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Abstract

In this work, we propose an inertial proximal splitting algorithm for the split variational
inclusion problem in real Hilbert space, in which a new stepsize rule is provided for
avoiding the case that the original stepsize equals to zero, It also helps enlarge the value
range of the stepsize parameter. A weak and strong convergence theorem is established
under mild conditions. Additionally, our obtained result is extended to split feasibility
problems and split minimization problems. Finally, some numerical experiments are
conducted to illustrate and compare.
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1. Introduction

Let X be a real Hilbert space with induced norm || - || and inner product (-,-). Let
Y : X — 2% be a maximally monotone multi-valued operator. It is known that the classical
split variational inclusion problem [1] (SVIP) is stated as

find p € X; such that0 € Y1(p) and 0 € Y,(Ap), (1)

where X; and X, are both real Hilbert spaces, Y7 : X; — 2X1and Y, : X, — 2%2 are both
monotone operators, and A : X; — X5 is a bounded linear operator. The solution set of
SVIP is denoted by

S={peXi:0€Yi(p)and 0 € Yo(Ap)}. ()

The SVIP has many applications such as split variational inequalities, image restoration,
Generative Adversarial Networks (GANSs) and so on (see [2-8]). Some problems are usually
used as a model in image recovery [9,10] and signal recovery [8], in which the signal
recovery can be transformed to its special case; that is, the split feasibility problem (SFP) [11]
is expressed as

find p € C such that Ap € Q, 3)

in which C and Q are nonempty, closed, and convex subsets of X; and X», respectively.

1.1. Related Algorithms

Due to its wide applications, many existing methods are used to deal with SVIP
and its nonlinear programming problems (see the concrete introductions of [2-7,12-14]
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for reference). Additionally, a well-known approach to deal with the SVIP is Byrne’s
algorithm [15], whose frame is the following;:

pus1 = I (pu = 1A (1= 12) Apu), po € X3, @

where ]}{ is defined in Section 2, A > 0 is a parameter, A, > 0 is a fixed stepsize, and A*

is a adjoint operator of A. With the help of the fixed stepsize A, € (O, W), the weak
convergence of the above algorithm was obtained. However, Byrne’s algorithm is the first
to calculate the norm || A|| in each iteration, which is somewhat difficult, if A is a dense
matrix in practice. Regarding this consideration, this is usually avoided by an Armijo-linear
search rule. Based on the rule, there are many proximal splitting algorithms emerging for
solving the SVIP (detailed information can be found in [2,4-6,13,14] for reference). Since
the Armijo-linear search rule generally makes the algorithm produce the inner iterations,
the algorithm efficiency is affected. To overcome this, Lopéz [16] proposed a self-adaptive

stepsize strategy below:
_ SF (pn)
IVE(pa) 2
with infé(4 — &) > 0and F (p) = 4||(I — Pg)Ap|? and VF (p) = A*(I — Py) Ap, and Pg
can be expressed as the corresponding projections onto Q. For more details on this self-

An

adaptive stepsize strategy, see [17-20]. Follow by this, the inertial extrapolation technique
has received much more attention, and which is popularly used to increase the convergence
(see, for instance, [21-28]). Among them, Nesterov [28] used the inertial technique to speed
up the heavy ball method [18] in the following.

Ny = pu+ en(Pn - pnfl)

5
Pus1 = Mu— Ank (Ag),n > 1, ©®)

where 6, € [0,1) and A, > 0. The term 6,,(p, — py—1) is the so-called inertial term. Recently,
Thong [29] proposed a self-adaptive inertial subgradient extragradient method for solving
non-monotone variational inequalities, and he obtained its weak convergence in real Hilbert
space. Its iterative scheme is of the following form:

A = pn+00(pn — Pu-),

Yn = Pc(Ay — AnF Ay),

Rn = Pr,(Kn — tAuTuF Yn), (6)
To={p€X:(An—Anf Ay —Yn,p—yn) <0},

Pn+1 = Pr,(An — AnF yn),

where the stepsize A, is updated by

Ani1 = min (4 700) (s gy (L @) b IEF (A) = F () #0,
(14 an)Au, otherwise,

where § € (0,1), a,, is a sequence of nonnegative real numbers that satisfies Y a, < +oo,
n=1
{rn} C [1,00), ILI’H tn =0, pn € [0,+00), and lgn pn = 0, F : X — X is a uniformly
n e8] n—oo
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continuous mapping on X. Based on Lopéz’s stepsize thought [16], Cholamjiak et al. [30]
suggested a linearized splitting algorithm for solving the SVIP, with the scheme

Ap = pn+0u(pn — pn-1),
Yn = A — A VFE (Ay),
Zn = ]/{1 (2yn — An),

Pr+1 = An +a(zn — Yn),

(7)

where the stepsize A, is given by

i #1VE@0l £,

0. otherwise,

Here, both f (p) and its gradient Vf (p) are defined in Section 3. § € (0,2) and a € (0,2),
and 0, > 0 satisfies ) 6, < co. Under these conditions, it is shown that the sequence

n=1

{pn} created by the algorithm converges weakly to a point in S. Very recently, Xu et al. [31]
introduced an inertial viscosity-type projection and contraction algorithm for addressing
quasimonotone variational inequalities. The iterative form is described as follows:

An = pn+0n(pn — Pn-1),

Ky = A+ Jn(An = Ap—1);

Yn = Pc(Kn — pAnF Ky);

zy = Pr, (Ky — AnBTuk Yn); 8)
Tw = {p € X[(Kn — pAnF Ky — Y, p — yn) < 0},

Ay =Ky —yn — A (F Ky — Fyn);

Pus1 = anf(pn) + (1 —an)[(1 = 7n)zn + 1uTzn),

where the stepsizes A, and 7, are respectively defined as

: I Kn—yull b : _
mm{ TF R ynH’A” +Pn}, if FKy —Fyn #0,

/\n+1 = ~ .
An + Py, otherwise,

Kn_ H/An 1
{Kn—zn,An) HAiHZ IR Ay, #0,

0, if A, = 0.

