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Abstract 

Accurately predicting the terminal state of shaped charge jets (SCJs) is crucial for optimiz-

ing their penetration performance. The core challenge lies in a deep understanding of the 

complete physical chain from shock compression to unloading expansion. This paper pre-

sents a hybrid analytical–numerical model for SCJ formation that incorporates a shock-

pressure-driven unloading term. Unlike classical PER theory, the proposed model explic-

itly introduces an unloading term and derives a quantitative expression for the momen-

tum conversion factor (ΠDMCF) to quantitatively characterize the momentum redistribution 

during collapse. Our analysis finds that ΠDMCF exhibits a typical S-shaped evolution law 

as the dimensionless Mach number (Ma) varies. This study uses a logistic function with 

two characteristic parameters, Ma0 and k, to accurately fit the data. The research results 

indicate that the model parameters have clear physical connotations: Ma0 characterizes 

the critical condition for the material to transition from “strength-dominated” to “kinetic-

energy-dominated” behavior, while k reflects the degree of abrupt transition. After cali-

brating the model parameters using high-fidelity numerical simulations, the jet morphol-

ogy and velocity data obtained from X-ray flash photography experiments are compared 

and verified, confirming that the model can significantly improve the prediction accuracy. 

Especially for Ti55Al20V5Zr5Nb15 HEA, the prediction error in the jet velocity is less than 

4%, and the theoretically predicted shock pressure is highly correlated with the numerical 

results (R2 = 0.943). A further mechanistic analysis indicates that the proposed model suc-

cessfully decodes the unique response of the HEA: its high dynamic strength results in a 

larger value, causing its momentum conversion efficiency to fall within a lower range un-

der typical impact conditions. The theoretical framework constructed in this study pro-

vides a hybrid analytical–numerical and highly reliable theoretical tool for the accurate 

prediction of SCJs, as well as for the material selection and design of high-performance 

liners. 
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1. Introduction 

Shaped charge technology is widely used in military and civilian engineering fields 

due to its ability to generate highly penetrative metal jets [1–6]. The terminal penetration 

performance of a jet largely depends on its initial mass and velocity distribution [7–11]. 

This is essentially the result of the efficient conversion of normal momentum into axial jet 

momentum during axisymmetric collapse, driven by the explosive detonation of the 

shaped charge (SC). Therefore, a deep understanding and precise quantification of this 

momentum-conversion mechanism are key scientific prerequisites for optimizing SC de-

sign and improving penetration efficiency. 

The theoretical study of jet formation has always been a popular research topic [12]. 

The ideal fluid PER theory established by Birkhoff et al. [13] serves as a milestone. The 

model treats the liner material as an inviscid, incompressible fluid and successfully pre-

dicts the velocity and mass distributions of the jet and slug, laying the theoretical founda-

tion for the field. However, treating the material as an ideal fluid without strength neglects 

the unloading and pressure-release processes after shock compression. In fact, during the 

collapse of the liner to form a jet, the material first undergoes shock compression and 

stores enormous energy; subsequently, under the action of sparse waves, the stored en-

ergy is released and converted into kinetic energy, resulting in a significant additional 

acceleration of the jet. Therefore, the final velocity of the jet is determined not only by the 

collision geometry but also by the complete process of “shock-unloading”. 

To more accurately predict jet velocity, the subsequent research has primarily fo-

cused in two directions. On the one hand, by integrating complex material equation of 

state (EOS) and constitutive models with high-fidelity numerical values, it is possible to 

finely characterize the shock and unloading processes [14–17]. Despite their strong pre-

dictive ability, numerical methods have inherent limitations, including high computa-

tional costs, heavy dependence on model parameters and algorithms, and difficulty in 

providing clear physical mechanisms and universal design criteria. On the other hand, a 

series of improved analytical or semi-analytical models have been proposed to balance 

physical transparency and computational efficiency [18–20]. These models rely on im-

proved collapse-velocity models and effective charge structures to predict jet velocity 

from charge-structure parameters [21–23]. 

However, most of the existing analytical or semi-analytical models simplify the han-

dling of the unloading acceleration steps [24–26]. This leads to two core issues: first, it is 

not clear how shock pressure specifically drives unloading acceleration, and second, the 

quantitative relationship between them is physically opaque. The contribution of the un-

loading acceleration is difficult to separate from the overall velocity for independent anal-

ysis and optimization, hindering the model from clearly revealing the differential mecha-

nism underlying the jet performance of high-strength and high-impedance materials. 

Therefore, establishing a quantitative model with “shock pressure-unloading accelera-

tion” as the core driving mechanism, clear physical images, and no dependence on specific 

constitutive models is an urgent need to deepen the understanding of the jet formation 

mechanism and achieve accurate prediction. 

