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Abstract

Hybrid nanofluids with enhanced thermal conductivity have emerged as promising candi-
dates for efficient heat removal in advanced energy systems and next-generation thermal
management technologies. In particular, the use of viscoelastic base fluids embedded with
radiatively active nanoparticles enables improved thermal regulation in solar collectors,
electronic cooling units, and high-temperature industrial processes. This study presents a
comparative thermal investigation of mono- and hybrid nanofluids comprising the ferro-
oxide (Fe3O4) and copper (Cu) metallic particles dispersed in ethylene glycol (C2H6O2),
under magnetohydrodynamic (MHD) viscoelastic flow over a stretched surface. Accurate
modeling of heat and mass phenomena in such fluids arises from their growing applica-
tion in advanced thermal systems, including cooling technologies, electronic devices, and
renewable energy modules. Unlike conventional models, the current analysis incorporates
the Cattaneo–Christov heat flux framework to capture non-Fourier thermal relaxation
effects, alongside the influence of thermal radiation and solutal transport. The developed
system is truncated into dimensionless form with the proper choice of appropriate quan-
tities, whose solution methodology is based on the implementation of a Runge–Kutta
scheme. Compiled observations suggest that the hybrid nanomaterial exhibits more pro-
nounced thermal recovery, while mono nanofluid attributes lower impact. Moreover,
increasing the viscoelastic and magnetic parameters leads to notable variations in tempera-
ture and concentration distributions. This work advances the current literature by simulta-
neously integrating viscoelastic rheology, dual nanoparticle suspensions, and non-classical
heat conduction laws, providing new insights for optimizing thermal performance in
engineering applications.

Keywords: hybrid nanofluid; Cattaneo–Christov model; thermal radiation; shooting
method; ethylene glycol-based suspension

1. Introduction
1.1. Literature Survey

Many engineers now consider nanofluids the next wave of cooling liquids. They are
created by dispersing extremely small solid particles (only a few nanometers wide) into
everyday base fluids like ethylene glycol, oil-based materials, linear alpha olefins, and
water. Such materials can be imposed in metals, carbon-based materials or metal oxides
to improve the fluid’s ability to conduct heat. Due to this enhancement, nanofluids have
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novel relevance in industrial systems cooling, HVAC units and heat exchangers. In renew-
able energy, adding nanoparticles to the coolant boosts the performance of solar thermal
collectors and geothermal plants. Researchers are even looking at medical uses: some
nanofluids can carry drugs and deliver them to specific cells or tumors. Special applications
of nanofluids are observed in nuclear reactor cooling and automotive radiators, where a
nanoparticle-infused coolant can achieve the same heat dissipation with smaller, lighter
hardware. Essentially, the suspended nanoparticles lead to a speeding up of both conduc-
tion and convection. Scientists continue studying these complex fluids under different
flow and heating conditions, aiming to optimize their heat-transfer performance in each
application. Hassan et al. [1] examined the convective nanofluid transport through a porous
medium over a wavy surface, with a focus on the undulations’ effects. Nadeem et al. [2]
predicted the behavior of a Maxwell liquid with magnetic relevance on a vertically moving
surface. They mentioned that the addition of nanomaterials to the non-Newtonian flow
leads to the improvement of heat transfer. Oudina and Chabani [3] presented a review of
nanofluid formulations and enclosure shapes to summarize how these approaches enhance
thermal performance. Moreover, Bhatti et al. [4] performed simulations to improve thermal
transport in confined geometries by incorporating third-grade hybrid nanofluids (HNFs)
and electro-magneto-hydrodynamic effects, with the goal of optimizing energy systems.
Siddiqui and Turkyilmazoglu [5] successfully modeled results for the film flow behavior of
nano-micropolar fluids under viscous dissipation, offering insights into microscale fluid
film dynamics for heat control. The role of nanoparticle aggregation, slip conditions, and
viscosity variation in a rotating nanofluid environment, reflecting the complex interac-
tion of unsteady thermal effects, was reported by Khan et al. [6]. Gupta and Wakif [7]
implemented a neural network-based approach to explore heat and mass transfer between
rotating disks using nanofluids. Puneeth et al. [8] incorporated gyrotactic microorganisms
and slip boundary conditions; this investigation assessed bio-convective nanofluid flow
around a stretching cylinder under Thompson–Troian slip effects. Using a different ap-
proach, Galal et al. [9] investigated channel flow for nanofluid by accomplishing a novel
KKL model. Results governed by wedge flow of nanofluid with chemical species were
focused on by the proposed model of Hamid et al. [10]. The behavior of silver-based nano-
liquid near a Riga surface, comparing three binary nanofluid combinations for variations in
thermophysical responses, was visualized by Gangadhar et al. [11]. Reddy et al. [12] used
the homotopy analysis method to study two-phase flow of nanofluid by including entropy
optimization applications.

