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Abstract

Fragmentation processes arise in many physical systems, including droplet breakup,
aerosols, sprays, comminution, and granular media. A central difficulty in fragmentation
modeling is the identification of the breakup law from observed particle-size distributions.
In this work, we propose a physics-constrained neural framework for the inverse identifica-
tion of fragmentation laws. Starting from a size-structured binary fragmentation equation,
the kernel is decomposed into a breakup rate B(s), depending on the parent size s, and
a daughter-size distribution «(z), depending on the normalized daughter-size fraction z.
The unknown functions B and « are represented by neural networks designed to satisfy
physical constraints, including non-negativity of the breakup rate, non-negativity and nor-
malization of the daughter distribution, and first-moment conservation in the symmetric
binary setting. The direct fragmentation equation is solved using a first-moment-conserving
quadrature discretization, and the inverse problem is formulated as a regularized opti-
mization problem constrained by the fragmentation dynamics. Synthetic experiments,
generated independently of the inverse solver, show that the proposed method can recover
B and « from simulated particle-size distributions, with accurate recovery in the unimodal
case and reasonable performance in the more challenging bimodal case. Robustness tests
indicate stability with respect to moderate observational noise and highlight the impor-
tance of multiple observation times. For experimental droplet-breakup measurements
without time-resolved particle-size distributions, the same constrained neural daughter-
density representation is used to estimate effective marginal daughter-volume-fraction
distributions from normalized daughter-to-parent volume fractions. The resulting distribu-
tions distinguish rim and node fragments and different breakup modes, while stratified
cluster-bootstrap confidence bands quantify their sampling uncertainty. The experimental
analysis is therefore interpreted as constrained density estimation from final fragment
measurements rather than as full validation of the PDE-constrained inverse recovery.

Keywords: fragmentation equation; inverse problem; physics-constrained neural networks;
breakup kernel; daughter-size distribution; droplet breakup

1. Introduction

Fragmentation processes arise in a wide range of physical and engineering systems,
including droplet breakup, sprays, aerosols, comminution, granular flows, polymer degra-

Math. Comput. Appl. 2026, 31, 142

https:/ /doi.org/10.3390/mca31040142


https://crossmark.crossref.org/dialog?doi=10.3390/mca31040142&domain=pdf&date_stamp=2026-07-20
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mca
https://www.mdpi.com
https://orcid.org/0000-0002-5453-2577
https://doi.org/10.3390/mca31040142

Math. Comput. Appl. 2026, 31, 142

2 of 36

dation, and cell division. In such systems, particles, droplets, or aggregates break into
smaller fragments, leading to the evolution of a size distribution over time. Mathemati-
cal models based on fragmentation and coagulation—fragmentation equations have been
extensively studied in deterministic, probabilistic, and semigroup frameworks; see, for
instance [1,2]. Physical fragmentation mechanisms and their role in fluid and multiphase
systems have also been widely investigated [3].

A central quantity in these models is the fragmentation kernel. This kernel determines
both the rate at which a parent particle breaks and the distribution of the resulting daughter
fragments. In the forward problem, the fragmentation law is assumed to be known, and
the goal is to predict the evolution of the particle-size distribution. However, in many
practical situations, the kernel is not directly measurable. Instead, one observes particle-size
distributions at different times or under different experimental conditions. This naturally
leads to an inverse problem: recovering information about the fragmentation law from
observed size-distribution data. Related inverse questions include the estimation of division
rates and fragmentation kernels from size-distribution measurements [4], as well as the
recovery of fragmentation kernels from short-time behavior [5].

From an application viewpoint, the observed particle-size distributions are not treated
as prior knowledge of the fragmentation kernel, but as the measurable data used to identify
it. This setting is relevant when direct measurements of breakup frequencies or daughter-
size distributions are unavailable, while size-distribution data can be obtained from ex-
periments, simulations, or imaging-based measurements. The recovered functions should
therefore be interpreted as effective fragmentation laws associated with the available
observation window and physical conditions.

The inverse identification of fragmentation kernels is challenging for several reasons.
First, the kernel may depend on several variables, making the inverse problem high-
dimensional. Second, different kernels may produce similar particle-size distributions,
which creates identifiability and stability issues. Third, classical approaches often assume a
prescribed parametric form of the kernel, reducing the inverse problem to the estimation of
a small number of constants. While this can be effective in controlled settings, it may be too
restrictive for complex physical fragmentation mechanisms.

In this work, we propose a physics-constrained neural framework for the inverse
identification of fragmentation laws. Instead of attempting to recover an arbitrary two-
variable kernel directly, we use a physically interpretable decomposition into a breakup
rate B(s), depending on the parent size s, and a daughter-size distribution x(z), depending
on the normalized daughter-size fraction z. Here, the size variable is interpreted as an
additive quantity, such as mass or volume. More precisely, the fragmentation kernel is

! K( a ) )
xX+vy xX+y

where x + y is the size of the parent particle and x/(x 4 y) is the daughter-size fraction.

written in the form
F(x,y) = B(x+y)

This decomposition separates the frequency of breakup events from the distribution of
daughter fragments.

The unknown functions B and x are represented by neural networks, but the
parametrization is designed to respect the physical structure of the fragmentation equation.
The breakup rate is constrained to be non-negative, while the daughter distribution is
constrained to be non-negative and normalized. In this sense, the neural networks do not
replace the physical model. Rather, they provide flexible representations of the unknown
fragmentation law inside the governing equation. This philosophy is related to physics-
informed and physics-constrained learning approaches, where neural representations are
coupled with governing equations or physical laws [6]. Neural-network-based methods
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have also been widely developed for inverse problems in physics and mechanics. Raissi
and Karniadakis introduced hidden-physics models for learning nonlinear partial differ-
ential equations from data, illustrating how neural representations can be used to infer
unknown dynamical laws [7]. More generally, physics-informed machine learning has
provided a broad framework for combining data with governing equations in forward and
inverse problems [8]. Data-driven approaches to inverse problems have also been reviewed
from a broader mathematical and computational perspective by Arridge et al. [9]. In fluid
mechanics, physics-informed neural networks have been used for flow reconstruction,
parameter identification, and data assimilation [10], while in solid mechanics they have
been applied to inversion and surrogate modeling of material and constitutive behav-
ior [11]. Related developments include physics-informed deep learning for parameter and
constitutive-law identification in subsurface flow [12] and neural-operator approaches for
learning mappings between function spaces [13]. The present work follows this general
direction, but focuses specifically on the inverse identification of fragmentation kernels
under positivity, normalization, and mass-conservation constraints.

The experimental motivation of this work comes from aerodynamic droplet breakup,
where a parent droplet fragments into child droplets through mechanisms such as bag,
rim, and node breakup. Droplet-size distributions resulting from aerodynamic breakup
have been studied experimentally and theoretically, notably in the work of Jackiw and
Ashgriz [14]. Their supplementary measurements provide parent-drop properties, breakup
regimes, and child-fragment sizes. Since the fragmentation equation conserves an additive
size variable, the measured child-to-parent diameter ratios are converted into daughter-
volume fractions before estimating effective daughter-volume-fraction distributions from
the experimental data.

The contributions of this paper are as follows:

*  We formulate a physics-constrained neural inverse framework for identifying frag-
mentation laws through the functions B and «.

e We introduce neural parametrizations that enforce non-negativity of the breakup rate
and non-negativity and normalization of the daughter-size distribution.

*  We establish structural properties of the proposed neural framework, showing that
the parametrization preserves admissibility and the mass-conservation structure of
the fragmentation model, and that the associated regularized inverse problem is well
defined under suitable assumptions.

e We validate the method on synthetic data generated independently of the inverse
solver, including both unimodal and bimodal daughter distributions.

e We investigate the robustness of the method with respect to observational noise and
the number of available observation times.

*  We use the same positivity- and normalization-constrained neural daughter-density
representation to estimate effective marginal daughter-volume-fraction distributions
from experimental droplet-breakup measurements, and we quantify their sampling
uncertainty using a stratified cluster-bootstrap analysis.

The experimental application is interpreted carefully. Since the available droplet-
breakup dataset contains measured parent and child fragment sizes but does not provide
full time-resolved particle-size distributions, the real-data part focuses on estimating an
effective marginal daughter-volume-fraction distribution rather than solving the full PDE-
constrained inverse problem or identifying a breakup-rate function. The synthetic experi-
ments, where the true kernels are known and the observations are generated independently
of the inverse solver, provide the validation of the full inverse recovery of both B and .

