;~ (Ewt_ﬂ(c’f)t)>) implies

0607)  Tr (908w, o(@0) + Euw0(SD)

= ®)
99 Tr (w0 (@)
Also,
(8 0P
OLr) 00 _, )
0oy 09
We obtain Equation (29) from Equations (26)—(28)
Tr (058w 0 (B0 + By (D)
Volr = + Volr (10)

Tr (S0 (@)

Equation (19) of updating a parameter estimate 9 becomes
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Tr (0580 (B0 + w0 (S)
Tr (S0 (@)

Equations of quantum filter (9-10), filter sensitivity (22), and gradient updates (30)

941 =9 +B; + Volr_q (30)

provide our framework of the QMLE framework to estimate an unknown parameter 9.

Prvse = Euw,0 (1) 9
t+6t — T N\
Tr (s (@0
~ T ~
o Oa @Oy, + (1 - Q)LPLIAL
Peysr = T 5 ~ o T P (10)
r (G)Awt(pt Opw, +(1— QLY.L At)
0980 (@) + Euwno (S T (580 (@0 + B ()
t+6t = — - — Petst (2}
Tr (Ewt,s(tpt)) Tr (Ewt,ﬁ((pt))
o (Tr(05Bwes @0 + (D)
Oj41 =95 + B + Vol ©0)

Tr (w0 (@)

The above framework will simulate all previous states and filter updates, i.e., the
entire quantum trajectory, for gradient computation, which is computationally intensive.
Instead of computing the gradient over the whole quantum trajectory, we can use the
latest recursion of the quantum filter and the sensitivity equation to approximate it before
updating the estimate. It emphasizes the latest modification in log-likelihood 6L (91-) for
the gradient computation and the preceding function becomes independent of 9 and @,
once it has been used to estimate 9, i.e.,, VyLr_; = 0. It simplifies gradient computation.
The QMLE trajectory is updated as

(T) _ Ewt,ﬁ(q\)t) a1
+6t — /N
T Ty (Bn @0) o
05 s @) + Eue5 (S Tr(95buw d @0 +80,5(SD)
t+6t — : ~ ' - ~ QPre6t (€2)
Tr (B, (@0)) Tr (5, 0(@0)
o Tr (0580 (@0 + uws(SD)
8j+1 = ‘8] + B] (33)

T (5,5 (@)

This framework updates the parameter estimates for each of the observation recur-
sively in real time using incoming data, rather than recalculating it over the entire da-
taset. The final estimate of these update estimates is obtained by applying the estimation
functional of the statistical model or probability distribution under consideration.

5. QMLE Framework for Estimating Laplace Parameter

The Laplace distribution is important in statistical inference due to its practical rel-
evancy. Its location parameter represents the distribution’s mean, while its scale param-
eter controls the distribution’s spread. Accurate estimation of Laplace parameters is cru-
cial for statistical modeling in environmental and biological sciences, life testing, as-
tronomy, medicine, inventory management, finance, and quality control [6]. The QMLE
parameter estimation method uses quantum filtering and its sensitivity equations to in-
corporate classical data into the quantum estimation trajectory and provides data-driven
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estimates. This section describes the implementation of the proposed QMLE framework
to estimate the Laplace parameter. Primarily, our study focuses on estimating the loca-
tion parameter of the Laplace distribution, assuming the scale parameter is known. The
idea is implanting classical likelihood estimation into quantum dynamics, where sto-
chastic evolution provides estimates. For this purpose, a Kraus map as a measurement
operator encodes the Laplace parameters in a quantum system, incorporating both de-
terministic and stochastic effects and is given as

~ wa)~ ~(a)t .
B a) (@) = O ®c O + (1 — Q) L LT At (34)
o 1
Ome) =1- (iH(u, a)+5 LTL) At + VO LAw, (35)
where H(p,a) and L are Hamiltonian and Lindblad operators, respectively, defined as
v a
H(y a) = 50z F 5 0x (36)
L = Va (o, + ioy) (11)

The Hamiltonian and Lindblad operators are valid, aligned with the quantum tra-
jectory for estimating the Laplace parameter using the QMLE framework, and chosen
according to structural properties of Laplace likelihood. The Laplace distribution reflects
the piecewise linear log-likelihood and heavy-tailed natures that distinguish it from a
normal distribution. The Hamiltonian operator H(p,a) is constructed to capture this
behavior depending on parameters where p is the location parameter to be estimated
and a is a known scale parameter. It linearly depends on p through o, that encodes p
as a phase shift in quantum state while a incorporated through oy, ensures quantum
evolution under heavy-tailed noise. The Lindblad operator models an interaction be-
tween a quantum system and the environment through o € [0.01,1.0], 0, and oy. The
value of a controls the strength of quantum measurement and defines estimation sensi-
tivity, having a direct influence on the measurement outcomes and estimation process. It
requires compatibility with quantum dynamics, i.e., a value that is neither too high nor
too low. This stochastic dynamics of the Lindblad operator allows quantum filtering to
generate gradient updates, being consistent with the Laplace score-function, and sup-
ports robust parameter estimation. The Hamiltonian operator introduces a unitary evo-
lution and L defines irreversibility, and both make it a real-world system. Additionally,
o, and oy are the Pauli gates, which are used to model real quantum dynamics in this
estimation framework. These gates acquire important information from the external en-
vironment and process parameter estimates. w, shows a measurement signal, which is
affected by stochastic noise AVy, Lindblad L and (, described as

