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Abstract

Modeling and predicting extreme observations in network latency data is an important task
for monitoring the performance and reliability of communication systems. In this paper,
we develop a comprehensive inferential and predictive framework for network latency
times using upper and lower current record values from the two-parameter exponential
distribution. First, explicit expressions for the probability density functions and cumulative
distribution functions of the lower and upper current records are derived. Closed-form
expressions for the r-th moments of these records are also obtained. Parameter estimation
for the location and scale parameters is then investigated using both maximum likelihood
estimation and Bayesian estimation. Because the Bayesian estimators do not admit closed-
form solutions, a Markov Chain Monte Carlo approach based on the Metropolis-Hastings
algorithm is employed to compute the posterior summaries. To forecast future latency
behavior, classical predictive intervals and Bayesian predictive procedures are developed
for future upper and lower current records as well as for future record ranges. The Bayesian
framework additionally provides Bayesian predictive values and Bayesian predictive inter-
vals that incorporate parameter uncertainty. The performance of the proposed procedures
is evaluated through a simulation study. Finally, the methodology is applied to real network
latency time data from Saudi Arabia. The results demonstrate that record-based inference
combined with Bayesian prediction provides effective tools for modeling and forecasting
extreme latency observations in modern communication networks.

Keywords: statistical computing; network latency times; two-parameter exponential
current records; Bayesian estimation and prediction; Saudi network data

1. Introduction

Statistical inference plays a central role in predicting computer science data, a field
often referred to as statistical computing, which integrates advanced statistical theory
with computational algorithms to extract meaningful patterns from complex, large-scale,
and high-dimensional datasets. In modern computer science applications—such as machine
learning, artificial intelligence, cybersecurity, network analysis, cloud systems, and big data
analytics—massive volumes of structured and unstructured data are generated continu-
ously, requiring robust inferential frameworks to model uncertainty, estimate parameters,
test hypotheses, and generate reliable predictions. Statistical computing relies on prob-
abilistic models, including regression models, Bayesian inference, Markov chain Monte
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Carlo (MCMC) simulations, stochastic processes, and time-series analysis, to analyze algo-
rithm performance, predict system failures, optimize resource allocation, detect anomalies,
and enhance decision-making under uncertainty. For example, in predictive modeling for
network traffic, inferential techniques allow researchers to estimate unknown distribution
parameters and forecast future loads, while in cybersecurity, statistical anomaly detection
methods help identify irregular patterns that may signal intrusions or attacks. The in-
tegration of computational tools such as numerical optimization, simulation techniques,
and high-performance computing environments enables the practical implementation of
complex inferential procedures that would otherwise be mathematically intractable. More-
over, statistical computing emphasizes reproducibility, scalability, and efficiency through
programming languages and environments such as Mathematica, R, and Python, which
provide extensive libraries for data manipulation, visualization, and predictive modeling.
By combining theoretical inference with algorithmic implementation, statistical computing
transforms raw computer science data into actionable insights, improves model accuracy,
quantifies prediction uncertainty, and supports evidence-based technological innovation
across domains ranging from software engineering to artificial intelligence systems.

Statistical computing has emerged as a central discipline integrating statistical in-
ference with advanced computational methodologies to address complex, large-scale,
and high-dimensional problems in computer science. The evolution and mutual devel-
opment of statistics and computation are comprehensively discussed in Statistics and
Computing: The Genesis of Data Science [1], which highlights how algorithmic advances
have reshaped modern data-driven scientific inquiry. Foundational treatments of com-
putational techniques for inference are provided in Computational Statistics [2], which
systematically develops simulation-based methods and numerical algorithms for statistical
analysis. More recently, Statistical Modeling and Computation [3] integrates inferential
modeling with contemporary computational tools, emphasizing Bayesian analysis and
Monte Carlo methods for predictive applications. In the context of large-scale and ma-
chine learning problems, Bayesian approaches linking statistical inference with modern
learning theory have been explored in [4], while scalable procedures for distributed com-
puting, subsampling, and minibatch optimization have been systematically reviewed in [5].
The fundamental interplay between statistical accuracy and computational complexity
has been theoretically examined through convex relaxation frameworks in [6], providing
insight into the limits of efficient large-data inference. Furthermore, probabilistic numerical
methods that embed uncertainty quantification directly into computational algorithms
have been developed in [7], strengthening the theoretical and practical foundations of statis-
tical computing for predictive modeling and uncertainty assessment in modern computer
science applications.

One important application of statistical inference in computer science arises in the
prediction and monitoring of network latency times, where the stochastic behavior of delay
measurements can be effectively modeled using continuous lifetime distributions. In many
real-world communication systems, latency values exhibit right-skewed behavior and
memoryless characteristics over short intervals, making the two-parameter exponential
distribution a suitable probabilistic model for describing their variability. By focusing on
upper and lower current records, it becomes possible to extract critical information about
extreme delays that directly affect quality of service, congestion control, and system relia-
bility. Statistical analysis of current records provides efficient estimates of the location and
scale parameters of the two-parameter exponential model and enables predictive inference
about future extreme latency events. Such record-based modeling is particularly attractive
in high-frequency network environments because it reduces data storage requirements and
emphasizes the most informative observations, especially those associated with peak delays.
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Through likelihood-based and Bayesian inferential procedures, one can derive estimators,
confidence intervals, and predictive distributions for upcoming record-breaking latency
times, thereby enabling proactive network management and performance optimization
under uncertainty.

Although communication network latency may exhibit heavy-tailed behavior under
certain operating conditions, particularly during periods of severe congestion or highly
bursty traffic, the present study considers the two-parameter exponential distribution
as the underlying probabilistic model. This choice is motivated by two considerations.
First, the exponential model provides a mathematically tractable framework that enables
closed-form derivation of the distributions, moments, estimation procedures, and pre-
dictive intervals for current records. Second, for latency measurements collected over
relatively short and stable observation periods, the exponential distribution provides a
reasonable approximation of the observed variability and allows the proposed record-based
methodology to be developed in a complete analytical form.

The novelty of our paper lies in developing a comprehensive inferential and pre-
dictive framework based specifically on upper and lower current record values from a
two-parameter exponential distribution for modeling network latency times. Unlike tradi-
tional approaches that rely on complete samples or aggregate summaries, our methodology
leverages record statistics to construct parameter estimation procedures and predictive
models tailored to extreme latency behavior. The main purpose of the paper is therefore
to derive the theoretical properties of the estimators, establish predictive distributions for
future record latency times, and demonstrate how record-based inference can enhance reli-
ability assessment and decision-making in modern computer network systems. The study
is especially pertinent to the Kingdom of Saudi Arabia’s Vision 2030 framework, which
includes numerous national objectives.

Record statistics have attracted considerable attention in statistical theory because
they arise naturally in situations where only extreme observations are observed over time.
In particular, current record values provide a useful framework for studying sequential
extremes without requiring the full data sequence. The mathematical properties of current
records, including their distributional characteristics, moments, and recurrence relations,
have been investigated under various probability models. These theoretical developments
provide the foundation for statistical inference based on record data; see, for example,
the contributions of Barakat et al. [8], Raqgab [9,10], and Ahmadi and Balakrishnan [11].
Extensions of these results to more generalized record structures, such as (k)-record models,
were later discussed by Chahkandi and Ahmadi [12].

Another important direction in the literature focuses on prediction and inference using
record observations. Distribution-free and parametric prediction intervals for future record
values have been studied extensively, particularly in the context of order statistics and
sequential extremes. Several works have addressed the construction of prediction bounds
and the statistical properties of estimators derived from record samples; see, for instance,
Barakat et al. [13], Raqgab [14], and Ahmadi and Balakrishnan [15]. These approaches
highlight the usefulness of record-based inference when only partial information about the
underlying sample is available.

More recently, record-based methodologies have been applied to a range of parametric
distributions and real datasets, demonstrating their practical value in modeling extreme
observations. Examples include studies involving Laplace, Kumaraswamy, and general-
ized exponential distributions, where current record statistics have been used to estimate
model parameters and to construct prediction intervals for future record values [16-20].
A comprehensive overview of the theory and applications of current records can be found
in the recent survey by Aldallal and Barakat [21].
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For a series {X¢}, we use the following notation in this paper: At the th record event,
let Lg’ and Ug’ represent the lower and upper current records, respectively. By definition,
L, = L7 for new upper records Uy, > U, and Uy, = Uy’ for new lower records
LEJ+1 < LE’. With initial values Uy = Ly = X, Lg’ thus denotes the minimal observation
up to the ¢th record point. For ¢ > 1, the current record range is defined as Rg! = Ug’ — Lg!,
and the interval (LE’, Ug’) is referred to as the record coverage. Every time a new upper or
lower current record is set, a new range is noted.

2. PDF and CDF of Two-Parameter Exponential Current Records

Understanding the probabilistic structure of network latency measurements is es-
sential for developing reliable statistical models and prediction procedures. In particular,
the probability density function (PDF) and cumulative distribution function (CDF) describe
the distribution of latency times and provide the foundation for deriving statistical prop-
erties of record observations. These functions play a central role in parameter estimation,
inference, and the prediction of future extreme latency events.

Since the present study focuses on inference based on current record values, it is
necessary to derive the corresponding distributional forms associated with these records.
When the underlying latency observations follow a two-parameter exponential distribution,
the distributional behavior of the lower and upper current records can be obtained from
the baseline model. Therefore, in this section, we derive the CDF and PDF of the lower
and upper current record values under the assumption that the original data follow a
two-parameter exponential distribution.

The probability density function and cumulative distribution function of the two-
parameter exponential distribution with location parameter # > 0 and scale parameter
B > 0 are given, respectively, by

f(x;9r/3)=;e><p(x59), x>0, 1)

F(x;0,B) =1— exp<—xg0>, x> 0. )

The parameter 0 shifts the distribution along the horizontal axis. Statistically, it repre-
sents a threshold or minimum value below which observations cannot occur. Increasing 6
shifts the entire distribution to the right without changing its shape.

Moreover, the parameter  controls the scale of the distribution:

e Larger values of B produce a more spread-out distribution with a heavier right tail.
*  Smaller values of 8 concentrate the distribution more closely around 6.

¢ The mean of the distribution is 6 + B.

e  The variance is 2.

The two-parameter exponential distribution is a special case of the three-parameter
Weibull distribution when the shape parameter equals one. It is widely used for modeling
waiting times, failure times, reliability data, and lifetimes under the assumption of a
constant hazard rate.

Theorem 1. For ¢ > 1, the CDF and PDF of the lower (upper) current records, when the original
data follows a two-parameter exponential distribution with location parameter 8 > 0 and scale
parameter B > 0, are respectively given by

x—0 x—0 x—0

Fig (1) = 1+2¢ 1-¢ P |Ple-tog|1-c P _plg—210g[1-c B ||, 3)
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x—0 x—0

2 g -

fLEr (x) = Ee B p ¢, —log|l—e B , (4)
x—0
x—0 T x—0
pug<x>—P(§,2( ; ))—2% p P(, . ) )
: x—0

26 ~ —0

fUé’ (x) = Ee ﬁ P(@/ z ‘B )/ (6)

where x > 0, and P(a,b) = y(a,b) /T (a) denotes the regularized lower Gamma function.

