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Abstract: Inclusion-initiated fracture in high-strength spring steel is studied for axial and torsion 

very high cycle fatigue (VHCF) loading at load ratios of R = −1, 0.1 and 0.35. Ultrasonic S-N tests are 

performed with SWOSC-V steel featuring intentionally increased numbers and sizes of non-metallic 

inclusions. The fatigue limit for axial and torsion loading is considered the threshold for mode I 

cracks starting at internal inclusions. The influence of inclusion size and Vickers hardness on cyclic 

strength is well predicted with Murakami and Endo’s √area parameter model. In the presence of 

similarly sized inclusions, stress biaxiality is considered by a ratio of torsion to axial fatigue strength 

of 0.86. Load ratio sensitivity is accounted for by the factor ((1 − R)/2)α, with α being 0.41 for axial 

and 0.55 for torsion loading. VHCF properties under torsion loading cannot appropriately be de-

duced from axial data. In contrast to axial loading, the defect sensitivity for torsion loading increases 

significantly with superimposed static mean load, and no inclusion-initiated fracture is found at R 

= −1. Size effects and the stress gradient effective under torsion loading are considered to explain 

smaller crack initiating inclusions found in torsion ultrasonic fatigue tests. 

Keywords: cyclic torsion; non-metallic inclusions; fatigue limit; mean stress sensitivity;  

defect tolerance; ultrasonic fatigue 

 

1. Introduction 

Change of crack initiation mechanism from strain localization at surface grains in the 

high cycle fatigue (HFC) regime to internal inclusion-initiated fracture in the very high 

cycle fatigue (VHCF) regime is a primary reason for the absence of a fatigue limit in high 

strength steels [1–5]. Fatigue cracks initiate at inclusions at stress amplitudes below the 

conventional fatigue limit and grow in a vacuum-like environment at extremely low ini-

tial growth rates [6,7]. Intermitted growth and mean growth rates below 10−13 m/cycle can 

add up to lifetimes of 500 million cycles [8]. With the increasing size of an inclusion, its 

detrimental influence on cyclic strength becomes stronger [9–11]. For similarly sized in-

clusions, interface fracture (e.g., at aluminates) is less detrimental than through-particle 

fracture of inclusions that are tightly bonded to the matrix (e.g., TiN) [12–14]. Cycling at 

different mean stresses not only shifts the courses of the S-N curves but also affects the 

probability of internal inclusion-initiated fracture [15–20]. However, internal inclusions 

are not the only crack initiating locations for VHCF failure. Cracks can also start in the 

metal matrix without an inclusion [12,19,21–24], at grain boundaries [19,22] or at stress 

raisers (scratches, surface inclusions) at the surface [25–28]. However, for high-strength 

steels with compressive surface residual stresses introduced, e.g., by grinding, shot 
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peening, carburizing or nitriding, inclusion-initiated fracture is the most important VHCF 

failure mechanism. 

In the literature, the influence of inclusions on fatigue lifetimes is mainly described 

for cyclic axial loading conditions. However, coil springs or roller bearings are technical 

components that are subjected to very high numbers of shear load cycles in service with 

mean shear stress superimposed. Valve springs, for example, are loaded with cyclic shear 

stresses superimposed on a static torque resulting in load ratios between R = 0.3 and 0.5. 

Crack initiation at internal inclusions was found as an important failure mode in spring 

steels used for valves in engines that failed above 107 cycles [29–31]. Understanding inclu-

sion-initiated fracture under cyclic torsion loading, in particular with superimposed mean 

shear stresses, is therefore of great scientific as well as technical importance. 

With conventional (e.g., servo-hydraulic, rotating bending) testing techniques, fa-

tigue tests in the VHCF regime are very time-consuming, and it is, therefore, favorable to 

increase the testing frequency. Ultrasonic fatigue testing has been found most appropriate 

for the rapid collection of VHCF data [32,33]. The high cycling frequency not only shortens 

testing times but also allows for testing up to extremely high numbers of cycles of 1011 [34], 

a regime that is not accessible with conventional equipment. Ultrasonic fatigue test set-

ups for fully reversed torsion loading [35] and torsion loading with superimposed static 

shear stresses [36] have been invented in the authors’ laboratory. 

Ultrasonic torsion fatigue tests of SWOSC-V spring steel delivered VHCF failures, 

however, not starting at inclusions but at the surface [37]. Solely one failure from a TiN 

inclusion was found in high-frequency torsion tests with VDSiCr spring steel [38]. Failures 

from MnS inclusions under fully reversed cyclic torsion are reported in the literature, 

however, not for spring steel but for high carbon chromium-bearing steel [39,40]. Further, 

soft phases at the surface, such as ferrite grains, may act as crack initiation sites under 

reversed torsion loading [41]. To better simulate actual loading conditions of coil springs, 

ultrasonic torsion fatigue tests with VDSiCr spring steel were performed at load ratios 

R = 0.1, 0.35 and 0.5 [36]. These investigations showed that ultrasonic torsion fatigue test-

ing is a powerful method for rapid measurement of the torsion fatigue strength and de-

veloped a Haigh diagram for limiting lifetimes of 109 cycles. However, due to the high 

cleanness of commercial spring steels and the relatively small material volume subjected 

to high-stress amplitudes of ultrasonic torsion fatigue specimens, it is unlikely to encoun-

ter inclusions large enough to initiate a fatal crack. Similar conclusions may be drawn 

from cyclic torsion ultrasonic tests of super clean SWOSC-V spring steel, where excellent 

cyclic strength was demonstrated even for high load ratios due to the absence of inclusion-

initiated failure [42]. Failure from inclusions were found in a commercial spring steel in 

axial but hardly in torsion ultrasonic fatigue specimens [43]. 

