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Abstract: This paper presents a physics-free Bayesian approach for the learning and inference of prob-
abilistic stability charts in milling operations. The approach does not require any information from
machine tool structural dynamics or cutting force coefficients, and the underlying learning algorithm
can operate with limited training data. A Fully Bayesian Gaussian Process with distributions on its
kernel hyperparameters is employed to enable information transfer between different machine and
process configurations. The vision system further automates the detection of necessary dimensions
from the tool–holder assembly in the machine’s tool magazine, further enhancing the applicability of
the approach. Experiments demonstrated the effectiveness of this approach, offering great promise
as an industry-friendly solution.

Keywords: chatter stability; Bayesian learning; Gaussian process; importance sampling; computer
vision

1. Introduction

Chatter has been the main factor limiting the productivity of milling operations for
many years. The importance of chatter lies in the serious damages it can cause, threatening
the lifespan of machines and tools, as well as degrading the surface quality. Consequently,
the manufacturing industry has resorted to using highly conservative process parameters,
resulting in reduced productivity and higher production costs.

Scholars have attempted to predict chatter-free process parameters using Stability
Lobe Diagrams (SLDs), where the critical stable depth of a cut is plotted as a function
of the spindle speed. The zero-order solution (ZOS) by Altintas and Budak [1] is a well-
known method for generating such SLDs, requiring tooltip dynamics and cutting force
coefficients. While the ZOS has gained popularity due to its computational efficiency, more
sophisticated chatter prediction methods have been developed. For instance, the multi-
frequency approach by Budak and Altintas [2] is particularly precise for situations involving
interrupted cuts, such as those with low radial immersion. Additionally, the Nyquist
criterion has been employed for milling stability analysis, as demonstrated in Eynian’s
study on process stability with process damping [3]. Chatter analysis can also be conducted
in the time domain using the Semi-Discretization Method (SDM) developed by Insperger
and Stepan [4]. The required dynamics at the tooltip are typically obtained by coupling
the Timoshenko beam model of the tool–holder assembly to the experimentally measured
machine tool dynamics through receptance coupling [5,6]. However, the demand for
modeling and measurement efforts limits the practicality of such physics-based approaches
on the shop floor.

With the rise of machine learning, researchers have explored the effectiveness of these
data-driven methods for predicting the chatter state of a process. Cherukuri et al. [7]
trained a multi-layer neural network classifier on 600 training samples to predict chatter in
turning operations, using the spindle speed and width of a cut as inputs, and the predicted
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stability state as the output. While neural networks are powerful tools for such classification
tasks, their demand for extensive training datasets hinders their practicality for industrial
applications. Addressing this, Postel et al. [8] used physics-based models to generate
a supplementary training dataset of 1000–10,000 samples for pretraining Deep Neural
Networks (DNNs) and an affordable set of 10–100 experimental samples for fine-tuning
the DNNs, within a transfer learning concept.

In instances where data are limited, Bayesian learning enables effective learning
by quantifying the probability of predictions and the underlying uncertainty, known as
epistemic uncertainty. Ostad Ali Akbari et al. [9] proposed a physics-supported probabilistic
artificial intelligence technique to refine stability predictions with a limited number of
experimental training datasets, where uncertainties in the tool–holder assembly model [10]
and cutting force coefficients are refined through Bayesian learning. Within a federated
learning concept, they leveraged the physics-based models to enable knowledge transfer
between various machines sharing similar components, leading to enhanced stability
prediction even for unseen but comparable configurations. The remaining uncertainties in
the model were further utilized for active data collection through active learning. While
the resulting probabilistic SLDs were useful for informing machine operators about the
reliability of predictions, this hybrid approach requires the establishment of a sufficiently
comprehensive physics-based model and the measurement of machine tool dynamics
through inverse receptance coupling [11] or indirect identification techniques [12].

This study followed a probabilistic perspective to propose an industrial-friendly
solution by offering two main advantages: (i) eliminating the complexities and efforts
associated with physics-driven models and (ii) reducing the need for extensive large
training datasets associated with data-driven models. Section 2 presents the methodology
of using Bayesian learning to learn probabilistic SLDs for given tool–holder combinations,
and it employs a Fully Bayesian Gaussian Process (FBGP) to propagate knowledge with
the degree of certainty to other tool–holder and process configurations. This approach does
not require human effort and merely necessitates an ordinary camera installed inside the
machine’s tool magazine and a microphone to detect chatter based on process noise. The
effectiveness of the proposed approach was investigated through experimental studies, as
presented in Section 3, and the paper is concluded in Section 4.