Aw, = VA Ty (L +LDG,) At + AV, 12)

AV, = N(0, At) (13)

The quantum filter evolves a quantum system, and updates the estimates of param-
eters based on the measurements, as

EWt,(ﬁ,a) (q?)t)
Tr (Ewt,(a,a) @t))

Further, an equation of filter sensitivity is obtained by differentiating the quantum

Prase = (40)

filter §,s¢ given above w.r.t. parameter .
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9(@rist) (141
Stiyse = —at; - )
sh = 0 &wea) (@) + & nay (SH)
t+8t — R
Tr (Ewt,(ﬁ,a)(q)t))
Tr (%Ewt,m,a) @) + & ua) (S ”t)) R (42)
- ~ P46t
Tr (Ewt,(ﬁ,a) ((Pt))

We obtain parameter updates for the estimation of an unknown parameter p as

Tr (6 ww,@a) (@0 + Swo@a) (S “t))
Tr (Ewt,(ﬁ,a) (‘T’t))

The dynamics of our proposed QMLE uses a quantum filter and evolution of

Ren = 5 + B (43)

quantum state to estimate the unknown parameters. This framework is consistent with
classical estimation by MLE and provides quantum stochastic benefits, upholding the
statistical structure of probability distributions.

The QMLE performance depends on several hyperparameters, i.e., measurement
strength (a), learning rate (B), measurement efficiency (1), time step (At). These hy-
perparameters govern the learning process and quantum dynamics. The accuracy of the
estimator depends on a and its moderate value balances the noise and information
gain. () represents the measurement efficiency and its value closer to 1 improves the
precision of the estimation and the performance of QMLE degrades as ) decreases. 8
controls the step size in parameter updating. Its larger values lead to the fastest conver-
gence but may also increase instability. However, an adaptive learning rate improves
stability. At controls the numerical resolution in quantum filter updating. A sufficiently
smaller value of time step provides stable evolution of quantum state, ensuring more
accurate and stable estimates. Further, a much smaller value of decay factor allows
smooth step size reduction in optimization and improves the convergence robustness.

Quantum Algorithm

The QMLE framework for estimating the Laplace location parameter is summarized
as an algorithm.

Step 1: Initialize various QMLE parameters such as o = 0.1, = 0.7, At = 0.01, Pauli
gates o, and o, number of iterations = N, decay factor = 0.0001 and adaptive learning

_ Bo : — o _
rate = (1+decay factorxabsolute gradient) having B, = 0.1 and bounds Byin = 0.001, Bmax =
0.5.

Step 2: Define the initial value of the quantum state as § = ;I, filter sensitivity as
S" =0, and the initial mean estimates as {i = w;.

Step 3: Iterate G)gwt, H,L, Aw,, and AV, using Equations (35)-(39) N times, update
the equations of the quantum filter (40) and filter sensitivity (42), compute gradients and
update estimates using Equation (43) after every iteration.

Step 4: Store these updated values of {i for each sample and compute the median of
these stored values as a QMLE estimate figm g of the location parameter of the Laplace
distribution.

It uses one-qubit representation of quantum state where the measurement opera-
tions are performed at each of iteration and have unitary evolution. The representation of
a single qubit is sufficient to encode the location parameter where two Pauli gates are
applied to perform the evolution of quantum state. The measurement complexity of this
algorithm is proportional to the number of simulation replications and number of itera-
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tions. To implement this algorithm practically and estimate the parameter accurately, we
require multiple measurements at each of iteration. An end-to-end implementation of the
quantum-inspired algorithm is given in a diagram representation below (see figure 2).

|0y ——m State Initialization » Parameter Encoding ——P Quantum Evolution

v
Measurement

v
Quantum Filter Update

v
Likelihood Evaluation

v
Parameter Optimization

» Loop Back
Figure 2. Quantum-inspired algorithm.

This study also evaluates the performance of the QMLE estimate of the Laplace pa-
rameter compared with its analytically computed MLE estimate in both simulation
studies and real-world analyses. For this purpose, we compute various statistical metrics
such as bias, mean absolute error (MAE), relative mean error (RME), root mean squared
error (RMSE), mean squared error (MSE), coverage probabilities (CP), average length
(AL) from 95% confidence interval, standard error (SE), and variance and convergence
plots.