Testing spring steel SWOSC-V with intentionally increased numbers and sizes of in-

clusions has been a successful way to study the effect of inclusions on torsion VHCF prop-

erties. With this material, the influence of inclusions on cyclic shear strength at load ratios 

of R = −1, 0.1 and 0.35 could be investigated in ultrasonic fatigue tests [44]. Cyclic tension-

compression and cyclic tension tests of the same material were used to compare the dele-

terious effects of inclusions under axial and torsion loading [45]. The √area parameter 

model proposed by Murakami and Endo [9] was used to compare experimentally deter-

mined and predicted torsion fatigue strengths for inclusion-initiated fracture [8]. 

The present paper aims to evaluate and compare the influence of inclusions on axial 

and torsion VHCF strengths. Specimens with artificial surface defects are cycled in a vac-

uum, and near-threshold fatigue crack growth is compared for fully reversed tension-

compression and torsion loading, respectively. Inclusions are considered as initial cracks 

and hence, fracture mechanics principles are applied to interpret the VHCF strengths as 

thresholds for crack propagation. The √area parameter model [9] is used to quantify the 

effect of inclusions on cyclic strengths. Loading conditions (axial vs. torsion loading) [46], 

as well as load ratio effects [47], are considered. Several peculiarities must be taken into 

account when comparing axial and torsion loading: Types of crack initiating inclusions 
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are different [45]; due to the stress gradient, local stress amplitudes at interior inclusions 

are lower for torsion but not for axial loading; different specimen geometries (in addition 

to the aforementioned stress gradient) lead to a size effect which influences the size dis-

tribution of crack-initiating inclusions [48–51]. 

2. Material and Method 

2.1. Testing Material 

The material used in the present investigation is laboratory-made high-strength 

spring steel based on the chemical composition of SWOSC-V, as shown in Table 1. 

Table 1. Chemical composition of SWOSC-V. 

C Si Mn Cr Al Fe 

0.55 1.50 0.70 0.70 0.003 balance 

The material was vacuum-induction furnace melted and cast with a high amount of 

dissolved oxygen, which was realized by adding iron oxide powder. In this way, the size 

and density of oxide inclusions, such as aluminate inclusions, were intentionally in-

creased. The material also contains MnS inclusions with an elongated shape aligned ap-

proximately in the rolling direction (i.e., specimen’s length direction) as a result of forging 

[44]. Manufacturing of the material included soaking, forging, heating, oil quenching and 

tempering. The resulting martensite structure with occasionally retained austenite fea-

tures a mean prior austenite grain size of 18.7 µm. 

Specimen shapes used in ultrasonic axial and torsion fatigue tests at different R-ratios 

can be seen in Figure 1a. The stress distribution along the specimens’ length axes as a 

result of resonance vibrations is shown as well as the stress gradient across the cross-sec-

tion resulting from torsion loading. The volume subjected to more than 95% of the nomi-

nal stress is 174 mm3 and 1.79 mm3 under axial and torsion loading, respectively. 

 

Figure 1. Specimen shapes: for ultrasonic torsion (a) and axial (b) fatigue tests at different R-ratios 

(dimensions are in mm); (c) for ultrasonic fatigue crack growth rate measurements under fully re-

versed axial and torsion loading, featuring an artificial defect introduced by Ar+-milling.  

For fatigue lifetime measurements in ambient air, the specimens’ surface was pre-

pared in order to correspond to in-service conditions: Prior to testing, the specimens were 

polished to a mirror-like finish and subsequently shot-peened, resulting in compressive 

residual stresses of 580 ± 130 MPa in the longitudinal and circumferential direction at the 

surface. Additionally, the specimens were blued. Mechanical properties determined by 

using fatigue specimens featuring the above-described surface condition are shown in Ta-

ble 2. 
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Table 2. Mechanical properties of the investigated material. 

Yield Strength 

(MPa) 

Tensile Strength 

(MPa) 

Elongation 

(%) 

Shear Yield Strength 

(MPa) 

Shear Strength 

(MPa) 

Vickers Hardness 

(HV) 

1720 1910 10 1400 1550 530 

For fatigue crack growth rate measurements in a high vacuum, the same specimen 

shapes as in S-N tests were used. The specimens were ground and electro-polished in or-

der to remove residual stresses of the machining process. Small artificial surface defects 

were then introduced as starter notches by Ar+-milling (Figure 1b). Prior to the tests, the 

depth and diameter of each artificial defect were analyzed by SEM. 