Hybrid nanofluids (HNFs) are an advanced type of nanofluid created by dispersing
two or more different kinds of nanoparticles. In an HNF, each type of nanoparticle con-
tributes its own thermal advantages. Thus, HNFs transfer heat more effectively while
being more stable. This makes HNFs attractive for many energy-intensive applications. For
instance, HNFs have shown better performance in solar thermal systems by transferring
heat more efficiently. HNFs are also used in other areas such as nuclear reactor cooling,
chemical processing, and industrial cooling operations. In the electronics field, these hybrid
fluids help maintain thermal stability by efficiently dissipating heat from high-performance
microprocessors and integrated circuits. Owing to their multifunctional behavior and
adaptability, hybrid nanofluids are at the forefront of thermal engineering research aimed
at optimizing energy systems and next-generation cooling technologies. Results analyzed
for non-Fourier modeling of nanofluid were referred to the study of Ramesh et al. [13].
Similarly, Manzoor et al. [14] presented an investigation of the enhancement of heat transfer
in an HNF MHD flow over a moving sheet. Nasir et al. [15] examined HNF behavior under
nonlinear convection and radiation effects over a stretchable surface, offering new insights
into heat augmentation using multiple nanoparticles. Nayak et al. [16] presented a sum-
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mary of computations for entropy optimization of nonlinear HNF flows, addressing both
assisting and opposing thermal gradients under radiative conditions. Khalatbari et al. [17]
explored HNFs and their contributions to thermal and flow performance improvements
across diverse engineering platforms. Mishra et al. [18] presented results for unsteady
radiative transport in HNF flow over a rotating disk under slip and porosity effects, offering
models suitable for transient thermal environments. Upadhyay et al. [19] detected the
HNF thermal reflection with inertial effects via the Legendre wavelet collocation technique.
Alqarni et al. [20] employed an artificial intelligence simulation to analyze the HNF features
for nonparallel surface flow. A study by Abas et al. [21] involves the Joule heating impact
to determine the transmission of heat through hybrid nanofluid confined by a disk flow
following the rotatory motion. Kumar et al. [22] proposed a machine learning initiative
to visualize the hybrid nanofluid applications for thin film flow. An investigation into the
interference of slip effects in hybrid nanofluid flow driven by porous medium has been
revealed by Abu Bakar et al. [23]. Yasir and Qi [24] inspected the thermal simulations based
on the implementation of Yamada-Ota and Xue models.

1.2. Proposed Thermal Problem

The current investigation presents the thermal and solutal perspective of viscoelastic
hybrid nanofluid confined by an elastic surface with applications of radiated effects and
modified Fourier’s approach. The hybrid nanofluid includes the suspension of ferro-oxide
(Fe3O4) and copper (Cu) nanoparticles along with ethylene glycol (C2H6O2) base liquid [25].
The viscoelastic properties arise from the concentrated hybrid nanofluid system and not
from pure ethylene glycol. While available research literature focuses on the traditional
Fourier heat conduction model and viscous fluid assumptions, this continuation departs by
accounting for the advanced Fourier’s model, providing the thermal relaxation features
and providing a realistic framework for analyzing the finite-speed propagation in assumed
decompositions. Furthermore, this analysis accounts for the radiated effects and magnetic
force and viscoelastic behavior, an aspect that remains unexplored in the context of hybrid
nanofluid. The utilization of the concentration equation further endorsed the understand-
ing of solutal distribution in response to thermal performance. The numerical simula-
tions with implementation of Runge–Kutta integration have been performed to ensure
solution convergence.