The remainder of the paper is organized as follows. Section 2 introduces the fragmen-
tation equation and the kernel decomposition. Section 3 presents the physics-constrained
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neural parametrization and the inverse problem formulation. Section 4 describes the nu-
merical discretization of the direct problem. Section 5 gives the structural properties of the
proposed neural inverse framework. Section 6 presents synthetic validation results. Sec-
tion 7 studies robustness with respect to noise and observation richness. Section 8 estimates
effective daughter-volume-fraction distributions from experimental droplet-breakup data
using the constrained neural density representation. Finally, Section 9 discusses the results
and Section 10 concludes the paper.

2. Fragmentation Model

Let ¢(x, t) denote the density of particles of size x > 0 at time ¢t > 0. Throughout
the model, x denotes an additive size variable, such as mass or volume. We consider a
size-structured binary fragmentation equation of the form

%(x, t) = —B(x)c(x, t) —l—Z/Xoo B(y);c(i) ;c(y, t) dy, x>0,t>0. ()

The first term on the right-hand side represents the loss of particles of size x due to breakup.
The integral term represents the gain of particles of size x produced by the fragmentation
of larger particles y > x.

The function B(y) > 0 is the breakup rate of a parent particle of size y. The function
k(z), defined for z € (0, 1), describes the probability density of the daughter-size fraction

X
zZ= —.

Yy

The factor 1/y appears from the change of variables between the daughter size x and
the daughter fraction z = x/y. The factor 2 accounts for binary fragmentation: each
breakup event produces two daughter fragments. With this convention, x describes the
size-fraction distribution of one daughter, while the factor 2 accounts for the contribution
of both daughters to the gain term. The binary formulation is most directly suited to
breakup events dominated by two principal daughters. It may also be used as an effective
approximation of progressive fragmentation when a more complex process is represented
as a sequence of binary splitting events; however, it is not a literal description of a single
event producing several daughter fragments simultaneously.

Equivalently, if x and y denote the two daughter sizes, then the parent size is x + y.
The two-variable fragmentation kernel can be written as

! K( o ) 3)
x+y \x+y

This representation separates the breakup frequency of a parent particle from the distribu-

F(x,y) = B(x +y)

tion of the daughter-size fraction. In this work, the inverse problem is formulated in terms
of the two physically interpretable functions B and «, rather than by attempting to identify
a completely free two-variable function F.

We impose the admissibility conditions

B(x) >0, x(z) >0, /01 k(z)dz =1. 4)

In the symmetric binary case, we additionally assume

x(z) =x(1—2), z € (0,1). (5)

https:/ /doi.org/10.3390/mca31040142


https://doi.org/10.3390/mca31040142

Math. Comput. Appl. 2026, 31, 142

5 of 36

Under the normalization and symmetry assumptions, the first moment of x satisfies

1 1
/0 zk(z)dz = X (6)

This condition expresses the fact that, on average, the two daughters preserve the size of
the parent particle.
A key physical property of Equation (2) is conservation of total mass. Defining

M (t) = /Ooo xc(x, t) dx, 7)

one expects M; (t) to remain constant along the fragmentation dynamics, provided the
daughter distribution satisfies (6). In contrast, the total number of particles,

My(t) = /Ooo c(x, t)dx, (8)

typically increases with time, since each breakup event replaces one parent particle by two
daughters.

The inverse problem considered in this paper is the following. Given observations of
the particle-size distribution at discrete times,

Cobs (X, t1), -+, Cops (X, tm),

we aim to identify an admissible fragmentation law represented by B and . In the synthetic
setting, both B and « are recovered and compared with known ground-truth functions.
In the experimental droplet-breakup setting, full time-resolved size distributions are not
available. Therefore, the real-data application focuses on the estimation of an effective
marginal daughter-volume-fraction distribution from normalized daughter-to-parent vol-
ume fractions.

3. Physics-Constrained Neural Inverse Framework

The goal of the proposed method is to identify the unknown functions B and x without
prescribing a restrictive parametric form. Instead, we represent them by neural networks
while enforcing the physical constraints in (4). The neural networks are therefore used
as flexible parametrizations of admissible fragmentation laws inside the forward model,
rather than as direct black-box predictors.

3.1. Neural Representation of the Breakup Rate

The breakup rate must be non-negative. To guarantee this property, we define
By(s) = Softplus(Ny(s)), )
where Ny is a neural network with parameter vector 6, and
Softplus(r) = log(1+¢").

Therefore,
By(s) >0  foralls.

This construction avoids nonphysical negative breakup rates during the optimization
process.
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3.2. Neural Representation of the Daughter Distribution

The daughter-size distribution must be non-negative and normalized on (0,1). We

ky(z) = — M@)oy (10)

/01 exp(My (1)) du

where M, is a neural network with parameter vector 7. By construction,

therefore define

1
Ky (z) >0, /0 Ky(z)dz = 1.

Thus, the neural network output is transformed into an admissible probability density.
When symmetric binary fragmentation is assumed, we use the symmetrized density

Ky (z) = % [k (2) + 1 (1 = 2)]. (11)

This guarantees
szm(z) = szm(l —z).

Moreover, since K,7y is normalized and symmetric, it satisfies

1 1
sym - . 12
/0 zky (z)dz = 5 (12)

Since the fragmentation operator contains the factor 2, condition (12) is equivalently ex-
pressed as

1
2/ zxzym(z)dz =1,
0

which is the first-moment conservation condition for binary fragmentation. Thus, nor-
malization and symmetry enforce this condition structurally, and no additional moment
penalty is required in the symmetric setting considered in the synthetic experiments. For a
nonsymmetric binary daughter distribution, the same physical condition could instead be
incorporated through a penalty such as

Rmom (1) = (2 /01 ziy (z) dz — 1)2.

For simplicity of notation, we continue to write x; in the sequel. When symmetric
binary fragmentation is imposed in the synthetic experiments, x; denotes the symmetrized
density in (11). In the experimental droplet-breakup application, where the observed
process is multi-fragment and interpreted through an effective marginal daughter-volume-
fraction distribution, the general normalized density (10) is used.

3.3. Forward Map

For a given pair (Bg, xy ), let cg ,; (x, t) denote the solution of the fragmentation equation

0 * 1
L) = ~Boly (5,0)+2 [ Bolwy (3 ) Lena () (3)

The map
(6,17) = co, (-, 1)
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is the neural forward map. Evaluating this map requires solving the direct fragmentation
equation for each candidate pair (B, k; ). The inverse problem consists of choosing 6 and #
so that ¢y , matches the observed distributions.

3.4. Inverse Objective

Assume that observations are available at times
0<t; < - <tp.

We define the data misfit
m
2
D(Q, 77) = Z Hce,q('/ tn) - cobs('/ tﬂ) HLZ(QX)’ (14)
n=1

where (), is the computational size interval.

The use of observations at several times is particularly important for identifying the
breakup rate B(s). Indeed, B(s) controls the rate at which particles of size s disappear
and generate daughter fragments, and this rate information is encoded in the temporal
evolution of the particle-size distribution. Therefore, full joint recovery of B and « requires
time-resolved or multi-stage size-distribution observations. When such observations are
not available, as in the experimental droplet-breakup application considered in Section §,
the analysis is restricted to estimating an effective marginal daughter-volume-fraction
distribution rather than a complete breakup-rate function.

Because inverse fragmentation problems are generally ill-conditioned, we add regular-
ization terms. In this work, we use smoothness penalties of the form

d 2
Rp(6) = /Q By(s)| ds, (15)
and
1 4 2
R¢(n) = /0 ey (z)| dz. (16)
The regularized inverse problem is then
min J(6,7), (17)
01
where
J(6,17) = D(8,1) + ApRp(8) + AR (17)- (18)

The parameters Ap > 0 and A, > 0 control the strength of the regularization. Thus,
positivity, normalization, symmetry, and the associated binary first-moment condition
are enforced structurally, whereas smoothness is imposed softly through the derivative
regularization terms.

The important point is that the optimization is constrained by the fragmentation
dynamics. The neural networks do not directly map observations to kernels. Instead,
they define admissible kernels, these kernels are inserted into the fragmentation equation,
and the resulting solution is compared with the observed size distributions. If additional
physical variables are available, the same construction can be extended by adding them as
inputs to the neural parametrizations of B and x, while preserving the same positivity and
normalization constraints.

https:/ /doi.org/10.3390/mca31040142


https://doi.org/10.3390/mca31040142

Math. Comput. Appl. 2026, 31, 142

8 of 36

4. Numerical Discretization

In this section, we describe the deterministic numerical solver used for the direct
fragmentation problem. This solver is embedded in the optimization procedure for the
inverse problem.

Let

Qy = [xmin/ xmax]

be the computational size interval, and consider a uniform grid
X; = Xmin + (i — 1)Ax, i=1,...,N.