Proof. Let X follow a two-parameter exponential distribution with CDF and PDF given by
(1) and (2). To derive the CDF and PDF of the current records, we begin with the general
formulas of Houchens:

Flo(x) = zép(x){l — F(x) éilz—(rpﬂ) i M}’ %
¢ =0 7=0 T
1 [ loe F(x
fue () = ({1~ F) ¥ o8P ®)
¢=0 ¢
Fo(x)=1— 2€F(x){1 — P(x) gf 2-(9+1) i M} 9)
‘ 9=0 =0 T
E1 [ oo
fug () = 20 {1 - Fo) 3 BT (10
=0 ¢

where F(x) =1— F(x).
Lower current records: Substituting F(x) = 1 — ¢ * into (7) and defining

R -0
ﬁ 7
we obtain
- —2log(1 —e #)]"
Fro(x) =281 =) {1 (1 - 2~ (9+D) 8l .
(1) =21 =) 1= (1-e 2 Z ,7
Let
—2log(1—e~*)]"
A= 2= (p+1) g )
g 28
Changing the order of summation yields
i log 1—e O Z [—2log(1 —e #)]"
= = 1 '
Using the identity
— W’
Z T = P(¢, w))

with w = —log(1 —e %) and w = —2log(1 — e~ *), yields after simplification

Fio(x) =1+ 26(1— e *)P(&, —log(1 —e %)) — P(¢, —2log(1 —e7?)).
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Which proves (3), and differentiating with respect to x and using

d ut—le—n s dz 1
%P(CI”):W, u=—log(l—e?), it
gives
28
ngr (x) = Fe_zp(g, - 10g(1 - e_z>),

which proves (4).
Upper current records: For the upper records,

F(x)=e7, —log F(x) = z.
Substituting into (9) and simplifying using the same summation identity gives
Fuo (x) = P(§,22) — 2% *P(Z,2),

which proves (5). Finally, substituting into (10) gives

g ¢l
fugr (x) = Z—e_z [1 —e* ) 2‘1’1

Using
-1 ¢
Y 2 =e(1-PE2),
=0 "
we obtain
fug () = 2o 7p(g,2)
ugr’ - ‘B 14)s

which proves (6). O

Figures 1-4 show the results of testing various values of 8, B, and ¢ to illustrate the
forms of the PDFs and CDFs of the upper and lower current records found in Theorem 1.

© o N

6=1,48=5

Figure 1. Plot of FLZr (x;6, B) for different values of &, 6, and B.
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Figure 4. Plot of fugr (x;0, B) for different values of , 6, and B.
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fug,u? (”c’;r ur) =

Houchens [22] also obtained the joint PDF of two lower current records and two upper
current records as

_ fUf()
fLZ,’,LC{ (l§/ Ir) = F(l§>(T — 1)

(-1
(H(lg) - H(lT)) , <l 1<g<t, (11)

where H(x) = log(F(x)).
Similarly,

fug)f(ur)
(1= F(ug))(t =& —1)!

where R(x) = —log(1 — F(x)). From (11) and (12), the conditional densities of LY | Lg =l
and U7 | Uy = ug follow immediately as

(R(ur) — R(ug))T ‘ 1, ur >ug, 1<¢<r, (12)

frng (e lle) = F(lg)(i(l—r)é —) (H) - H(ZT))FH' (13
fugrjug (e [ ) = 7= F(ugf)()bzrr)— -1 (Reue) - R(”’v‘))T_é_l' (14

3. Moments of Two-Parameter Exponential Current Records

Moments provide fundamental measures that describe the probabilistic behavior of a
distribution, including its location, variability, and higher-order structural characteristics.
In the context of network latency time analysis, the moments of current record values are
particularly informative because they capture the statistical behavior of extreme delays
and unusually low response times observed over time. Such quantities are important
for understanding the variability and expected magnitude of record-breaking latency
events that may affect network performance and reliability. In this section, we derive
analytical expressions for the r-th moments of the lower and upper current records when
the underlying observations follow a two-parameter exponential distribution. These results
provide theoretical insight into the distributional properties of record latency times and
form a useful foundation for the estimation and predictive procedures developed in the
subsequent sections.

Theorem 2. Assume that the random variable X follows a two-parameter exponential distribution
with location parameter 8 > 0 and scale parameter > 0. Let Lg’ and Ug’ denote the {-th lower
and upper current record values, respectively, derived from the sequence of observations. Then the

r-th moments associated with the lower and upper current records can be expressed as follows:

1

E[L“]—zé‘Z()e’fﬁf (G+1)— ZZ }Wrz)kﬂl, (15)

YT(+k+1)

é‘_
rGj+1)- Y ———— (16)
= k1 2j+k+1

E{(Ué’)’] — ¢ Xr; <;>9’fﬁf

j=0

where a,(j) are the coefficients from

[—In(1—y)) = Zoap(j)y”“} lyl < 1.
=

https://doi.org/10.3390/mca31040130
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Proof. The lower and upper current records’ r-th moment is, by definition,

E{(Lg)r] = /9 x’ngr (x;6,B) dx, E[(Ug’)’] = /0 xrfugr (x;0,B) dx
Using the previously derived PDFs (4) and (6) and introducing the transformation

z:x;(}, x=0+pBz, dx = Bdz,

we obtain

E[(LC’ —25/ (0 + Bz)'e*P(¢, —log(1l —e™ %)) dz,

E[ (U] 26/ (64 Bz)'e *P(¢,2) dz

Expanding (6 + Bz)" using the binomial theorem gives

(0+pz) =) (;)97_fﬁjzf.

j=0

Substituting this expansion into the integrals yields

E[ (LS) } = 2f 2 ( )(ﬂ 1/31/ Ze2P(g, —log(1—e 7)) dz,

E[(Ug’)’] =2¢ i <;>67f,3j /Ooo Ze ?*P(E,z) dz

j=0
Lower current records: Let

y=1l-¢* = z=-In(l-y), dz=_——.

Then
e dz =dy, Z = [-In(1-y)].

Hence, the integral becomes

1

/O " et p(E, — log(1 — e %)) dz = /0 (—In(1 — y)J'P(&, — Iny) dy.

Expand the regularized gamma function For integer ¢,

P —tny) —1—y 3 ¢ iy,
k=0

Thus, the integral splits as

1 . ‘-1 1 1 .
Jy =ty = ¥ g [T = =Yy (- )y

Using the series expansion

https://doi.org/10.3390/mca31040130
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X1,X0, 0, Xg) = _
fugr g ug (31,52, X¢) F(x0,0,6)

we have

1 , o0 T il k!
=i =y)y () dy = Eap() [0 (- n)dy = X apl)

/0 Yy (—Iny ypgbwoy yyrgw(pﬂﬂ)kﬂ

Substituting back, we obtain (15).

Upper current records: Expand the regularized gamma function; hence, the integral

splits as

0o | ¢—1 1 0o
/0 ZJEZdZ_k;)k!/O Ze %7Kz

The first integral is
/ e ?dz =T(j+1).
0

While the second integral is

© FG+k+1)
jrk,—2z4 _ 1
/0 Zedz = 2j+k+1

substituting back gives the closed-form series (16). This completes the proof. [

4. Parameter Estimation of Network Latency Times Data

In practical applications involving network latency measurements, the location param-
eter 6 and the scale parameter p of the two-parameter exponential distribution are typically
unknown and must be estimated from the observed data. Accurate estimation of these
parameters is essential because they determine the baseline latency level, the variability of
delay measurements, and the probabilistic behavior of extreme latency events that directly
influence network performance and reliability.

When inference is based on current record values rather than complete samples, the es-
timation problem becomes more specialized, since record observations primarily capture
extreme behavior in the data. To address this, we consider two widely used inferential ap-
proaches: maximum likelihood estimation (MLE) and Bayesian estimation (BE). The MLE
method relies solely on observed data to obtain parameter estimates via likelihood max-
imization, whereas the Bayesian approach incorporates prior knowledge alongside the
observed data to produce posterior estimates that account for parameter uncertainty. These
estimation procedures provide the foundation for the predictive modeling of future latency
records developed in the subsequent sections.

4.1. Maximum Likelihood Estimation (MLE)

Let Uy", Uy, ..., U denote the first { upper current record values. The joint PDF
definition for current records given by [13] is

 F2(xg;0, B)F(x1;06,p) (ﬁ 2f(x;;6, B)
j=1 F(xj;erﬁ)

For observed two-parameter exponential upper current records, the likelihood function

), X <Xp < ---<Xg 17)

becomes :
2 _ Y
L(6,B| UT) = ﬁ(e(xl 0)/p _ 1>e 2(xz=0)/B (18)

and the log-likelihood is

06,8 | U) = FIn2— EIn B +1n(e<xv9>/f>’ - 1) - 2"5&_9. (19)

https://doi.org/10.3390/mca31040130
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Derivative with respect to

114 1 elm—0)/p 2 e(x1—6)/p N
%:_373(x1—9>/ﬁf1+3_0 = 76(&_9)/!371—2 = 6=x—pBIn2.

Derivative with respect to 8

a F x—0 e0/p Z(Xg—G)io
BB B emB_q T g

(x-6)/B
X —0)/B_ 1

Substituting = 2 gives

.2
—55—2(x1—9)+2(x§—9):0 = ‘BIE(XC*)Q).
Finally, the MLEs of the parameters based on the upper current records are

n 2 ~
ML — E(xg —x1), OML = x) — BMLIn2. (20)

Now, let LT, LY, ..., LE’ denote the first ¢ lower current record values. Using the joint
PDF definition for lower current records from [13], which is given by

 P(xz0,B)F(x1;0,B) (& 2f (x;6, B)
fLi",...,Lg (x1,. ..,xé) - F(x1;6,B) i F(x]-]; 0,B) ’

X >>x, (21)

and (1) and (2) gives the likelihood function

2¢ p—2(x1—0)/Bp— (xg -0)/p ¢ o (x=0)/p

LO,B|L")=— . (22)
011 = e Ly
The log-likelihood function will be
— — C xi—0
n—0_ x—0 X ~(n-0)/p
00,8 L) = - — —In(1—e"™
(0,8] L) ; ; ]; ; ( )
(23)
_ Z ln< )/ﬁ)
Derivative with respect to
o _2.1 i /P NP (/B
L ,6 - —(x— 9)/ﬂ g 1-e (Xj—f’)/ﬁ T
Multiply through by B to simplify
—(x1—-0)/p & o (x=0)/p
s+e--— Ty ¢ (24)

1— e (x1-0)/8 a1 o~ (xj—0)/B

This equation can be solved numerically to find GLC, . Now derivative with respect to 8

of B 28 2(x; —0) N ngg ¢ X -0 (x1 _9) f(xﬁe)/ﬁ 4 (xj _g)ef(x,-fG)/ﬁ

BB P R TH P RO e Hpaoe
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Multiply through by f? and some simplifications we get
¢ 1 _ 2~ (xj—6)/B (x1 — 0)e~(x1=6)/p
28 B+ 2x +xg — 30 +];(xj —0) o0/ 1 _ -0/ 0 (25

Unlike the upper current record case, closed-form solutions are not generally available for
lower current records; the MLEs éILVCIrL and ﬁZLVCIrL must be computed numerically by solving
the above nonlinear equations using methods such as Newton—-Raphson or Fisher scoring.