2.2. S-N Tests under Axial and Torsion Loading 

Ultrasonic axial and torsion S-N tests in ambient air were performed at load ratios of 

R = −1, 0.1 and 0.35 up to limiting lifetimes of 5 × 109 load cycles. The hereby employed 

testing equipment was developed by BOKU and is described extensively in [33,36]. In 

order to detect nonmetallic inclusions in runout specimens, those surviving 5 × 109 load 

cycles were further tested as follows: In the case of axial loading, the specimens were re-

loaded at the same R-ratio at a higher load level. In the case of torsion loading, runouts of 

all R-ratios were exclusively reloaded at R = 0.1, which had proved to be most favorable 

for internal inclusion-initiated fracture. 

In addition to pressurized air cooling, ultrasonic fatigue loading was applied inter-

mittently, i.e., pulses in the range of 100 to 300 ms were followed by pauses of load level-

dependent lengths. During the tests, the specimens’ temperature was monitored by py-

rometry and hereby confirmed to be below 30 °C. 

In order to analyze crack initiation sites, fracture surfaces were investigated by scan-

ning electron microscopy (SEM) and energy-dispersive X-ray spectroscopy (EDS). For 

SEM-imaging, the fracture surfaces were oriented perpendicular to the electron beam, 

thus corresponding to the projection plane perpendicular to the major principal stress di-

rection. In the case of torsion specimens, this required tilting of the specimens by approx-

imately 45° towards their length axes and takes account of the fact that the major part of 

crack propagation is under mode I. The SEM images were then used to determine the sizes 

of crack initiating non-metallic inclusions found at crack initiation sites. 

Fracture modes effective during crack initiation under torsion loading were deter-

mined. Fracture surfaces generated by an MnS and an aluminate inclusion, respectively, 

were cut parallel to the specimens’ length axes by Ar+-milling, subsequently polished and 

analyzed by SEM [8]. 

2.3. Fatigue Crack Growth Tests Using Specimens with Artificial Defects 

Fatigue crack growth rate measurements using ultrasonic fatigue testing equipment 

were performed in a high vacuum of about 2 × 10−6 mbar in order to eliminate environ-

mental effects and to simulate conditions of very slowly propagating cracks emanating 

from the interior inclusions. Axial and torsion specimens featuring artificial surface de-

fects were loaded at R = −1 at a constant stress amplitude. 

In order to choose appropriate stress amplitudes, depths and diameters of the artifi-

cial defects were analyzed by SEM prior to testing, and defect sizes represented by 

√areaAD were calculated assuming a semi-elliptical shape according to: 

√areaAD = √(
2a

2
∙t∙) 2⁄  (1) 

with 2a being the diameter at the surface (i.e., 2a = d = 30 µm) and t being the depth of the 

artificial defect. √areaAD is the square root of the projection area of the artificial defect 
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(AD) perpendicular to the major principal stress direction according to Murakami and 

Endo [9]. 

Throughout the tests, the specimens were monitored by means of optical lenses and 

a charge-coupled device (CCD) camera enabling a maximum magnification of 975-fold. A 

time interval for saving images was chosen according to crack propagation rates with a 

maximum of 30 min (corresponding to approximately 5 × 106 load cycles) during crack 

initiation and early crack propagation. The images were then used to determine surface 

crack lengths, 2a, and crack growth, Δa, during the applied number of cycles, ΔN, respec-

tively. Fatigue cracks initiated and propagated in mode I for axial as well as torsion load-

ing, and the stress intensity factor amplitudes, Ka, were calculated as follows [47]: 

Ka = 0.65∙1∙√∙√area  (2) 

1 is the amplitude of the major principal stress which is the nominal stress amplitude in 

the specimen’s length direction for cyclic axial loading, 1 = a, and the shear stress ampli-

tude for torsion loading, 1 = a. √area is the square root of the assumed projection area of 

the crack perpendicular to the major principal stress direction, including the size of the 

artificial defect, √areaAD. Based on fractographic investigations in a previous study [28], 

it is assumed that fatigue cracks initiate at the mouth of the hole (i.e., at the specimen’s 

surface), that the shape of the crack, including the artificial defect, is semi-elliptical and 

that the crack grows solely in length at the surface, 2a, (and not in depth) as long as the 

ratio of half the surface crack length, a, and the depth of the artificial defect, t, is larger 

than 0.8. If t/a is equal to or less than 0.8, t = 0.8a is used to calculate the crack size √area 

according to Equation (1). 

During fatigue loading in vacuum, a specimen temperature of up to 45° C was toler-

ated and estimated by the observed decrease in resonance frequency. Prior to testing, the 

correlation between specimen temperature and resonance frequency was determined. The 

specimen temperature was then controlled by adjusting pause times accordingly. 

3. Results 

3.1. S-N Data 

Figure 2 show fatigue data measured at load ratios R = −1, 0.1 and 0.35 for cyclic axial 

loading (2a) and cyclic torsion loading (2b). Fatigue lifetimes between 2 × 105 and 5 × 109 

cycles were investigated. Different symbols were used to indicate crack initiation at the 

surface (without inclusions) or in the interior (at aluminate-, TiN-and MnS inclusions, re-

spectively, or in the metal matrix without an inclusion). Data of specimens that survived 

5 × 109 cycles without failure (runout specimens) were marked as open circles with arrows. 