1.3. Novelty and Applications of the Current Model

The novelty of the performed investigation lies in the integration of multiple advanced
physical phenomena- viscoelasticity, radiated effects and HNF interaction within a uni-
fied framework. In contrast to already presented models that investigate each of these
perspectives in isolation, this contribution provides a realistic platform to analyze the HNF
behavior under complex thermal modeling. The proposed results effectively contribute
to advanced thermal design of engineering systems where rapid heat removal, controlled
temperature regulation and efficient solute transport are necessitated.

2. Problem Formulation
2.1. Flow Assumptions and Governing Equations

A laminar two-dimensional flow of hybrid nanofluid driven by an elastic surface has
been focused. The velocity of the moving elastic sheet is defined by u = uw = ϖx with
a stretching constant ϖ. A representation of the problem is presented in Figure 1. The
flow domain lies in the Cartesian plane where the x-component is taken in the direction
of the stretched surface while y-axis is attributed along the normal direction [26]. The
HNF fluid is assumed to be a decomposition of Fe3O4 and Cu nanoparticles suspended in
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ethylene glycol (C6H12O6) as a base fluid, forming a binary HNF mixture. To reflect realistic
transport behavior, advanced Fourier’s modeling is followed in the energy equation. In
addition, thermal radiation is considered via the Rosseland approximation to evaluate
its influence on energy transport within the boundary layer. The fluid motion is further
subjected to a transverse magnetic field, modeling magnetohydrodynamics (MHD) effects
without inducing an electric field or Hall current components. Symbolizing the horizontal
velocity component with u, v is the normal component; the HNF temperature is expressed
by T, T∞ endorsed the ambient temperature, C represents the concentration, C∞ explains
the ambient concentration, and the convective temperature is defined by Tf . For such flow
constraints, the governing equations are [27,28]:

∂u
∂x

+
∂v
∂y

= 0, (1)

v ∂u
∂y + u ∂u

∂x + k1
ρhn f

[
u ∂3u

∂x∂y2 +
∂2u
∂y2

∂u
∂x − ∂2u

∂x∂y
∂u
∂y + v ∂3u

∂y3

]
=

µhn f
ρhn f

∂2u
∂y2 − σhn f B2

0
ρhn f

u,
(2)

u ∂T
∂x + v ∂T

∂y + ϑ1


v2 ∂2T

∂y2 + u ∂u
∂x

∂T
∂x + u ∂v

∂x
∂T
∂y

+v ∂u
∂y

∂T
∂x + v ∂v

∂y
∂T
∂y + u2 ∂2T

∂x2

+2vu ∂2T
∂x∂y


=

(
khn f

(ρCp)hn f
+ 16T∞

3σ∗

3(ρCp)hn f k∗

)
∂2T
∂y2 ,

(3)

u
∂C
∂x

+ v
∂C
∂y

+ ϑ2

 u2 ∂2C
∂x2 + u ∂C

∂x
∂u
∂x + u ∂v

∂x
∂C
∂y + v ∂C

∂x
∂u
∂y

+2vu ∂2C
∂x∂y + v2 ∂2C

∂y2 + v ∂C
∂y

∂v
∂y

 = DB
∂2C
∂y2 . (4)

Figure 1. Physical configuration and coordinate system of the proposed model.

The flow undergoes the following flow constraints [28]:

u = ϖx, v = 0,−khn f
∂T
∂y = h f (T − T∞), C = Cw, y = 0.

u → 0, ∂u
∂y → 0, T → T∞, C → C∞, y → ∞.

}
(5)

https://doi.org/10.3390/mca31040129

https://doi.org/10.3390/mca31040129


Math. Comput. Appl. 2026, 31, 129 5 of 13

with ϑ2 (concentration relaxation coefficient), k1 (viscoelastic coefficient), ρhn f (den-
sity), µhn f (dynamic viscosity), σhn f (electrical conductivity), B0 (magnetic intensity), ϑ1 (ther-
mal relaxation time), DB (Brownian diffusion), khn f (thermal conductivity), h f (coefficient
of heat transfer),

(
ρCp) hn f (specific heat capacity), σhn f (Stefan–Boltzmann constant).

It is remarked that the imposed boundary conditions correspond to a stretching surface
framework. Such flow configurations are highly relevant in numerous industrial and
engineering applications, including material fabrication, extrusion technologies, thermal
regulation systems, and polymer processing environments.