4.2. Bayesian Estimation (BE)

BE provides a flexible inferential framework for estimating the unknown parameters of
the two-parameter exponential distribution when inference is based on current record obser-
vations. Unlike classical approaches that rely solely on the observed sample, the Bayesian
methodology incorporates prior knowledge about the parameters and combines it with the
information in the observed data using Bayes’ theorem. The resulting posterior distribution
reflects both sources of information and provides a complete probabilistic description of
parameter uncertainty.

In the context of network latency time analysis, Bayesian estimation is particularly
attractive because record values often represent only a small subset of the available observa-
tions while still capturing the most extreme and informative latency events. By accounting
for parameter uncertainty, the Bayesian framework produces more stable and interpretable
estimates of the location parameter 6, which represents the baseline latency level, and the
scale parameter B, which controls the variability of delay measurements. These poste-
rior estimates naturally support predictive inference and form the basis for the Bayesian
predictive procedures for future latency records developed in the subsequent sections.

4.2.1. BE for Upper Current Records

We assume independent priors for the estimators of the BE of the upper current record
distribution:
7_[(9) . Qﬂl—le—bﬂ;, ﬂ(ﬂ) - ﬁaz—le—bzﬁ,

and the posterior joint is then proportional to the probability function provided by (18).

(0, U)o 2700 (e 00D 1) engl 20

Under the Square Error Loss (SEL) function, the BE of parameter 0, represented as 955 ,1s

—b0—DbB|. (26

obtained as the posterior expectation of 6 conditional on the observed upper current record

values. Let U~ = (U, Uy, ..., Ug’), which will be provided by

E(O| U = /Ooo /000977(9,5 | U)o d, 27)

whereas the BE of g under the same set U, Alfﬁ,, may be computed from

EB|us) = [~ [ pre.p] un)dodp. )

4.2.2. BE for Lower Current Records

Again, we assume independent priors for the estimators of the BE of the lower current
record distribution:
() & 09 e M8 7(B) o g2 126,

https:/ /doi.org/10.3390/mca31040130
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Now, we obtain the following posterior proportional function using the likelihood function
shown in (22).

2(x1 = 0) + (xz — 0) + X8 (x; — )
p
(1— e =OV/BY ITE_, (1 - e%xﬂ)/ﬁ)

exp| —

(0, B | L) oc 2071~ 21— exp(—di0 — da). (29)

To obtain the Bayes estimators of the parameters 6 and f, denoted by 9E£ and EEE under
the squared error loss (SEL) function based on the observed lower current records L =
(LT, LY, ..., LE’ ), we use the posterior means given by

E(0| L) = /0°° /000971(6,/3 | L) dod, (30)

EBIL) = [ [ pr(o.p] L) dodp. @1

The posterior expressions in (27), (28), (30) and (31) involve the complicated forms
given in (26) and (29), which makes obtaining analytical solutions for the corresponding
integrals infeasible. Consequently, closed-form Bayesian estimators cannot be derived
directly. To approximate these quantities, numerical integration techniques are required.
In this study, a simulation-based approach using Markov Chain Monte Carlo (MCMC)
methods is adopted. Specifically, posterior samples are generated through the Metropo-
lis-Hastings (MH) algorithm, allowing the Bayesian estimates to be approximated using
the generated posterior samples.

5. Prediction of Future Network Latency Time Data

In this section, we investigate the prediction of future network latency time under cur-
rent records, which are critical performance indicators in modern communication systems.
Network latency times reflect transmission delay, response time, packet propagation delay,
queuing delay, and overall system throughput efficiency. Accurate prediction of extreme
or record-breaking latency observations is essential for performance optimization, conges-
tion control, quality-of-service (QoS) assessment, and reliability monitoring in real-time
network environments.

By incorporating specialized prediction intervals tailored to the current record struc-
ture and leveraging refined Bayesian and likelihood-based estimators, more precise and
informative forecasts of future latency spikes can be obtained. These enhanced predictive
procedures allow for better anomaly detection, improved traffic management strategies,
stronger statistical inference, and more robust predictive modeling for high-speed and
large-scale network infrastructures.

5.1. Classical Prediction Intervals (CPI)

Predicting future lower and upper current records, as well as future record ranges, was
first systematically addressed by Barakat et al. [13], who developed prediction intervals
tailored to different types of current records. Their construction relies on the most recently
observed current record and an adjustment quantity that depends on whether the prediction
concerns a lower record, an upper record, or a record range. A key component of these
intervals is the tabulated constant Y ., where T denotes the order of the future current
record to be predicted (with ¢ = 1 representing the first future record, { = 2 the second,
and so forth), and « is the significance level.

In the present framework, which focuses on network latency time current records, we
refine the interval construction procedure by incorporating estimators that are specifically
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derived from the relevant record type. Rather than using parameter estimates obtained from
the complete dataset, we employ record-based estimators to better capture the stochastic
behavior of extreme latency observations.

For predictive intervals of upper latency time current records, we utilize GALA{ICE or 0BE
and B]L\I/If; or BBE.. Similarly, for lower latency time current records, we use 8! or 25 and
BML or BBE . This targeted estimation strategy improves the precision of predictive intervals
for future latency spikes and unusually low delay events, thereby enhancing reliability
assessment and performance forecasting in network systems.

The prediction procedure can be summarized in the following algorithm:

First step: For a given latency time dataset, identify the probability distribution F that
provides the best fit to the observed delay, response time, and transmission latency mea-
surements.

Second step: Identify the sequences of lower and upper current latency record values from
the observed data and compute the associated record ranges. Let ¢ denote the total number
of observed lower and upper current records.

Third step: Estimate the parameters using the appropriate record-based methods. Specifi-
cally, compute GA%VL and AILVEI,L or éfﬁ and ﬁfc’f for lower records, and 9%5 and A]L\I/Icl; or égf,
and Bfﬁ for upper records.

Fourth step: Select the prediction order T corresponding to the future latency current record
of interest and specify the significance level a. The associated critical value Y7, can then be
retrieved from the relevant statistical tables.

Fifth step: Using the estimates obtained in Step 3, construct the predictive confidence
intervals as follows:

a- (Ug’, F(1 — Flt¥ra (Ug’))) isa (1 — a)% predictive interval for U’

o+t
b- (F‘l(F 1+Yra (Lg’)), Lg’) isa (1 — a)% predictive interval for LY, _.

c- (Ug’ - L7, F 11— FHYW(UE’)) — F(F1HYra (LE’))) is a 7% predictive interval
for Rg:rr, where 7y > max(1 — 2a,0).

5.2. Bayesian Predictive Interval (BPI) and Bayesian Prediction Value (BPV)

BPV provides a coherent probabilistic framework for forecasting future network la-
tency time current records by combining prior information about the unknown parameters
with the evidence contained in the observed record data. Within this framework, infer-
ence is based on the posterior distribution of the parameters derived from the lower and
upper latency current records. Rather than relying on single-point estimates, Bayesian
prediction accounts explicitly for parameter uncertainty by integrating over the joint poste-
rior distribution.

This integration yields the posterior predictive distribution of a future latency time
current record, which incorporates both sampling variability and uncertainty in the model
parameters. From this predictive distribution, BPIs can be constructed to provide a range of
plausible values for future latency observations, such as potential delay spikes or unusually
low response times with a specified probability of coverage.

As additional latency measurements or new current records become available, the pos-
terior distribution and the associated predictive intervals are updated in a coherent and
consistent manner. This adaptive feature makes Bayesian prediction particularly attractive
in network performance analysis, especially in environments with limited observations,
rapidly changing traffic conditions, or when prior knowledge about latency behavior
is available.
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5.2.1. BPV and BPI for Upper Current Records

Let U7 denote the future upper current record to be predicted, given the observed
sequence of upper current records U. The posterior predictive density of U7, conditional
on the observed records, is defined by integrating the conditional density (14) with respect
to the posterior of the parameters 6 and f given in (26):

P 00) = [ [ fusiuy (e | ugs0, 8) (@, p | U) dodp, &

where fu§’|u? (ur | ug;0,p) is the conditional density of the next upper current record

from (14). With some routine calculations, we reach

[ o) 25 B o L B
fﬂgy‘ﬂ(ur)a/o /0 mem lﬁaz T 1(ur—ug)T ¢ l(e(x1 9)/,3_1

ur +2xz —ug —2

0 (33)
X exp [— B — b0 — bzﬁ} dodp, ur > ug.

Under the squared-error loss function, the Bayesian point predictor of U is the posterior
predictive mean:

——BPV ©
ur = By ju) = |

’ Ur ffli’ e (u) dur. (34)
: uer

Since (33) does not admit a closed-form solution, the posterior predictive mean is approxi-
mated via simulation:

where {U7 ®) }I | are draws from the posterior predictive distribution.
For Bayesian predictive intervals (BPIs), a 100(1 — a)% interval for Uy is defined as

P(Le < UY < U, | UT) =1—a,

with bounds determined from the posterior predictive distribution:

Ly p 14

| fe g ) due = 3, (35)
Fig e

Uy p 1

[ A o) e =1 5. @)
 Jurue

In practice, the BPI can be obtained from the empirical quantiles of the simulated posterior
dicti 1 o (T .
predictive sample {U; " },_;:

(thl Ua) = (th/2/ Qlfzx/Z)/

where Q) denotes the pth quantile of the posterior predictive sample.

5.2.2. BPV and BPI for Lower Current Records

The prediction procedure for lower current records follows a framework similar to that
used for upper records, with appropriate consideration of the decreasing pattern inherent
in lower record sequences. Let LY denote the 7-th future lower current record value, where
T > ¢ and ¢ denotes the number of observed lower current records.
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The posterior predictive density of LY given the observed sequence L is

flle o (I / / fus gz I 1636, B) (6, B | L) o df, (37)

where the conditional density f; o Ly is given by (13). And the posterior distribution is
given by (29).

(-1
. et [1n(1 — e Ue=0)/B) _1n(1 — e—UT—e)/ﬁ)}
fL”\L”’ 2 / / (t—¢—1)! —e=1F 1— e e=0)/B
lo42 ¢ X (F+4)P (38)
exp |:_ + X]+X§+):‘g:1 Xj (€+ ) . dle . d2‘8:|
X dedpg, Ir <Iz.

(1— e (1-0)/p) Hle(l — e =0/

Under the squared-error loss, the Bayesian point predictor of LY is the posterior predic-
tive mean:

/C\rBP Cr cr lg' 14
L7 =E(LY | LY) :/0 leL?\ﬁ(lT)le' (39)

Because this integral has no closed form, it is approximated via Monte Carlo:

—~BP 1 L
v ~=y1v0, (40)
T t=1

where {L7 ® }I_| are draws from the posterior predictive distribution.

Now for BPI, a 100(1 — y)% Bayesian predictive interval for LY is defined as:

P(L, <Ly <U, | L) =1—1,

with the bounds determined by the posterior predictive distribution:

v
/ fLCr |LCr dl / fLCr ‘Lcr N

In practice, these are approximated using the empirical quantiles of the simulated posterior
predictive sample:

(Ly, Uy) = (%/2f q1- 7/2)

where g, denotes the pth quantile of {L? ®) }thl.

Note that, because lower current records are decreasing, LY < LE! for T > ¢, so any
credible interval must respect this upper bound in simulations and interpretation.