Crack initiation at interior inclusions is the most prominent VHCF failure mechanism 

for axial loading at all load ratios and torsion loading at positive load ratios (Figure 2). At 

R = −1, where crack initiation was at the surface even in the VHCF regime, no inclusion-

initiated fracture was found under torsion loading. This shows that the mechanism of 

crack initiation is not only influenced by the number of cycles to failure but also by the 

loading condition. 



Metals 2022, 12, 1113 6 of 18 
 

 

 

Figure 2. Fatigue data for cyclic axial loading (a) and cyclic torsion loading (b) at a load ratio of 

R = −1 (black symbols), R = 0.1 (blue symbols) and R = 0.35 (red symbols); surface crack initiation 

and internal crack initiation at aluminate, TiN or MnS inclusions or in the metal matrix are distin-

guished using different symbols; circles with arrows mark runout specimens. 

S-N data shown in Figure 2 correlate nominal stress amplitudes with fatigue life-

times. For axial loading, the stress amplitude was constant over the specimen’s cross-sec-

tion and consequently equal to the nominal stress amplitude in the case of surface as well 

as interior crack initiation. For cyclic torsion loading, the local stress amplitude, τa,loc, de-

creased linearly from the nominal stress amplitude, τa,nom, at the surface to zero in the 

center, i.e., the local stress amplitude at the crack initiation site was equal to the nominal 

stress amplitude in case of surface crack initiation (τa,loc = τa,nom) but lower in the case of 

interior crack initiation (τa,loc < τa, nom). The location of interior crack initiation was ran-

domly distributed under axial loading. Interior crack initiation in 65% of torsion speci-

mens was between 200 µm and 300 µm below the surface, with a minimum of 160 μm and 

a maximum of 480 μm corresponding to local stress amplitudes of 92% to 77% of the nom-

inal stress amplitudes. By mean, shear stress amplitudes at crack initiating inclusions, τa,loc, 

were 87 ± 4% of the nominal shear stress amplitudes at the specimens’ surfaces, τa,nom. 

3.2. Crack Initiating Inclusions 

Crack initiating inclusions leading to VHCF failure under axial and torsion loading 

are shown in Figure 3. Under axial loading, aluminate inclusions (Figure 3a) emanating 

fatigue cracks accounted for all failures but one which was caused by a TiN inclusion 

(Figure 3b). Under torsion loading, where inclusion-initiated fracture was observed solely 

at R = 0.1 and 0.35, aluminate (Figure 3c) and MnS (Figure 3d) inclusions were found at 

the crack initiation sites. SEM analyses of crack initiation sites revealed a difference in 

fracture mode dependent on inclusion type. In the case of aluminate inclusions, the fatigue 

crack initiates by interface failure between matrix and particle and propagates in mode I, 
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i.e., perpendicular to the major principal stress direction. In contrast, in the case of MnS 

inclusions, a shear crack initiates within and fractures the particle itself. After initially 

propagating in mode II/III, the crack branches and continues to grow into the matrix in 

mode I. 

 

Figure 3. Crack initiation at inclusions under axial VHCF loading: (a) aluminate inclusion, σa = 450 

MPa, R = 0.1, Nf = 2.8 × 109 cycles; (b) TiN inclusion, σa = 375 MPa, R = 0.35, Nf = 2.2 × 108 cycles; Crack 

initiation at inclusions under torsion VHCF loading: (c) aluminate inclusion, τa,nom = 479 MPa, R = 

0.1, Nf = 3.7 × 109 cycles; (d) MnS inclusion, τa,nom = 600 MPa, R = −1, N = 5.1 × 109 cycles (runout), 

retested at τa,nom = 450 MPa, R = 0.1, Nf = 2.3 × 108 cycles. 

The deleterious effect of an inclusion on the cyclic strength is mainly determined by 

its size, which is, according to Murakami and Endo’s √area parameter model [9], repre-

sented by the square root of its projection area perpendicular to the major principal stress 

direction. Furthermore, in [52,53], it was demonstrated that, similar to axial loading, the 

threshold condition for mode I crack propagation determines the fatigue limit under cyclic 

torsion, even if crack initiation occurs in mode II/III. Fracture surfaces formed under both 

loading conditions were therefore oriented accordingly to correspond to the plane per-

pendicular to the major principal stress direction in order to evaluate the √area parame-

ter. Thus determined, minimum and maximum values for √area with respect to inclusion 

type and R-ratio are shown in Table 3. The size ranges shown for aluminate and MnS 

inclusions refer to specimens that fractured within 5 × 109 load cycles, whereas MnS 

(runouts) refer to specimens that have been reloaded at R = 0.1, after having survived 

limiting lifetimes, in order to identify the most detrimental inclusion in the respective 

specimen. 
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Table 3. Minimum and maximum sizes, √area, of crack initiating inclusions under axial and torsion 

loading with respect to inclusion type and R-ratio. All values are given in µm. 