The flow problem is now simplified by considering the following flow variables [28]:

θ(ξ) =
T − T∞

Tf − T∞
, v = −

√
ν f ϖ f (ξ), u = ϖx f ′(ξ), S(ξ) =

C − C∞

Cw − C∞
, ξ =

√
ϖ

ν f
y. (6)

The formulated system is:

A2 f ′′′ + A1

(
f f ′′ − f ′2

)
− α

(
2 f ′ f ′′′ − f

′′2 − f f ′′′′
)
− A1H f ′ = 0, (7)

(A5 + R)θ′′ + Pr
[
−A4 f θ′ − A4λ1

(
f f ′θ′ + f 2θ′′

)]
= 0, (8)

S′′ + γ f S′ − λ2γ
(

f f ′S′ + f 2S′′
)
= 0. (9)

with:
f (0) = 0, f ′(0) = 1, A5θ′(0) = −Bi[1 − θ(0)], S(0) = 1,
f ′(∞) → 0, f ′′ (∞) → 0, θ(∞) → 0, S(∞) → 0.

(10)

with Bi (Biot number), R (radiation parameter), α (viscoelastic parameter), γ = ν f /DB

(Schmidt number), λ2 (concentration relaxation constant), Pr (Prandtl number), λ1 (thermal
relaxation constant) and H (Hartmann number) which are expressed as:

α = k1ϖ
ρ f ν f

, γ =
ν f
DB

, H =
σhn f B0

2

ρ f ϖ , R = 16T∞
3σ*

3khn f k* , λ1 = ϑ1ϖ,

λ2 = ϑ2ϖ, Pr = ν f (
ρCp f

k f
), Bi =

(
h f /khn f

)√
ν f ϖ

The physical quantities are further defined by:

A1 =
ρhn f

ρ f
, A2 =

µhn f

ρ f
, A3 =

σhn f

σf
, A4 =

(
ρCp)hn f(
ρCp) f

, A5 =
khn f

k f
(11)

The HNF consists of ethylene glycol base liquid decomposed with Fe3O4 and
Cu nanoparticles.

The suspension of Fe3O4 and Cu nanoparticles is endorsed due to peak thermal
management and uniform magnetic relevance, which presents the synergistic features that
impel the transfer of heat effectively. The role of ethylene glycol as a base material is justified
due to stable thermo-physical properties, chemical reliability and wide applications in
thermal management systems, making the HNF more suitable for advanced energy and
cooling systems. Table 1 presents the numerical range of base fluid and nanoparticles.
Table 2 illustrates the expressions used to determine the HNF dynamics.
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Table 1. Thermo-physical features of HNF [29].

Physical Properties Cu Fe3O4 C2H6O2

ρ
(
kgm−3) 8933 5180 1114

Cp (Jkg.k) 385 670 2415

κ (W.(m.k)) 401 9.7 0.252

Table 2. Mathematical relevance of nanofluids and hybrid nanomaterials [25,28].

Physical Characteristics Mathematical Expressions

Density
ρn f = (1 − φ)ρ f + φρs

ρhn f = (1 − φ2)
[
(1 − φ1)ρ f + φ1ρs1

]
+ φ2ρs2

Heat Capacity

(
ρCp

)
n f =

[
(1 − φ)

(
ρCp

)
f + φ

(
ρCp

)
s

]
(
ρCp

)
n f = (1 − φ2)

[
(1 − φ1)

(
ρCp

)
f + φ1

(
ρCp

)
s1

]
+ φ2

(
ρCp

)
s2

Dynamic Viscosity
µn f =

µ f

(1−φ)2.5

µn f =
µ f

(1−φ1)
2.5(1−φ2)

2.5

Thermal Conductivity

kn f =
ks+(n−1)k f −(n−1)ϕ(k f −ks)
ks+(n−1)k f +(n−1)ϕ(k f −ks)

∗ k f

khn f =
ks1+(n−1)k f −(n−1)φ1(k f −ks1)

ks1+(n−1)k f +φ1(k f −ks1)
∗ k f

khn f =
ks2+(n−1)kb f −(n−1)φ2(kb f −ks2)

ks2+(n−1)kb f +φ2(kb f −ks2)
∗ k f

2.2. Engineering Quantities

The skin friction coefficient, local Sherwood number, and local Nusselt number are [28]:

C f =
τw

ρu2
w

, τw = µhn f

[(
∂u
∂y

)
+ k0

(
u ∂2u

∂x∂y + v ∂2u
∂y2 − 2 ∂u

∂y
∂v
∂y

)]
y=0

,

Nu = xqw
k(Tf −T∞)

, qw = −
(

khn f +
16T3

∞σ∗

3k∗

)(
∂T
∂y

)
y=0

,

Shx = xJw
DB(Cw−C∞)

, Jw = −DB

(
∂C
∂y

)
y=0

.