For lower current records, the posterior distribution may become highly concentrated
near the last observed lower current record when only a limited number of records are avail-
able. This behavior is a consequence of the record structure itself, since future lower current
records cannot exceed the current minimum record and therefore contain relatively little
additional information. Consequently, the Bayesian estimates may exhibit an apparent de-
generacy by concentrating around the boundary of the parameter space. This phenomenon
reflects the limited information contained in lower current records rather than numerical
instability of the Metropolis—Hastings algorithm. The corresponding MCMC chains re-
mained stable and converged satisfactorily, indicating that the observed concentration is an
inherent characteristic of record-based inference.
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6. Numerical Illustration
6.1. Simulation Study

This section presents a comprehensive simulation study to evaluate the performance of
the proposed estimation procedures for current-record data arising from the two-parameter
exponential distribution. Simulation studies play an essential role in statistical research
because they allow the behavior of estimation methods to be examined under controlled
and reproducible conditions. In particular, simulations enable the investigation of the
finite-sample properties of estimators, including their bias, variability, and overall stability,
and provide a practical framework for comparing different inferential approaches when
theoretical analysis alone is insufficient.

In the context of record-based inference, where only upper and lower current records
are observed instead of the complete sample, simulation experiments are especially im-
portant. Record values represent extreme observations and therefore contain limited but
highly informative information about the underlying distribution. Evaluating estimation
methods under such conditions helps assess their reliability when applied to real-world
problems involving extreme events, such as unusually large or small latency times in
communication networks. Consequently, the simulation analysis provides insight into
how well the proposed procedures are expected to perform when modeling and predicting
extreme latency behavior.

To conduct the simulation study, 1000 random samples of size 100 were generated from
the two-parameter exponential distribution. For each generated sample, the corresponding
upper and lower current records were extracted and used to estimate the model parameters
using both MLE and BE. For each observed record sample size ¢, the mean of the parameter
estimates and their standard deviations (SD) were computed to evaluate the variability
of the estimators. The number of samples corresponding to each record size ¢ was also
recorded and denoted by n.

In addition, the accuracy of the estimators was assessed using two widely used
performance measures: the mean absolute deviation (MAD) and the root mean square
error (RMSE). Furthermore, bootstrap confidence intervals (BCls) were constructed for each
model parameter to assess the uncertainty around the estimates. The complete simulation
results are presented in Tables 14, while Figure 5 provide graphical summaries of the
principal performance measures. These figures facilitate comparison between the maximum
likelihood and Bayesian estimators and illustrate how the estimation accuracy changes as
the number of current records increases.

Overall, the graphical summaries presented in Figure 5 clearly support the numerical
findings reported in Tables 1-4. In particular, both the RMSE and MAD generally decrease
as the number of current records increases, indicating improved estimation accuracy with
larger record samples. Moreover, the Bayesian estimator exhibits smaller variability than
the maximum likelihood estimator in most simulation scenarios involving small and mod-
erate record sizes. The quantity n reported in the simulation tables denotes the number
of Monte Carlo samples producing the corresponding record size rather than the original
simulation sample size. Consequently, some record sizes occur infrequently, resulting in
small effective sample sizes. The associated bootstrap confidence intervals should therefore
be interpreted with appropriate caution. Also, The relatively large standard deviations
observed in a few scenarios correspond to rare record configurations that occurred infre-
quently during the Monte Carlo simulations. Because current records represent only a
sparse subset of the original observations, these configurations naturally exhibit greater
sampling variability. The simulation results demonstrate that predicting network latency
using current-record data is feasible, but the accuracy of parameter estimates depends on
record type, sample size, and estimation method. For upper current records (U"), MLE es-
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timates of the location parameter 6 tend to overestimate the true value when the record size
is small (¢ = 4, 5) due to the limited information content of early records. As the number of
observed upper records increases, both MLE and Bayesian estimation (BE) converge toward
the true value, and the associated variability decreases. Similarly, MLE estimates of the
scale parameter 3 exhibit large standard deviations and occasional overestimation for small
record sizes, whereas BE provides more stable and reliable estimates with lower RMSE,
making it particularly suitable for forecasting extreme high-latency events. For lower
current records (L"), both MLE and BE produce estimates closer to the true values even
with small ¢, but MLE is more variable, especially for the scale parameter. BE, in contrast,
yields remarkably stable estimates with tight credible intervals, reflecting high reliability
in predicting minimal latency events. Overall, increasing the number of observed records
improves estimation accuracy and reduces variability for both upper and lower records,
indicating that longer sequences of observed latency extremes yield more confident predic-
tions of future record values. Comparisons between MLE and BE highlight that Bayesian
methods generally reduce bias, produce smaller SDs and RMSE/MAD values, and provide
narrower, more reliable confidence intervals, particularly in small-sample scenarios. These
findings suggest that BE is advantageous for network latency prediction, offering more
stable and realistic forecasts for both extremely high and low latency events, which is
critical in latency-sensitive applications such as real-time streaming or financial networks.

The simulation results also demonstrate the practical value of the proposed method-
ology for communication network management. In particular, lower RMSE and MAD
values indicate more accurate prediction of future extreme latency observations, reducing
the uncertainty associated with forecasting latency spikes. More reliable predictions en-
able network operators to anticipate abnormal latency conditions earlier, allowing timely
resource allocation and traffic management decisions that improve network capacity
planning and maintain the desired quality of service (QoS). Therefore, the statistical per-
formance measures reported in Tables 1-4 have direct practical significance beyond their
numerical values.

Average RMSE over Tables 1--4 Average MAD over Tables 1--4
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Figure 5. Average RMSE, MAD and SD of the MLE and BEs for upper and lower current records
across Tables 1-4.
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Table 1. Simulation results when § = 1 and g = 3.
MLE BE

I'4 Parameter Mean SD RMSE MAD 95% BCI Mean SD RMSE MAD 95% BCI
Oyer 39615 7.3278 7.6153  4.2948 [0.5044,7.9408] 3.8289 6.0717 6.4650 3.3866  [0.9853,7.5845]
4(n=13) Buer 5.8784 3.1683 4.1818 3.8451 [3.8438,7.4302] 5.1709 1.4485 25761 24216  [4.2651,5.8814]
B Orer 0.5915 0.1851 0.4453 0.4093 [0.4888,0.6980] 1.0368 0.0464 0.0577 0.0405 [1.0128, 1.0633]
Brer 1.8190 1.8791 2.1521 2.0617 [0.8606,2.9847] 54991 7.9799 8.0385 5.7387  [1.4766,10.5652]
Oyer 27301 3.7802 4.0931 2.6515 [1.3940,4.3136] 2.5093 2.7113 3.0589 1.7967  [1.6216, 3.5964]
5 (n=27) Buer 44952 1.8274 23348 19792 [3.8297,5.1346] 52517 0.9405 24335 23067  [4.9153, 5.5964]
B Orer 0.5643 0.2619 0.5058 0.4395 [0.4706,0.6558] 1.0397 0.0277 0.0481 0.0397  [1.0300, 1.0505]
Brer 1.3283 09249 19022 1.7393 [1.0029,1.6847] 1.8779 1.4791 1.8347 1.6399  [1.3499,2.4284]
Oyer 1.9421 32467 33569 2.0749 [1.2642,2.6970] 1.7837 2.0853 2.2129 1.1958  [1.3643, 2.3460]
6 (11 = 66) Buer 42515 1.6110 2.0303 1.6293 [3.9146,4.6509] 5.5305 0.8806 2.6771 2.5574  [5.3138, 5.7410]
B Orcr 0.6178 02282 0.4443 0.3837 [0.5673,0.6702] 1.0248 0.0214 0.0327  0.0248  [1.0200, 1.0302]
Brer 1.0221 0.6654 2.0852 1.9918 [0.8698,1.2041] 1.7709 2.2880 2.5820 2.1382  [1.3030, 2.3519]
Oyer 27620 4.3350 4.6611 2.7682 [2.0288,3.6145] 2.4506 3.1983 3.4986 1.7396  [1.8819, 3.0908]
7 (n =110) Buer 3.6891 1.6873 1.8155 14441 [3.3538,3.9835] 55300 1.1191 2.7644 25802  [5.3109, 5.7255]
B Orer 0.6079 0.2115 0.4450 0.3980 [0.5671,0.6465] 1.0318 0.0345 0.0468 0.0321  [1.0259, 1.0384]
Brer 1.1619 09944 2.0877 19842 [0.9995,1.3692] 1.6123 1.6880 2.1792 1.8723  [1.2993, 1.8944]
Oyer 25832 3.3036 3.6530 24790 [2.0641,3.0858] 1.9898 1.9215 21556 1.3137  [1.6992,2.3202]
8 (1 = 145) Buer 3.0072 12271 1.2229 09241 [2.8061,3.1945] 5.3954 0.8790 25505 2.3954  [5.2597,5.5509]
B Orcr 0.6455 02174 04155 0.3575 [0.6080,0.6813] 1.0288 0.0310  0.0423  0.0289  [1.0241, 1.0341]
BLer 09135 0.5416 21552 2.0865 [0.8293,1.0018] 1.3174 1.1106 2.0140 1.8320  [1.1435, 1.4990]
Oyer 2.8080 3.4128 3.8531 24565 [2.3018,3.2978] 2.0886 22575 2.5002 1.3408  [1.7722,2.4669]
9(n=167) Buer 26721 1.0771 1.1228 0.8463 [2.5032,2.8314] 5.4062 0.9586 2.5890 2.4570  [5.2670, 5.5486]
B Orer 0.6862 0.1888 0.3659 0.3161 [0.6558,0.7170] 1.0303 0.0333  0.0449 0.0305  [1.0255, 1.0354]
Brer 0.8694 04749 2.1826 21308 [0.8000,0.9412] 1.3402 1.1543 2.0198 1.8867  [1.1699, 1.5213]
Ouer 1.7870 23055 24295 15976 [1.4460,2.1367] 1.4585 1.2806 1.3565 0.7725  [1.2466, 1.6624]
10 (1 = 165) Buer 2.6329 09004 0.9698 0.7802 [2.4967,2.7710] 5.5932 0.7909 2.7104 2.5942  [5.4723,5.7169]
B Orer 0.6957 0.1917 0.3594 0.3124 [0.6666,0.7249] 1.0306  0.0315 0.0438 0.0308  [1.0258, 1.0357]
Brer 0.7344 0.3093 22865 22656 [0.6878,0.7802] 0.9244 0.6149 2.1642 2.0770  [0.8320, 1.0241]
Oyer 2.3409 2.8259 3.1176 19851 [1.8534,2.8543] 1.7838 1.6925 1.8590 1.0053  [1.5129,2.1013]
11 (n = 124) Buer 24539 09190 1.0658  0.8529  [2.3008,2.6290] 5.6656 0.8342 2.7921 2.6656  [5.5204,5.8177]
B Orcr 0.7521 0.1988 0.3173  0.2530 [0.7161,0.7875] 1.0316 0.0305 0.0439 0.0316  [1.0267,1.0370]
Brer 0.6892 03510 2.3371 2.3108 [0.6299,0.7477] 0.9905 0.7789 21541 2.0543  [0.8515, 1.1282]
Oyer 1.7880 1.6504 1.8184 1.3297 [1.4199,2.1756] 1.3180 0.7573 0.8164 0.5840  [1.1393, 1.5027]
12 (n = 71) Buer 22848 0.6763 0.9810 0.8550 [2.1350,2.4400] 5.6961 0.7080 2.7862 2.6961  [5.5397,5.8667]
B Orer 0.7128 0.1911 0.3442 0.2893 [0.6722,0.7555] 1.0243 0.0284 0.0373  0.0244  [1.0182, 1.0316]
Brer 0.6750 0.2395 2.3372 23250 [0.6205,0.7278] 0.8126  0.4258 22279 2.1874  [0.7132,0.9122]
Oyer 1.8042 1.8057 19613 1.3612 [1.3663,2.2870] 1.2492 0.7196 0.7552  0.5379  [1.0795, 1.4485]
13 (n = 54) Buer 2.0949 0.6954 1.1374 09901 [1.9119,2.2835] 5.6643 0.7636  2.7697 2.6643  [5.4533,5.8618]
B Orcr 0.7500 0.1925 0.3144 0.2515 [0.6991,0.8008] 1.0229 0.0208 0.0308 0.0229  [1.0177, 1.0285]
Brer 0.6258 0.2553  2.3876 23742 [0.5580,0.6918] 0.7862 0.4609 22603 2.2138  [0.6696, 0.9115]
Oyer 3.0621 3.0096 3.6105 24756 [2.0792,4.0799] 2.0245 1.7087 1.9700 1.1954  [1.4584,2.6311]
14 (n = 33) Buer 1.9824 1.0958 1.4832 1.2983 [1.6206,2.3744] 5.6888 1.2657 29636  2.6888  [5.2742,6.1270]
B Orer 0.7956  0.1846 0.2736  0.2115 [0.7329,0.8571] 1.0306 0.0280  0.0412  0.0309  [1.0217, 1.0409]
Brer 0.6757 03506 2.3498 2.3243 [0.5656,0.7894] 0.9792 0.6837 21300 2.0272  [0.7559, 1.2065]
Ouer 22166 22088 24517 1.6527 [1.1966,3.4528] 1.4131 1.0170 1.0636 0.7180  [0.9640, 1.9908]
15 (n = 14) Buer 1.6594 05211 1.4316 1.3406 [1.4051,1.9130] 5.4774 0.7198 25727 24774  [5.0828, 5.8368]
B Orcr 0.6987 0.1901 0.3526 0.3013 [0.6052,0.8045] 1.0273 0.0243 0.0359  0.0273  [1.0170, 1.0423]
BLer 0.7428 0.2528 22703 22572  [0.6165,0.8688] 0.9305 0.5677 2.1406 2.0695  [0.6711,1.2297]
Oyer 1.8022 13364 14746 1.1827 [0.9255,2.7750] 1.1902 0.7529 0.7226  0.4939  [0.7422, 1.8136]
16 (n=7) Buer 14557 04898 1.6095 1.5443 [1.1585,1.8315] 5.3004 0.6748 2.3837 23004 [4.8952,5.8144]
B Orer 0.6815 0.2128 0.3745 0.3185 [0.5554,0.8329] 1.0178 0.0133 0.0216  0.0178  [1.0095, 1.0278]
Brer 0.6899 03049 2.3273 23101 [0.4652,0.9030] 0.6715 0.2150 23370 2.3285  [0.5451,0.8411]
Oyer 14466 02097 04705 0.4466 [1.2983,1.5948] 1.0615 0.0070 0.0617 0.0615  [1.0565, 1.0665]
17 (n = 4) Buer 1.8451 0.1833 1.1622  1.1549 [1.7155,1.9747] 6.1225 0.1769 3.1250 3.1225  [5.9974, 6.2476]
B Orer 0.5065 0.0033 0.4935 04935 [0.5042,0.5088] 1.0060 0.0027 0.0063 0.0060  [1.0041, 1.0079]
BLer 09004 0.0642 21001 2.0996 [0.8550,0.9458] 0.5795 0.0850 2.4212 24205 [0.5194, 0.6396]
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Table 2. Simulation results when § = 1and g = 5.
MLE BE