 
R = −1 R = 0.1 R = 0.35 

Min Max Min Max Min Max 

Axial:  

Aluminate 17.0 61.6 12.4 54.6 15.5 27.6 

Torsion:  

Aluminate   10.2 28.2 13.8 24.0 

MnS   9.5 24.5 13.5 21.2 

MnS (runouts) 8.8 15.4 7.4 14.4 9.7 20.0 

3.3. Near Threshold Fatigue Crack Growth 

Results of fatigue crack growth rate measurements in vacuum at R = −1 under axial 

and torsion loading are shown in Figure 4. Artificially initiated holes on the specimens’ 

surfaces featured diameters of approximately 30 µm and depths between 73 and 97 µm 

resulting in values of √area between 44 µm and 61 µm, according to Equation (1). With 

these, stress amplitudes near the fatigue limit, according to Murakami and Endo’s √area 

parameter model (see details in Section 4) were estimated prior to the tests. Two speci-

mens were cycled under axial and torsion loading each at nominal stress amplitudes of 

σa = 550 MPa and 575 MPa and τa = 480 MPa and 575 MPa, respectively. In three specimens, 

a single crack was observable that initiated at the artificial defect and grew to fracture 

propagating in mode I, i.e., perpendicular to the specimen’s length axis under axial load-

ing and inclined 45° towards the specimen’s length axis under torsion loading, respec-

tively. In the second specimen subjected to cyclic torsion loading, a first crack initiated at 

the hole but stopped growing after 3.3 × 107 cycles at a length of 11 µm. Subsequently, a 

second crack originated and grew to fracture. 

Crack propagation rates are plotted vs. stress intensity factor amplitudes, Ka. Data 

obtained under axial (triangles) and torsion (diamonds) loading fall within the same band 

of scattering, and no influence of loading condition is visible. The most striking result is 

that very slow growth rates in the regime between 10−14 m/cycle to 10−13 m/cycle corre-

sponding to values of Ka between 3.8 MPa√m and 4.0 MPa√m could be experimentally 

verified. Such slow growth rates correspond to several thousand load cycles that are, by 

mean, necessary to propagate the crack by one atomic distance. The fracture surface mor-

phology produced by crack growth in vacuum at growth rates below 10−12 m/cycle is a so-

called optical dark area (ODA) [54] or fine granular area (FGA) [55] and appears similar 

to those found around interior inclusions as shown in Figure 3. It was demonstrated that 

the formation of this area consumed 98% of the VHCF lifetime of the torsion specimen [8]. 

For comparison, the solid line shows crack growth data measured in ambient air at 30 Hz 

[37]. 
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Figure 4. Crack growth rates in vacuum for axial and torsion ultrasonic fatigue loading at R = −1; 

specimens were cycled at constant axial or torsion stress amplitudes until fracture; cracks start at 

artificial surface defects featuring the indicated size; crack growth rates are presented vs. mode I 

stress intensity factor amplitudes, Ka; data measured in air [37] are shown for comparison. 

4. Discussion 

Interior inclusions are the main reason for VHCF failures in the investigated spring 

steel under axial and torsion loading. The testing material is, therefore, most appropriate 

to compare the deleterious influence of small inherent defects on the cyclic strength under 

both loading conditions. Inclusions can be considered as initial cracks, and hence the fa-

tigue limit is determined by the stress intensity factor necessary to propagate the crack to 

fracture. Fracture mechanics principles will be used in the following to interpret the find-

ings described above. 

The growth of fatigue cracks in vacuum for axial and torsion loading at R = −1 was 

measured, and similar growth rates were observed if presented versus the mode I stress 

intensity factor amplitude (Figure 4). Biaxiality under torsion loading did not have a sig-

nificant influence on crack propagation rates. For cracks starting at artificial surface de-

fects with sizes in √area of approximately 44 µm, the threshold stress intensity factor am-

plitude, Ka,th, in vacuum for limiting growth rates of 10−13 m/cycle is 3.7 MPa√m. Growth 

rates of 10−11 m/cycle were observed for stress intensity factor amplitudes between 

4.5 MPa√m and 5.5 MPa√m. This is comparable to literature data for SWOSC-V, where a 

threshold stress intensity factor amplitude of 4.5 MPa√m is found when tested in air at 

R = −1 [37]. The higher growth rates measured in air compared with vacuum can be ex-

plained by corrosive influences. 

The threshold stress intensity factor amplitude of 3.7 MPa√m determined in a vac-

uum, however, cannot be used to predict the cyclic strength in the presence of small in-

ternal defects. Stress intensity factor amplitudes calculated for five specimens that failed 
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from internal aluminate inclusions after tension-compression loading was lower than this 

value [45]. 

The threshold stress intensity factor amplitude decreases with decreasing crack 

length in the short crack regime. Murakami and Endo [9] suggested the threshold stress 

intensity factor of short cracks to be proportional to (√area)
1 3⁄

. VHCF lifetimes and cyclic 

strengths for inclusion-initiated fracture can be well correlated to the parameter 

a∙(√area)
1 6⁄

 [25] rather than the stress amplitude or the stress intensity factor amplitude, 

since this parameter considers the crack length-dependent threshold stress intensity [45]. 

In addition to the crack length-dependent threshold, Murakami and Endo’s √area 

parameter model [9] considers the Vickers hardness of a material, HV, to predict the fa-

tigue limit, σw, in the presence of small cracks and defects according to Equation (3). 

w = 
b∙(HV +120)

(√area)
1 6⁄

 (3) 

where b is 1.56 for internal defects, which will be used in the following since all crack 

initiating inclusions were in the interior in the investigated steel. For surface defects, b 

would be 1.43. With HV in kgf/mm2 and √area in µm, Equation (3) predicts the fatigue 

limit, σw, for tension-compression loading at R = −1 in MPa. 