We denote by ¢;(t) an approximation of c(x;, t). The gain term in (2) is approximated by a
quadrature rule over the grid points x; > x;. For each parent class x;, we first define the

1 X . .
L.o= — —_ < .
qij ij(x])/ 1<) (19)

The daughter weights used in the discrete gain term are then chosen as

raw daughter weights

X
j . .
= i<] (20)
2 wexeqy;
1<

Pij = %ij, 4

with p;; = 0 for i > j. Hence, for every parent class x;, the weights satisfy the discrete
first-moment balance

2 Zw,»x,'pij = x]'. (21)

i<j
This condition states that the total discrete volume carried by the two daughter fragments
equals the volume of the parent class. It is in the same conservation-oriented spirit as
moment-preserving sectional methods for population balance equations, such as the fixed-
pivot technique of Kumar and Ramkrishna [15], while retaining the quadrature-based
structure used in the present inverse solver.
With these weights, the gain term is approximated as

/xxmax B(y)K(9;i> ;C(y, t)dy ~ Y wiB(x;)pijc;(t). (22)

i j>i
This leads to the finite-dimensional system

dc; .
dict = —B(xi)ci(t) +2ijB(xj)PijCj(t)/ i=1,...,N. (23)

=i

The factor 2 is kept in the discrete equation to account for binary fragmentation.
The discrete first-moment conservation follows directly from (21). Indeed, defining

N
Mi(t) = Y wixiei(t),
i=1

multiplication of (23) by w;x;, followed by summation over i, gives

dM! N N
T = — 21 ZU]‘JCjB(X]')C]‘(t) +2 2 w]B(x])c](t) Zwixip,-]-.
j=

j=1 i<j

https:/ /doi.org/10.3390/mca31040142
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Using (21), the two terms cancel, and therefore

amy
a7
Thus the discrete solver preserves the first moment, which corresponds to total mass or
volume when x is an additive size variable.
For fixed B and «, (23) is an ordinary differential equation system of the form
de

E = AB,KC/ (24)

where
e(t) = (e1(t), .., en (1)

The operator Ap , contains a diagonal loss term and an upper triangular gain contribution.
In the numerical experiments, the resulting ODE system is integrated using an explicit
fourth-order Runge-Kutta method.

The same discretization is used in the inverse problem. At each optimization step, the
current neural approximations By and x; are evaluated on the grid, the discrete operator
AByx, is constructed, and the corresponding direct problem is solved. The computed
solution is then compared with the observed size distributions in the objective function (18).

4.1. Implementation Details

The inverse computations reported in Sections 6 and 7 use the deterministic forward
solver described above. The neural parametrizations By and x; are implemented using
one-hidden-layer feedforward networks with hyperbolic tangent activation functions. The
breakup rate is transformed through the Softplus function, while the daughter distribution
is transformed through the normalized exponential parametrization described in Section 3.
The neural parameters are optimized by minimizing the regularized objective function (18).
The exact numerical settings used in the synthetic and robustness tests are reported in
Section 6.

4.2. Numerical Conservation Diagnostics

Before using the solver inside the inverse problem, we verify that it reproduces the
expected qualitative properties of fragmentation dynamics. In particular, for symmetric
daughter distributions satisfying (6), the total mass

Mi(t) :/Q xe(x, t) dx

should be conserved, while the total number of particles

Mo(t) = / o(x, 1) dx

Oy

should increase.
In the discrete setting, these moments are approximated by

N N
MG(t) = Y wiei(t),  M{(t) = ) wixie; (b). (25)
i=1 i=1

The numerical tests reported below confirm that M/ (t) remains conserved, while M} ()
increases with time. Figure 1 illustrates a representative synthetic direct simulation. The
initial distribution is concentrated near larger sizes, and the solution progressively shifts

https:/ /doi.org/10.3390/mca31040142
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toward smaller sizes as fragmentation produces daughter particles. This behavior is
consistent with the expected qualitative dynamics of the fragmentation equation.

Synthetic direct fragmentation simulation

density c(x.t)
=

0.0 02 0.4 0.6 0.8 1.0
particle size x

Figure 1. Synthetic direct fragmentation simulation. The initial distribution is concentrated near large
sizes, and the evolution shows the progressive production of smaller fragments.

Figure 2 reports the corresponding moment diagnostics. The normalized total particle
number increases over time, whereas the normalized total mass remains equal to one
throughout the simulation. This provides a basic validation of the direct solver before it is
used in the inverse identification procedure.

Forward solver diagnostics

2.4 4 —®— normalized particle number
normalized mass

normalized quantity
= = = g e
£~ o =] o N

=
N

=
[=}

O.IO OjZ 0;4 0.6 0.8 1.0 12
time

Figure 2. Forward solver diagnostics. The total particle number increases, while the total mass
remains conserved.

5. Structural Properties of the Neural Inverse Framework

This section establishes the structural properties of the proposed physics-constrained
neural inverse framework. Some of the arguments rely on classical properties of frag-
mentation equations, such as mass conservation and stability of the forward map. They
are recalled here and specialized to the neural parametrization in order to show that the
learned kernels remain physically admissible and that the neural forward model used in
the inverse problem is well defined.

The main point is not to claim new general theory for fragmentation equations. Rather,
the goal is to show that the proposed neural construction preserves the physical structure
of the model and provides a stable admissible class for inverse identification.

https://doi.org/10.3390/mca31040142
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5.1. Admissibility of the Neural Kernels

Here and below, pp and p, denote the dimensions of the trainable parameter vectors
used in the neural parametrizations of B and «, respectively.

Proposition 1 (Admissibility of the neural parametrization). Let Qx C (0,00) be the size
domain, let ©® C RPB and H C RPx be parameter sets, and let

Np: Qyx — R, M, :[0,1] = R, 0c®, neH,

be continuous neural networks. Define By and x; by

By(s) = Softplus(Njy(s)), s € Qy, (26)
and M
iy (2) = 1eXP( 1) 27)
/O exp(M, (1)) du
Then ;
By(s) >0, xy(z) >0, /0 Ky (z)dz = 1. (28)
If the symmetrized form
1
@) =5 k@ e -2)], 0<z<, *)
is used, then
szm(z) = szm(l —z). (30)
Moreover,
1 1
sym _ L
/0 ziy  (z)dz = 5 (31)

Proof. The Softplus function is strictly positive for every real input. Therefore
By(s) >0
for all s € Q). Similarly, since the exponential function is strictly positive, we have
exp(My(z)) >0
forall z € (0,1). The denominator in (27) is also strictly positive, and hence
Ky (z) > 0.

Moreover,
[} exp(M,(2)) dz
fol exp(My (1)) du

1
/0 Ky (z)dz = =1

If ;7™ is defined by (29), then

K (1—z) = %[Kn(l —2)+xy(2)] =57 (2).

https://doi.org/10.3390/mca31040142
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Finally, since szm is normalized and symmetric, we have, by the change of variables

u=1-z,
1 1
/0 z;czym(z) dz :/0 (1 —z);czym(z) dz.

Adding the two equal quantities gives

1 1
2/0 2k, (z) dz :/0 Ky (z)dz = 1.

Therefore,
1 1
sym dz — =
/0 ziky (z)dz = 5
This proves the result. [J

5.2. Mass Conservation of the Neural Forward Model

The following proposition is a direct adaptation of the classical mass-balance property
of fragmentation equations. It is stated for the neural forward model to emphasize that the
proposed parametrization preserves the physical conservation structure.

Proposition 2 (Mass conservation of the neural forward model). Let By : (0,00) — [0, 0)
and xy : (0,1) — [0,00) be neural kernels, with 8 € © C RFB and 1 € H C RPx. Let cg, be a
sufficiently reqular non-negative solution on (0,00) x [0, T| of

ggt,,, (x,t) = —Bg(x)co(x, ) +2/x By (y)xy (;) ?CGJI (y,t) dy. (32)

Assume that the neural daughter distribution satisfies

1 1
/o zky(z) dz = X (33)

Then the total mass -
M (t) :/ xcgy(x,t) dx (34)
0

is conserved in time.

Proof. Multiplying (32) by x and integrating over x > 0, we obtain

%Ml(t) = - /O‘oo xBg(x)cgy(x, 1) dx +2 /Ooo x /xoo By(y)xy <;) ;CQIU (y,t)dydx.

For the gain term, we exchange the order of integration:

2 /Ooo By(y)co,; (v, t) {/Oy XKy (;) ; dx} dy.

Using the change of variables
z:; X =Yz, dx =ydz,

the inner integral becomes

y x\1 1
/OxK,](y>ydx—y/o ziy (z) dz.

https://doi.org/10.3390/mca31040142
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By (33), this gives

Therefore, the gain contribution is

2 [ Baw)coy 0 dy = [ yBo(y)ca, (v, 1) dy.