Ty =

where 6 € (0,1), B € (0,2), u € (g,%), ay € (0,1), r}grgown =0, Y ap=00,1, € (0,1),
n=1

{#n} C (a,1—A) forsomea € [0,1—A),A € [0,1),and 6, and ], are the inertial parameters.

I : X — X is a Lipschitz continuous and quasimonotone mapping, f : X — X isa

contraction mapping with constant p € (0,1), and Y. P, < co. The strong convergence of
n=1
the algorithm (8) is discussed in real Hilbert spaces.

1.2. Motivation and Contributions

For the existing proximal gradient methods, e.g., Byrne’s algorithm (4), the new
iterative algorithms [5,32,33], and the inertial proximal algorithm [2,4,6,34-36], their con-
vergence holds under assumptions on the inverse strongly monotonicity of V/, and this
condition brings a small stepsize A, € (0, W), which may consume more computational
time. On the other hand, it may produce many iterative numbers when the Armijo-linear
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search in [21] aims to find a proper stepsize in the iterative process. Additionally, we

observe that when ||VF (A,)|| = 0, the stepsize A, = 0 in Algorithm (7). These above

considerations may affect the convergent rate of our listed algorithms. However, the weak

and strong convergence of Algorithm (7) with the new stepsizes has yet to be investigated.
From these factors, we need to further improve the numerical results of Algorithm (7).

Our contributions in this paper are the following.

—  To design a new stepsize for avoiding the case that the original stepsize is equal to zero
under ||VF (Ay)]| = 0. This helps enhance the numerical efficiency of Algorithm (7).

—  To modify the iterative term z, to be a proximal point, which is suggested in [37]. This
enlarges from § € (0,2) to 6 € (0,4), respectively, which helps improve the numerical
results of Algorithm (7).

— To discuss a strong convergence theorem of our proposed algorithm by introducing
the viscosity algorithm described in [31].

—  To provide a theoretical application to split minimization problems and split feasibility
problems, numerical experiments are conducted to demonstrate and compare.

1.3. Organization

This work is constructed as follows. Several theory results are stated in Section 2. We
firstly introduce our algorithm and discuss its weak convergence in Section 3. The strong
convergence analysis is presented in Section 4. In Section 5, we present an application.
Some experiments are conducted to demonstrate the advantages of all compared algorithms
in Section 6. Finally, we present a conclusion and discussion, respectively.

2. Preliminaries

Definition 1 ([4]). Let X be a real Hilbert space. A single-value mapping I : X — X is named
(a) nonexpansive if
IFr=Fyl=lp-yl.VryeX,

(b) firmly-nonexpansive if
(Fp—ryp—y) = Fp—ryl’, YpyeX

Let Y : X — 2% be a set-value maximal monotone operator. The resolvent operator
J¥ : X — X related to Y is defined by

JX(p)=(I+AY) (p), VpeEX,

where A > 0. On the other hand, Y~1(0) = {p € X : 0 € Yp}, the domain of f is defined
by D(F ), and the fixed point set of F is denoted by Fix(F ); thatis, Fix(F) ={pe X:p=
Fp}.

Lemma 1. Let 7 € [0,1], forall (p,y) € X x X. Then
@ ||mp+ (1= m)y|> = =llpl? + (1 = m)llyll> = 7(1 = 7)[Ip =yl
® llp +yI1* < llpl* + 28y, p) + lylI*.

Lemma 2 ([8]). Let Xy and X, be real Hilbert spaces, A : X1 — Xy be a bounded linear operator
with its adjoint A*, and A > 0. Let Yy : Xo — 2%2 be a set-valued maximal monotone mapping.
Define a mapping [ : X1 — Xy by Fp = A* (I - ]Xz)Apfor all p € Xj. Then, the following
statements hold: )

@ |[(1-12)ap— (1= 12) | < rp—ryp—y), Yoy e X

O ||Fp—Fyl> <[lAIX(Fp—Fyp—y), ¥py X
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Lemma 3 (Demiclosedness principle [32]). Assume that F : C — C is a nonexpansive
mapping. Then we obtain the following:

pn = p € Cand lim [|py — Fpu|| =0=p=Fp,
where C is described in (3).

Lemma 4 ([38,39]). Let Y : X — 2% be a set-valued maximal monotone mapping and A > 0.
Then the following properties hold:

(a) JY is a single-valued and firmly nonexpansive mapping;

(b) D(JY) = Xand Fix(JY) = {p € D(Y) : 0 € Yp};

©|lp—T1 p| < Hp - ]E{prorallo <A<wyandp € X;

(d) (I—JY) is a firmly nonexpansive mapping.

- 2 ) _

(e) For Y™1(0) # @, one has ||p—Jypl|" + INp—pI" < llp—pIPY P € X,

p €Y Y0)and
Y Y = ~ ~1
<P —apJap— P> >0VpeX,peY (0)

Lemma 5 ([8]). Let Xy and X, be the two real Hilbert spaces, and A : X1 — Xy be a bounded
linear operator with its adjoint operator A*. Let A >0, v > 0, Y1 : X; — 251, and Y : Xp — 2%2
be set-valued maximal monotone mappings. For any p € Xy, the following results hold:

(a) Suppose that p is a solution of the SVIP. Then ]}\/1 (;5 — yA” (I - ]Xz) Aﬁ) = .

(b) If]}(l (;5 — YA* (I - ]}\/Z)Aﬁ) = f and the solution set of the SVIP is nonempty, then p
is a solution of the SVIP.
Lemma 6 ([40]). Let {xn} be a sequence of nonnegative numbers fulfilling

Xn+1l < OuXn +wp, Vn €N,

where {0,} and {w,} are sequences of nonnegative numbers such that {8,} C [1,4o0),

Y (0, —1) <ooand ¥ wy < oo. Then lign Xn €xists.
n [ee)

n=1 n=1

Lemma 7 ([30]). Let C C X be a non-empty set, and {py} be a sequence in X that fulfills the
conditions below:

(a) nh_r};loHpn — pl| exists for all p € C;

(b) every sequential weak limit sequence of {py } is in C.