Mean Square Error (MSE)

R
1
MSEGD) = ) (A = 0)? (44)
r=1

where p is the true parameter, R is the replication number of simulations and f, is the
estimated parameter for the rth simulation.
Mean Absolute Error (MAE)

x| -

R

MAE@) = ) it = il = mean |, — ul (45)
r=1
Confidence Interval

The confidence intervals (95%) for both classical MLE and QMLE are constructed
using SEs computed from the repeated Monte Carlo simulations. The empirical standard
deviation of the estimates is computed across Monte Carlo runs for each of the estimators
and used as SEs. The normal approximation is used to construct the confidence intervals
as

fi + zo95 X SE(f1)

where z;95 = 1.96 and SE({1) represents Monte-Carlo-based standard deviation of the
estimates. The AL is calculated by taking the mean width of constructed intervals across
all runs while the CP is computed as proportion of simulation replications within which
the intervals contain the true parameter.

The simulation studies and real-data analysis are performed in Sections 6 and 7,
respectively.
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6. Simulation Study

The simulation study estimates the Laplace location parameter using both classical
MLE and QMLE methods and evaluates the accuracy and efficiency of QMLE estimates
across numerous metrics. Its objective is to validate the theoretical advantage of incor-
porating quantum computations into classical statistical estimation and to assess the
performance of the QMLE method compared to classical MLE. The classical method is
used as a benchmark for comparison. In this section, we conduct the simulation studies
based on 100 Monte Carlo (MC) runs, and data is generated from the Laplace distribution
L(w, a) of size n having different settings of true parameters and sample sizes (Table 1).

Table 1. Simulation settings.

Simulations Runs (R) Sample Size (n) True Parameters (p,a)
1)
100 25, 50, 70, 100, 150, 250, 500 (5,2)
(10,3)

These combinations of parameters show location shifts from moderate-large—
extreme while the scale parameters are capturing light-heavy-tailed noise. This aims to
assess the robustness of estimators under varying signal and noise. Further, we set a
different value of random seed for each run of the MC simulation such that

seed = id* 10,000 + T, r=12,..,R, ide{0,1,3}

to maintain statistical independence across various configurations of parameters and re-
produce the results. Classical MLE fiy g and QMLE figy g estimates of the location
parameter p are computed for the same simulated data, where fiy g is computed by
taking the sample median of each MC replication. The results for estimation of the La-
place location parameter (p) and RMSE, CP and AL of 95% confidence intervals for
these estimates are presented in Table 2. Moreover, the results of bias, MAE, RME, and
MSE across runs are given in Table 3.

Table 2. Comparative analysis of QMLE and MLE estimates of Laplace parameter across runs.

u n QMLE Classical MLE
Estimate RMSE cp AL  Estimate RMSE CP AL
25 2.0004 0.19 0.94 0.74 1.970 0.23 0.94 0.90
50 1.999 0.12 0.96 047 1.967 0.16 0.95 0.63
70 2.0008 0.10 0.92 041 1.975 0.14 0.96 0.53
2 100  1.9990 0.08 0.95 0.31 1.983 0.10 0.98 0.40
150  2.0003 0.06 0.97 0.26 1.981 0.09 0.97 0.36
250 1.999 0.04 0.96 0.18 1.986 0.07 0.93 0.25
500 1.9997 0.03 0.94 0.13 1.990 0.05 0.97 0.18
25 4.98 0.32 0.97 1.28 4.92 0.43 0.96 1.66
50 4.99 0.21 0.96 0.82 4.928 0.29 0.95 1.10
70 5.002 0.23 0.93 0.90 4.964 0.28 0.97 1.09
5 100 4.9998 0.20 0.95 0.77 4.981 0.22 0.94 0.87
150  5.0006 0.15 0.97 0.58 4.97 0.19 0.95 0.72
250  5.0002 0.10 097 041 4.97 0.14 0.94 0.54
500  4.9995 0.07 0.93 0.30 4.99 0.10 0.97 0.37
25 10.004 0.67 0.98 2.63 9.957 0.76 0.94 3.005
50 9.992 0.38 0.95 1.49 9.91 0.50 0.91 1.95
70 10.006 0.32 0.95 1.27 9.915 0.45 0.94 1.73
100  9.9994 0.30 0.97 1.20 9.968 0.36 0.95 1.40