This exactly cancels the loss contribution. Hence,

O

5.3. Stability of the Neural Forward Map

The next result shows that the neural forward model is stable with respect to perturba-
tions of the learned kernels. This property is useful for the inverse problem, because the
optimization procedure changes the neural parameters and therefore changes By and ;.
The estimate is stated on the finite computational interval (), where the fragmentation
operators are bounded under the assumptions below.

Theorem 1 (Stability of the neural forward map). Let Qx C (0, 00) be the computational size
interval, and let

(B91/ Kin ) and (BGZI K’?z)
be two admissible neural fragmentation laws with

By, € L®(Q), Ky, €L¥(0,1), (=12

Let
copp € C([0, T L2 (),  £=1,2,

be the corresponding solutions of the neural forward model with the same initial condition. Assume
that, on the computational domains,

0< BG( (%) < Bmax, 0< K (z) < Kmaxs (=1,2.
Then, for every T > 0, there exists a constant Ct > 0 such that

Hcelﬂh(t) - Cez,ﬂz(t)HLZ(Qx) = CT(HB91 - B92Hoo + HK’?l - K'?zHoo)' 0<t<T. (35
Proof. We write the neural forward equation in abstract form as

dc
E = -AG,WC/

where Ay, denotes the loss-gain fragmentation operator associated with By and «;;. Let
e<t) = C9],7]1 (t) - Cez,ﬂz(t)'

Then p
e
ar “491,?71 Corm — A92,7]2C92,172‘
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Adding and subtracting Aglm Coy, 5, We get

de
E - AG]J]l (CG]J]] - C92r'72> + (A91,17] - AGZ/UZ)C()Z!’YZ‘

Using boundedness of the kernels on the finite computational interval, the first term is
bounded by

Lile(t)llr2(,).

for some constant L > 0. The second term is controlled by the difference between the two
neural kernels:

H (A‘?lﬂh - Aezrﬂz)cfbmHLZ O, = C(HB91 - B92Hoo + ”K’?l - K’iZHoo)'
(Or)

where C depends on the computational domain, bounds on the solution, and the kernel
bounds. Therefore,

d
EHE(OHLZ(QX) < Llle(t)l2ca,) + €I Boy = By [l + K51 — %12 [ o)

Since both solutions have the same initial condition, e(0) = 0. Gréonwall’s inequality gives

lle(®)ll2() < Cr([|Bo, — Boylloo + [l — %a|)
for 0 <t < T. This proves the result. [

5.4. Existence of a Minimizer for the Regularized Neural Inverse Problem

The following result is a standard compactness argument, but it is useful because it
shows that the proposed regularized neural inverse problem is well defined under natural
boundedness assumptions on the parameter sets.

Theorem 2 (Existence of a regularized minimizer). Assume that the neural parameters are
restricted to compact sets,
6 € © C RPs, neHCRPr,

where © and H are compact. Assume also that the neural forward map
(0,17) v co (-, tn) € L(Q)

is continuous for every observation time t,,. Then the reqularized inverse problem

pcZin J(8,) (36)

admits at least one minimizer.

Proof. The neural maps
0 — By, n = Ky

are continuous with respect to the parameters. By assumption, the associated forward map
is continuous at each observation time. Therefore, the data misfit

D(G/U) = ilHCG,n('/ tﬂ) - Cobs('/ tn)Hz
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is continuous on ® x H. The regularization terms are also continuous under the same
assumptions. Hence, the objective function

J(0,1) =D(6,1) + AgRp(0) + AxRk(17)

is continuous on the compact set ® x H. By the Weierstrass theorem, | attains its mini-
mum on ® x H. Therefore, the regularized neural inverse problem admits at least one
minimizer. [J

5.5. Approximation Capacity of the Admissible Neural Class

The previous results show that the neural parametrization preserves the physical
constraints. We now show that these constraints do not make the admissible neural class
too restrictive.

Theorem 3 (Approximation of admissible fragmentation laws). Let () C (0,00) be compact.
Let B* € C(Qy) be strictly positive on Qy, and let k* € C([0,1]) be strictly positive on [0,1] and

satisfy
1
/ K*(z)dz = 1.
0

Then, for every € > 0, there exist finite-dimensional parameter vectors § € RV and n € RPx,
for suitable neural-network dimensions pp and py, defining neural networks Ny : Q0 — R and
M, : [0,1] — R such that

1Bo—B'llo <& Ity — 'l <
where By and x; are defined by (26) and (27).
Proof. Since B* is strictly positive and continuous on the compact interval Q)y, the function
g (s) = log(eB*(s) - 1)

is continuous on (). By the universal approximation theorem [16,17], there exists a neural
network Ny such that
INo = 8"[leo

is arbitrarily small. Since the Softplus function is continuous, it follows that
By(s) = Softplus(Ny(s))

can approximate B*(s) uniformly on Q).
Similarly, since x* is strictly positive and continuous on [0, 1], the function

9" (z) = logx™(2)

is continuous. Again by the universal approximation theorem [16,17], there exists a neural
network M, such that M, approximates g* uniformly. The map

Mo OPM(2)
[ exp(M(u)) du

is continuous with respect to uniform convergence on compact sets. Therefore, the normal-
ized exponential parametrization can approximate x* uniformly. This proves the result. [
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5.6. Comment on Identifiability

The results above do not imply uniqueness of the recovered fragmentation law. Identi-
fiability of fragmentation kernels from size-distribution observations is a delicate inverse
problem and depends on the richness of the available data. In particular, the numerical
results in Section 7 show that using multiple observation times substantially improves
the reliability of the recovery of both B and x. Thus, the theoretical results in this section
should be understood as structural guarantees for the proposed neural inverse framework,
while practical identifiability is investigated numerically. Accordingly, the recovered pair
(B, k) should be interpreted as an admissible effective fragmentation law associated with
the available observations and the imposed physical constraints. In this sense, reliability is
not based on a global uniqueness theorem, but on the combination of physical constraints,
regularization, multiple observation times, and numerical sensitivity checks.

6. Synthetic Validation

In this section, we validate the proposed neural inverse framework using synthetic
data. The purpose of the synthetic experiments is to test whether the method can recover
known fragmentation laws. This step is essential because, for experimental data, the true
fragmentation kernel is generally unknown.

Synthetic observations are generated as follows. We first choose ground-truth func-
tions Birye and «rye. We then solve the direct fragmentation equation using an independent
conservative sectional solver on a fine grid. The resulting distributions

Ctrue(x/ t )/ ceey Ctrue(x/ tm)

are treated as observations. The inverse problem is then solved using the quadrature-based
solver described in Section 4 on a coarser grid. This separation between the data-generation
solver and the inverse solver is used to avoid an inverse crime. In some tests, small additive
noise is introduced to emulate measurement uncertainty. The inverse method is then
applied without using the knowledge of the true kernel, and the recovered functions are
compared with the ground truth.

The independent data-generation solver is implemented as a conservative sectional
method on a fine pivot grid. For a daughter size r, that falls between two neighboring
pivots X, < r < X4, its contribution is distributed to the two neighboring size classes
using the fixed-pivot weights

T*Xg

Xy 1 _
welr) X - Xe

= ’ Wep1\¥
Xp1— Xy nlr)

Hence,
wi(r)Xe +we1 (1) Xy =1,

so that the first moment is preserved during the redistribution step. For each parent size
Xj, daughter sizes zX; are redistributed in this way and integrated over the ground-truth
daughter distribution xyye(z), with the binary factor accounting for the two daughter
fragments. The resulting fine-grid linear system is solved using matrix-exponential time
propagation. The synthetic observations are then linearly interpolated onto the inverse
grid before solving the inverse problem with the quadrature-based solver of Section 4.
Thus, the observations and the inverse reconstruction are produced by different discrete
forward operators.
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Unless otherwise stated, the synthetic experiments are performed on a finite com-
putational interval Oy = [XYmin, ¥max]. The inverse problem is solved using the deter-
ministic quadrature discretization of Section 4 and a fourth-order Runge-Kutta time in-
tegrator. The neural functions By and «x; are optimized by minimizing the regularized
objective (18). When observation noise is added, it is scaled relative to the maximum
value of the corresponding distribution and the noisy observations are projected onto the
non-negative range.