Then {pn } converges weakly to a point in C.

Lemma 8 ([30]). Let {qn}, {wy} and {e,} be real positive sequences such that

Gni1 < (1+en)gn + wy, n > 1.

en < oo, then lim g, exists.
n=1 n—oo

If ¥ wy < ocoand
1

n=

Lemma 9 ([30]). Let {g,} and {],,} be real positive sequences such that
Gnir < (L4 Ju)n + Jun1, 1m0 2 1.

Then q,11 < & ﬁ (1 + 2J;), where x = max{qy,q.}. Additionally, if E Ju < oo, then qy, is
i=1 n=1
bounded.

https://doi.org/10.3390/mca31040145


https://doi.org/10.3390/mca31040145

Math. Comput. Appl. 2026, 31, 145

6 of 23

Let C be a nonempty closed and convex subset of X. Then the orthogonal projection
of p onto C is defined by

Pey = argmin{|lu —y|| |y € C}, Vu € X.

Lemma 10 ([19]). Let C be a nonempty closed convex subset of a real Hilbert space X and let Pc be
the metric projection from X onto C. Then the following statements hold:

(a) (u — Pcu,y — Pcu) <0 forallu € Xandy € C;

() ||Pcu — Peyl| < ||lu—yl| forallu, y € X;

(c) ||[Pcu — Pcyl|? < (u—y, Pcu — Pcy) forallu, y € X.

Lemma 11 ([41]). Suppose that {q,}>_, is a sequence of nonnegative real numbers, {e,} C (0,1)

(]
such that 'Y, e, = oo, and let {wy, } be a sequence of real numbers. Let
n=1

Gn+1 < (1 —en)gn +eqwn, Vn > 1.

In addition, suppose that for any subsequence {ny} of integers fulfilling linlinf (Gne+1 — qny) >0,
n—oo
it holds that lim sup wy,, < 0. Then it is verified that li_r)n gn = 0.
n—oo

n—oo

3. Weak Convergence

In this section, we propose an inertial proximal algorithm for solving Problem (1),
and establish its weak convergence. First, we introduce the following assumptions for the
convergence analysis before presenting our algorithmic frame.

(T1) Let the solution set of the split variational inclusion problem be nonempty, that is,
S # .

(T2) Let X; and X, be real Hilbert spaces, and let A : X; — X5 be a bounded linear
operator with its adjoint A*. Let Y1 : X; — 2%X1 and Y, : X, — 2%2 be set-valued maximal
monotone operators.

(T3) Suppose that both X; and Xj are real Hilbert spaces, and let A : X; — X, be a
bounded linear operator with its adjoint A*. Now we define the following function

_1 Y, 2
Fp) = 5 (1) 4]
As shown in [23,42], its gradient is the following.
VE(p) = A" (1-12) Ap.
As described in [43], the gradient V[ is an inverse strongly monotone operator, so it

is Lipschitzian.
Now, our proposed algorithm reads as follows (Algorithm 1).

https://doi.org/10.3390/mca31040145
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Algorithm 1: An inertial splitting algorithm for solving the SVIP
Step 0: Given Ay > 0,4 € (0,1),0 € (0,9),p € (0,4). Initialize py, p1 € X1,
A € (0,00), {0, } satisfying Lemma 6.
Iterative steps: Update p, 1 via
Step 1: Given p,,_1,p, (n > 1) satisfy

0, <oocand 0 < 0,. 9)
n=1
Step 2: Compute
Ay =pn+ gn(Pn - Pnfl)/

10
Yn = Ay — )\nvF(An)/ ( )
Step 3: Update
2 =20 ()i puir = (1= ) A+ alzn — ). an
Step 4: Update the stepsize A, via
. 5F (Ay) .
o min{ LR 9,0, ), i [ VF(AG)] £0, )
OnAn, otherwise,

Step 5: Set n := n + 1 and go to Step 1.

Next, we illustrate that our given stepsize rule is well-defined.

Lemma 12. Let the sequence {A,} be created by Algorithm 1. Then we attain nlgn An = A,

A> min{ ﬁ, A }, where A1 is an initial stepsize.

Proof. Since the mapping ]iz is firmly nonexpansive, if we suppose that VF (A,) # 0,
we obtain

IVE(An)IIP = (VF (An), VF (An))
A* (1 - ]{Z)AAn,A* (1 - ]}2)AA,1>
(1 - ]}? ANy, AA* (1 - ]XZ>AAn>

<faral{(1-17)Adw (1-12) A,
2

< Jaa]|(1-1%) A
= 2] A% AllF ().

After that arrangement, we see that

F(A) o1
2 = * 4
IVF(An)|* — 2[|A*A]

which further implies that

o (An) 0
IVE(A)? ~ 2] Al

(13)

This together with ¢, > 1 and (12), we obtain

. SF (A .
At = min{ R, du b 2 minf gpi A

https://doi.org/10.3390/mca31040145
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By induction, the sequence {A, } is of a lower bound min{ z‘r%”z, A } Using (12) again, we
directly arrive at A,, 11 < 9,A,. From Lemma 6 with w,, = 0, the limit nlgrolo Ay exists and we

denote by r}ij%oAn = A. Since min{ﬁ,)&l} >0,thenA >0. O

According to Lemma 12, we discuss the following weak convergence of our
proposed algorithm.

Theorem 1. Suppose that Assumptions (T1-T3) holds. Then the sequence {pn} created by
Algorithm 1 converges weakly to a solution p € S.

Proof. Let p € S. Then p € Y;1(0) and Ap € Y, !(0). Therefore, we attain ]}CZAp = Ap.
By Lemma 2(a), we see that

(A= p, VE(A0) = (An—p, A" (T—J32) A, )

_ éAAn — Ap, EI _ ]ngAAn>

AN, — Ap, (1 —2];”2 AN = (1-72)Aap)  (14)

v

H J2AA, — AA,
= 2F (An).