2. Methodology

This section presents the methodology and its background theory. For each ma-
chine and process configuration x, specified by the tool stick-out length ls in pixels and
tool–workpiece radial immersion ae (within the scope of this study), Bayesian learning
is applied using importance sampling. This approach refines the prior distributions of
the parametric SLD parameters, w, to their posteriors based on their alignment with the
training data through the likelihood function. These posteriors, along with those from other
machine and process configurations, are fed into FBGPs with a hyperparameter vector θ.
This process aims to estimate the corresponding parameters for a new machine and process
configuration and predict the probabilistic stability diagram. This procedure is illustrated
in Figure 1. Note that throughout this article, non-scalar variables are represented in bold.

2.1. Parametric SLD

As previously introduced, SLDs delineate the boundary of the critical depth of cut acr
as a function of the spindle speed, exclusively for a given machine and process configuration
x. In this study, the characteristic shape of SLDs for a single-mode system was assumed
to be generated through a second-order polynomial that is defined by four parameters:
the unconditional depth of cut ap,base under which the process remains stable regardless of
the spindle speed, the depth of the cut at the last peak ap,peak for the maximum attainable
cutting depth, the spindle speed at the last valley Ωapex that adjusts the lobe placements
depending on the most flexible vibration mode, and the pocket spacing scale cgap that
adjusts the frequency of the appearance of the lobes in the SLD based on the number of
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cutting teeth. Figure 2 presents an exemplary case where the parametric SLD is tuned to
align with experimental cutting tests. The agreement between the two suggests the validity
of using such a parametric SLD to represent actual stability boundaries. Nevertheless, in
general, the lobes may not necessarily be symmetric, and such additional complexities can
be considered by introducing extra parameters to the formulation of the parametric SLD.
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Figure 1. Overview of the proposed learning framework. After the priors of the SLD parameters are
refined according to the training data, they are fed into four independent FBGPs to estimate the SLD
parameters for a new machine and process configuration.
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Figure 2. Generating SLDs through the parametric model based on the four characterizing parameters,
underlining its effectiveness in representing actual stability borders. In this particular example, the
SLD parameters are tuned manually to fit the experimental chatter detection.
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In this representation, a parametric SLD consists of multiple second-order polynomials,
each representing a stability lobe defined as

acr,l =

(
Ω − clΩapex

104cl

)2
, cl =

1
klcgap + 1

(1)

for the lobe number kl = 0, 1, . . . , Nl . The complete parametric SLD contains multiples of
these lobes, with the minimum depth of the cut being selected and scaled by additional
linear terms to feature the desired unconditional and peak depths of the cut:

acr = min(acr,0, . . . , acr,Nl )
ap,peak

ap,inter
+ ap,base (2)

where ap,inter is the depth of the cut at the intersection of lobes kl = 0 and kl = 1. Therefore,
the parametric SLD that is defined by w for a given x provides the value for acr at a re-
quested Ω. In the end, the parameter vector w contains the normalized values of these four
parameters, i.e., w = {Ω̃apex, c̃gap, ãp,peak, ãp,base}, to improve the efficiency of the learning
algorithm, which is presented in the following sections.

2.2. Likelihood Function for Stability Refinement

The likelihood function assesses the probability of specific observations as training
data D = {(xi, Ωi, ap,i, si)}n

i=1 given a particular sample of model parameter wj. The
binary-valued s ∈ {0, 1} represents the experimental stability state of the process, with
1 indicating instability and 0 indicating stability. In this binary classification of chatter
stability states, the likelihood function is formulated using a logistic function [13]. This
involves comparing the experimental depth of cut ap,i with the critical depth of the cut
predicted by the parametric SLD acr,model . The likelihood for one unstable observation is
defined as follows [9]:

P(si = 1|xi, Ωi, ap,i; wj) = 1/
(

1 + exp
acr,model(Ωi; wj)− ap,i

k

)
(3)

with k adjusting the steepness of the state transition at the stability border. Since P(s)
follows a Bernoulli distribution for the binary outcome of process stability state according
to [9], the likelihood for one stable observation can be computed as

P(si = 0|xi, Ωi, ap,i; wj) = 1 − P(si = 1|xi, Ωi, ap,i; wj) (4)