I'd Parameter Mean SD RMSE MAD 95% BCI Mean SD RMSE MAD 95% BCI
Oyer 3.0959 52996 54898 34292 [0.4513,6.2030] 3.3343 4.2066  4.6551  2.8394  [1.2879,5.8739]
4(n=13) Buer 9.8026 44754 64362 5.6107 [7.2842,12.004] 6.5734 14774 21157 19421  [5.6632,7.2902]
B Opcr 0.4826 0.2184 0.5581 0.5174 [0.3594,0.5881] 1.0465 0.0469  0.0647  0.0465  [1.0246, 1.0745]
Brer 1.7942 15917 3.5495 3.2058 [0.9478,2.6669] 2.7823 3.0686  3.6810  3.3470  [1.1810, 4.5650]
Ouer 5.0469 10.805 11.362 53572 [1.6978,9.2487] 5.1432 9.3167 10.0486 4.6475  [2.2053,9.1305]
5 (n=29) Buer 7.6167 3.8999 4.6402 4.0574 [6.0806,9.0002] 6.3587 1.8716 22865  2.1283  [5.6818, 6.9855]
B Orer 0.6095 0.1732  0.4260 0.4007 [0.5508,0.6761] 1.0423 0.0530  0.0671  0.0426  [1.0263, 1.0632]
Brer 1.8575 22928 3.8666 3.6875 [1.1295,2.7658] 5.8719 14563 14.336  6.6310  [2.0073, 12.191]
Oyer 4.0680 6.1098 6.7941 4.2423 [2.5908,5.7083] 3.8286 4.5373  5.3166  3.0738  [2.8304, 4.9044]
6 (1 = 64) Buer 6.6575 2.6155 3.0791 2.6152 [6.0002,7.2960] 6.7629 1.2752  2.1699  1.9425  [6.4221,7.0644]
B Opcr 0.6184 0.1949 04278 0.3836 [0.5735,0.6655] 1.0421 0.0443 0.0609  0.0437  [1.0311, 1.0538]
Brer 1.7133  1.3492 35488 3.3402 [1.4107,2.0491] 2.8952 29657 3.6178  3.2028  [2.2362, 3.6549]
Ouer 44078 64853 73023 43306 [3.3135,5.5558] 3.8954 5.0485 5.8017  3.1547  [3.0280, 4.7673]
7 (n=121) Buer 5.6697 24325 25133 20512 [5.2168,6.1068] 6.7531 1.3649  2.2183  2.0199  [6.5206, 6.9850]
B Oper 0.6123 02277 04491 0.3950 [0.5716,0.6522] 1.0439 0.0475 0.0646  0.0444  [1.0360, 1.0530]
BLer 1.6259 1.3714 3.6400 34519 [1.3925,1.8677] 28664 3.1344 3.7809  3.2479  [2.3727,3.4250]
Oyer 37363 6.1111 6.6762 3.8298 [2.7825,4.7438] 3.3538 4.5533  5.1115 2.6040  [2.6574,4.1723]
8 (1 = 143) Buer 53014 22280 22406 1.7532 [4.9270,5.6794] 6.9344 1.3440 2.3528 2.1044  [6.7066, 7.1449]
B Opcr 0.6513 02239 0.4140 0.3519 [0.6140,0.6842] 1.0433 0.0449 0.0623  0.0436  [1.0367,1.0511]
Brer 1.3108 1.0840 3.8441 3.7071 [1.1359,1.4850] 2.1824 22413 3.5954  3.3702  [1.8338,2.5671]
Oyer 25621 3.8724 41645 2.6058 [1.9964,3.1308] 2.4412 27928 3.1350 1.7189  [2.0471,2.8690]
9 (n=162) Buer 48748 1.7604 1.7595 1.3121 [4.5885,5.1321] 7.0450 1.1307  2.3351  2.1217  [6.8747,7.2186]
B Oper 0.6604 0.2242 0.4065 0.3481 [0.6281,0.6947] 1.0516 0.0568  0.0766  0.0517  [1.0436, 1.0613]
BLer 1.0132  0.6103  4.0329 3.9868 [0.9211,1.1146] 15509 1.5614 3.7841  3.5949  [1.3266, 1.7907]
Ouer 32076 43727 4.8871 3.0211 [2.6124,3.8509] 2.6947 3.1248 3.5468  1.8609  [2.2343,3.2187]
10 (n = 173) Buer 43335 15361 1.6704 1.3369 [4.1015,4.5541] 7.0531 1.1345 2.3441 2.1433  [6.8654,7.2196]
B Orer 0.7003 02160 0.3691 0.3050 [0.6693,0.7321] 1.0459 0.0516  0.0690  0.0461  [1.0382, 1.0537]
Brer 1.0552 0.7421 4.0136 39631 [0.9560,1.1681] 1.6764 1.4971  3.6434 34798  [1.4534,1.9263]
Oyer 2.7499 35493 39433 2.6052 [2.1567,3.4422] 22322 21327 24550 14373  [1.8542,2.6547]
11 (n = 115) Buer 39443 11994 15939 1.3563 [3.7259,4.1624] 7.0718 0.9025 22583  2.0718  [6.9245,7.2330]
B Opcr 0.7176 02174 0.3558 0.2874 [0.6757,0.7536] 1.0483 0.0449  0.0658  0.0483  [1.0404, 1.0576]
Brer 0.9382 0.5193 4.0946 4.0618 [0.8506,1.0360] 1.3527 1.0134 3.7843  3.6494  [1.1802, 1.5394]
Ouer 29937 3.3541 3.8856 2.7076  [2.2892,3.7286] 23048 1.9950 23743  1.4653 = [1.9233,2.6912]
12 (n = 89) Buer 3.6023 1.1695 1.8182 1.6009 [3.3558,3.8520] 7.0541 0.9734 22708 2.0654  [6.8607,7.2496]
B Oper 0.7400 0.2064 0.3312 0.2659 [0.6957,0.7818] 1.0445 0.0382  0.0585  0.0446  [1.0369, 1.0531]
Brer 09359 04743 4.0914 4.0641 [0.8406,1.0326] 1.3652 09122  3.7463  3.6348  [1.1810, 1.5481]
Oyer 2.8120 3.1016 3.5641 2.4878 [1.9859,3.6895] 22768 19124 22828 14328  [1.7450, 2.8168]
13 (n = 48) Bucr 3.3484 0.8687 1.8619 1.6849 [3.1157,3.5817] 7.1176 0.7785 22534 21176  [6.8985,7.3471]
B Opcr 0.7572  0.1807 0.3016 0.2523 [0.7071,0.8086] 1.0461 0.0480  0.0662  0.0462  [1.0342, 1.0605]
Brer 0.8339 03690 4.1820 4.1661 [0.7282,0.9390] 1.2390 0.8101  3.8455 3.7610  [1.0197, 1.4583]
Oyer 29236 2.3439 29907 2.0438 [2.0014,3.8625] 1.9767 1.2942 15977  1.0323  [1.4817,2.5083]
14 (n = 22) Buer 2.8341 0.8044 2.3041 21659 [2.5167,3.1751] 6.8068 0.8209 19768  1.8068  [6.5024,7.1431]
B Oper 0.7983 0.1638 0.2575 0.2037 [0.7271,0.8617] 1.0438 0.0374  0.0571  0.0438  [1.0294, 1.0598]
BLer 0.7744 02551 4.2329 4.2256 [0.6776,0.8845] 1.1853 0.6369  3.8651  3.8147  [0.9459, 1.4740]
Ouer 21645 24530 2.6214 1.8626  [0.9801,3.5012] 1.8892 1.3424 15629  1.0521  [1.2363,2.6900]
15 (n = 12) Buer 32205 1.2218 21295 1.8840 [2.5655,3.9430] 7.2915 1.3049 2.6100 22915  [6.6005,7.9863]
B Opcr 0.7614 0.1766  0.2925 0.2412  [0.6622,0.8558] 1.0381 0.0333  0.0497 0.0381  [1.0219, 1.0575]
Brer 0.7666  0.2922  4.2427 4.2334 [0.6012,0.9136] 0.9450 0.5384  4.0876  4.0550  [0.6800, 1.2539]
Oyer 3.1513 1.7916  2.6825 23685 [1.7251,4.4499] 2.0168 0.7232 1.2051 1.0168  [1.4273,2.6124]
16 (n = 5) Buer 25505 0.6485 25172 24495 [2.0617,3.0382] 6.9872 0.6250  2.0643  1.9872  [6.4814, 7.4693]
- Opcr 0.8683 0.1969 0.2200 0.1384 [0.6914,0.9857] 1.0363 0.0213  0.0410  0.0363  [1.0230, 1.0547]
Brer 0.6414 02541 43645 4.3586 [0.5103,0.8673] 0.9987 0.1286  4.0030  4.0013  [0.8850, 1.0868]
Ouer 3.8381 45578 4.8615 33381 [0.6717,8.0376] 2.8578 23594 27616  1.8578  [1.4196, 5.2067]
17 (n = 4) Buer 42691 1.7391 1.6741 1.6269 [3.0457,5.9199] 9.0064 1.4219 41914  4.0064 [7.9398, 10.3397]
B Orer 0.8403 0.1739 0.2195 0.1597 [0.6577,0.9724] 1.0490 0.0231  0.0529  0.0490  [1.0341, 1.0724]
Brer 09565 0.5581 4.0723 4.0435 [0.6348,1.5226] 1.6947 1.1346  3.4483  3.3053  [0.9738, 2.8049]
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Table 3. Simulation results when § =2 and g = 5.
MLE BE