Now, from (11) and v, = Ay — Ay VF (Ay), we have

Pus1 = (1= a)Au + a(zn — yn)

(1—a)An+a [2]}1 (Ap — AaVF (An)) — (Ap — AnVF(An))}
(1—a)Ay+ th]}(lyn — aYn

(1—a)An+ uc(Z]}C]yn - yn).

Using (12) and (14), we see that

(15)

I =PI = 180 = VF (An) = pIf
= [An— plI2 + A2V (An) 2 = 2Au{An — p, VE (An))
< |[An = pl2+ A2 VE (An)|]> — 4AnF (An)

2
= [|An = pl? + 2Lt [ VF (An) > = 4AuF (An)

< HAn - P||2 + %JF(An) _4AnF(An)
= (A = pI? = An (4= 20) F (M),

/\n+1

Since

lim (4 ) —4-5>4-p,

n—oo n+1

where 0 < 6 < pand p € (0,4). Thus, 3N > 0,Vn > N, 4 — %ﬂ > 4 — p. Thereby,
Vn > N,

lyn = pI? < A0 = pI> = Au(4 = PYF (An)- (16)
By a similar analysis of (14), we directly obtain

2
(17)

Yn — ]}\/]]/n

<yn ~ Y Y — p> >

https://doi.org/10.3390/mca31040145
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By applying (17), we show that
2 2
HZI}(lyn —Yn— rJH = HZIAYlyn —Ynt+Yn—Yn— pH
2
= H2<I}\/1?/n *yn) + (yn — P)H
2
= 4( | v =y = (o= Pty — P>> + llyn = pII? (18)
2 2
<4 \ Yn = In|| = v = Ty ) +llyn = pIP?
= llyn — pI*
This, working with (15), (16), (18) and Lemma 1(a), yields that Vn > N,
2
Ira =PI = | (1= @)K+ (28— 1)
= (=) An = pI2+ a2 ) =y — 1
2
—a(1=a)[ 2 ) —yu = p = Ma +
2
(1= a) | An = pl? + ally = pII2 = a1 = )||[27 () =y = A 19)

<
<

(1= )| An = pIP + a(llAn = pI2 = Au(4 = p)F (An))
— (1= )23 () — yu — A 2
= (1= )| An = pI2 + &l An = pI — a(4 = p)AuF (An) — (1 —a)UzJAYl (yn) = Y = A
< Aw = pIP = a4 = D)AaF () = a1 = a)|[2} () =y — A

2

By (19),0 < @ < 1,0 < p < 4 and the inertial step A, (10), we further have

[Pnt1 = pll < [[An =Pl
= |[pn +0n(pn — pn—1) — Pl
< lpn = pll + 0l pn — Pu-1ll (20)
< lpn = pll +0ulllpn — pll + lPn—1 — Pl
= (14 6u)llpn — pll + Onllpu—1 —pll-

From Lemma 9, it yields that
n

11 — pll <« J(1+26)), (21)
i=1

where x = max{||p1 — pl|,[|p2 — p||}. Combining )~ 6, < +oco and Lemma 9, we deduce
n=1
that the sequence {p, — p} is bounded. Thus, Y. 60,|/pn — pu-1l| < +oo. Since ¥} 6, <
n=1 n=1
+00, Y. Oullpn—1 — pll < +o0 and by Lemma 8 and (20) again, we show that lim lpn —pll
n=1 00

exists. From the definition of the inertial step A, (10), we obtain

[ An = plI? = [lpn + 0n(pn — pn_1) — pI?
= lpn — plI* + 202 (pn — P, P = pu—1) + 02llpn — pu-1|? (22)
< pn =PI +20ullpn — plllpn — pu—all + 02l pn — pu—a|l*-

After arrangement by substituting (22) into (19), it follows that Vi > N,

g1 =PI < llpn — plI* + 264 llpn — plllpn — Prall + 631 pn — pu—all?

5 Y, 2 (23)
- “(4 _P))‘WF(AH) - 0‘(1 - ‘X) ‘2]/\] (]/n) —Yn — Ny

https://doi.org/10.3390/mca31040145
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Since lim lpn — pll exists, Y Oullpn — pn—1l| < +c0, and by (23), one has
* n=1
: % 2
nh_r)rolooc(él P)AnF (An) = 0and nh_r)rolouc(l — ) HZ]/\l (Yn) —yn — An|| =0.
Sinceax € (0,1),4—p > 0and nli_r)rolo)xn = A > 0, we further show that
: . Y
Tim £ (Ay) = 0 and nlgroloHZ]/\l(yn) — Y — A = 0. (24)
Since || VF (An)|? < 2||A||?F (Ay), it follows from (24) that
lim [V (Aq)| = 0.
Since F (A,) = %H(I - ]XZ)AAnHZ, and ’}i_r)r;oF(An) = 0, we have
lim HAAn 1AM, | =o0. (25)

By lim [|VF (Ay)|| =0, lim A, || = A >0and y, = Ay — Ay VI (Ay), it easily obtains

Jim [y, — Aull = 0. (26)

Since Z Onl|pn — pu—-1l| < o0, we have ’111_1)1010971 |pn — pn—1l| = 0, by the definition of A,

we have ||pn Anl| = 0nllpn — pu-1l|, we further obtain
Jiirgo|]pn — Ayl =0. (27)

Using (26) and (27), we also see that

lyn — pull < llyn — Aall + | An — pall

(28)
— 0asn — oo.
Combining (24) and (26), one has
[y =y _H]/\ yn) = - G- %"
n An
H =5 7 (29)
- ZHzfA Yo=Y = A zuAn vl
— 0asn — oo.
This, combining with (26), (28) and (29), deduces that
1 Yl Yl
H])\ Ay — pn _H])‘ Ay — ])\ ]/n+])\ Yn — Pn — ]/n‘i‘]/nH
Y-
H]/\lAn ])L Ynl| + ‘ ])\ Yn — Ynl|| + ||]/n an (30)

< An = yull +|
— 0asn — oo.