https://doi.org/10.3390/mca31040128

10


https://doi.org/10.3390/mca31040128

Math. Comput. Appl. 2026, 31, 128

14 of 27

150 9.999 0.23 0.95 0.92 9.978 0.26 0.93 1.04
250  9.9994 0.17 0.97 0.67 9.991 0.18 0.96 0.73
500  9.9997 0.12 0.97 0.49 9.994 0.13 0.93 0.52
Table 3. Empirical evidence for QMLE and MLE estimates over multiple runs (Mean + S.D).
u n OMLE Classical MLE
Bias MSE MAE RME Bias MSE MAE RME
25 0.0004+£0.19 0.03+0.06 0.15+£0.11 0.07+0.05 -0.03+0.23 0.05+0.07 0.18+0.14 0.09+0.07
50 -0.001+0.12 0.01+0.02 0.09+0.07 0.05+0.03 -0.03+0.16 0.03+0.04 0.13+0.10 0.07+0.05
70  0.0008 £0.10 0.01+0.018 0.08+0.06 0.04+0.03 -0.025+0.14 0.02+0.025 0.11+£0.09 0.05+0.04
2 100 -0.001 £0.08 0.006 +0.008 0.06 £0.04 0.03+0.02 -0.02+0.10 0.01+0.01 0.08+0.06 0.04+0.03
150 0.0003 £0.06 0.004 +0.004 0.06 £0.03 0.03+0.01 -0.02+0.09 0.008+0.01 0.08+0.05 0.04+0.03
250 —-0.001£0.04 0.002+0.003 0.04+0.02 0.02+0.01 -0.014+0.06 0.004+0.006 0.05+0.04 0.03+0.02
500 —0.000+0.03 0.001 +0.001 0.03+0.02 0.01+0.009 —-0.01+0.04 0.002+0.003 0.04+0.03 0.02+0.01
25 -0.01+0.32 0.10+£0.12 0.27+0.17 0.05+£0.03 -0.08+042 0.18+0.27 0.34+0.26 0.07 +0.05
50 -0.01+0.21 0.04+0.05 0.18+0.11 0.03+0.02 -0.07+0.28 0.08+0.10 0.24+0.17 0.05=+0.03
70 0.002+0.23 0.05+0.08 0.18+0.14 0.03+0.03 -0.04+0.28 0.08+0.10 0.22+0.17 0.04+0.03
5 100 -0.0002+0.20 0.04+0.06 0.15+0.12 0.031+£0.02 -0.02+0.22 0.05+0.07 0.17+0.14 0.035+0.03
150 0.0006+0.15 0.02+0.04 0.12+0.09 0.02+0.01 -0.03+0.18 0.03+0.05 0.15+0.11 0.03+0.02
250 0.0002+0.10 0.01+0.02 0.08+0.06 0.01+0.01 -0.03+0.14 0.02+0.03 0.11+£0.08 0.02+0.02
500 -0.0005 £0.08 0.006 +0.01 0.06+0.04 0.012+0.009 -0.01 £0.10 0.009+0.02 0.07+0.06 0.015+0.01
25 0.00+£0.67 044+050 054+038 0.05+0.04 -0.04+0.77 058+0.87 0.59+0.48 0.06+0.05
50 -0.008+0.38 0.14+024 030+£0.23 0.03+0.02 -0.09+050 0.25+039 0.38+0.33 0.04+0.03
70 0.006+0.32 0.10+0.17 0.26+020 0.02+0.02 -0.09+044 020+£0.29 0.35+0.29 0.03+0.03
10 100 -0.0006 £0.30 0.09+0.14 0.24+0.19 0.02+0.01 -0.03+0.36 0.13+0.20 0.27+0.23 0.03 +0.02
150 -0.001+0.23 0.05+0.07 0.18+0.14 0.01+0.01 -0.02+0.27 0.07+0.10 0.20+0.17 0.02+0.02
250 -0.0006 £0.17 0.029£0.03 0.14+0.10 0.01+£0.01 -0.009+0.20 0.034+0.05 0.15+£0.11 0.01+0.01
500 -0.0003 £0.12 0.01+0.02 0.10+0.07 0.01+£0.007 -0.006+0.13 0.02+0.03 0.10+0.08 0.01 +0.008

The results of simulation studies indicate that the QMLE approach is well-calibrated
and provides a closer estimate of the true value of the Laplace parameter than the clas-
sical MLE method under these settings. Further, QMLE estimates are more accurate,
efficient, and statistically significant than MLE estimates, providing reduced bias, lower
error measures, and shorter length of confidence intervals in all simulation studies. Alt-
hough both estimates yield higher values of coverage probabilities, short AL for QMLE
estimates highlight that these estimate do not sacrifice the coverage and achieve higher
inferential efficiency. These findings validate the practical advantage of QMLE over MLE.

This study also performed a convergence analysis to evaluate the convergence of
MLE and QMLE estimates towards the true parameter at each sample n where n €
{1,2,3,...,n} and track the performance of both estimates as the sample sizes increase.
This convergence analysis comprises the convergence toward the true parameter (Figures
3-5), convergence rates (Figures 6-8) and MSE convergence (Figures 9-11). These figures
indicate that QMLE estimates are closer to the true parameter than MLE estimates.
Moreover, QMLE has a lower average absolute error than MLE, highlighting its superi-
ority. All these findings indicate that QMLE outperforms the classical MLE method
across numerous statistical metrics. These results validate that QMLE has the potential to
be superior as a parameter estimation method.
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Figure 3. Convergence of MLE and QMLE estimates (i = 2).
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Figure 4. Convergence of MLE and QMLE estimates (i = 5).
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Figure 5. Convergence of MLE and QMLE estimates (u = 10).
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Figure 9. Convergence Curve: QMLE vs. MLE (p = 2).
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Figure 11. Convergence Curve: QMLE vs. MLE (u = 10).