The relative reconstruction errors for B and x are measured using

Birue — B
Ep — || Berue HLZ(QX), 37)
||BtrueHL2(Qx)

and ~
. ||Ktrue - KHLZ(O,l)
=

38
Tewael2i0m) (38)

We also evaluate the relative reconstruction error of the particle-size distributions at the

observation times:

Ctrue (", tn) — Crec(-, t
E(ty) = [ cerue (v, tn) Cota) 20y

39
||Ctrue('/ t")”LZ(QI) ( )

6.1. Numerical Settings

The synthetic inverse experiments use the deterministic forward solver described in
Section 4 for the inverse recovery. Synthetic observations are generated on a finer grid using
the independent conservative sectional solver described above, while the inverse recovery
is carried out on a coarser grid. The neural parameters are optimized by minimizing the
regularized objective function (18). The main numerical settings are summarized in Table 1.

Table 1. Numerical settings used in the synthetic inverse experiments.

Experiment Data Grid N Inverse Grid N Observation Times Unknowns
Recover x, known B 200 80 0.2,0.5,0.8,1.2 K
Recover B, known x 200 80 0.2,0.5,0.8,1.2 B
Joint recovery, unimodal « 200 80 0.2,0.5,0.8,1.2 B,k
Joint recovery, bimodal « 200 80 0.15,0.35,0.65,1.0,1.35 B,x
Noise robustness tests 200 80 0.2,05,0.8,1.2 B, x
Observation-time sensitivity tests 200 80 subsets of 0.2,0.5,0.8,1.2 B, x

The neural parameters are optimized by minimizing the regularized objective function
(18) using the L-BFGS-B algorithm [18]. The neural-network and optimization details used
in the inverse experiments are reported in Table 2.

The regularization coefficients were selected from preliminary calibration runs by
balancing the data misfit with the smoothness of the recovered functions, while avoiding
visibly oscillatory kernels. The sensitivity checks focus on the numerical and observational
choices most directly affecting the inverse recovery: grid size and time step are exam-
ined in Section 6.5, while noise level and number of observation times are examined in
Sections 7.1 and 7.2, respectively. Sensitivity to initialization is mitigated by using multiple
random restarts and selecting the lowest regularized objective value.

https:/ /doi.org/10.3390/mca31040142
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Table 2. Neural-network and optimization settings used in the inverse experiments.
Quantity Setting
Architecture One hidden layer, tanh activation
Hidden neurons 5 for By; 6 for x;; except 10 in the bimodal test
By constraint Softplus +107°
Ky constraint Normalized exponential; symmetrized when needed
Parameter bounds Box constraints [—5, 5] on trainable neural parameters
Initialization Normal initialization, std. 0.15-0.25
Optimizer L-BFGS-B
Maximum iterations up to 2200
Stopping tolerances Projected gradient 10~7, objective change 107
Regularization Ap =103, A, =10"°
Restarts Multiple random initializations when needed
Selection criterion Lowest regularized objective value
Computational cost Approximately 1040 s per inverse run
Sensitivity checks Noise, observation-time, grid, and time-step tests

6.2. Recovery of the Daughter Distribution with Known Breakup Rate

We first consider the case where the breakup rate B is assumed known and only the
daughter distribution « is recovered. This test isolates the ability of the neural density
representation (10) to identify the fragmentation ratio distribution.

The ground-truth breakup rate is chosen as

Btrue(s) = 1.851'2, (40)
and the daughter distribution is chosen as a symmetric beta distribution,
Ktrue(z) = Beta(z; 5, 5). (41)

Synthetic observations are generated at several observation times, and the neural inverse
problem is solved for x;.

Figure 3 shows the recovered daughter distribution together with the ground truth.
The neural representation closely captures the shape of the distribution. The relative error is

E, = 0.0127.

Figure 4 compares the true and reconstructed particle-size distributions at the observation
times. The mean reconstruction error is 0.0081.
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Figure 3. Synthetic inverse test with known B: recovery of the daughter distribution x(z).
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Figure 4. Synthetic inverse test with known B: comparison between true and reconstructed particle-
size distributions.

6.3. Recovery of the Breakup Rate with Known Daughter Distribution

We next consider the complementary case where the daughter distribution « is as-
sumed known and the breakup rate B is recovered. This test isolates the ability of the
neural parametrization (9) to recover a size-dependent breakup rate.

The same ground-truth functions (40) and (41) are used. The inverse problem is solved
for By, while « is kept fixed at its true value.

Figure 5 shows the recovered breakup rate. The neural approximation follows the true

increasing rate with relative error
Ep =0.0324.

The corresponding reconstructed particle-size distributions are shown in Figure 6. The
mean reconstruction error is 0.0089.
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Figure 6. Synthetic inverse test with known x: comparison between true and reconstructed particle-

size distributions.
6.4. Joint Recovery of the Breakup Rate and Daughter Distribution
We now consider the fully coupled inverse problem in which both B and x are un-

known. This setting is more difficult because the breakup rate and the daughter distribution
can partially compensate each other in the predicted size distributions.
The same ground-truth functions are used:
Krue (z) = Beta(z;5,5).

Birue(s) = 1.8512,

Both By and «;, are trained simultaneously using several observation times.
Figures 7 and 8 show the joint recovery of B and x, respectively. The relative errors are

Ep = 0.02554, E, = 0.01109.

Although the joint problem is harder than the two previous tests, the recovered functions
remain close to the ground truth. Figure 9 shows that the reconstructed size distributions

agree well with the true distributions, with mean reconstruction error 0.00974.
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Figure 7. Joint synthetic inverse test: recovery of the breakup rate B(s).
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Figure 8. Joint synthetic inverse test: recovery of the daughter distribution x(z).
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Figure 9. Joint synthetic inverse test: comparison between true and reconstructed particle-size
distributions.
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6.5. Grid and Time-Step Sensitivity Check

To verify that the joint recovery results are not an artifact of a particular numerical
discretization, we repeated the unimodal joint recovery test using different inverse grids
and time steps, while keeping the synthetic observations generated on the independent
fine grid. The results are reported in Table 3. The errors remain small and of the same order
under grid refinement and time-step reduction, indicating that the reported recovery results
are not tied to a particular discretization choice. The small non-monotonic variation is
expected because each inverse recovery involves a nonconvex neural optimization problem.

Table 3. Grid and time-step sensitivity of the joint unimodal inverse recovery. Synthetic observations
are generated on the independent fine grid, while the inverse problem is solved using different
quadrature grids and time steps.

Inverse Grid N  Time Step At Ep E, Mean Reconstruction Error
60 0.008 0.03262  0.01137 0.01210
80 0.006 0.02554  0.01109 0.00974
100 0.004 0.02972  0.00918 0.00972

6.6. Bimodal Daughter Distribution

To test the method beyond a unimodal daughter distribution, we consider a more
challenging synthetic kernel. The breakup rate is chosen as

Birue(s) = 0.35 + 1.45s14, (42)

and the daughter distribution is chosen as the symmetric bimodal mixture
1 1
Kirue (2) = 5 Beta(z;2.5,8) + 3 Beta(z;8,2.5). (43)

This distribution favors asymmetric splitting, producing one relatively small fragment and
one relatively large fragment.

Figures 10 and 11 show the recovered B and k. The method still captures the increasing
breakup rate and the bimodal structure of the daughter distribution, although the joint
bimodal case is more challenging than the previous synthetic tests. The relative errors are

Ep = 0.16372, E, = 0.08123.

The reconstructed particle-size distributions are shown in Figure 12. The mean reconstruc-
tion error is 0.01583.
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Figure 10. Bimodal synthetic test: recovery of the breakup rate B(s).

1.6

1.4

1.2 1

1.0 A

K(2)

0.8 1

0.6

0.4 4

0.2 — True k

0.0 - ——- Recovered k

0.0 0.2 0.4 0.6 0.8 1.0
Fragment ratio z

Figure 11. Bimodal synthetic test: recovery of the bimodal daughter distribution x(z).
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Figure 12. Bimodal synthetic test: comparison between true and reconstructed particle-size distributions.

6.7. Summary of Synthetic Validation

Table 4 summarizes the main synthetic validation results. The results show that the
method can recover the daughter distribution when B is known, the breakup rate when «
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is known, and both functions jointly. The bimodal test further shows that the method is not
restricted to simple unimodal daughter laws, although this case is more challenging than
the unimodal setting.

Table 4. Summary of synthetic inverse validation errors.

Test Egp Ex Mean Reconstruction Error
Known B, recover x - 0.0127 0.0081

Known «, recover B 0.0324 - 0.0089

Joint recovery, unimodal « 0.02554 0.01109 0.00974

Joint recovery, bimodal x 0.16372 0.08123 0.01583

7. Robustness and Sensitivity Analysis

The previous section shows that the proposed method can recover known fragmenta-
tion laws from synthetic observations. In this section, we further investigate the stability of
the joint inverse recovery with respect to observational noise and the number of available
observation times. These tests are performed in the joint recovery setting, where both
B and « are unknown, since this is the most challenging synthetic inverse configuration
considered in this work. They are important because inverse fragmentation problems may
be sensitive to measurement errors and incomplete observations.