This article proposes a new theoretical model focusing on the physical mechanism of 

“shock-pressure-driven unloading acceleration”. Figure 1 presents the four main steps of 

this study in a flowchart format. In Step 1, this article obtains the characteristic parameters 

of the jet through jet formation and post-target jet X-ray experiments. In Step 2, this article 

obtains the shape and key parameters of the jet (such as velocity, temperature, yield 

strength, and pressure) through high-fidelity numerical simulation. In Step 3, this article 

establishes a theoretical model based on the equation of state, the structure of the shaped 

charge, and the Johnson–Cook model, combined with the conservation equations of en-

ergy, mass, and momentum. In Step 4, this article calibrates the logistic parameters based 

https://doi.org/10.3390/met16070734


Metals 2026, 16, 734 3 of 32 
 

https://doi.org/10.3390/met16070734 

on high-fidelity numerical simulation results, compares and analyzes the differences be-

tween the theoretical and the experimental results, and expands the material applicability 

of the model and conduct parameter sensitivity analysis to ensure the reliability of the 

model. 

 

Figure 1. Method framework. 

This work presents two distinct advances over the existing SCJ models: first, a shock-

pressure-driven unloading term is introduced into the momentum conservation framework 

with a quantitatively calibrated momentum conversion factor, capturing the energy transfer 

from the shock state to final jet velocity—a mechanism absent in classical PER theory and 

its strength-corrected variants; second, instead of adjusting the coefficients within the PER 

framework, we introduce a new physical term directly into the momentum equation, ena-

bling the prediction of phenomena, such as pressure and temperature distribution and ve-

locity up-estimation, that strength corrections alone cannot explain. These contributions 

provide new ideas and perspectives for the study of jet formation mechanisms. 

2. X-Ray Experiments Method and Results 

Ti55Al20V5Zr5Nb15 HEA have high strength and good ductility [8]. Therefore, this section 

obtained the jet morphology of Ti55Al20V5Zr5Nb15 HEA and the jet morphology characteris-

tics after penetrating the C45 steel target through X-ray experiments. The destructive and 

secondary destructive capabilities of the jet are verified by the damage observed on C45 

steel targets and combustibles. The structure of the energy gathering charge used in the two 

experiments is the same as that in references [8,27], in order to facilitate better comparison 

and analysis of jet morphology. 

2.1. Preparation for Jet Formation X-Ray Experiments 

The shape of the jet is an important factor affecting its destructive capability. Therefore, 

the jet’s shape parameters are obtained from jet formation X-ray experiments to verify the 

numerical and theoretical results. As shown in Figure 2a, the X-ray equipment includes two 

X-ray emitters and two film cartridges. The angle between the two radiation emitters is ap-

proximately 60°. The shape of the jet at two different time points can be obtained through 

X-ray generation experiments for subsequent analysis and research. The device takes photos 

of the jet at two predetermined times, TA (30 μs) and TB (50 μs), and then obtains images of 
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the jet’s shape at those times. Based on the jet’s position in the two photos, its velocity can 

be calculated. The SC is suspended at the central convergence point of the X-rays using fine 

cotton threads. The diameter of the SC structure used in the experiment is 56 mm, the charge 

height is 73.3 mm, the cone angle of the charge cover is 60°, and the wall thickness is 1 mm. 

The explosive used is 8701, with a density of approximately 1.70 g/cm3. The SC adopts the 

center detonation method of a # 8 electric detonator. The SC structure is shown in Figure 2b. 

 

Figure 2. Jet formation X-ray experimental setup. (a) X-ray experimental setup, (b) SC structure. 

2.2. Preparation for Post-Target Jet X-Ray Experiments 

The cohesiveness and the fracture degree of a jet can affect its destructive capability 

[27,28]. Therefore, the morphological characteristics of the post-target jet are obtained 

through X-ray experiments. Two wooden sticks about 2 m long are placed on the shelf. A 

C45 steel target with a diameter of 100 mm and a thickness of 30 mm is fixed to the two 

wooden sticks using thin wire. Considering that the stretching process of the jet requires a 

certain amount of time, a 120 mm PVC pipe is placed at the center of the C45 steel target to 

maintain sufficient stretching of the jet. The position of the C45 steel target is adjusted to 

ensure that it is level with the ground, as shown in Figure 3. A 30 mm C45 steel target is 

placed 120 mm below the concentrated charge, and the shooting times TA (45 μs) and TB (90 

μs) are adjusted to obtain photos of the jet before and after penetrating the target plate. Con-

sidering that the penetration ability of Ti55Al20V5Zr5Nb15 HEA is weaker than that of a Cu jet, 

but the active elements such as Ti, Al, and Zr in its composition can enhance the ignition 

ability of the jet and enhance the composite damage effect of the jet [29,30], oil drums con-

taining kerosene and cotton quilts are placed 1.3 m below the verification target to assess 

the jet’s ignition capability. Specifically, two different operating conditions are set up for 

comparison. In the first experiment, only oil drums are placed, and the distance between the 

oil drums and the SC axis is approximately 80 mm, as shown in Figure 3a. In the second 

experiment, an additional cotton quilt is placed on the other side of the oil drum at the same 

horizontal height, with a distance of 140 mm between the cotton quilt and the oil drum, as 

shown in Figure 3b. Table 1 shows the constant process parameters included in the two 

experiments. 

 

Figure 3. Post-target X-ray experimental setup: (a) the first experiment; (b) the second experiment. 
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Table 1. Constant process parameters used in all experiments. 