The influence of load ratio on the fatigue limit can be considered with the factor 

(
1−R

2
)

a
 [47], which leads to Equation (4): 

w = 
1.56∙(HV+120)

(√area)
1 6⁄ ∙ (

1−R

2
)

a
. (4) 

The exponent αa accounts for the mean stress sensitivity under axial loading. It is an 

empirical parameter between 0 and 1. 

Murakami and Takahashi [52] extended the √area parameter model to cyclic torsion 

loading. Endo [46] proposed a criterion for the fatigue limit under biaxial loading accord-

ing to Equation (5): 

1 + 2 = w (5) 

where σw is the uniaxial fatigue limit, σ1 and σ2 are the major and minor principal stress 

amplitudes at the fatigue limit and  quantifies the effect of compressive stresses acting 

parallel to the direction of mode I crack propagation. For pure cyclic torsion w = σ1 = −σ2, 

which leads to Equation (6) for the predicted fatigue limit at R = −1: 

w = 
1

(1−)

b∙(HV+120)

(√area)
1 6⁄ . (6) 

The effect of load ratio on the cyclic torsion strength can be considered similarly as 

above, using the exponent αt to account for the mean stress sensitivity under torsion load-

ing. With b = 1.56 for interior inclusions, this leads to Equation (7): 

w = 
1

(1−)

1.56∙(HV+120)

(√area)
1 6⁄ ∙ (

1−R

2
)

t
. (7) 

Considering the same location and size of the crack initiating defects, the factor 

1/(1 − κ) equals the ratio of torsion to axial cyclic strength, τw/σw. Studying thresholds for 

cracks at artificial defects subjected to axial and torsion loading, ratios in the range of 0.83 

to 0.88 were found [56]. An average value of τa/σa = 0.85 has been experimentally con-

firmed on artificial as well as natural surface defects in carbon steels, ductile cast iron, Cr-

Mo steel and 17-4PH stainless steel [41,46,57]. In a previous study on the presently inves-

tigated spring steel SWOSC-V, a value for 1/(1 − κ) = 0.86 ± 0.05 was determined by com-

paring the influence of similar size aluminate inclusions on torsion and axial fatigue 

strength [45]. With this information, Equation (8) predicts the cyclic torsion strength for 

internal inclusion-initiated fracture: 
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w = 
0.86∙1.56∙(HV+120)

(√area)
1 6⁄ ∙ (

1−R

2
)

t
. (8) 

In the following, it will be investigated if Equation (4) for axial loading and Equation 

(8) for torsion loading with appropriate exponents αa and αt, respectively, can be used to 

accurately predict the fatigue limit in the presence of interior inclusions. 

Figure 5 show failures and runouts at different load ratios with respect to relative 

stress amplitudes. For axial loading at R = −1, runouts were found for σa/σw between 0.86 

and 0.92 and failures between 0.95 and 1.27. This means that Equation (3) can predict the 

endurance limit for fully reversed axial loading accurately within ±10%, which is the pre-

diction error reported by Murakami [47]. 

 

Figure 5. Evaluation of the exponents αa and αt that consider the R-ratio dependency of internal 

inclusion-initiated fracture under axial loading (a) and torsion loading (b); failures (closed symbols) 

and runouts (open symbols) are shown vs. the ratio of stress amplitudes, σa and w = 
1.56∙(HV+120)

(√area)
1 6⁄  (a) 

and the ratio of shear stress amplitudes at crack initiation, τa,loc and w = 
0.86∙1.56∙(HV+120)

(√area)
1 6⁄  (b); data 

points for aluminate and MnS inclusion-initiated fracture under cyclic torsion at R = 0.1 and 0.35 

have been intentionally set apart for better visibility. 

Furthermore, runouts and failures—independent of inclusion type—serve to evalu-

ate the exponents αa and αt that consider the R-ratio influence on the fatigue limit. Data 

for fitting in Figure 5 were chosen as explained in the following: If failure occurred (i.e., 

at all R-ratios under axial and at R = 0.1 and 0.35 under torsion loading, respectively), the 

one maximum value of a∙
(√area)1 6⁄

1.56∙(HV+120)
 and a,loc∙

(√area)1 6⁄

0.86∙1.56∙(HV+120)
 obtained by a runout was 

used that was below the lowest respective value obtained by a failed specimen. If no fail-

ure occurred, which is the case at R = −1 under torsion loading, the maximum value of 

a,loc∙
(√area)1 6⁄

0.86∙1.56∙(HV+120)
 of a runout was chosen. Through these data points, straight lines were 

drawn, and the slopes corresponding to the exponents αa and αt were determined. The 

exponent for axial loading αa was found to be 0.41, and the exponent for torsion loading 

αt was 0.55. Values for the exponent α measured for different steels are available in the 

literature, however, solely for axial and not for torsion loading. The reported exponents 
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are in the range between 0.368 and 0.546 [17,20,28,54]. Hence, the presently determined 

value fits well with the literature data. 