Assuming that the observations are independent, the total likelihood from all training
data is computed as

P(D|wj) =
n

∏
i=1

P(si|xi, Ωi, ap,i; wj) (5)

2.3. Bayesian Learning through Importance Sampling

When dealing with problems involving uncertainty, the Bayesian approach offers
powerful tools to account for and refine uncertainties [14]. Bayesian learning begins with a
prior distribution of model parameter P(w), which suggests a prior belief about possible
values of model parameters. Upon acquiring training data D, the prior distribution can be
refined into an updated posterior distribution P(w|D) using the Bayes rule [15]:

P(w|D) =
1
Z

P(D|w)P(w) (6)

where Z is meant to normalize the summation of probabilities and is defined as

Z =
∫

P(D|w)P(w)dw (7)
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Thus, the posterior distribution P(w|D) is derived based on the compatibility of
the prior distribution with the training data, as quantified by the likelihood function
in Section 2.2. Often, obtaining closed-form expressions for posterior distributions is
intractable, especially in high-dimensional parameter spaces. Therefore, techniques such as
variational inference [16] and Markov Chain Monte Carlo (MCMC) simulations [17] are
employed to approximate the posterior distributions.

In small parameter spaces, such as for the parametric SLD where the parameter space
of w has four dimensions and the computation of likelihood is inexpensive, an approxi-
mation approach based on importance sampling [18] can be employed. In assuming that
the posterior distribution of w remains an independent multivariate normal distribution
after learning is performed, the posterior mean µw|D and covariance matrix Cw|D of w are
computed by

µw|D = Ew∼P(w|D)[w] (8)

Cw|D = Ew∼P(w|D)[w
Tw]−E2

w∼P(w|D)[w] (9)

Also, for the inference and generation of the updated probabilistic SLD for a test case
represented as D∗ = {(x∗i , Ω∗

i , a∗p,i, s∗i )}, the following equation is used

P(D∗) =
∫

P(D∗|w)P(w|D)dw = Ew∼P(w|D)P(D∗|w) (10)

In the above formulations, E represents the expectation operation and needs to be
computed with respect to the posterior distribution of w, which is currently unavailable.
The following provides an alternative direction based on importance sampling to approxi-
mate this expectation from existing prior distributions. Let this expectation for a generic
function g(w) be defined as

Ew∼P(w|D)[g(w)] =
∫

g(w)P(w|D)dw (11)

which describes the expected value of g(w) when w is drawn from the posterior distribu-
tion, w ∼ P(w|D). As the posterior distribution is not yet available, the integration can be
written in the following form by substituting with Bayes rule:

∫
g(w)P(w|D)dw =

1
Z

∫
g(w)P(D|w)P(w)dw (12)

The right-hand-side integration represents the expectation with respect to the prior
distribution of w; therefore,

Ew∼P(w|D)[g(w)] =
1
Z
Ew∼P(w)[g(w)P(D|w)] (13)

This expectation can be estimated through the following Monte Carlo approximation:

Ew∼P(w)[g(w)P(D|w)] ≈
Ns

∑
j=0

g(wj)P(D|wj) (14)

where wj is drawn from the prior distribution, wj ∼ P(w). The normalizing factor is also
approximated by

Z ≈
Ns

∑
j=0

P(D|wj) (15)
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In summary, the expectation with respect to the posterior distribution can be estimated
with samples drawn from the prior distribution wj ∼ P(w) using the following equation:

Ew∼P(w|D)[g(w)] ≈
(

Ns

∑
j=0

g(wj)P(D|wj)

)
/

(
Ns

∑
j=0

P(D|wj)

)
(16)

2.4. Fully Bayesian Gaussian Process (FBGP)

A standard Gaussian Process (GP) is a probabilistic model that defines a distribution
over functions, serving as a versatile tool for capturing uncertainty in various scientific do-
mains. This approach has gained popularity and interest over the last two decades [19–21].
Unlike conventional parametric models, GPs treat functions as random variables, provid-
ing a non-parametric framework for flexible function estimation. GPs find applications in
regression tasks, Bayesian optimization, and other fields where the estimation of uncer-
tainties is important. Their elegance lies in their capacity to model complex relationships
and yield predictive distributions that account for the inherent uncertainty in scientific
data analysis and decision-making processes. An FBGP refers to an approach that treats all
model parameters, including the hyperparameters of the kernel, as probabilistic variables
with associated probability distributions.