(12)

Re1/2
x C f A1 = A2[ f ′′ + K(3 f ′ f ′′ − f f ′′′ )]ξ=0,

Re−1/2
x Nux = −(1 + A5Nr)θ′(0),

Shx(Rex)
−1/2 = −S′(0).

(13)

3. Solution Methodology
The present model is numerically explored using the shooting method, a robust com-

putational approach commonly employed in the analysis of transport phenomena and
nonlinear fluid flow systems. This technique proves especially effective when analytical
solutions are infeasible due to the presence of strong nonlinearities and coupled differential
equations. The core idea of the shooting strategy lies in recasting the higher order approx-
imations to system of first order. This reformulation enables iterative refinement, where
initially guessed values are adjusted to satisfy terminal boundary constraints. Introducing
following transformations:

f = κ1, f ′ = κ2, f ′′ = κ3, f ′′′ = κ4, f iv = κ4
′

θ = κ5, θ′ = κ6, θ′′ = κ6
′,

S = κ7, S′ = κ8, S′′ = κ8
′.

, (14)

κ4
′ =

−1
ακ1

[
A2κ4 − A1

(
κ2

2 − κ1κ3

)
− A3Hκ2 − α

(
2κ2κ4 − κ3

2
)]

, (15)
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κ6
′ =

−Pr
((A5 + Nr)− PrA4λ1κ1

2)[−A4κ6 − A4λ1κ1κ2κ6]
, (16)

κ8
′ =

−γκ1κ8 + λ2(κ1κ2κ8)

(1 − λ2κ1
2)

(17)

with:
κ1(0) = 0, κ2(0) = 1, A5κ6(0) = −Bi[1 − κ5(0)], κ5(0) = 1,
κ2(∞) → 0, κ3(∞) → 0, κ5(∞) → 0, κ7(∞) → 0.

(18)

The iterative simulations are repeated until the accuracy of 10−6 is achieved. The
computations are performed by maintaining the size of ∆η = 0.002. MATLAB 2017 com-
putational tool has been used to perform the simulations. The CPU time ranges from
10 to 90 s depending upon different modeled parameters and grid resolution.

4. Validation of Results
In order to validate the accuracy of the computed solution, a comparative analysis is

worked out in Table 3 with the already claimed investigation of Turkyilmazoglu [30] and
Hayat et al. [31]. A favorable solution accuracy is determined with both studies, which
confirms the accuracy of numerically predicted data.

Table 3. Results for f ′′ (0) with the investigation of Turkyilmazoglu [30] and Hayat et al. [31]
when A1 = A2 = 1 and K = 0.