XY= Y| + g = pall

https://doi.org/10.3390/mca31040145
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Combining this with (27), it yields that
6 — 1
])\ ANy — Ny|| = An_Pn‘i‘Pn_])\ Ay
= [[An = pull + || pn — T A (31)
A
— 0asn — oo.
Using (25) and (27), we see that
YZ — YZ YZ Yz
Apy — ],\ Apu|| = ||Apn — ]/\ Apn — ANy + ANy — ],\ ANy +]/\ ANy
<[ (1= 1) apa = (1= 1) AN + |46 - 1240,
< [ Apw = Al + | ABs = 24N, (32)
< Al = All + A7, = AN,
— 0asn — co.
From (27) and (31), one sees that
pn = 1| = [pn = A+ A = 1 A+ Y A = T
< llpn = Aall + || = 1A+ |13 A = -

< 2llpn = Aull+ [ A = 3 An

— 0asn — oo.

Let p* be a weak cluster point of the sequence {p, }. That is, there is a subsequence {p;, } of
{pn} such that p,, — p* € X;. We know that A is a bounded linear operator, so we obtain
Apy, — Ap*. Using (32) and (33), Lemma 3 and Lemma 4(b), we show that p* € S. Using
Lemma 7 again, we see that p, =~z € S. O

4. Strong Convergence

In this section, we propose a viscosity-type inertial splitting algorithm for solving the
SVIP, and we establish its strong convergence in real Hilbert space. Now, we present the
following assumptions for the convergence analysis.

(U;) f: X — X is a contraction mapping with constant p € (0,1).
(Uz) 0n € (0,1), By € (0,1), limB, =0, ¥ By = co and lim % = 0. Our strongly
n—00 Wt n—sco Pn
convergent algorithm is summarized in the following.

Remark 1. In Algorithm 2, the inertial parameter 6y, is selected as

0, = {mm{mn—gﬁnwﬁ} ¥ pn 7 Pty

B, otherwise,

Remark 2. By Algorithm 2, it is verified that nlgn %Hpn — pu—1l| = 0. Indeed, we derive
0n||pn — Pn—1ll < on forall n > 1, which, together with ILm g—” = 0, yields that

n—oo Pn
o =0,

. O .
aim g P = pall < Jim

Theorem 2. Assume that Conditions (Uy)—(Uy) hold. Then the sequence {py, } created by Algo-
rithm 2 converges strongly to a point p* € S, where p* = Psof (p*).
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Algorithm 2: An inertial viscosity-type splitting algorithm for solving the SVIP.
Step 0: Given Ay > 0,4 € (0,1),0 € (0,9),p € (0,4). Initialize py, p1 € X1,
A € (0,00), {0, } satisfying Lemma 6.
Iterative steps: Update p, 1 via
Step 1: Given p,,_1,p, (n > 1) satisfy
Z 0, <occand 0 < 0,. (34)
n=1
Step 2: Compute
Ay = pn+0n(pn — Pu-1),
(35)
Yn = Ay — /\nvF(An)/
Step 3: Update
Zn = 2])1(] (]/n)}
dy = (1 —a)Apy+a(zn — Yn), (36)
Prn+1 = Puf(pn) + (1 — Bu)dn
Step 4: Update the stepsize A, via
. F(An) .
o min{ LB 9,0, 4, [ VF (AR)] £0, -
A, otherwise,
Step 5: Set n := n + 1 and go to Step 1.
Proof. According to the expression (19), we directly obtain Vn > N,
lldn =7l < 180 = p7|l. (38)
By the definition of the inertial step A;, one has
1An = p*Il = llpn + 6 (pu = pu—1) — p*|
* On (39)
<|lpn=p*ll+ B g llpn = puall:
According to Remark 2, there is a constant M > 0 such that
On
g 1w = pnal = M, ¥ > 1. (40)
Bn
Combining (38), (39) and (40), we show that Vi > N,
ldn =7l < 1An = p*Il < lpn = p* [ + BuM (41)
This verifies that Vi > N,
[Pats = p*ll = [1Bnf () + (1 = Bu)ddn — p*|
< Bullf(pn) = F(P)+ Bull (™) — P + (} - ﬁ"),llfd" P
< [1=Ba(1=p)]llpn — pI| + Bu(1 — p) L IEM (42)
< maX{HPn — I, Hf(lﬂ 7 H+M}

§-~§max{||p Pl M}-
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This result shows that the sequence {p,, } is bounded. It is also shown that the sequences
{A,} and {f(pn)} are bounded. Additionally, we have

[An = p*II> < (lpn — p* | + BnM)?
= llpn — p*II> + Bu2M||pn — p*|| + BuM?) (43)
<|lpn = p*II* + BuMy,

for some M; > 0, this, together with (19), further verifies that Vn > N,

Ipnr1 = p*II> = 1Ba(f (pn) = p*) + (1 = Bu) (dn — p*)|I?
< Bullf (pn) = p*II7 + (1 = Bu)lldn — p*|I?
< Bullf (pn) = p*|1> + l|dun — p*|1?
< Bullf(pn) — p*1I> + | An — p*II? (44)
— (4= P)AuF (An) = a(1 = ) 2]} (¥n) = ¥ — Aul]?
< Bullf(pn) — p*11* + llpn — p*II> + BuMy
—a(d—=p)AnF (Ay) —a(l— “)”2]/{1 (Yn) —yn — AnHz

On the other hand, by the inertial step A, we have

[An = p*|1% = llpn + 0n(pn — pu—1) — p*|1?
= lpn — P*II> + 260 (pu — P, pn — Pn1) + 03l pn — pu—1l? (45)
< lpn — p*11* 4+ 3Qbnlpn — pu-1ll,

where Q := sup,, .n{llpn — P*|l, 0ullpn — Pu—1|l} > 0. This shows that Vn > N,

1pa+1 = P11 = 1Bnf (pn) + (1 = Bu)dn — p*|I?