After the Bayesian learning for the machine and process configuration for which
training data were available X = {xm}Nm

m=1, a posterior distribution for SLD parameters for
each xm is obtained as wm. The goals of using an FBGP are to establish a connection for a
new machine and process configuration x∗ and provide an estimation for its corresponding
SLD parameters w∗ leading to the generation of a corresponding probabilistic SLD. Since
w is a four-element vector, separate independent FBGPs are trained for each element in
this vector; let each of these scalar variables be represented by w. The posterior mean and
standard deviation of w for case m after Bayesian learning are indicated by µw|D,m and
σw|D,m, respectively. The FBGP is based on the following joint Gaussian distribution [20]:

[
Y
f ∗

]
∼ N

([
µ0
µ∗

0

]
,
[

K̂X,X KX∗,X
KX∗ ,X KX∗ ,X∗

])
(17)

The prior mean of the FBGP, either µ0 or µ∗
0 , is a vector with equal scalar values

of µ0. The covariance matrix considers a fixed Gaussian noise for the training data, i.e.,
K̂X,X = KX,X + diag{σ2

w|D,m}
Nm
m=1 with σw|D,m being the posterior standard deviation of

wm. The mean values of the posterior SLD parameters are fed to the FBGP as the target
values, i.e., Y = {µw|D,m}Nm

m=1. The covariance matrix is established based on a measure
of similarity between the feature vectors of different cases using a kernel function in the
following arrangement:

KX,X =




k(x1, x1) · · · k(x1, xNm)
...

. . .
...

k(xNm , x1) · · · k(xNm , xNm)


 (18)

and analogously for KX∗ ,X , KX,X∗ , and KX∗ ,X∗ . The kernel in this study is a Radial Basis
Function (RBF) [22], which is formulated as

k(x, x′) = α2 exp

(
−||x − x′||22

2ℓ2

)
(19)

with α as the output scale and ℓ as the length scale. In the end, the mean and covariance
matrix at the test points X∗ are calculated as follows:

µ∗
w|D = µ∗

0 + KX∗ ,X K̂−1
X,X(Y − µ0) (20)
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C∗
w|D = KX∗ ,X∗ − KX∗ ,X K̂−1

X,X KX,X∗ (21)

Usually, in standard GPs, the hyperparameters θ = {α, ℓ} are considered deterministic
values and are adjusted to maximize the marginal likelihood of the data [20]. In FBGPs,
the distributions of hyperparameters are tuned based on the Bayes rule through MCMC
approximations. In this study, an FBGP was implemented using the GPyTorch library [23].
Uniform distributions were assigned as priors to the length scale and output scale, and
their distributions were refined via Bayesian learning through MCMC approximations.
Additionally, a normal distribution with a mean of 0.5 and a standard deviation of 0.2 was
assigned to the FBGP mean, i.e., µ0 ∼ N (0.5, 0.2), to consider a feasible range between 0
and 1 for normalized SLD parameters.

2.5. Vision-Assisted Estimation of Tooling System Dimensions

In pursuit of advancing the full automation of stability prediction, a tool dimension
recognition system was developed using image processing techniques. This system enables
predictions with the aid of vision, eliminating the need to remove the tool from the milling
machine for measurements, such as for determining the stick-out length. The entire process
occurs rapidly and automatically within the unused space inside the CNC machine’s
tool magazine.

The system configuration is detailed in Figure 3. A key requirement involves securing
the camera onto a fixture. The camera must be accurately oriented perpendicular to the
tool, ensuring a perpendicular side view rather than an elevated view.
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of the image, then converted into grayscale. Following this, a pixel brightness threshold
is applied to the grayscale image to enhance contrast, resulting in a binary representation
of the image. In the final stage, the algorithm analyzes the number of dark pixels per row
from top to bottom and identifies the first significant increase in the number of dark pixels
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Figure 3. Vision system for automatically capturing tooling system dimensions, installed inside the
machine’s tool magazine.

The image processing algorithm operates in three self-operating stages, eliminating
the need for manual intervention. The algorithm takes a captured image as input and
estimates the stick-out length of the tool as output. The algorithmic steps are illustrated
in Figure 4. In the initial phase, the raw image is cropped and reoriented to select a pre-
defined region of the image, and then it is converted into grayscale. Following this, a pixel
brightness threshold is applied to the grayscale image to enhance contrast, resulting in a
binary representation of the image. In the final stage, the algorithm analyzes the number
of dark pixels per row from top to bottom and identifies the first significant increase in
the number of dark pixels as the tooltip. The subsequent significant increase corresponds
to the starting point of the holder, for which its distance to the tooltip is measured as the
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stick-out length ls in pixels. The average value of pixels per row in this region also serves
as a representative of the tool diameter.