H Turkyilmazoglu [30] Hayat et al. [31] Current Results

0.5 −1.2247448 −1.224747 −1.2247451

1.5 −1.5811388 −1.581147 −1.581142

2.0 −1.7320508 −1.732057 −1.732056

5. Physical Interpretation of Results
The heat transfer has been studied to predict the HNF dynamics containing the Cu

and Fe3O4 nanoparticles with ethylene glycol (C2H6O2) base fluid. The shooting method
is employed to simulate the computations. This section accounts for the discussion on
the thermal perspective of hybrid nanofluid for both mono nanofluid Cu/C2H6O2 and
hybrid nanofluid (Cu–Fe3O4)/C2H6O2. Figure 2a determines the influence of Hartmann
number H on velocity profile f ′(ξ). A stronger magnetic force leads to a reduction in f ′(ξ),
which is physically associated with the implementation of the Lorentz force. Such magnetic
damping appeared for both HNF and MNF; however, MNF experienced a pronounced
velocity reduction. Thus, it can be stated that the HNF maintains higher velocity under
the same magnetic field. Figure 2b shows a similar trend when the viscoelastic parameter
is varied: increasing α (from 0.2 to 1.0) causes a pronounced decrease in f ′(ξ) for both
nanofluids. Greater fluid elasticity leads to more significant internal stress that opposes
the flow, thus lower uniform velocity profiles occur as α rises. In this case, however, the
hybrid nanofluid’s velocity is more strongly attenuated by viscoelastic effects than the
mono-nanofluid’s. The HNF exhibits a larger drop in f ′(ξ) with the increase in α, but the
mono-nanofluid retains slightly higher velocities under the same elastic conditions. This
indicates that the presence of both Cu and Fe3O4 nanoparticles amplifies the elasticity-
induced flow resistance in the hybrid nanofluid, while the mono-nanoparticle fluid is less
affected by the increase in α.
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(a) (b) 

Figure 2. Analysis of velocity profile f ′ for (a) H (b) α.

To study the behavior of temperature distribution θ due to the viscoelastic pa-
rameter α, Figure 3a is proposed. An increase in α enhances the thermal transport,
with the hybrid formulation exhibiting a more significant rise in heat transfer efficiency.
Figure 3b explores the behavior of θ under the influence of the Biot number Bi, show-
ing that greater Bi values lead to improved thermal profiles for both types of nanofluids.
This is attributed to the direct relationship between Bi and the convective heat transfer
coefficient, highlighting the role of convective boundary conditions in enhancing internal
thermal conduction, especially in HNFs. Figure 3c illustrates the effect of the increase in
the nanoparticle volume fraction (ϕ1, ϕ2) on the temperature profile. It is observed that
the hybrid suspension (Cu–Fe3O4)/C2H6O2 shows superior thermal enhancement while a
single nanoparticle accomplishes less. Figure 3d demonstrates that increasing the radiated
number R leads to an elevated temperature profile. This radiative enhancement is more
pronounced in HNFs, reflecting their potential to increase thermal energy distribution and
heat exchange in advanced energy systems. Lastly, Figure 3e illustrates the effects of the
thermal relaxation time λT on θ. As λT increases, a noticeable reduction in the temperature
profile is observed, particularly for the mono-nanofluid, suggesting a delayed thermal
response due to non-Fourier heat conduction effects.

The results for the investigation of concentration distribution S due to Schmidt number
γ have been prepared in Figure 4a. It is observed that as γ increases, the concentration
profile decreases. The reduction in concentration distribution S is physically attributed
to the reduction in mass diffusivity, which opposes the dispersion of the species. In
Figure 4b, the effect of the concentration relaxation parameter λ2 is analyzed; it reveals
that higher values of λ2 cause a noticeable reduction in concentration. Physically, a higher
concentration relaxation number means that the nanoparticle concentration field requires a
long time to respond to the local concentration gradients. Such a delayed diffusion process
weakens the nanoparticle transport from higher to lower concentration regions, resulting
in a thinner concentration boundary layer and consequently a lower concentration level.

Figure 4c presents the variation of S with the viscoelastic parameter α; it is observed
that the increase in α leads to higher concentrations. Physically, the viscoelastic parameter
contributes to the elastic nature of the fluid and its capability to store deformation energy.
When the fluid exhibits larger resistance to rapid deformation, the effects of the viscoelastic
parameter become more prominent. For hybrid nanofluid Cu–Fe3O4/C2H6O, this improve-
ment in concentration profile becomes more pronounced due to synergistic interaction
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between two different types of nanoparticles, which alters the rheological dynamics of this
suspension and strengthens the viscoelastic response.

Figure 5a explores the variation in the skin friction coefficient with the Hartmann
number H at different values of the viscoelastic parameter α. The skin friction is very
important in fluid dynamics; in fact, it represents the shear stress exerted near the surface
due to viscosity and is crucial for the optimization of flow-system efficiency. As α increases,
the wall shear stress is found to intensify, highlighting its significance in aerodynamic appli-
cations where minimizing drag is essential for improving vehicle and aircraft performance.
Meanwhile, Figure 5b presents the results for Sherwood number versus Schmidt number γ

for increasing H. The behavior shows a consistent decrement in mass transfer rate against
H, demonstrating its suppressive influence on concentration boundary layers.