= [|Bu(f(pn) — £(p*)) + (1 = Bu)(dn — p*) + Bu(f (p*) — p*)II?
<N Bu(f(pn) = F(p*) + (1 = Bu) (dn — pP)II* + 2Bu(f(p*) — P*' Prs1 — PF)
< Bullf(pn) = FP) 2+ (1 = Bu)ldn — p* 11> +2Bu{f (P*) — P*, Pus1 — P¥)
< Bullf(pn) = FP) P+ (1 = Bu) |1An — p* 11> +2Bu(f (p*) — P*) Pus1 — P¥) (46)
< Bupllpn — p*112 + (

1—Bu)llpn — P>+ 2Ba(f(p*) — P*' Pus1 — P*)
+3Q0ulpn — pu-ll

=[1—1—p)Bulllpn —p*II?

+ (1= P)Ba [ 25 (F (") = P puss — 1) + 22l o — .

Next, we mainly prove that the sequence {||p, — p*||} converges to zero. Actually, by
Lemma 11, it suffices to verify that im sup(f(p*) — p*, pn,+1 — p*) < 0 for every subse-

k—o0
quence {|[pn, — p*|[} of {[|pn — p*[|} such that
timinf([|ppe+1 = p*l = llpn, = p*[1) 2 0. (47)
Since nlgn Bn = 01in (46), we have
limsup(|[pps1 = p*l| = [lpn = p7[}) < 0
n—o0
After arrangement of the inequality (47) by the above result, one has
B ([|prr1 = p*ll = [l = p7[1) = 0. (48)
—00
Combining (44) and (48), we know that

lim (a(4 = ), F () = 0, lim (w1 = @)I21} () — v, — A ) = 0. (49)

k—o0
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Since w € (0,1),p € (0,4) and klim An, = A > 0, we further know that

—00
. . Y. 2
Bim 7 (An) = 0, lim 213" (9) — v, — A > =0.
That is,
. Y-

klglgo||2])Ll(yﬂk) — Yny _AﬂkH =0. (50)

o0
Since Y. 0y, ||pn, — Pup—1l] < 400, we have klirn On|lPny — Pr—1ll = 0, and by the inertial
k=1 — 00

step Ay, one has
HA”k - P”k” = ||6”k(p”k - pnkﬂ)H
= Ony || P, — P | (51)
— 0 as k — oo.

Combining (50) and (51), it is verified that

dne = Pl = [|(1 = &) A + (2, — Yn,) — Pl
= HA”k - pnk +D€(Zn” —Yn, — A”k)”
S HA”k - p”lkH +“||Z”n _ynn _AnkH (52)

Y
= [[Ane = Pl + &l2]3 (i) — Yy — Ayl
— 0 as k — oo,

where z,, =2 ]{1 (Yn, )- Since klim Bn, = 0 again, it follows that
—00

[Pne+1 — Pl = 1B f (Pr) + (1 = B )y — Pl
= ||Bne (f (Pi) — i) + (1= By ) (. — P )|l
< Bullf (pue) — Pl + (1 = B ) |dny. — P |l (53)
< Bullf (pu) = Pl + Ay — g
— 0 as k — oo.

Since the sequence {py, } is bounded, we suppose that p,, — z, and thereby p,, 11 — z.
According to (26), (27), (29) and Lemma 11, we know that z € S. It needs to be shown that
p* € S. We now use Lemma 11 to (46) and we derive that lijn lpn —p*| =0. O

n—o00

5. Theoretical Application
This section mainly extends Algorithm 1 to solve split minimization problems.

5.1. Split Minimization Problem
We present the following split minimization problem (SMP):

Find p € Xj such that p € argmi)?,f(p) and Ap € argmi}yG(y),
xXeXq yeX

where F : X; -+ Rand G : X, — R are proper, lower semi-continuous convex functions
(Isc). We also use S denote the solution set of the SMP. In a real Hilbert space X, we define
the proximal operator of f by

. 1
prox, , (y) = arglrlrél}g{F(u) + ﬁ”” - y|2},)\ >0, Vu € X.

Recall that
prox, ,(y) = (I+A3F ) (y) = J3 (y),
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where df is the subdifferential of / given by
o (y) ={peX:r(y)+(u—yp) <F(u), VueX}

The reference [23] suggests that df is a maximal monotone operator and prox, , is firmly
nonexpansive.
Based on the above theory, we obtain the following corollary.

Corollary 1. Suppose that S # @, A1 > 0, € (0,1), 5 € (0,p) C (0,4), 0, satisfies (9). The
sequence {0y} satisfies Lemma 6. Let py, p1 € Xq and {p,} be a sequence generated by

Ap=pun+ Gn(Pn - Pn—l)/
Yn = An = An A" (1= prox, 6 ) ARy,
Zn = ZproxA/F(yn), Prny1 = (1 —a) Ay +a(zn — yn),

where the stepsize Ay is the following:

; OF (An) .
At = m‘“{mfﬂnAn}, if VE(Ay) #0,
OnAn, otherwise,

then, the iterative sequence {p, } converges weakly to p € S.

5.2. Split Feasibility Problem (SFP)

Let C and Q be non-empty closed convex subsets of real Hilbert spaces X; and Xj,
respectively. Let A : X; — X, be a bounded linear operator. The split feasibility problem
(SFP) is the following;:

Find p € Csuch that Ap € Q

and its solution set is denoted by S. For the study of the problem (SFP), many related results
can be found in existing references. Here, the reader can refer to [44,45] for more detail
about it. Let F : X — (—o0,00) be a proper lower semi-continuous (Isc) convex function.
Then the subdifferential df of /' is defined by

oF (u)={¢eX:Fu)—Fly) <{Gu—-y),VyeX},VueX

Let C be non-empty closed convex subset of an infinite dimensional real Hilbert space X,
and let d¢ be the indicator function of C, namely,

0, ifuec,
oc(u) = {

0o, otherwise.
In addition, we define the normal cone N¢(ji) of C at ji by
Ne(fi) ={f € X:(¢,o—f1) <0, Vo eC}.