Version May 30, 2024 submitted to Journal Not Specified 8 of 15
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Figure 4. Image processing steps for the estimation of tool stickout length: 1) The raw image is
cropped, rotated, and converted into grayscale, 2) The grayscale is converted to a binary image based
on a brightness threshold, 3) The tool region is detected, and the stickout length is estimated.
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noise with a microphone and analyzing its frequency spectrum for detecting anomaly
frequencies possibly originating from chatter. Chatter detection mechanisms are reviewed
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frequency domain using a short-time Fourier transform (STFT). This method extracts the
development of frequencies over time, revealing the presence of chatter frequencies that 230

do not coincide with rotation frequency harmonics. The holder and tool used in these
experiments are presented in Tab. 1.

Table 1. The specific holder and milling tool employed in this study, which remain consistent across
all cases.

Type Designation Specifications Picture

Holder REGO-FIX PG25x100H Interface: HSK-A63

Tool Voha 0324 56 120 Diameter: 12 mm
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In Table 2, the three cases of A, B, and C have been meant for training cases, whereas
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Table 2. Machine and process configurations in the experimental evaluations. fz represents feed per
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Figure 4. Image processing steps for the estimation of tool stick-out length: (1) the raw image is
cropped, rotated, and converted into grayscale; (2) the grayscale is converted into a binary image
based on a brightness threshold; (3) the tool region is detected, and the stick-out length is estimated.

3. Experimental Validations

This section is devoted to the evaluation of the proposed method through experimental
case studies. In these case studies, four different cases, varying in holder–tool clamping
length and immersion conditions, are considered. Validation cuts were performed for each
case on a GF Mikron HPM 800U (Biel/Bienne, Switzerland) five-axis milling machine and
AL6082 workpiece material (HABA AG, Pfäffikon, Switzerland), where the actual stability
states of the process for various combinations of spindle speeds and depths of cuts were
recorded. Chatter detection during these cuts was conducted by recording process noise
with a microphone and analyzing its frequency spectrum for detecting anomaly frequencies
possibly originating from chatter. Chatter detection mechanisms have been reviewed in
the literature [24–26], where the time-domain process noise signal is transferred to the
frequency domain using a short-time Fourier transform (STFT). This method extracts the
development of frequencies over time, revealing the presence of chatter frequencies that
do not coincide with rotation frequency harmonics. The holder and tool used in these
experiments are presented in Table 1.

Table 1. The specific holder and milling tool employed in this study, which remained consistent
across all cases.

Type Designation Specifications Picture

Holder REGO-FIX
PG25x100H Interface: HSK-A63

Tool Voha 0324 56 120 Diameter: 12 mm
Length: 110 mm
Flutes: 4

In Table 2, the three cases of A, B, and C indicate the training cases, whereas the fourth
case, labeled as D, was considered to validate the predictive capabilities of the proposed
learning method.

In Table 3 the estimated stick-out lengths are compared to the actual stick-out lengths
using a calibrated pixel-to-length ratio from the image processing setup. The percentage
errors resulting from the comparisons underscore the stability and accuracy of the image
processing procedure. The conversion of the estimated lengths from pixels to millimeters
was performed solely to evaluate the precision of the vision system. For the FBGP, the pixel
values are used directly.
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Table 2. Machine and process configurations in the experimental evaluations. fz represents feed
per tooth.

Case ls [px] Equivalent of ls
in [mm] fz [mm/Tooth] ae [mm]

A 531 60.9 0.05 12
B 574 65.9 0.05 8.4
C 596 68.4 0.05 10.8
D 552 63.4 0.05 9.6

Table 3. Evaluating the precision of vision-based estimations compared to the actual values of the
tool stick-out length.