Figure 6 show the ratio of stress amplitudes at crack initiation, σa and τa,loc, and pre-

dicted fatigue limits against fatigue lifetimes. The predicted fatigue limit, σw for axial load-

ing, is determined by Equation (9): 

w = 
1.56∙(HV+120)

(√area)
1 6⁄ ∙ (

1−R

2
)

0.41
. (9) 

The predicted fatigue limit for torsion loading, τw is determined by Equation (10): 

w = 
0.86∙1.56∙(HV+120)

(√area)
1 6⁄ ∙ (

1−R

2
)

0.55
. (10) 

 

Figure 6. Normalized S-N data for internal inclusion-initiated fracture obtained under cyclic axial 

and torsion loading; ratios of stress amplitudes, σa and predicted cyclic strengths, 

 w = 
1.56∙(HV+120)

(√area)
1 6⁄ ∙ (

1−R

2
)

0.41
 (a) and ratios of shear stress amplitudes at crack initiation, τa,loc, and pre-

dicted shear strengths, w = 
0.86∙1.56∙(HV+120)

(√area)
1 6⁄ ∙ (

1−R

2
)

0.55
  (b) are plotted against fatigue lifetimes; sym-

bols are distinguished by crack initiation site and load ratio; data of runout specimens are shown 

with open symbols. 

For the sake of conservatism, all displayed data points in Figure 6 representing fail-

ures should be larger than 1. Five data points for axial loading and one for torsion loading 

fall below this line; however, all these data represent failures above 109 cycles. Equations 

(9) and (10) therefore well predict the fatigue limit for limiting lifetimes of 109 cycles and 

only slightly overestimate the fatigue limit at 5 × 109 cycles. Again, the prediction lies 

within the prediction error of ±10%. 

Figure 7 show the Kitagawa–Takahashi diagrams for axial and torsion loading. The 

stress amplitudes are multiplied with (
1−R

2
)

−a
 and (

1−R

2
)

−t
, respectively, to eliminate 

the influence of load ratio. 

• Solid lines with a slope of −1/6 in Figure 7 predict the fatigue limit in the short crack 

regime using Equations (9) and (10). 
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• Solid lines with a slope of −1/2 in Figure 7 predict the fatigue limit in the long crack 

regime using the long crack threshold stress intensity factor amplitude, Ka,th,lc, accord-

ing to Equation (11): 

w = 
Ka,th,lc

0.5∙( ∙ √area ∙)
1 2⁄

 (11) 

 

Figure 7. Kitagawa–Takahashi diagrams for axial loading (a) and torsion loading (b) and limiting 

lifetimes of 5 × 109 cycles; stress amplitudes are multiplied with (
1−R

2
)

−0.41
 and (

1−R

2
)

−0.55
 to elimi-

nate the influence of load ratio. Solid and open symbols mark failed and runout specimens, respec-

tively. 

The unit for √area using Equation (11) to predict the cyclic strength in the long crack 

regime is m. In contrast, √area in µm is used to calculate the cyclic strength for short 

cracks using Equations (9) and (10). The long crack threshold of Ka,th,lc = 4.5 MPa√m de-

termined in air at R = −1 [37] is used to construct the straight line in the long crack regime 

in Figure 7. It can be seen that interior inclusions are smaller than √area = 125 µm for axial 

loading and √area = 196 µm for torsion loading can be considered as small cracks. Similar 

transition sizes between small and large defects (short and long cracks) are found for other 

high-strength steels [28,58]. 

Table 3 show that all crack initiating inclusions are in the short crack regime. How-

ever, crack initiating inclusions in torsion fatigue specimens are smaller than those found 

in axially loaded specimens. This is a consequence of the smaller volume subjected to high 

stresses in torsion compared with axial fatigue specimens. The material volumes where 

crack initiating inclusions were observed are 108 mm3 in axial specimens and 9 mm3 in 

torsion specimens. Assuming that the origin of failure for each test specimen is the largest 

inclusion in the highly stressed volume, the size distribution of inclusions can be plotted 

in an extreme value distribution diagram [47]. This is shown for aluminate inclusions in 

Figure 8. The median inclusion size for axial specimens is 26 µm which is significantly 

larger than 18 µm for torsion specimens. This can be explained by the much smaller vol-

ume of V = 9 mm3 where crack initiation sites under torsion loading were found. Consid-

ering that the highly stressed volume in axial specimens is the reference volume 

V0 = 108 mm3, the median size of an inclusion expected in a volume of interest, V, can be 

calculated with the return period, T = (V + V0)/V0 [57]. With this, the predicted median size 
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of aluminate inclusions in a volume V = 9 mm3 is 13 µm, which is within the standard 

deviation of crack initiating inclusions observed in torsion specimens (18 ± 5 µm). 

. 

Figure 8. Extreme value distributions of aluminate inclusion size for axial and torsion loading. Dot-

ted lines mark the median inclusion sizes of 26 µm and 18 µm observed in axial (black) and torsion 

(red) specimens, respectively. The expected median inclusion size for torsion specimens (V = 9 mm3, 

T = 1.09) of 13 µm predicted from axial specimens (V0 = 108 mm3) is marked with a red dashed line. 