I4 Parameter Mean SD RMSE MAD 95% BCI Mean SD RMSE MAD 95% BCI
Oyer 1.5290 0.0081 0.4710 0.4710 [1.5233,1.5348] 1.1561 0.8088 1.1283  1.1131 [0.7694, 1.7766]
4(n=10) Buer 0.6615 0.7941 4.3747 43385 [0.1000,1.2230] 2.6268 1.1482 2.5082 23732 [1.8150, 3.4387]
- Orer 1.7398 0.2249 0.3333 0.2883 [1.5925,1.8943] 2.0657 0.0344 0.0730 0.0657 [2.0434,2.0882]
Brer 0.7932 0.7224 42596 42068 [0.3286,1.3289] 1.8528 3.3075 4.3911 4.3425 [0.2612,4.4226]
Ouier 42118 59337 6.2526 4.2919 [2.4571,6.2636] 4.3118 4.7562 5.2268 3.1068 [2.8607,5.9832]
5 (n = 35) Buer 8.0774  3.3259 44962 3.6496 [7.0030,9.1367] 6.8508 1.2690 22338 2.0139  [6.4305,7.2357]
- Orcr 1.3850 0.5098 0.7941 0.6170 [1.2002,1.5462] 2.0421 0.0389 0.0569  0.0422 [2.0301,2.0549]
Brer 1.8882 15729 34766 3.1654 [1.4061,2.4272] 3.3235 29146 3.3261 29966 [2.4238,4.2038]
Ourer 54046 74172 8.1201 5.4245 [3.9088,7.1195] 4.8534 55334 6.1957 3.6686 [3.7115,5.9919]
6 (n=82) Buer 6.7931 3.2082 3.6581 29228 [6.1182,7.4847] 6.8529 1.5795 24285 21890 [6.5013,7.1647]
- Orer 1.4344 04495 0.7208 05719 [1.3306,1.5296] 2.0563 0.0665 0.0868 0.0566 [2.0428,2.0715]
Brer 1.8360 1.4997 34976 3.2056 [1.5377,2.1780] 3.5522 4.2292  4.4457 3.6339 [2.6836, 4.4653]
Ouer 3.8302 53584 5.6372 39305 [2.8771,4.8504] 3.4767 3.7763 4.0373 2.3286 [2.7815,4.2654]
7 (n=101) Buer 6.0197  2.5301 2.7162 1.9733 [5.5189,6.4929] 6.9768 1.3092 23675 2.1088 [6.7328,7.2311]
- Orer 1.5374 03891 0.6032 0.4723 [1.4559,1.6079] 2.0416 0.0426 0.0594  0.0422 [2.0330, 2.0496]
Brer 1.3308 1.0560 3.8167 3.6692 [1.1327,1.5271] 2.4228 25110 3.5895 3.3030 [1.9522,2.9391]
Ouier 4.7457 6.2634  6.8206 4.4439 [3.9156,5.7467] 4.0096 4.4712  4.8892 2.7484  [3.3210, 4.7256]
8 (1 = 158) Buer 49297 22424 22364 1.6624 [4.5910,5.3055] 6.7828 1.4066 2.2682 2.0119 [6.5385,7.0128]
- Orer 1.5326  0.3533  0.5852  0.4721 [1.4788,1.5871] 2.0436 0.0459 0.0632 0.0439 [2.0364, 2.0509]
Brer 1.3911 1.0483 3.7571 3.6266 [1.2278,1.5647] 2.3259 2.2809 3.5101 3.1626 [1.9970,2.7236]
Oyer 5.0363 6.0476  6.7508 44976  [4.1121,5.9260] 3.9724 43912 48019 2.5592  [3.3127,4.6455]
9 (n=167) Buer 44973 1.7180  1.7850 1.4047 [4.2461,4.7681] 6.9081 1.1358 2.2188 2.0020 [6.7445, 7.0674]
- Orer 1.6001 0.3195 0.5113 0.4038 [1.5466,1.6453] 2.0565 0.0549 0.0787 0.0566 [2.0483,2.0647]
Brer 1.2852 09772 3.8404 3.7339 [1.1446,1.4232] 22266 22227 3.5500 3.2679 [1.8987,2.5731]
Ouer 3.5472 42059 44671 3.0688 [2.8915,4.2720] 2.8876 2.5809 2.7204 1.6309 [2.4726, 3.3449]
10 (n = 138) Buer 43065 14903 1.6389 1.3273 [4.0757,4.5697] 7.0955 1.0378 2.3368 2.1327  [6.9258,7.2765]
- Orcr 1.6757 0.2419 0.4041 0.3329 [1.6348,1.7138] 2.0575 0.0578 0.0814 0.0576 [2.0483,2.0669]
Brer 1.0258 0.6146  4.0211 3.9742 [0.9271,1.1326] 15556 1.2730 3.6705 3.4751 [1.3591, 1.7746]
Oyer 39551 3.7322 42001 3.0299 [3.3132,4.6510] 2.8964 23063 2.4658 1.4007 [2.5548, 3.3066]
11 (n = 125) Buer 3.8386 1.3083  1.7455 1.5163 [3.6142,4.0551] 7.0556 0.9912 22804 2.0695 [6.8975,7.2252]
- Orer 1.6959 0.1966 0.3617 0.3090 [1.6608,1.7283] 2.0495 0.0535 0.0727 0.0495 [2.0405, 2.0590]
Brer 09892 0.4730 4.0384 4.0108 [0.9083,1.0801] 1.4923 1.0582 3.6626  3.5322 [1.3120, 1.6775]
Ouier 3.9488 3.7480 4.2027 2.7918 [3.1735,4.8679] 29792 25533 2.7191 14164 [2.4922,3.5783]
12 (n=77) Buer 3.7924 14727 1.8971 1.6485 [3.4793,4.1368] 7.2613 12691 2.5891 23091 [6.9777,7.5449]
- Orcr 1.7377 0.1895 0.3229 0.2623 [1.6926,1.7757] 2.0414 0.0427 0.0592 0.0414 [2.0323,2.0513]
Brer 09567 0.4932 4.0729 4.0433 [0.8578,1.0689] 1.4802 1.0567 3.6730 3.5651 [1.2659,1.7137]
Ourer 3.8050 3.0026 3.4799 2.6439 [2.9738,4.5863] 2.6955 1.8379 1.9494 1.2473  [2.2389, 3.1853]
13 (n = 55) Buer 3.5198 1.2627  1.9381 1.7463  [3.1833,3.8544] 7.2819 1.0565 25106 2.2849 [7.0185,7.5791]
- Orer 1.8155 0.1760 0.2539  0.2015 [1.7686,1.8631] 2.0576 0.0624 0.0845 0.0576 [2.0416, 2.0750]
Brer 0.7721 03618 4.2431 4.2279 [0.6842,0.8734] 1.2535 0.8261 3.8348 3.7465 [1.0378, 1.4655]
Ouier 3.9969 2.8537 3.4425 23287 [3.0125,5.0715] 2.6122 1.7300 1.8068 1.1034  [2.0455, 3.3581]
14 (n = 29) Buer 2.7929  0.6677 23026 22071 [2.5533,3.0244] 6.8375 0.6940 1.9600 1.8375 [6.5726,7.0897]
- Orer 1.8323 0.1777 0.2421 0.1846 [1.7728,1.8949] 2.0517 0.0333 0.0612 0.0519 [2.0399, 2.0642]
Brer 0.7728 0.3620  4.2422 42272 [0.6463,0.8984] 1.2670 0.7714 3.8092 3.7330 [1.0094, 1.5563]
Ouier 46863 4.6307 5.1838 3.6863 [2.2542,7.3950] 2.9589 2.3092  2.4099 1.7402  [1.7963, 4.2608]
15 (n = 12) Buer 2.7129  1.2301 25726 23292 [2.0701,3.3871] 6.8780 1.2900 2.2478 1.9267 [6.1400, 7.5695]
- Orcr 1.7487 0.1701 02995 0.2513 [1.6581,1.8382] 2.0299 0.0245 0.0380 0.0299 [2.0178, 2.0450]
Brer 0.8459 04163 41732 41541 [0.6233,1.0652] 1.0916 0.8376 3.9899 3.9084 [0.6830, 1.5590]
Oyer 52211 25462 4.0061 3.5206 [3.5701,6.9010] 2.7984 09575 1.1998 0.9764 [2.1985, 3.3854]
16(n=8) Buer 2.5644 1.2201 2.6898 24356 [1.8784,3.3773] 7.0580 1.3189 2.3994 2.0580 [6.2892,7.9777]
- Orer 1.8271 0.1074 0.2000 0.1748 [1.7589,1.8934] 2.0465 0.0421 0.0609  0.0467 [2.0210, 2.0730]
Brer 0.8916 0.2428 4.1147 4.1084 [0.7319,1.0522] 1.3662 0.4712 3.6604 3.6338 [1.0511, 1.6589]
Ouer 22844 0.8104 0.6397 05730 [1.7114,2.8574] 1.6180 0.4937 0.5175 0.3820 [1.2689, 1.9671]
17 (n =3) Buer 23395 0.2042 2.6644 2.6605 [2.1951,2.4839] 6.7283 0.3242 1.7435 1.7283  [6.4991, 6.9576]
- Orcr 1.7583 0.3104 0.3265 0.2417 [1.5388,1.9778] 2.0382 0.0008 0.0382 0.0382 [2.0377,2.0388]
Brer 0.8240 0.2887 41810 4.1760 [0.6198,1.0281] 1.0845 0.0200 3.9155 3.9155 [1.0703, 1.0986]
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Table 4. Simulation results when§ =2 and g =7.
MLE BE