Since éc is a proper, Isc and convex function on X, the subdifferential dd¢ of 6 becomes a
maximal monotone operator. Hence, we define the resolvent operator ]iéc of dé¢ for an
arbitrary A > 0 by

T2 (u) = (I1+ A36c) 'u, Vu € X.
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We further see that forall u € C,

ddc(u) ={¢ € X:0c(u) —dc(y) < (§u—y), Yy € H}
={¢eX:{({y—u)<0,VyeC}
:Nc(ll).
Thereby, for all A > 0, we have
y= iéc(u) S u €Y+ Adde(y)

S u—y e Adc(y)
S u—yp-y)<0vpeC
&y = Pcu

By Theorem 1, we obtain the corollary as follows.

Corollary 2. Suppose that S # @, A1 > 0, € (0,1), 5 € (0,p) C (0,4), 0, satisfies (9). The
sequence {0y } satisfies Lemma 6. Let py, p1 € X1 and {p,} be a sequence generated by

Ay = Pn+ Gn(Pn - pnfl)r
Yn = Ay — Ay A*(I — Pg) Ay,
zn = 2Pc(Yn), pny1 = (1 — ) Ap + a(zn — yn),

where the stepsize Ay, is the following:

5 (A ,
Anp1 = min{ (R  Oud i VE(An) £ 0,
Bnhn, otherwise,

then, the iterative sequence {py } converges weakly to p € S.

6. Numerical Experiments

The following numerical experiments are provided for illustrating the performance
of Algorithm 1 for solving the SVIP (1). We compare Algorithm 1 with some weakly
convergent algorithm such as Kesornprom et al.’s Algorithm 3.1 (henceforth referred to as
Algorithm 3.1 [8]), Cholamjiak et al.’s Algorithm 1 (Algorithm 1 [30]) and Suantai et al.’s
Algorithm 3.1 (Algorithm 3.1 [46]). Our experiments are conducted by using MATLAB
R2018a installed on a PC Desktop Intel(R) Core(TM) i7-6700 CPU @ 3.40 GHZ computer
with 8GB RAM.

Example 1 ([6,23]). Let A, Ay and Aj both be m x m matrices, and satisfy a normal distribution
with unit variance and mean zero. Let Y1, Y, : R™ — R™ be defined by Y1(p) = AjA1p and
Ya(y) = A}Ayy, respectively. We mainly seek a point p = (p1,- -+, pm)’ € R™ such that
Yi(p) = (0,---,0)T and Yo(Ap) = (0,---,0)T. Infact, py =0, -+, = 0. Let € > 0 and
the stopping criterion satisfies ||p, — p|| < €. We take p1 = po = (1,1,---,1) e R" and A =2
for all algorithms.

For Algorithm 1 [30], we adopt 6 = 1.005, « = 0.1, ty = 1 and

fo1—-1 .
6, — %, if 1 <n <1000,
0, otherwise,

Ty /14482

where t, = ——5——, which is suggested in [30].
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As in [8], we set p = 1,8 = 0.5, the inertial parameter 8 = 0.3, where p is the parameter in
the linear search rule for Algorithm 3.1 [8].

For Algorithm 1, we select Ay = 1,6 = 0.99, « = 0.9, and ¢, = % + 1. Additionally,
Oy is taken as that in Algorithm 1 [30].

For Algorithm 3.1 [46], we take & = 0.9, 6, = ﬁ Jn = W
corresponding results are reported in Table 1 and Figures 1-3.

and v = 1.9. The

Remark 3. In Figure 1, we take the case m = 500, ¢ = 107> to test the effectiveness of
Algorithm 1 by using different «. We obviously observe that the parameter « of our proposed
algorithm (Algorithm 1) has an important impact on the numerical results. More specifically, the
number of iterations (n) is the lowest when a = 0.9. Additionally, when « = 0.7, our proposed
algorithm behaves well.

Table 1. Comparison of Algorithm 3.1 [8], Algorithm 1 [30], Algorithm 3.1 [46] and Algorithm 1 for
Example 1.

" Algorithm 3.1 [46] Algorithm 1 [30] Algorithm 1 Algorithm 3.1 [8]
iter. time iter. time iter. time iter. time
" = 500 107> 121 0.0326 574 0.0811 59 0.0202 76 0.0265
o 10~° 139 0.0551 720 0.1439 69 0.0326 101 0.0516
= 600 107> 122 0.0463 495 0.1278 60 0.0408 86 0.0449
a 10~° 142 0.0527 697 0.1502 69 0.0340 105 0.0510
102 T T T T T T T T T
a=0.1
a=0.3
- = =09
a=0.5] 1
10° a=07| 3

—p

[|pn

10

Figure 1. The sensitivity analysis of « for Algorithm 1 and number of iterations (1) for Example 1.
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-p

||pn

102

10" §

10% ¢

— Alg.3.1[46]
Alg.1[30]

- = .Algl
Alg.3.1[8]

1 1 1 1 1 1 |
50 100 150 200 250 300 350 400
n
Figure 2. Number of iterations () for Example 1 (m = 400, e = 10~%).
T T T T
Alg.3.1[46]
Alg.1[30]
- = :Alg.l
Alg.3.1[8]

-p

”pn

102

10

Figure 3. Number of iterations (1) for Example 1 (m = 500, ¢ = 107°).