The robustness of our proposed QMLE framework is also evaluated by examining
the sensitivity of the proposed method with respect to hyperparameters (o, Q, At, ) and
repeated MC runs. The results show that QMLE estimates are consistent and stable
across all experiments and indicate robustness. We used Python (version 3.13.7) to per-
form simulations on the operating system of Microsoft Windows 11. NumPy (version
2.3.2) and SciPy (version 1.16.1) carried out the numerical computations, Matplotlib
(version 3.10.5) provided visualizations.

7. Real-Data Applications

This section evaluates the performance of the QMLE approach in real-data applica-
tions. Four real-life datasets are used in this study to validate the potential computational
advantages of QMLE over classical MLE. First, we source a publicly available dataset of
“Human Body Temperature” comprising 130 measurements of body temperature (in
Fahrenheit), gender and heart rate (beats per minute) from Kaggle provided by Devronic
[30]. Temperature is the variable of interest in this study. The second dataset, comprising
100 breaking strengths of yarn, was originally presented by Duncan in 1974. Puig and
Stephens [5] used and reported this dataset in their research. Third, a dataset of 33 ob-
servations comprising differences in flood levels between river stations is used. This is
also used by Puig and Stephens and is available in their study [5]. Further, a dataset of
failure times for 37 failed units in a life test is taken from a research article by Jan and
Ahmad [4]. All these datasets were reported to follow the Laplace distribution. However,
we also applied the Kolmogorov-Smirnov (K-S) test to confirm whether these datasets
are consistent with the Laplace distribution or not, and the K-S test empirically validated
it. All datasets are well-structured and valid for comparing the efficiency, accuracy, and
robustness of the QMLE method for estimating the location parameter of the Laplace
distribution with MLE. QMLE and MLE estimates of the location parameter are com-
puted for all four datasets and reported in Table 4, where the MLE estimate is computed
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by taking the sample median of each dataset. Moreover, the SE and AL are calculated for
both estimates and are presented in Table 4 to compare the performance of the estimation
methods.

Table 4. QMLE and MLE estimates of Laplace location parameter for real datasets.

Temperature Breaking Strength Flood Levels Failure Times
MLE QOMLE MLE QOMLE MLE QMLE MLE QOMLE
Estimate 98.30 99.24 99.00 99.981 10.13 10.21 84.00 84.75
SE 0.05 0.03 0.83 0.68 0.59 0.55 4.25 3.91
AL 0.20 0.11 3.26 2.67 2.29 2.17 16.66 15.34
Avg. variance 0.1357 0.0849 75.85 41.38 2.15 1.24 148.69 96.66
Efficiency i =160 1.83 1.74 1.54

The results described above indicate that both methods provide closer estimates
across all datasets, demonstrating the reliability of both methods. However, QMLE pro-
vides lower SE and AL values, with narrower Cls, compared to MLE estimates across all
datasets. This suggests stronger statistical evidence that the QMLE is a more precise es-
timate and less uncertain around the true value of the parameter. The validity of the
QMLE estimate is also evaluated through variance analysis at each sample n where n €
{1,2,3,...,n} for all datasets. QMLE outperforms the classical MLE, achieving lower
variances across all samples (see Figures 12-15). The average variances and average effi-
ciency are also computed for all datasets, and the results are reported in Table 4. The av-
erage variances of QMLE estimates are smaller than MLE estimates and indicate QMLE'’s
advantage over MLE in terms of efficiency and stability.

Stability of MLE vs. QMLE (Variance of Estimates)

—— Variance of MLE Estimates
0.175 7 — variance of QMLE Estimates

0.150

0.125

o
i
o
3

°
°
1
]
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0 20 40 60 80 100 120
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Figure 12. Stability of MLE and QMLE estimates (temperature).
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Figure 13. Stability of MLE and QMLE estimates (breaking strength).
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Figure 14. Stability of MLE and QMLE estimates (flood levels).
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Figure 15. Stability of MLE and QMLE estimates (failure times).

All the findings validate the potential advantages of QMLE as a competitive and
promising method for parameter estimation of the Laplace parameter. QMLE provides
more accurate, precise, efficient, less uncertain, and better-fitting estimates than MLE
when the true parameters are unknown and the estimator’s stability is important. Over-
all, the results indicate that statistical estimation theory can be improved by incorporat-
ing quantum dynamics into the classical estimation process.