I4 Parameter Mean SD RMSE MAD 95% BCI Mean SD RMSE MAD 95% BCI
Oyer 6.5915 14739 1396  7.7915 [0, 19.7745] 6.5808 11.949 11.627 5.7981  [0.941, 17.247]
4(n=6) Buer 14.637 8.1872  10.581  9.6732 [8.152, 20.352] 7.8478  2.1602 211 1.9201 [6.0451, 9.288]
B Orer 1.6078 0.1062 0.4035 0.3922 [1.5245,1.6908] 2.0567 0.1004 0.1063  0.0605 [2.0023,2.1506]
Brer 25133 34119 54262 5.1207 [0.7970,5.6743] 6.1107 9.7821 8.7944 7.4667 [0.8915, 14.901]
Ouier 11.195 15478 17.781 11.195 [5.9750,17.453] 11.089 13901 16.414 9.7435 [6.7515,16.504]
5 (n = 30) Buer 9.5257 5.0065 5.5325 49032 [7.5899,11.237] 7.2125 22408 22134 1.7583  [6.3294,7.9256]
- Orer 1.4517 04310 0.6930 0.5576 [1.3061,1.5907] 2.0609 0.0683 0.0906 0.0689 [2.0377,2.0837]
Brer 42108 45722 52903 45701 [2.6799,5.9147] 9.5697 12.565 12.618  8.6385  [5.5318, 14.299]
Ourer 9.1110 13.552 15222 89926 [6.1692,12.462] 8.8064 12.123 13.83 7.4577  [6.1686, 11.902]
6(n=73) Buer 8.6651 4.7379 49913 4.0090 [7.6591,9.7593] 7.5082 22510 22925 1.8171 [6.9899, 8.0048]
B Orer 1.3938 0.5116 0.7909 0.6073 [1.2681,1.5057] 2.0566 0.0580 0.0808 0.0579  [2.0439, 2.0694]
Brer 2.8442 27753 49867 4.6180 [2.2418,3.4657] 6.6409 8.6446 8.5927  6.2682 [4.7728, 8.7699]
Oyer 6.3671 89123 9.8932  6.0336 [4.8678,8.0186] 6.1623 7.4733 85284 4.7695 [4.9543,7.5329]
7 (n=127) Buer 79787 35521 3.6710 2.6175 [7.3674,8.5800] 7.9362 1.6702 19090 14751 [7.6487,8.2138]
- Oper 14054 04679 0.7555 0.6074 [1.3208,1.4867] 2.0570 0.0577 0.0810 0.0573 [2.0476, 2.0669]
Brer 2.0692 17090 5.2163 4.9807 [1.7806,2.4077] 4.0508 4.4629 53346 4.5105 [3.3097, 4.8157]
Ouer 57171 79551 87513 54133 [4.3368,7.1816] 5.2503 6.3409 7.1024 3.8220 [4.1957, 6.3948]
8 (1 =123) Buer 7.0327 28136 2.8023 21905 [6.5396,7.5151] 8.0002 1.5157 1.8108 1.4774 [7.7421,8.2671]
B Orcr 1.5131 0.4355 0.6521 0.5032 [1.4337,1.5848] 2.0731 0.0806 0.1086  0.0733 [2.0601,2.0871]
BLer 1.7722 15690 54564 52853 [1.5152,2.0552] 3.1662 3.0438 4.8875 4.4575 [2.6467,3.7046]
Oyer 5.6312 85340 9.2510 52319 [4.3979,7.0395] 5.1178 6.7636  7.4293  3.5904  [4.1399, 6.3266]
9 (1n = 168) Buer 6.4148 2.6018 2.6592 19551 [6.0351,6.8133] 8.0765 1.5624 1.8935 1.5673 [7.8411, 8.2949]
B Oper 1.5759 04009 05828 0.4378 [1.5138,1.6351] 2.0702 0.0802 0.1064 0.0704 [2.0588,2.0835]
Brer 15721 13707 55973 54650 [1.3845,1.7939] 2.8022 2.8068 5.0451 4.7201 [2.3878,3.2516]
Ouer 5.6996  7.5527  8.3912 4.8362 [4.6530,6.8907] 4.8025 6.1366 6.7308 3.2139  [3.9657, 5.7502]
10 (1 = 180) Buer 55406 1.9453 24275 19455 [5.2579,5.8126] 8.0034 1.2964 1.6365 1.3262 [7.7941, 8.1865]
B Orer 1.6108 0.3901 0.5503 0.4050 [1.5531,1.6632] 2.0703 0.0756 0.1030 0.0705 [2.0601, 2.0817]
Brer 14539 1.0951 5.6525 55461 [1.3029,1.6089] 2.6334 2.6244 5.0909 4.7981 [2.2656,3.0182]
Oyer 45896 59249 64414 39053 [3.4933,5.8119] 4.0754 4.3718 4.8214 25811 [3.3379,4.9725]
11 (n = 110) Buer 56790 2.0100 23976 19906 [5.3033,6.0639] 8.4088 1.3198 1.9264 1.5984 [8.1678, 8.6461]
B Orer 1.6654 03061 0.4526 0.3482 [1.6067,1.7222] 2.0635 0.0669 0.0920 0.0635 [2.0515,2.0758]
Brer 1.2484 0.8472 5.8131 57516 [1.0940,1.4204] 2.0826 1.8827 5.2625 5.0531 [1.7705, 2.4260]
Ouer 5.0755 5.1897 6.0039 4.2045 [3.9645,6.2447] 4.0039 3.6963  4.1837  2.4355 [3.2349, 4.8506]
12 (n = 78) Buer 50017 17036 2.6188 2.2436 [4.6143,5.3498] 8.3004 1.2357 1.7884 1.4891 [8.0181, 8.5747]
- Orer 1.7151  0.2694 0.3909 03045 [1.6514,1.7719] 2.0821 0.0782 0.1131 0.0821 [2.0660, 2.1010]
Brer 1.1984 0.6571 5.8382 5.8016 [1.0538,1.3419] 1.9884 1.5081 5.2308 5.0333 [1.6586,2.3150]
Ourer 43017 4.0022 45852 3.3005 [3.2969,5.3843] 3.4601 25976 29592 1.7961 [2.8600, 4.1724]
13 (n = 55) Buer 48890 1.2211 24332 21843 [4.5753,5.1955] 8.5358 0.9456 1.7990 1.5555  [8.2895, 8.7887]
B Orer 1.7630 0.2131 03174 02422 [1.7027,1.8157] 2.0625 0.0765 0.0983 0.0626  [2.0443,2.0842]
Brer 1.0218 0.5341 6.0015 59782 [0.8875,1.1675] 1.6493 1.2813 54992 53507 [1.3325,1.9913]
Ouer 4.0398 4.1052 4.5224 3.0560 [2.6682,5.5350] 3.2496 3.1247 3.3166  1.6323  [2.3206, 4.3890]
14 (n = 30) Buer 44539 1.2173 28134 25461 [4.0318,4.9218] 8.3995 1.0144 1.7185 1.4415 [8.0261, 8.7622]
- Oper 1.8091 0.2495 03108 0.2346 [1.7134,1.8988] 2.0928 0.0863  0.1257 0.0928 [2.0645, 2.1248]
Brer 0.9742 05433 6.0495 6.0258 [0.7962,1.1735] 1.4924 1.3400 5.6630 5.5076 [1.0669, 1.9776]
Ourer 49904 4.6601 53148 3.3347 [2.5041,7.9878] 3.5651 3.0164 3.2461 1.7337 [2.1107, 5.6468]
15 (n = 9) Buer 3.6588 1.0655 3.4890 3.3412 [2.9914,4.3329] 7.8794 1.0167 1.3008 1.0103 [7.2764, 8.5256]
B Orcr 19013 0.2073 0.2190 0.1680 [1.7717,2.0217] 2.1115 0.0891 0.1396  0.1115 [2.0594, 2.1699]
Brer 0.8887 0.6309 6.1402 6.1113  [0.5463,1.2911] 1.3463 0.9031 57174 5.6537 [0.8772,1.9685]
Oyer 57895 5.8345 6.6443 4.8326 [2.3503,9.4935] 4.0233 29587 3.4283 24839 [2.2263,6.1122]
16 (n = 11) Buer 39011 1.4483 3.3821 3.0989 [2.9537,4.8048] 8.4181 13552 1.9021 1.6183 [7.5522,9.2243]
B Orcr 1.5899 0.2179 0.4580 0.4101 [1.4471,1.7259] 2.0372 0.0398 0.0526  0.0372  [2.0146, 2.0637]
Brer 1.2635 04586 5.7525 5.7365 [1.0182,1.6112] 1.8363 1.2123 5.2867 5.1637 [1.1009, 2.6941]

6.2. Sensitivity Analysis of Prior Distributions

Since the proposed estimation and prediction procedures are Bayesian, it is impor-
tant to examine the effect of prior selection on the posterior inference. To evaluate the
robustness of the proposed methodology, a sensitivity analysis was performed using three
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alternative independent Gamma prior specifications for the location parameter 6 and the
scale parameter f:

Prior: 6~T(2,1), p~T(21),
Prior II: 6 ~T(1,1), g~TI(1,1),
Prior Il 0 ~T(52), pB~TI(52).

For each prior specification, posterior samples were generated using the Metropolis—
Hastings algorithm described in Section 4.2, and the Bayesian estimates, Bayesian predictive
values (BPVs), and Bayesian predictive intervals (BPIs) were recomputed under identical
simulation settings.

The sensitivity analysis was performed using the observed upper and lower current
records of size 10 obtained from a 100 random generated data of Two-Parameter Exponential
E(70,4):

U ={73.5362, 78.8988, 81.1220, 81.1220, 81.5532, 82.0116, 83.4467, 83.4467, 83.8048, 83.8048},

L ={73.5362, 73.5362, 73.5362, 71.5224, 71.5224, 71.5224, 71.5224, 69.6355, 69.6355, 68.2002}.

Tables 5 and 6 present the Bayesian estimates and predictive results obtained under
the three prior specifications.

Table 5. Sensitivity analysis of Bayesian estimates and predictions for upper current records under
different prior specifications.

Prior Prior for @ Priorforp 6B BBE uyg 95% of U;*
Prior I r,1) r,1) 24051 6.8242 90.6787 (83.9687, 109.9568)
Priorl  T(1,1) I(1,1) 12663 62144 90.0728 (83.9545,107.8964)

Prior Il I(5,2) (52) 27091 58439 89.6673 (83.9489, 105.9273)

Table 6. Sensitivity analysis of Bayesian estimates and predictions for lower current records under
different prior specifications.