7.1. Robustness with Respect to Observational Noise

We first test the influence of noise on the joint recovery of B and x. Starting from
the same synthetic setting used in the unimodal joint recovery test, we add noise to the
observed distributions:

cobs(xl-, tn) = max{ctrue (Xi, fn) + Onoise l’niaX Ctrue (Xl', fn) gi,nr O}, (44)

where ¢; , are independent standard Gaussian perturbations and oyeise controls the relative
noise level. The projection onto the non-negative range is used to avoid nonphysical
negative observations. The inverse problem is then solved for different noise levels.
Figure 13 shows the relative errors on B, on x, and on the reconstructed particle-size
distributions as the noise level increases. The results indicate that the proposed method
remains stable for moderate noise levels. Even for a noise level of 3%, the mean recon-
struction error remains close to 3%, and the recovered kernels remain within a reasonable

€rror range.
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Figure 13. Robustness of the joint neural inverse recovery of B and « in the unimodal benchmark
for relative noise levels 0%, 0.5%, 1%, and 3%. Independent Gaussian perturbations are scaled by
the maximum value of the distribution at each observation time, as defined in (44), and negative
perturbed values are projected to zero. The figure reports the relative errors Eg and Ey, together with
the mean reconstruction error; all remaining numerical settings are unchanged from the noise-free
joint-recovery experiment.

The numerical values are summarized in Table 5. The overall behavior of the recon-
struction error suggests that the regularized physics-constrained formulation is not overly
sensitive to moderate perturbations of the observed distributions.

Table 5. Effect of observational noise on the joint recovery of B and «.

Noise Level Egp E, Mean Reconstruction Error
0.0% 0.02554 0.01109 0.00974
0.5% 0.01882 0.02632 0.01195
1.0% 0.03113 0.01317 0.01040
3.0% 0.11462 0.04044 0.02976

7.2. Influence of the Number of Observation Times

We next investigate the effect of the number of observed particle-size distributions.
This is directly related to the identifiability of the inverse problem. If too few observations
are available, different fragmentation laws may produce similar distributions, making the
recovery unstable or non-unique.

We consider four cases: one observation time, two observation times, three observation
times, and four observation times. In all cases, the same ground-truth fragmentation law is
used, and the inverse method is applied to recover both B and «.

Figure 14 shows that the recovery improves substantially when moving from a single
observation time to multiple observation times. With only one observation time, the
errors are

Ep = 0.38454, E, = 0.43556.

The largest improvement occurs when moving from one observation time to two observa-
tion times. This behavior is expected, because two time levels provide information on the
temporal change of the particle-size distribution, whereas a single observation is much less
informative for identifying a rate-dependent kernel. In the present unimodal benchmark,
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the two selected observation times already capture much of the relevant evolution. With
four observation times, the errors decrease to

Ep = 0.02554, Ex = 0.01109.

—o— Ep
Ex
041 —A— Mean reconstruction error
0.3
g
)
[
2
© 0.2 A
Kol
o
0.1 1
0.0 = * u

3 4
Number of observation times

-4
N

Figure 14. Effect of the number and temporal placement of the observed particle-size distributions
on the joint recovery of B and « in the unimodal benchmark. The cases use one observation at
t = 0.8, two observations at t = 0.5,1.2, three observations at t = 0.2,0.8,1.2, and four observations
att = 0.2,0.5,0.8,1.2. The figure reports the relative errors Eg and Ey, together with the mean
reconstruction error; all remaining numerical settings and the ground-truth fragmentation law are
kept unchanged.

The corresponding numerical values are reported in Table 6. These results suggest
that multiple observed distributions provide substantially more information about the
fragmentation law than a single observation. The smaller and non-monotone changes
observed when using three or four observation times indicate that the benefit of additional
observations also depends on their temporal placement and on the nonconvex optimization
landscape. Overall, this supports the use of time-resolved or multi-stage size-distribution
data whenever available.

Table 6. Effect of the number of observation times on the joint inverse recovery.

Number of Times Observation Times Egp E, Mean Reconstruction Error
1 0.8 0.38454 0.43556 0.11113
2 05,12 0.00856 0.01134 0.00633
3 0.2,0.8,1.2 0.04807 0.01514 0.01404
4 0.2,0.5,0.8,1.2 0.02554 0.01109 0.00974

Overall, the robustness and sensitivity tests indicate that the proposed framework is
stable under moderate observational noise and benefits from multiple observation times.
These findings are consistent with the ill-posed nature of inverse fragmentation problems
and motivate the use of sufficiently rich observation data.

8. Experimental Estimation of Effective Daughter-Volume-Fraction
Distributions from Droplet-Breakup Data

The synthetic studies in Sections 6 and 7 validate the complete PDE-constrained
inverse framework under controlled time-resolved observations, including the separate
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and joint recovery of the breakup rate B and the daughter distribution x. The experimen-
tal dataset considered in this section has a different observational structure: it contains
parent-drop and final child-fragment measurements, but not time-resolved particle-size
distributions cops(x, t;). Consequently, the analysis presented here does not solve the
PDE-constrained inverse problem and does not identify the breakup-rate function B(s).

Instead, the observed paired parent-droplet and daughter-fragment measurements
are used to estimate an effective marginal daughter-volume-fraction distribution xexp
by constrained maximum likelihood, using the same positive and normalized neural
representation developed for the daughter distribution in the full inverse framework.
The synthetic and experimental studies are therefore complementary parts of the paper:
the former validates the complete inverse identification of B and «x, whereas the latter
demonstrates the real-data applicability of the identifiable daughter-distribution component
under the information available in the experimental dataset.

8.1. Experimental Data and Preprocessing

The experimental data are taken from the supplementary material of the droplet-
breakup study of Jackiw and Ashgriz [14]. The dataset contains parent-drop proper-
ties, breakup regimes, and measured child-fragment sizes associated with different frag-
mentation mechanisms. In particular, the measurements include rim fragments and
node fragments.

For each measured child fragment, we define the normalized child-volume fraction

3
Zy = (dchild ) , (45)

D drop

where d ;4 is the measured child-fragment diameter and Dirop is the corresponding
parent-drop diameter. Since droplet volume is proportional to the cube of the diameter, {y
represents the fraction of the parent-drop volume carried by the measured child fragment.
This preprocessing makes the experimental measurements dimensionless and expresses
fragment size in terms of the daughter-to-parent volume fraction, which is compatible
with the additive size variable used in the fragmentation model. Since the experimental
density represents an effective marginal distribution for potentially multi-fragment events,
no binary first-moment constraint is imposed on Kexp.

8.2. Breakup Modes and Fragment Mechanisms

The experimental labels used in the dataset correspond to different aerodynamic
breakup morphologies described in droplet-breakup studies [14,19]. In the Bag regime,
the parent droplet deforms into a thin bag-like film bounded by a thicker rim; the rupture
of this film produces small droplets. In the BS (bag—stamen) regime, the morphology is
similar to bag breakup, but a central stamen or core remains during the breakup and may
generate an additional larger fragment. In the MB (multi-bag) regime, several bag-like
structures may form and rupture. These aerodynamic breakup regimes generally produce
multiple child droplets; accordingly, the experimental distributions considered below are
interpreted as effective marginal distributions of individual daughter-volume fractions
rather than as literal binary daughter kernels.

In addition to these global breakup modes, the dataset distinguishes between local
fragment mechanisms. Rim fragments are produced by the breakup of the liquid rim sur-
rounding or retracting from the bag. Node fragments are associated with larger structures
or nodes along the rim and typically produce larger child droplets. This distinction is
important because different contributions, including bag rupture, rim fragmentation, and
node formation, shape the final child-droplet size distribution [14].
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In this terminology, Bag, BS (bag-stamen), and MB (multi-bag) are global breakup-
regime labels, whereas rim and node identify local fragment-production mechanisms
within the breakup process. In the present work, these labels are used to compare effective
daughter-volume-fraction distributions across breakup regimes and fragment mechanisms.

Figure 15 summarizes the relation between the breakup-regime labels and the
fragment-mechanism labels used in the experimental analysis.

[ Parent droplet ]

[ Global breakup ]

regimes
Bag BS MB
bag film + rim bag-stamen multi-bag

]

Local fragment

mechanisms
Rim fragments Node fragments
typically smaller (v typically larger {y

Figure 15. Conceptual schematic of the breakup-regime and fragment-mechanism labels used in the
experimental analysis.

After preprocessing, the dataset contains 944 normalized daughter-volume-fraction
measurements. Among them, 701 correspond to rim fragments and 243 correspond to
node fragments. The data also include the breakup-mode labels Bag, BS, and MB. Table 7
summarizes the main empirical statistics of the normalized daughter-volume fractions,
both by local fragmentation mechanism and by global breakup mode.