8. Limitations and Future Directions

In the QMLE framework, evolution of quantum state and equation updates are in-
volved. These additional steps performed on classical hardware increase some computa-
tional runtimes by a fixed amount. Potential benefits of quantum-inspired algorithms are
difficult to achieve on classical platforms. Notwithstanding the developments in quan-
tum hardware, it is facing some challenges and is not available yet on a large scale. Re-
search may focus on the development of quantum algorithms until its availability on the
required scale. The QMLE method is expected to achieve practical advantages of effi-
ciency and runtime for statistical inference, outperforming the classical method of esti-
mation as quantum hardware platforms mature.

The focus of the study is to establish the QMLE framework and validate the meth-
odology for the estimation of location parameters of the Laplace distribution where the
scale parameter is known. However, in future, this framework can be extended for the
joint estimation of both parameters. Moreover, this study focuses on algorithm devel-
opment and validates it empirically as an initial step to establish the effectiveness and
feasibility of our proposed framework. However, future research is open for the theoret-
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ical derivations of statistical properties (consistency, asymptotic normality) of the QMLE
framework.

9. Conclusions

In the present study, we incorporate quantum dynamics into the statistical estima-
tion method, and a quantum-based estimation approach, i.e., quantum maximum like-
lihood estimation (QMLE), is proposed. The proposed QMLE method leverages quantum
principles via the Kraus map, quantum states, sensitivity equations, and a quantum filter
to estimate the unknown parameters of probability distributions. Further, this study im-
plemented the QMLE method to estimate the Laplace location parameter. The Laplace
distribution is important and is often used as an alternative to the Gaussian distribution
in robustness studies. Parameter estimation plays a significant role in statistical inference,
and accurate estimation of Laplace parameters is crucial in the fields of astronomy, life
testing, medicine, environmental and biological sciences, inventory management, fi-
nance, and quality control. Classical estimation methods have some computational limi-
tations for complex models and high-dimensional data. This study evaluates the per-
formance of the QMLE estimate of the Laplace location parameter and compares with its
MLE estimate in both simulation studies and real-world analyses. For this purpose, var-
ious statistical metrics such as bias, MAE, RME, AL, CP, RME, MSE, SE, variance, and CI
are computed. The validity of the QMLE estimate is also evaluated through variance and
convergence analyses. All the findings validate the potential computational advantages
of the QMLE approach as a competitive and promising method for parameter estimation
of the Laplace parameter. QMLE provides more accurate, precise, efficient, less uncertain,
and better-fitting estimates than MLE. Overall, the results indicate that statistical estima-
tion theory can be improved by incorporating quantum dynamics into the classical esti-
mation process. This framework has the potential to pave the way for future research by
extending it to other discrete and continuous distributions and by developing further
methodologies for next-generation statistical inference and data science.
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  δ  Ը i


    ⁡ Ը t =     ∑  i = 0 T  δ  Ը i


   ∇ ϑ  Ը T =  ∇ ϑ   ∑  i = 0 T  δ  Ը i


   ∇ ϑ  Ը T =     ∑  i = 0 T   (   ∂  ( δ  Ը i )  ∂ ϑ +     ∂  ( δ  Ը i )  ∂    φ ^ i   .     ∂    φ ^ i  ∂ ϑ )


   ∇ ϑ  Ը T =   ∂  ( δ  Ը T )  ∂ ϑ +     ∂  ( δ  Ը T )  ∂    φ ^ T   .     ∂    φ ^ T  ∂ ϑ +  ∇ ϑ  Ը  T − 1


  δ  Ը T =  log ⁡   ( Τ ŗ  (  ξ   w t , ϑ  (    φ ^ t ) ) )


    ∂  ( δ  Ը T )  ∂ ϑ =   Τ ŗ  (  ∂ ϑ  ξ   w t , ϑ  (    φ ^ t ) +  ξ   w t , ϑ  (   𝒮 t ) )  Τ ŗ  (  ξ   w t , ϑ  (    φ ^ t ) )


    ∂  ( δ  Ը T )  ∂    φ ^ T   .     ∂    φ ^ T  ∂ ϑ = 0


   ∇ ϑ  Ը T =   Τ ŗ  (  ∂ ϑ  ξ   w t , ϑ  (    φ ^ t ) +  ξ   w t , ϑ  (   𝒮 t ) )  Τ ŗ  (  ξ   w t , ϑ  (    φ ^ t ) ) +    ∇ ϑ  Ը  T − 1


   ϑ ^


     ϑ ^  j + 1 =    ϑ ^ j +  β j  {   Τ ŗ  (  ∂ ϑ  ξ   w t , ϑ  (    φ ^ t ) +  ξ   w t , ϑ  (   𝒮 t ) )  Τ ŗ  (  ξ   w t , ϑ  (    φ ^ t ) ) +    ∇ ϑ  Ը  T − 1 }


  ϑ


     φ ^  t + δ t =    ξ   w t , ϑ  (    φ ^ t )  Τ ŗ  (  ξ   w t , ϑ  (    φ ^ t ) )