The considerations above suggest that the influence of inclusions can be treated sim-

ilarly for axial and torsion loading using the √area parameter model. However, this does 

not mean that the cyclic torsion strength can be deduced from axial loading results since 

mechanisms causing VHCF failures can be different. The first and most striking difference 

is that MnS inclusions are solely deleterious for cyclic torsion loading. As schematically 

shown in Figure 9, this can be explained easily with the slender and elongated form of 

these inclusions parallel to the specimen’s length axis [44]. √area projected in the direc-

tion of maximum tensile stress is very small for axial loading but not for torsion loading, 

and consequently, MnS inclusions are deleterious for torsion but not for axial loading. 

Axial loading tests therefore underestimate the deleterious influence of inclusions aligned 

in the length direction. 

 

Figure 9. Fracture modes effective under axial ((a) and (c)) and torsion ((b) and (d)) loading depend-

ent on inclusion type; (a) and (b): aluminate inclusion; (c) and (d): MnS inclusion. 

A second important difference between axial and torsion loading is the insensitivity 

of cyclic torsion at R = −1 against inclusion-initiated fracture. The existence of inclusions 

in runout specimens could be verified, but they were non-detrimental for fully reversed 

cyclic torsion. Inclusion-initiated fracture observed at positive load ratios, on the other 

hand, clearly indicates an increasing defect-sensitivity for cyclic torsion loading with 
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increasing R. In contrast, axial loading tests at R = −1 delivered solely inclusion-initiated 

failures, even in the high cycle fatigue regime, indicating a strong defect sensitivity. This 

shows that failure mechanisms for axial and torsion loading may be different and influ-

enced differently by mean stresses. Therefore, it is necessary to perform fatigue tests on a 

material under comparable conditions as in service in order to deduce meaningful data 

for the cyclic strength. 

5. Conclusions 

The influence of non-metallic inclusions on very high cycle fatigue (VHCF) strength 

under axial and torsion loading was investigated with spring steel SWOSC-V featuring 

an intentionally increased number and size of non-metallic inclusions. S-N tests were per-

formed at ultrasonic cycling frequency up to limiting lifetimes of 5 × 109 load cycles at load 

ratios R = −1, 0.1 and 0.35 in ambient air. Fatigue crack growth was studied in a vacuum 

with specimens containing small artificial surface defects subjected to cyclic axial and tor-

sion loading. The following conclusions can be drawn: 

1. Inclusions can be considered as initial cracks. √area measured on the plane perpen-

dicular to the maximum principal stress determines the deleterious influence of an 

inclusion. Therefore, aluminates are deleterious for axial and torsion loading, 

whereas elongated MnS inclusions aligned in a rolling direction solely initiate cracks 

under torsion loading. 

2. Crack initiation and propagation at aluminates are in mode I under axial and torsion 

loading. Crack initiation at MnS inclusions under torsion loading is in mode II/III, 

followed by further crack growth in mode I. For both types of inclusions and both 

loading conditions, the threshold for mode I crack growth determines the fatigue 

limit. 

3. The long crack threshold stress intensity amplitude in vacuum at R = −1 for limiting 

growth rates of 10−13 m/cycle is 3.7 MPa√m. √area of inclusions is in the short crack 

regime where the threshold stress intensity decreases with decreasing crack length 

and failures can occur at lower stress intensities. 

4. Murakami and Endo’s √area parameter model predicts the axial loading fatigue 

limit at R = −1 within the reported prediction error of ±10%. The influence of biaxial-

ity on torsion loading of a material defect is considered with a factor of 0.86. The 

factor (
1−R

2
)



 accounts for the mean stress sensitivity. With this, the following 

equation was successfully used to predict the fatigue limit for cyclic axial loading at 

different R-ratios: 

w = 
1.56∙(HV+120)

(√area)
1 6⁄

∙ (
1 − R

2
)

0.41

 

The following equation was successfully used to predict the fatigue limit for cyclic 

torsion loading at different R-ratios: 

w = 
0.86∙1.56∙(HV+120)

(√area)
1 6⁄

∙ (
1 − R

2
)

0.55

 

5. Cyclic torsion properties in the presence of inclusions can hardly be deduced from 

cyclic axial properties: Shape and orientation of inclusions influence their harmful-

ness, size effects cause different distributions of inclusion sizes, and R-ratio sensitiv-

ity was found to be different for axial and torsion loading. Ultrasonic cyclic torsion 

tests with different mean loads are most appropriate for rapidly collecting torsion 

fatigue data of material. 
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Nomenclature 

√area 
square root of the projection area of a small, arbitrary-shaped defect perpendicular to the 

major principal stress direction 

HV Vickers hardness 

Ka stress intensity factor amplitude 

R load ratio 

α a exponent accounting for the load ratio sensitivity of the fatigue limit for axial loading 

α t exponent accounting for the load ratio sensitivity of the fatigue limit for torsion loading 

κ parameter accounting for the influence of a biaxial stress state on the fatigue limit 

σw fatigue limit under axial loading 

σa normal stress amplitude 

σ1, σ2 major and minor principal stress 

τw fatigue limit under torsion loading 

τa shear stress amplitude 

τa,nom nominal stress amplitude under torsion loading effective at the specimen surface 

τa,loc local stress amplitude under torsion loading effective at the crack initiation site 
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