Table 7. Summary statistics of the normalized daughter-volume fraction {y = (dcphiq/ dep)3 in the
experimental droplet-breakup dataset.

Group Number of Measurements Mean ly Median y
All fragments 944 0.0238 0.0102
Node fragments 243 0.0600 0.0416
Rim fragments 701 0.0113 0.0060
BS mode 523 0.0174 0.0075
Bag mode 354 0.0357 0.0151
MB mode 67 0.0120 0.0057

The clear difference between rim and node fragments already indicates that the
daughter-volume-fraction distribution depends on the physical fragmentation mecha-
nism. Rim fragments carry a smaller volume fraction on average, whereas node fragments
carry a larger volume fraction.

8.3. Effective Daughter-Volume-Fraction Distribution

Since the experimental data provide parent and child sizes but not full time-resolved
distributions c(x, t), we focus on learning an effective daughter-volume-fraction distribution

Kexp (év), (46)
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where (y is the normalized child-volume fraction defined in (45). This corresponds to the
experimental analogue of the theoretical daughter distribution x(z), with the normalized
daughter-size fraction specialized to the daughter-to-parent volume fraction.

We use the same normalized neural density parametrization introduced in (10):

exp(My (Zv))

. . 47)
/0 exp(My(u)) du

Ky ,exp (€V) =

The parameters 7 are fitted to the empirical daughter-to-parent volume-fraction measure-
ments. Given normalized measurements Jv 1, . .., (v N,,, the parameters are estimated by
minimizing the negative log-likelihood

N, exp

Z log xy exp (Cvi)- (48)
exp ji—

Lexp(17) = —

Unlike the PDE-constrained inverse problems considered in the synthetic sections, the
objective (48) does not involve the forward fragmentation equation or the breakup-rate
function B. It therefore defines a constrained neural density-estimation problem for the
effective marginal daughter-volume-fraction distribution.

To quantify the sampling uncertainty of the learned experimental densities, we per-
form a stratified cluster bootstrap with 500 replicates. The experimental Test ID is used as
the resampling unit so that all daughter fragments measured within the same breakup test
remain together, and Test IDs are resampled with replacement separately within each of
the Bag, BS, and MB breakup-mode strata. For every replicate, the effective densities are
refitted using the same neural architecture and L-BFGS-B optimization settings as for the
full dataset. The 2.5th and 97.5th percentiles of the bootstrap estimates at each value of {y
define 95% pointwise confidence bands.

Figure 16 shows the global effective daughter-volume-fraction distribution learned
from all 944 child fragments, together with its 95% pointwise bootstrap confidence band.
The distribution is concentrated near small daughter-volume fractions, indicating that most
measured child fragments carry a small fraction of the parent-drop volume. The confidence
band remains relatively narrow over most of the domain, supporting the stability of the
estimated global distribution under cluster resampling of the experimental tests.

8.4. Dependence on Fragmentation Mechanism

We next separate the measurements by fragmentation mechanism. Figure 17 compares
the effective distributions learned from rim and node fragments, together with their 95%
pointwise bootstrap confidence bands.

The result is physically coherent. The rim-fragment distribution is concentrated at
smaller values of (v, with mean value approximately

Cv rim = 0.0113.

By contrast, the node-fragment distribution is shifted toward larger values, with mean
value approximately
0V node = 0.0600.

The separation between the two distributions remains clear when the bootstrap uncertainty
is taken into account, supporting the ability of the neural density estimates to capture
meaningful physical differences between fragmentation mechanisms.
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Figure 16. Effective daughter-volume-fraction distribution #exp ({17) learned from all 944 experimental
child-fragment measurements. The histogram represents the empirical distribution, the solid curve is
the full-sample neural estimate, and the shaded region denotes the 95% pointwise confidence band
obtained from 500 stratified cluster-bootstrap replicates using Test ID as the resampling unit.

= Rim (N=701)
100 A Node (N=243)
95% pointwise bootstrap band

80 A
Z 60 A
[92]
c
9]
[a}

40 A

20 A

0+ ¥

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35
Qv = (dchiia/Darop)®

Figure 17. Effective daughter-volume-fraction distributions learned separately from 701 rim frag-
ments and 243 node fragments. The solid curves represent the full-sample neural estimates, and
the shaded regions denote the 95% pointwise confidence bands obtained from 500 stratified cluster-
bootstrap replicates. Rim fragmentation produces smaller normalized fragments, whereas node

fragmentation produces larger normalized fragments.

8.5. Dependence on Breakup Mode

The data also allow a comparison between different breakup regimes. Figure 18 shows
the effective distributions obtained for the Bag, BS, and MB modes, together with their 95%
pointwise bootstrap confidence bands.
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Figure 18. Effective daughter-volume-fraction distributions learned separately from 354 Bag-mode,
523 BS-mode, and 67 MB-mode fragment measurements. The solid curves represent the full-sample
neural estimates, and the shaded regions denote the 95% pointwise confidence bands obtained from
500 stratified cluster-bootstrap replicates. The distributions reflect differences in the normalized
child-fragment sizes produced by the different breakup regimes.

The Bag mode has a larger mean normalized daughter-volume fraction than the BS
and MB modes:

Tvpag = 00357, Typs =00174, Ty p = 0.0120.

The differences between the estimated distributions remain visible when bootstrap uncer-
tainty is taken into account, suggesting that the learned effective daughter-volume-fraction
distributions capture regime-dependent fragmentation patterns. The uncertainty is more
pronounced near the sharp peak of the MB distribution, which should be interpreted
cautiously because the MB subset contains substantially fewer observations than the Bag
and BS subsets.

8.6. Interpretation and Limitations

The experimental results show that the proposed neural representation can extract
smooth effective daughter-volume-fraction distributions from measured child-fragment
data. The learned distributions are physically meaningful: rim fragments carry smaller
daughter-volume fractions than node fragments, and different breakup modes lead to dif-
ferent normalized volume-fraction distributions. The bootstrap confidence bands support
these qualitative differences, although the MB-mode estimate exhibits greater uncertainty
near its sharp peak because this subset contains substantially fewer measurements.

However, the interpretation of the experimental application must be made carefully.
The available dataset does not provide complete time-resolved size distributions of the form

CObs(x/ tl)/ sy Cobs(x, tm)

Therefore, the experimental data are not sufficient to identify a full breakup-rate function
B(s) through the fragmentation equation. Instead, the real-data analysis identifies an
effective marginal daughter-volume-fraction distribution xexp from paired parent-droplet
and daughter-fragment measurements.

The full recovery of both B and « is validated in the synthetic experiments, where
the true fragmentation law is known and time-resolved distributions are generated inde-
pendently of the inverse solver. The experimental section then illustrates how the same
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physics-constrained neural representation can be used to estimate meaningful daughter-
volume-fraction distributions from real droplet-breakup measurements. Thus, the experi-
mental application should be viewed as a real-data demonstration of the constrained neural
density representation for final child-fragment measurements, rather than as a full kinetic
validation of the progressive fragmentation model.

Finally, because real droplet breakup may generate several fragments in a single event,
the learned density should be interpreted as an effective marginal daughter-volume-fraction
distribution associated with the observed fragments. The binary fragmentation model is
most directly applicable to breakup events dominated by two principal daughters, or as an
effective description of a sequence of binary splitting events. It should not be interpreted as
a literal representation of aerodynamic regimes in which several fragments are generated
simultaneously. In particular, the Bag, BS, and MB regimes considered in the experimental
dataset are not strictly binary, because their bag, rim, node, stamen, or multiple-bag
structures can generate several child droplets; the binary model is therefore physically
literal only for low-multiplicity events dominated by two principal daughters and otherwise
serves as a sequential-cascade or reduced effective approximation. Extending the present
framework to explicitly model multi-fragment breakup events is a natural direction for
future work.

9. Discussion

The synthetic inverse results indicate that the proposed physics-constrained neural
framework provides a flexible approach for inverse fragmentation problems, while the
experimental results demonstrate the applicability of its constrained daughter-density
representation to real fragment measurements. The key idea is to represent the unknown
fragmentation law through the physically interpretable functions B and «, while enforcing
admissibility constraints directly in the neural parametrization. In this way, the neural
networks provide flexibility without removing the physical structure imposed by the
fragmentation equation.

From a practical viewpoint, the method is useful when direct measurement of the
fragmentation kernel is difficult, but size-distribution data are available. In such situations,
the framework identifies an effective fragmentation law that is consistent with the observed
evolution and with the physical constraints of the model. Once identified, this effective law
can be inserted into the forward fragmentation equation to reproduce, compare, or predict
particle-size evolution under comparable conditions. The recovered functions should
therefore be interpreted as effective kernels associated with the experimental or numerical
conditions under consideration, rather than as universal material laws independent of the
flow configuration.