     φ ^  t + δ t =    Θ  Δ  w t ϑ    φ ^ t      Θ  Δ  w t ϑ † +  ( 1 − Ω ) L    φ ^ t  L † Δ t  Τ ŗ  (  Θ  Δ  w t ϑ    φ ^ t      Θ  Δ  w t ϑ † +  ( 1 − Ω ) L    φ ^ t  L † Δ t )


    𝒮  t + δ t =    ∂ ϑ  ξ   w t , ϑ  (    φ ^ t ) +  ξ   w t , ϑ  (   𝒮 t )  Τ ŗ  (  ξ   w t , ϑ  (    φ ^ t ) ) −   Τ ŗ  (  ∂ ϑ  ξ   w t , ϑ  (    φ ^ t ) +  ξ   w t , ϑ  (   𝒮 t ) )  Τ ŗ  (  ξ   w t , ϑ  (    φ ^ t ) )    φ ^  t + δ t


     ϑ ^  j + 1 =    ϑ ^ j +  β j  {   Τ ŗ  (  ∂ ϑ  ξ   w t , ϑ  (    φ ^ t ) +  ξ   w t , ϑ  (   𝒮 t ) )  Τ ŗ  (  ξ   w t , ϑ  (    φ ^ t ) ) +    ∇ ϑ  Ը  T − 1 }


  δ  Ը T  (    ϑ ^ j )


  ϑ


     φ ^ t


  ϑ ,


   ∇ ϑ  Ը  T − 1 = 0


     φ ^  t + δ t =    ξ   w t ,  ϑ ^  (    φ ^ t )  Τ ŗ  (  ξ   w t ,  ϑ ^  (    φ ^ t ) )


    𝒮  t + δ t =    ∂ ϑ  ξ   w t ,  ϑ ^  (    φ ^ t ) +  ξ   w t ,  ϑ ^  (   𝒮 t )  Τ ŗ  (  ξ   w t ,  ϑ ^  (    φ ^ t ) ) −   Τ ŗ  (  ∂ ϑ  ξ   w t ,  ϑ ^  (    φ ^ t ) +  ξ   w t ,  ϑ ^  (   𝒮 t ) )  Τ ŗ  (  ξ   w t ,  ϑ ^  (    φ ^ t ) )    φ ^  t + δ t


     ϑ ^  j + 1 =    ϑ ^ j +  β j     Τ ŗ  (  ∂ ϑ  ξ   w t ,  ϑ ^  (    φ ^ t ) +  ξ   w t ,  ϑ ^  (   𝒮 t ) )  Τ ŗ  (  ξ   w t ,  ϑ ^  (    φ ^ t ) )


   ξ   w t ,  (  μ ^ , a )  (    φ ^ t ) =  Θ  Δ  w t   (  μ ^ , a )    φ ^ t      Θ  Δ  w t   (  μ ^ , a ) † +  ( 1 − Ω )   L    φ ^ t  L † Δ t


   Θ  Δ  w t   (  μ ^ , a ) = I −  ( iH  ( μ , a ) +  1 2  L † L ) Δ t +  Ω   L Δ  w t


  H  ( μ , a )


  L


  H  ( μ , a ) =  μ 2  σ z +  a 2  σ x


  L =  α    (  σ z + i  σ x )


  H  ( μ , a )


  μ


  a


  μ


   σ z


  μ


  a


   σ x


  α ∈  [ 0 . 01 ,   1 . 0 ]


   σ z


   σ x


  α


  L


   σ z


   σ x


   w t


  Δ  Ѵ t


  L


  Ω


  Δ  w t =  Ω   Τ ŗ  (  ( L +  L † )    φ ^ t ) Δ t + Δ  Ѵ t


  Δ  Ѵ t = N ( 0 , Δ t )


     φ ^  t + δ t =    ξ   w t ,  (  μ ^ , a )  (    φ ^ t )  Τ ŗ  (  ξ   w t ,  (  μ ^ , a )  (    φ ^ t ) )


     φ ^  t + δ t


  μ


      𝒮 μ  t + δ t =   ∂  (    φ ^  t + δ t )  ∂ μ


      𝒮 μ  t + δ t =    ∂ μ  ξ   w t ,  (  μ ^ , a )  (    φ ^ t ) +  ξ   w t ,  (  μ ^ , a )  (     𝒮 μ t )  Τ ŗ  (  ξ   w t ,  (  μ ^ , a )  (    φ ^ t ) ) −   Τ ŗ  (  ∂ μ  ξ   w t ,  (  μ ^ , a )  (    φ ^ t ) +  ξ   w t ,  (  μ ^ , a )  (     𝒮 μ t ) )  Τ ŗ  (  ξ   w t ,  (  μ ^ , a )  (    φ ^ t ) )    φ ^  t + δ t


  μ


     μ ^  j + 1 =    μ ^ j +  β j     Τ ŗ  (  ∂ μ  ξ   w t ,  (  μ ^ ,   a )  (    φ ^ t ) +  ξ   w t ,  (  μ ^ , a )  (     𝒮 μ t ) )  Τ ŗ  (  ξ   w t ,  (  μ ^ , a )  (    φ ^ t ) )