600

Remark 4. As shown in Table 1, as well as Figures 2 and 3, Algorithm 1, Algorithm 3.1 [8],

Algorithm 1 [30] and Algorithm 3.1 [46] are Alg.1, Alg.3.1 [8], Alg.1 [30] and Alg.3.1 [46],

respectively. All algorithms have a fast convergence rate. Especially, our proposed algorithm
(Algorithm 1) needs fewer iterative numbers and less time than Algorithm 3.1 [8], Algorithm 1 [30]
and Algorithm 3.1 [46] under different m and e.
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Example 2. LASSO problem [7,23]. In this example, we introduce the following LASSO problem.
.1
mind 3 14p - VI2 s p € B, Ipl < x . 549

where A € RMN M < N,V € RM and x > 0. This problem is devoted to finding a sparse
solution of the SFP. The sampling matrice A is produced by a standard normal distribution with
mean zero and unit variance. The truly sparse signal p* is built by distributing W nonzero elements
uniformly at random in the interval [—2,2| while the rest is kept zero. The sample data V = Ap*.

In consideration of the SFP, we define C = {p|||p|l1 < x}, x = W,and Q = {V}. We
suggest the subgradient projection, because of the fact there has no closed-form expression for the
projection of a closed convex set C. Let ¢(p) = ||p|l1 — x and

Con = {P:c(yn) + (en, P = yn) <0},

where e, € dc(yy). Additionally, the orthogonal projection of a point p € RN onto C,, can be
achieved by

P= C(y”)J\rlst'\l\lzp;y")en, otherwise,

P () {p, i () + (en P =) <O,

The subdifferential oc at y,, is

1/ nyn > 0/
ac(yn) = [_1/ 1]/ 1f]/n = 0/
-1, ify, <O0.

Additionally, we initialize the algorithms at the original and define

= e =ptll
max{1, [|pa]|}

We test all methods under the same iteration error E, for different M, N, and W and limit the
number of iterations to 5000, and the corresponding results are reported in Table 2.

The second problem is the recovery of the signal p* when M = 1200, N = 5120, W = 150,
M x N matrix A is randomly obtained with independent samples of standard Gaussian distribution.
The original signal p* contains 150 randomly placed 1 spikes. The initial point pg = 0, we adopt
the following mean square error for measuring the restoration accuracy:

1 *
MSE = < |lpn — p"|I*

For Algorithm 1 [30], we adopt 6 = 1.3, & = 0.9, tg = 1 and

b=l i1 < < 10000,
en = tn
0, otherwise,

Ty /1+4£2

where t, = ——5——, which is suggested in [30].

As in [8], we set p = 2, 6 = 0.5, the inertial parameter 6 = 0.3, where p is the parameter in
the linesearch for Algorithm 3.1 [8].

For Algorithm 1, we select Ay = 0.7,6 = 0.9, « = 0.6, and ¢,, = ﬁ + 1. Additionally,
0, is defined as in Algorithm 1 [30].

For Algorithm 3.1 [46], we take 6 = 0.9, 0, = and v =1.9.

1 ] _ 1
(1+n)77 /1 (1+n)2”
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The corresponding results are reported in Tnble 2 and Figure 4, and Figure 4 provides numerical
results we achieved for the original signal, MSE, and CPU time.

Original signal (N=5120, number of nonzeros=150)

ot At

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Alg.1[30] (Iter=5e+03, CPU=18.3, MSE=1.69%-31)

1k T T T T
O

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Alg.3.1[8] (Iter=5e+03, CPU=55.5, M SE=8.63¢-12)

1k T T T T T T
O

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Alg.1 (Iter=5e+03, CPU=20, M SE=1.48¢-31)

L R L LR

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Alg.3.1[46] (Iter=5e+03, CPU=45.3, MSE=2.28e-31)

1k T T T T
O

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Figure 4. Comparison of signal processing.

Remark 5. In Figure 4, Algorithm 1, Algorithm 3.1 [8], Algorithm 1 [30] and Algorithm 3.1 [46]
are Alg.1, Alg.3.1 [8], Alg.1 [30] and Alg.3.1 [46], respectively. From Table 2 and Figure 4, we see
that all algorithms solve LASSO problems efficiently. In detail, our proposed algorithm (Algorithm 1)
shows that the value of E,, is smaller than the other compared algorithms. For the running time of
all algorithms, Algorithm 1 behaves better than Algorithm 3.1 [8] and Algorithm 3.1 [46]; however,
its time somewhat runs longer than Algorithm 1 [30] by testing the different cases.

Table 2. Comparison of Algorithm 3.1 [8], Algorithm 1 [30], Algorithm 3.1 [46], and Algorithm 1 for

Example 2.
(M, N, k) Algorithm 1 [30] Algorithm 3.1 [8] Algorithm 1 Algorithm 3.1 [46]
E, time E, Time E, Time E, Time

(240,1024,30)  2.2065 x 10715 0.2962 0.0039 0.7729  2.0945 x 10715 03297 35102 x 10716 0.7262
(480,2048,60)  1.3495 x 10713 29787 3.0280 x 10°  6.7701 1.3471 x 10°#  2.3525 2.8004 x 10-15  5.2247
(720,3072,90) 24382 x 101> 51924 24423 x 1075 17.0075 2.2733 x 10715 55532 2.6143 x 10715  13.2987
(960, 4096,120) 27018 x 10715  12.1214 19863 x 107> 321827 2.5447 x 10°1°  11.0499 2.9284 x 10~15  29.4340
(1200, 5120,150)  2.4027 x 10-15 183007 1.7162 x 107> 55.4954 2.2513 x 107> 20.0427 2.7921 x 107>  45.3349

7. Conclusions

We combine the inertial technique, new stepsize rules, the viscosity algorithm with
linearized splitting algorithm for solving split variational inclusion problems, and we
obtain its weak and strong convergence in real Hilbert spaces. Further, we extend our
obtained results to split minimization problems and split feasibility problems. Finally, we
make several experiments, which shows the advantages of our given algorithm.
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8. Discussion

Compared with the linear splitting method in [30], our work has three important im-
provements. First, the new adaptive stepsize avoids zero-value stagnation and guarantees
a positive lower bound. Second, the modified proximal term expands the feasible range
of parameters from (0,2) to (0,4) for better numerical stability. Third, we introduce the
viscosity algorithm to discuss the strong convergence in real Hilbert space. Further, we try
to apply our proposed algorithm to the large-scale engineering optimization.
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