Case Detected ls [px] Equivalent of ls
in [mm] True ls [mm] Error [%]

A 531 60.9057 60.9 0.0094
B 574 65.8316 65.9 0.1037
C 596 68.3548 68.4 0.0661
D 552 63.3085 63.4 0.1443

The experimental chatter observations that are used for training are listed in Table 4.
The training points are used for each case through Bayesian learning (in Section 2.3) to
refine the distribution of SLD parameters w from their prior to posterior distributions, as
listed in Table 5. The prior distribution embraces a wide and general range of feasible
parameter values based on the insights and understanding of the milling stability. As shown
in Figure 5, Monte Carlo samples from prior distributions generate multiple parametric
SLDs, which are overlaid to visually represent the variability in stability predictions. The
broad range of possible SLDs and the lack of distinguishable stability pockets highlight
the considerable uncertainty in the initial predictions and emphasizes the need for further
learning and refinement. As an optional advantage, the selection of priors also allows the
algorithm to benefit from the experience of machine operators that can guide and facilitate
learning with a lower number of training data.

Table 4. Experimental process monitoring data used for Bayesian learning per case.

Case Ω [rpm] ap [mm] s [-]

A 13,500 0.25 0
A 14,000 0.75 1
B 13,000 1.00 0
C 14,500 0.60 1
C 10,750 0.80 0

Table 5. Prior and posterior distributions of SLD parameters after Bayesian learning, characterized
by a mean and a standard deviation (std).

Case Distribution ap,base [mm] ap,peak [mm] Ωapex [rpm] cgap [-]

Prior mean 0.200 3.000 20,000 0.600
std 0.100 1.000 2000 0.050

A mean 0.410 2.817 21,367.75 0.565
std 0.176 1.044 1717.86 0.089

B mean 0.438 2.848 2050.58 0.592
std 0.226 1.012 1514.368 0.094

C mean 0.593 3.132 20,114.61 0.600
std 0.239 0.962 1788.36 0.092
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Figure 5. Monte Carlo samples of SLD from the prior distribution serve to illustrate the inherent
generality of the initial distribution, emphasizing the need for refinement.

plotted over the probabilistic SLDs for validation purposes. As the agreement suggests, the
learning has been able to successfully refine the stability predictions for each individual
case, despite providing only a limited number of training data.

The primary goal is to apply the acquired knowledge through Bayesian learning to
new machine and process configurations. The use of FBGPs can enable this connection by 260

correlating values and uncertainties across different cases. To facilitate effective learning
by the FBGPs, all input and target values are normalized to fall within the range of 0 to
1. Table 6 outlines the range within which each variable is normalized, denoted by ṽ for a
given generic variable v

ṽ =
v − vmin

vmax − vmin
(22)

Table 6. The range of values assumed for normalization spanning the entire possible range of each
parameter.

ls ap,base ap,peak Ωapex cgap ae
[px] [mm] [mm] [rpm] [-] [mm]

Min. 479 0.1 0.2 24000 0.3 0
Max. 654 2 4 16000 0.8 12

Figure 5. Monte Carlo samples of SLD from the prior distribution serve to illustrate the inherent
generality of the initial distribution, emphasizing the need for refinement.

This learning stage also allows for the inference of posterior probabilistic SLDs for
each individual case, as shown in Figure 6. The complete sets of validation cutting tests are
plotted over the probabilistic SLDs for validation purposes. As the agreement suggests, the
learning was able to successfully refine the stability predictions for each individual case,
despite providing only a limited number of training data.
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shapes. 280

To assess the validity of the FBGP predictions for the new machine and process con-
figuration of case D, the predicted distributions of ãp,peak, ãp,base, Ω̃apex, and c̃gap at case
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The primary goal was to apply the acquired knowledge through Bayesian learning to
new machine and process configurations. The use of FBGPs can enable this connection by
correlating values and uncertainties across different cases. To facilitate effective learning
using the FBGPs, all input and target values were normalized to fall within the range of 0
to 1. Table 6 outlines the range within which each variable was normalized, denoted by ṽ
for a given generic variable v:

ṽ =
v − vmin

vmax − vmin
(22)

Table 6. The range of values assumed for normalization spanning the entire possible range of
each parameter.

ls ap,base ap,peak Ωapex cgap ae
[px] [mm] [mm] [rpm] [-] [mm]

Min. 479 0.1 0.2 24,000 0.3 0
Max. 654 2 4 16,000 0.8 12

A total number of four FBGPs were used in this study:

• To predict the distribution of ãp,base based on l̃s and ãe.
• To predict the distribution of ãp,peak based on l̃s and ãe.
• To predict the distribution of Ω̃apex based on l̃s.
• To predict the distribution of c̃gap based on l̃s.