  
(a) (b) 

  
(c) (d) 

 
(e) 

Figure 3. Effect of (a) α; (b) Bi; (c) ϕ1, ϕ2; (d) R; (e) λ1 on the temperature field θ.
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(a) (b) 

 
(c) 

Figure 4. Effect of (a) γ; (b) λ2; (c) α on the concentration profile.

(a) 

(b) 

Figure 5. (a) Effects of H and α on the skin friction coefficient and (b) effects of H and Sc on the
Sherwood number.

https://doi.org/10.3390/mca31040129

https://doi.org/10.3390/mca31040129


Math. Comput. Appl. 2026, 31, 129 11 of 13

6. Conclusions
• The velocity profile diminishes with increasing Hartmann number and viscoelastic

parameter, due to enhanced Lorentz and elastic resistance, with HNFs offering better
flow control compared to mono-nanofluids.

• More impressive thermal results are examined for HNF (Cu–Fe3O4)/C2H6O2 as
compared to Cu-based MNF.

• An intensified thermal profile is examined for the radiated parameter, providing
applications to high-energy systems and optimized heat transfer phenomena.

• Larger concentration relaxation number and Schmidt parameter suppress the concen-
tration profile, justifying the role of non- instantaneous chemical species and controlled
mass diffusivity.

• The presence of a chemical reaction parameter reduces mass concentration, where
HNF suspension claims better resilience under the reactive flow conditions.

• Boosted wall shear force is examined when viscoelastic effects are prominent, which is
important to regulate the surface drag and momentum transfer.

• The Sherwood number and Nusselt number are suppressed due to stronger magnetic
force, indicating a damping impact on both thermal and concentration gradients.

• For all observations, the HNF accomplishes peak thermal relevance and flow behavior
as compared to MNF, affirming its capability in modern engineering applications.

6.1. Applications of the Current Model

The outcomes of the proposed modeling incorporate the potential of viscoelastic
hybrid nanofluid in a variety of advanced fluid and thermal systems. The analyzed en-
hancement in heat transfer and flow control by using the Cu–Fe3O4/ethylene glycol-based
HNF makes this suspension a strong candidate for applications in thermal heat exchang-
ers, high-performance HVAC systems and microelectronics cooling. The capability to
manipulate the wall shear force and thermal profiles through viscoelastic hybrid nanofluid
modeling justifies its relevance in aerospace engineering and automotive systems, espe-
cially in drag control and thermal shielding. Moreover, the understanding of concentration
and radiation impact on complex flow regimes makes this model versatile and applicable
for thermal solar collectors, geothermal management systems and biomedical applications.
Overall, the HNF model incorporates a versatile and efficient approach to improving the
heat and mass transfer phenomenon in advanced energy and engineering systems.

6.2. Future Recommendations

Future studies can extend this framework by incorporating transient flows, complex
geometries, entropy generation, slip effects, thermophoretic features, and Hall effects. More-
over, experimental validation and the inclusion of machine learning-based optimization
could enhance predictive modeling and practical implementation in real-world energy,
biomedical, and aerospace systems.
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Nomenclature

(x, y) Coordinate axis
(
ms−1)

(u, v) Velocity components (m)

ϖ Stretched constant
(
s−1)

C Concentration
(

kgm−3
)

T∞ Ambient temperature (K)

T Temperature (K)

Cw Surface concentration
(

kgm−3
)

C∞ Ambient concentration
(

kgm−3
)

µhn f Dynamic viscosity
(

kgm−1s−1
)

σhn f Electrical conductivity
(

Sm−1
)

B0 Magnetic intensity
(

kgs−2A−1
)

khn f Thermal conductivity
(
m2s−1)

h f Coefficient of heat transfer(
ρCp)hn f Specific heat capacity

(
m2s−2K−1

)
σhn f Stefan–Boltzmann constant

(
Wm−2K−4

)
ρhn f Density

(
kgm−3

)
DB Brownian diffusion

(
m2s−1)

ϑ2 Concentration relaxation coefficient
k1 Viscoelastic coefficient
ϑ1 Thermal relaxation time
DB Brownian diffusion
Bi Biot number
R Radiation parameter
α Viscoelastic parameter
γ Schmidt number
λ2 Concentration relaxation constant
Pr Prandtl number
λ1 Thermal relaxation constant
H Hartmann number
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