Prior Prior for & Prior for élffr AEE LS 95% of L5}
Prior 1 r2,1) r2,1) 68.1798 3.2313 68.1899 (68.1033, 68.2002)
Prior I I'(1,1) r'1,1) 68.1871 22206 68.1936 (68.1359, 68.2002)

Prior III r(5,2) r(5,2) 68.1730 2.7758 68.1864 (68.0781, 68.2002)

The results show only minor changes in the posterior estimates, BPVs, and BPIs across
the three prior specifications. In particular, the predicted upper and lower current records
and their corresponding predictive intervals remain nearly unchanged, indicating that the
observed current-record data dominate the posterior inference. Therefore, the proposed
Bayesian estimation and prediction procedures are robust to reasonable choices of prior
distributions, demonstrating that the reported predictive performance is driven primarily
by the observed data rather than by the selected priors.

6.3. Saudi Arabian Network Latency Data: Real Example

The real dataset consists of communication network latency measurements collected
for Saudi Arabia over successive observation periods. Network latency represents the time
required for a data packet to travel between a source and its destination and is one of the
primary indicators used to evaluate network performance. Although the average latency
reflects the overall quality of the network, unusually large latency values are of greater
practical importance because they may indicate temporary congestion, routing problems,
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or abnormal traffic conditions. Consequently, monitoring extreme latency observations
is essential for maintaining reliable network performance and ensuring compliance with
quality-of-service requirements. As a demonstration of the effective work presented in this
paper, the following real data on median latency times for the Saudi Arabia network from
16 Decmber 2025 to 14 January 2026 were used to achieve that. The data are in milliseconds
(ms), and you can find it on this link: https://radar.cloudflare.com/explorer?dataSet=
quality.iqi&metric=latency&loc=sa&dt=12w (accessed on 8 June 2026).

85.901145, 85.627304, 86.206969, 86.935237, 85.119027, 84.56502, 83.261236, 82.94845,
82.909258, 82.337733, 83.734564, 83.985641, 83.613285, 82.921656, 82.888806, 82.577017,
82.805566, 84.459886, 84.375657, 82.643467, 81.743459, 82.402109, 82.496672, 86.332507,
88.352858, 89.458687, 91.746836, 90.412028, 87.350245, 86.722171.

The two-parameter Exponential distribution E(6, §), with an estimated location pa-
rameter § = 81.7435 and an estimated scale parameter 3 = 3.15102, is the best-suited
distribution to these data, according to our test after comparing with the Weibull, Lognor-
mal, and Pareto distributions. The Kolmogorov-Smirnov test (p-value = 0.565214) and
the Cramér-von Mises test (p-value = 0.721624) are the goodness-of-fit tests utilized to
confirm this with higher values than all other distributions. The Histogram of the data
with the proposed fitted distribution, the Q-Q plot, and the probability Plot are displayed
in Figure 6.

Q-Q Plot
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Figure 6. E(81.7435,3.15102) against the real data.

We now employ the two suggested methods, CPI and BPV with BPI, to forecast future
upper and lower currents as well as the record range.
(1) CPL
We use the suggested algorithm in Section 5.1 in the manner described below to do
this:
First step: As mentioned, the data does fit the two-parameter Exponential distribution
with § = 81.7435 and = 3.15102.
Second step:
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Third step: The BE equations from Section 4.2 and values from Table 7 can be
used to determine (55’5, = 83.2511 with 95% credible intervals (CI) (78.293,85.5908),
BBE = 2.49462 with CI (1.38486,4.06434), 6B = 81.7435 with CI (81.7434,81.7435),
and BPE = 1.58817 with CI (1.21452, 1.87945).

While the MLEs can be determined from the equations in Section 4.1 to equal @ﬁ’% =
85.3223, BML = 0.8351, ML = 81.4697, and ML = 1.14669.

Table 7. Current records US", LY and their differences RY .

e g
¢ 1 2 3 4 5 6 7
ch’ 85.9011  85.9011 86.207 86.9352  86.9352  86.9352  86.9352
L ¢ 859011  85.6273  85.6273  85.6273 85.119 84.565 83.2612
RE’ 0.0000 0.2738 0.5797 1.3080 1.8162 2.3702 3.6740
¢ 8 9 10 11 12 13 14
ch’ 86.9352  86.9352  86.9352 869352 883529  89.4587  91.7468
L ¢ 82,9485 829093 823377 817435 81.7435  81.7435  81.7435
Rg 3.9867 4.0260 4.5975 5.1917 6.6094 7.7152 10.0033

Fourth step: The values of Yr, at « = 0.05 and { = 14 will be Y7905 = 0.208182,
Y5005 = 0.338022, and Y305 = 0.45655 to predict the next three upper and lower
currents. Tables 8 and 9 display the CPI for the upcoming three current records in
both cases of estimation techniques.

Table 8. CPI for the future current records under BE.

— Cr Cr Cr
=14 u€+'r L§+T R§+T
T=1 (91.7468, 93.5155) (81.7435, 81.7435) (10.0033, 11.7720)
T=2 (91.7468, 94.6185) (81.7435, 81.7435) (10.0033, 12.8750)
T=3 (91.7468, 95.6255) (81.7435, 81.7435) (10.0033, 13.8820)

Table 9. CPI for the future current records under MLE.

— Cr Cy Cr
=1 u§+r L§+T R§+T
=1 (91.7468, 93.0843) (81.6613, 81.7435) (10.0033, 11.4230)
T=2 (91.7468, 93.9184) (81.6239, 81.7435) (10.0033, 12.2945)
T=3 (91.7468, 94.6799) (81.5965, 81.7435) (10.0033, 13.0834)

Fifth step: In the present analysis, the predictive intervals for the future lower current
records do not vary with the prediction order t. This occurs because the last observed
lower current record coincides with the estimated location parameter of the two-
parameter exponential distribution. Specifically, the BE obtained from the lower
current records yields éff = 81.7435, which is identical to the most recent lower
record Lg = 81.7435. For a two-parameter exponential distribution, the cumulative

distribution function is given by F(x) = 1 —exp (— xge

) for x > 6, and therefore

F(0) = 0. Since LY = 0BE, it follows that F (L7) = 0, which implies that Fl+Yea (L7) =
0 for all 7. Consequently, the inverse transformation yields F~1(0) = 6, and the
predictive interval (F -1 (F 1+Yra (Lg)) , Lg’) reduces to (6,0). As a result, the lower
predictive interval collapses to the single point (81.7435,81.7435) for all predicted
orders 7. To avoid that, we will use the MLE estimates instead, and the results are

presented in Table 9.
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(2) BPV with BPI:

Equations (34)—(36) are applied to the data in Table 4 in order to forecast future upper
current records using BP with BPI. Equations (39) and (40) can be used to achieve
analogous work to lower current records. Table 10 displays our predictions for the next
three current records, along with their BPIs for ¢ = 1,2, and 3. The same thing occurs
for the lower current record when we use the BE, for the same reasons previously
mentioned. That’s why, in Table 11, we used the MLE for the parameters. This results
in narrower intervals and more accurate results.

Table 10. BPV and BPI for the future current records under BE.

— yCr Fcr PCr
=14 Ugl - Ly - Reye
T=1 94.2559 (91.8018,101.8265) 81.7435 (81.7434,81.7437) 12.5124 (10.0584,20.0830)
T=2 96.7610 (92.2900,106.8942) 81.7435 (81.7433,81.7437) 15.0175 (10.5466,25.1507)
T=3 99.3022 (93.0518,111.6608) 81.7435 (81.7433,81.7437) 17.5587 (11.3084,29.9173)

Table 11. BPV and BPI for the future current records under MLE.

— yCr Fcr PCr
c=14 u@’—l—r L§+T Rt;'-i--r
T=1 92.6144 (91.3304,96.2631) 81.6018 (81.4760,81.7359) 11.0126 (9.7029,14.6576)
T=2 93.4489 (90.8267,98.8429) 81.5334 (81.4706,81.6777) 11.9155(9.3026,17.2902)
T=3 94.3202 (90.4589,101.2168) 81.5014 (81.4699,81.6093) 12.8187 (8.9521,19.7114)

The predictive results obtained from the real network latency data provide useful
insights into the expected behavior of future latency measurements. The predictive intervals
for the next upper and lower current records suggest that future record-breaking latency
observations are likely to remain within a moderate range relative to the observed data.
In particular, the predicted upper record values indicate that although larger latency
spikes may still occur, the magnitude of these extreme delays is not expected to increase
dramatically in the near future. This suggests that the network performance is relatively
stable, with no strong indication of severe latency deterioration.

On the other hand, the predicted lower record values imply that future minimum
latency times may be slightly lower than previously observed, suggesting the possibility
of improved response times under favorable network conditions. In practical terms, this
means that, while occasional higher-latency events may still occur, the overall network
behavior is expected to maintain similar variability, with potential improvements in fastest
response times.

From an operational perspective, these results indicate that the network infrastruc-
ture is functioning within a predictable latency range. The predictive analysis of the
next few record values, therefore, provides useful information for anticipating extreme
latency events and assessing whether the network performance is likely to remain stable
or experience unusual delays in the near future. From a practical networking perspective,
the predicted future extreme latency values can assist network operators in monitoring
service quality and identifying potential performance degradation before service inter-
ruptions occur. In particular, accurate prediction of unusually large latency observations
enables proactive resource allocation, early congestion detection, and capacity planning.
Furthermore, these predictions can support Service Level Agreement (SLA) monitoring
by providing advance warning when future latency values are expected to approach or
exceed acceptable operational thresholds.
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7. Conclusions

This paper developed a statistical framework for modeling and predicting network
latency times using upper and lower current record values from the two-parameter expo-
nential distribution. The work was motivated by the need to understand extreme latency
behavior in communication networks, where record-breaking delays directly impact quality
of service and network reliability.

The theoretical contributions include explicit expressions for the probability density
functions, cumulative distribution functions, and moments of lower and upper current
records under the two-parameter exponential model. Parameter estimation was inves-
tigated using both maximum likelihood and Bayesian approaches, with Markov Chain
Monte Carlo methods employed to compute Bayesian estimates when closed-form solu-
tions were unavailable. Classical and Bayesian predictive procedures were developed for
forecasting future upper and lower current records as well as record ranges.

The methodology was applied to real network latency data from Saudi Arabia col-
lected from December 2025 to January 2026. The two-parameter exponential distribution
provided an excellent fit to the data, confirmed by goodness-of-fit tests. Predictive intervals
constructed for future upper records indicated that extreme latency spikes are expected to
remain within a moderate range, suggesting stable network performance with no dramatic
deterioration. Predictive intervals for lower records pointed to possible improvements in
minimum response times under favorable conditions. Notably, when the last observed
lower record coincided with the estimated location parameter, Bayesian predictive intervals
collapsed to a single point, whereas maximum-likelihood-based intervals provided more
informative ranges.

From a practical perspective, the predictive intervals obtained in this study provide
network operators with valuable tools for anticipating extreme latency events, assessing
whether observed delays are consistent with historical patterns, and identifying potential
anomalies that may signal performance degradation. The ability to quantify uncertainty
around future record values supports proactive decision-making in capacity planning,
congestion control, and service-level agreement monitoring.

In conclusion, this study demonstrates that record-based inference combined with
Bayesian prediction provides effective tools for modeling and forecasting extreme latency
observations in communication networks. The theoretical developments, simulation evi-
dence, and real-data application collectively support the practical value of the proposed
methodology for enhancing network performance analysis and reliability assessment in
modern communication systems.
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