This interpretation also defines the generalizability and predictive scope of the present
approach. When the available data correspond to a single operating condition, the recov-
ered size-dependent kernel is inherently tied to that condition. Therefore, it should not be
interpreted as a general predictive law for different flow configurations, turbulence levels,
material properties, or breakup regimes. In particular, a kernel identified from a specific
particle-size or droplet-size distribution can be used for single-condition reconstruction
and for forward prediction under the same, or sufficiently comparable, physical conditions,
but it does not by itself provide predictive capability across different operating conditions.
In the experimental droplet-breakup application, where only final parent—child fragment
measurements are available, the real-data analysis should therefore be interpreted as a re-
construction of an effective daughter-volume-fraction distribution, not as a cross-condition
predictive model. This distinction is important to avoid overstating the predictive capability
of a kernel identified from a single dataset.
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This limitation is not specific to the neural parametrization, but follows from the
information content of the data: a single-condition dataset cannot identify how the breakage
law varies with external physical parameters. Generalization would require particle-size
or droplet-size distribution data collected across multiple operating conditions and the
replacement of the present size-only laws by conditional multi-factor breakage kernels,
for example

B(s;e,0,1,0,We,Oh,u,...), x(z|s,e0,u,0 WeOhu,...),

where £ may denote the turbulence dissipation rate, ¢ the interfacial tension, y the fluid
viscosity, p the fluid density, We the Weber number, Oh the Ohnesorge number, and u a
characteristic velocity or flow descriptor. These variables are listed as possible conditioning
inputs, depending on which physical quantities are available in a multi-condition dataset.
In such a multi-condition setting, the same physics-constrained neural construction could
be used to regress fragmentation laws that vary with the operating regime, while preserving
positivity, normalization, and conservation constraints. The present study should therefore
be viewed as a single-condition inverse-identification framework and a foundation for
conditional, multi-factor kernel learning.

The synthetic experiments demonstrate that the method can recover the daughter
distribution ¥ when the breakup rate is known, recover the breakup rate B when the
daughter distribution is known, and recover both functions jointly when both are unknown.
The joint recovery problem is naturally more difficult because changes in the breakup
rate and changes in the daughter distribution can have partially compensating effects
on the resulting particle-size distributions. This reflects the ill-posed nature of inverse
fragmentation problems. Accordingly, the present work does not claim global uniqueness of
the recovered pair (B, ). Rather, the goal is to recover an admissible effective fragmentation
law under the imposed physical constraints and the available observations. Nevertheless,
the proposed regularized formulation recovers both functions with satisfactory accuracy in
the unimodal synthetic tests and remains effective in the more challenging bimodal setting.

The bimodal synthetic test is particularly important. It shows that the method is not
limited to smooth unimodal daughter distributions. The neural parametrization is able to
capture a more complex daughter-size law involving two dominant daughter-size regimes.
This is relevant for physical fragmentation processes where different mechanisms may
contribute simultaneously to the final size distribution.

The robustness tests suggest that the method remains stable under moderate observa-
tional noise. This is important for applications, since experimental particle-size distributions
are often affected by measurement noise, sampling uncertainty, and preprocessing errors.
The observation-time sensitivity test also highlights a central feature of inverse fragmen-
tation problems: a single observed distribution may not contain enough information to
identify the kernel reliably. Multiple observation times significantly improve the reliability
of the recovery of B and x, supporting the importance of time-resolved or multi-stage
observations for practical inverse identification.

The experimental droplet-breakup application illustrates how the constrained neural
daughter-density representation can be used with real fragmentation measurements. Since
the available dataset contains parent and child fragment sizes, but not full time-resolved
particle-size distributions, the experimental analysis focuses on the effective marginal
daughter-volume-fraction distribution xexp. The learned distributions are physically mean-
ingful: rim fragments are concentrated at smaller daughter-volume fractions, while node
fragments are shifted toward larger daughter-volume fractions. The corresponding 95%
pointwise bootstrap confidence bands support these qualitative differences. The learned
distributions also vary across breakup modes, indicating that the effective density estimates
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capture regime-dependent fragmentation patterns, although the MB-mode estimate carries
greater uncertainty because of its smaller sample size.

A limitation of the present experimental application is that it does not allow the full
identification of the breakup rate B(s). In the fragmentation equation, B(s) represents a
rate of breakup and therefore requires information about the temporal evolution of the size
distribution, or repeated experiments over sufficiently varied parent sizes with measured
breakup frequencies. The droplet-breakup dataset used here is well suited for estimating
effective daughter-volume-fraction distributions, but not for identifying a complete size-
dependent breakup rate. For this reason, the recovery of both B and « is validated in
the synthetic setting, while the real-data application is interpreted as the estimation of an
effective marginal daughter-volume-fraction distribution.

Another limitation is that the mathematical model considered in this paper is a binary
fragmentation equation, whereas aerodynamic droplet breakup can generate multiple child
fragments through several mechanisms. The effective marginal daughter-volume-fraction
distribution estimated from the experimental data should therefore be interpreted as a
reduced representation of a more complex multi-fragment process. Extending the proposed
neural inverse framework to multi-fragment fragmentation kernels is a natural direction
for future work.

Despite these limitations, the proposed approach provides a useful bridge between
inverse fragmentation equations and data-driven modeling. The neural networks pro-
vide flexible function representations, while the fragmentation equation imposes physical
structure. Future work may include the recovery of breakup rates from time-resolved
experimental distributions, the use of high-fidelity simulations such as molecular-dynamics
or other physics-based breakup simulations to generate time-resolved fragmentation kinet-
ics, the extension to multi-fragment breakup models, and the development of conditional
multi-factor fragmentation laws using datasets collected across several operating condi-
tions. Such extensions would make it possible to move from single-condition reconstruction
toward more general and predictive data-driven fragmentation models.

10. Conclusions

We proposed a physics-constrained neural framework for the inverse identification
of fragmentation laws from particle-size distribution data. Starting from a size-structured
binary fragmentation equation, the fragmentation kernel was decomposed into a breakup
rate B(s) and a daughter-size distribution x(z). Both functions were represented by neural
networks designed to satisfy physical constraints, including positivity of the breakup rate,
positivity of the daughter distribution, and normalization of the daughter distribution.

The direct fragmentation equation was solved using a first-moment-conserving
quadrature discretization, and the inverse problem was formulated as a regularized op-
timization problem constrained by the fragmentation dynamics. Structural properties
of the proposed framework were established, showing that the neural parametrization
preserves admissibility and the mass-conservation structure of the fragmentation model.
The stability of the neural forward map, the existence of a regularized minimizer under
compactness assumptions, and the approximation capacity of the admissible neural class
were also discussed.

Synthetic experiments validated the method in several settings. The framework recov-
ered the daughter distribution when the breakup rate was known, recovered the breakup
rate when the daughter distribution was known, and recovered both functions jointly. The
synthetic observations were generated independently of the inverse solver, which supports
the reliability of the validation procedure. The method also remained effective for a more
challenging bimodal daughter distribution, indicating that it can capture more complex
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daughter-size laws. Robustness tests showed stability under moderate observational noise,
while sensitivity tests indicated that multiple observation times improve kernel recovery.

The constrained neural daughter-density representation was then applied to exper-
imental droplet-breakup measurements. From normalized daughter-to-parent volume
fractions, effective marginal daughter-volume-fraction distributions were estimated glob-
ally, by fragmentation mechanism, and by breakup mode. The results were physically
consistent: rim fragments were associated with smaller daughter-volume fractions, while
node fragments were associated with larger daughter-volume fractions. The corresponding
95% pointwise bootstrap confidence bands supported these qualitative patterns, while
indicating greater uncertainty for the smaller MB-mode subset. Since the experimental
dataset does not provide full time-resolved particle-size distributions, the real-data applica-
tion was interpreted as the estimation of an effective marginal daughter-volume-fraction
distribution rather than the identification of a complete breakup-rate function. Accordingly,
this experimental recovery should be understood as a single-condition reconstruction, not
as a predictive model for different operating conditions.

The present work opens several perspectives. Future developments may include
the recovery of breakup rates from time-resolved experimental distributions, extension to
multi-fragment breakup models, learning conditional multi-factor fragmentation laws from
datasets collected across several operating conditions, and applications to other fragmenta-
tion systems. Overall, the results suggest that physics-constrained neural representations
provide a promising tool for inverse fragmentation problems, especially when combined
with physically meaningful data and sufficiently rich observations.
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