This choice is grounded in the physical intuition that the tool stick-out length affects
the natural frequency of the tooltip dynamics, thereby influencing the lobe locations
determined by Ω̃apex and c̃gap. Additionally, the stick-out length influences the flexibility
of the tooltip, which, together with the cutting load corresponding to ãe, determines the
vertical positioning of the lobes through ãp,peak and ãp,base. Figure 7 illustrates the four
FBGPs trained using the posterior distributions of the SLD parameters for cases A, B, and
C, obtained from Bayesian learning and listed in Table 5. This figure showcases the impact
of the training data across different combinations of machine and process configurations.
As particularly evident in the one-dimensional FBGPs, having a distribution instead of a
fixed value for the kernel’s hyperparameters allows for the inclusion of function samples
with diverse characteristic shapes.

To assess the validity of the FBGP predictions for the new machine and process con-
figuration of case D, the predicted distributions of ãp,peak, ãp,base, Ω̃apex, and c̃gap at case
D are utilized to generate the corresponding probabilistic SLD, as depicted in Figure 8.
The agreement with the experimentally collected validation points confirms the effective-
ness of transferring the underlying knowledge for stability predictions through FBGPs
to new machine and process configurations. In order to have a benchmark to evaluate
the performance of the proposed physics-free learning approach based on FBGPs ver-
sus state-of-the-art methods, the prediction for case D reported in [9] is also provided in
Figure 8 for comparison. As can be seen, the performance of the approach proposed in this
paper is comparable to and even exceeds those of the state-of-the-art methods. It is worth
noting that the approach presented in [9] requires a physics-driven model for modeling
the tooling system dynamics and also requires the experimental measurement of the ma-
chine tool dynamics at the spindle flange using impact tests. In contrast, the physics-free
approach in this study eliminates these complexities and offers a more attractive solution
for industrial applications.
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Figure 7. Four independent FBGPs, each to represent one of the four SLD parameters. ãp,peak and
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Labels A to C indicate the training cases, and D indicates the test case.

Figure 7. Four independent FBGPs, each represents one of the four SLD parameters: prediction
of FBGPs with a two-dimensional feature vector for ãp,base in (a,b), and for ãp,peak in (c,d). Also,
prediction of FBGPs with a one-dimensional feature vector for Ω̃apex in (e), and for c̃gap in (f).
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To illustrate chatter detection from process noise in practice, Figure 9 includes the spec-
trum analysis of process noise for case D at two cutting conditions: a stable process, where
the dominant frequency in the sound spectrum coincides with the tooth-passing harmonics;
and an unstable process, where an anomaly frequency appears in the sound spectrum.
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Figure 9. Process noise spectrum analysis for chatter detection in case D: (a) unstable cut at
Ω = 10,000 rpm and ap = 1 mm; (b) stable cut at Ω = 10,750 rpm and ap = 1 mm. The red dashed
lines indicate the harmonics of the tooth-passing frequency.

4. Discussion and Conclusions

As chatter continues to be a costly problem that drastically limits productivity in the
manufacturing industry, further developments toward the shop floor practicality of chatter
suppression solutions holds utmost importance. Unlike existing physics-driven methods,
the physics-free Bayesian approach presented in this paper requires no knowledge of
machine tool dynamics or cutting force coefficients. Consequently, it eliminates the need for
experimental impact testing on machine tools and/or theoretical modeling. Unlike methods
based on deep neural networks, the proposed approach builds upon a limited observation
of the experimental process state to identify stability regions and incorporates the remaining
uncertainty due to this limited training data through probabilities. Considering probability
distributions in the FBGPs’ hyperparameters allows for a rich comprehensive propagation
of knowledge and uncertainty to other machine and process configurations. Moreover,
the vision system effectively provides the often varying stick-out length as an automatic
alternative to manual measurements using a caliper. Also, it is superior to the laser system
for measuring the tool length installed on modern machine tools since it can provide
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comprehensive information about the holder–tool geometry, which is important for process
stability prediction. As a future development of the algorithm, the following advancements
may be considered: (i) expanding the FBGP inputs to include more features, such as the
tool diameter or holder dimensions, which are obtainable from the vision system; and
(ii) the current parametric SLD applied to a system with one mode involved in chatter, as
overlaying multiple SLDs may handle systems with multiple modes involved in chatter.
These advancements could prepare the algorithm to be installed on each machine tool,
providing continuously improved stability predictions as more observations are collected
during arbitrary cuts.
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