   ( α )


   ( β )


   ( Ω )


   ( Δ t )


  α


  Ω


  Ω


  β


  Δ t


  α = 0 . 1 ,   Ω = 0 . 7 ,   Δ t = 0 . 01


      σ x


   σ z


  N


  0 . 0001


     β 0  ( 1 + decay   factor × absolute   gradient )


   β 0 = 0 . 1


   β min = 0 . 001 ,    β max = 0 . 5


   φ ^ =  1 2 I


    𝒮 μ = 0


   μ ^ =  w i


   Θ  Δ  w t   μ ^ ,   H ,   L , Δ  w t ,   and   Δ  Ѵ t ,


  N


   μ ^


     μ ^ QMLE


  M S E  (   𝜇 ^ ) =  1  R   ∑  r = 1  R     (     𝜇 ^  r − 𝜇 ) 2


    μ


      𝜇 ^  r


  M A E  (   𝜇 ^ ) =  1  R   ∑  r = 1  R   |     𝜇 ^  r − 𝜇 | = m e a n    |     𝜇 ^  r − 𝜇 |


    𝜇 ^ ±   z  0 . 95 × S E  (   𝜇 ^ )


    z  0 . 95 = 1 . 96


  S E  (   𝜇 ^ )


  L  ( μ , a )


  n


  ( 𝑹 )


  ( 𝒏 )


   ( 𝛍 , 𝐚 )


   ( 2 , 1 )


   ( 5 , 2 )


   ( 5 , 2 )


   ( 10 , 3 )


   ( 10 , 3 )


  seed   =   id ∗   10 , 000   +   r


  r   =   1 ,   2 ,   … ,   R ,     id   ϵ   { 0 ,   1 ,   3 }


     μ ^ MLE


     μ ^ QMLE


  μ


     μ ^ MLE


   ( μ )


  𝝁


  𝒏


  𝝁


  𝒏


  n


  n ∈  { 1 ,   2 ,   3 , … ,   n }


  μ = 2 ,   n = 25


  μ = 2 ,   n = 50


  μ = 2 ,   n = 70


  μ = 2 ,   n = 100


  μ = 2 ,   n = 150


  μ = 2 ,   n = 250


  μ = 2 ,   n = 500


   ( μ = 2 )


  μ = 5 ,   n = 25


  μ = 5 ,   n = 50


  μ = 5 ,   n = 70


  μ = 5 ,   n = 100


  μ = 5 ,   n = 150


  μ = 5 ,   n = 250


  μ = 5 ,   n = 500


   ( μ = 5 )


  μ = 10 ,   n = 25


  μ = 10 ,   n = 50


  μ = 10 ,   n = 70


  μ = 10 ,   n = 100


  μ = 10 ,   n = 150


  μ = 10 ,   n = 250


  μ = 10 ,   n = 500


   ( μ = 10 )


  μ = 2 ,   n = 25


  μ = 2 ,   n = 50


  μ = 2 ,   n = 70


  μ = 2 ,   n = 100


  μ = 2 ,   n = 150


  μ = 2 ,   n = 250


  μ = 2 ,   n = 500


   ( μ = 2 )


  μ = 5 ,   n = 25


  μ = 5 ,   n = 50


  μ = 5 ,   n = 70


  μ = 5 ,   n = 100


  μ = 5 ,   n = 150


  μ = 5 ,   n = 250


  μ = 5 ,   n = 500


   ( μ = 5 )


  μ = 10 ,   n = 25


  μ = 10 ,   n = 50


  μ = 10 ,   n = 70


  μ = 10 ,   n = 100


  μ = 10 ,   n = 150


  μ = 10 ,   n = 250


  μ = 10 ,   n = 500


   ( μ = 10 )


  μ = 2 ,   n = 25


  μ = 2 ,   n = 50


  μ = 2 ,   n = 70


  μ = 2 ,   n = 100


  μ = 2 ,   n = 150


  μ = 2 ,   n = 250


  μ = 2 ,   n = 500


   ( μ = 2 )


  μ = 5 ,   n = 25


  μ = 5 ,   n = 50


  μ = 5 ,   n = 70


  μ = 5 ,   n = 100


  μ = 5 ,   n = 150


  μ = 5 ,   n = 250


  μ = 5 ,   n = 500


   ( μ = 5 )


  μ = 10 ,   n = 25


  μ = 10 ,   n = 50


  μ = 10 ,   n = 70


  μ = 10 ,   n = 100


  μ = 10 ,   n = 150


  μ = 10 ,   n = 250


  μ = 10 ,   n = 500


   ( μ = 10 )


  α ,   Ω ,   Δ t ,   β


    MLE   ( var )  QMLE  ( var )


  n


  n ∈  { 1 ,   2 ,   3 , … ,   n }