Shaped Charge Geometry Explosive Target Trigger Time 

Cone angle Thickness Height Diameter Type Density Type Dimensions TA TB 

60° 1 mm 73.3 mm 56 mm 8701 1.70 g/cm3 C45 100 mm × 30 mm 30 (45) μs 50 (90) μs 

2.3. Experimental Results and Analysis 

Figure 4 shows the evolution of the jet morphology over time. The jet’s morphology 

is clearly visible in the photos. In the early stage of jet formation (~30 μs), there are signif-

icant differences in the jet morphology, mainly reflected in the head of the jet. For the Cu 

and Ti55Al20V5Zr5Nb15 HEA jets, the head shape is smooth and dense. The head of the TC21 

jet shows a clear hollow area, which leads to the maximum degree of fracture of the jet 

head. In the later stage of jet formation (50–60 μs), there are more significant differences 

in the morphology of the jet. For the Cu jet, the shape of its head is well maintained, with-

out severe hollowing, and only local fractures occur near the jet head. Compared to the 

low-density Cu jets, the high-density TC21 and Ti55Al20V5Zr5Nb15 HEA jets exhibit poorer 

cohesiveness. The hollow area of the TC21 jet head is larger, and poor cohesiveness results 

in the complete disappearance of the jet head shape. In addition, there are significant frac-

tures in the jet from the head to the tail. There are also small and unevenly distributed 

hollow areas at the head of the Ti55Al20V5Zr5Nb15 HEA jet, but most of them are located at 

the head of the jet. The above phenomenon indicates that under the conditions of this SC 

structure, the Cu jet exhibits the best cohesiveness, followed by the Ti55Al20V5Zr5Nb15 HEA 

jet, and the TC21 jet exhibits the worst cohesiveness. 

 

Figure 4. Evolution of jet morphology over time: (a) Ti55Al20V5Zr5Nb15 HEA; (b) TC21 [31]; (c) Cu 

[31]. (Reprinted with permission from Ref. [31]. 2022, Elsevier). 

Table 2 shows the morphology parameters for three types of jets, including the jet 

length, the jet diameter, and the jet velocity JV . After calculation, the TC21 jet has the 

highest velocity (7236 m/s), followed by the Ti55Al20V5Zr5Nb15 HEA jet (6982.1 m/s), and 

the Cu jet (6251 m/s) has the lowest velocity. By comparing the jet diameters, it can be 
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observed that, compared with the initial stage of jet formation, the head diameters of the 

Ti55Al20V5Zr5Nb15 HEA and TC21 jet increased by 37.8% and 54%, respectively, in the final 

stage of jet formation. This result indicates that for jets with poor cohesiveness (TC21 and 

Ti55Al20V5Zr5Nb15 HEA), radial expansion becomes more pronounced, and the diameter 

increases over time. For jets with good cohesiveness (Cu), the diameter of the jet head 

hardly increases. 

Table 2. Comparison of jet morphology parameters. 

Material Time JL /(mm) jD /(mm) JV /(m/s) PER
JV /(m/s) Error/% 

Ti55Al20V5Zr5Nb15 
35.4 μs 111.3 7.98 

6982.1 7665 9.8 
50.5 μs 209.1 11.0 

TC21 
31.7 μs 111.3 15.9 

7236 7691 6.3 
61.4 μs 290.1 24.5 

Cu 
32.2 μs 105.1 6.3 

6251 7155 14.5 
62.1 μs 256.9 5.9 

Table 2 also compares the PER model’s calculation results PER
JV . The maximum er-

ror for the PER model is 14.5% (Cu), and the minimum is 6.3% (TC21). The reason for this 

phenomenon is that the PER model overestimates the effective pressure used for the un-

loading acceleration in the shock pressure, resulting in significantly higher calculation re-

sults. 

2.3.1. Evolution Process of Post-Target Jet Morphology 

Figure 5 shows the evolution process of the post-target jet in two experiments. Figure 

5a,b show the results of the first experiment. At 44.7 μs, the jet is penetrating the C45 steel 

target, and there are obvious protrusions on the back of the C45 steel target. At 74.8 μs, 

the jet completely penetrates the target and continues to stretch in the air. Figure 5c,d 

show the results of the first experiment. At 54.7 μs, the jet penetrates the C45 steel target, 

and the jet head is completely consumed. At 99.7 μs, the jet completely penetrates the 

target. In addition, after penetrating the target, the jet is accompanied by large-sized frag-

ments flying towards the outer area of the jet, which come from the collapsed fragments 

on the back of the C45 steel target. In Figure 5b–d, it can be observed that in both of the 

experiments, the jet shows obvious fracture characteristics after penetrating the target, 

mainly manifesting as discrete “particle clusters”. Its characteristic is the significant spac-

ing and void between the particles. This unique phenomenon is also observed in the TC21 

and TB6 jets [31]. When there are gaps between the particles, external airflow can enter 

the gaps, resulting in a significant pressure gradient around the particles. The pressure 

gradient generates an asymmetric load distribution on the particle surface, which in turn 

induces a deflection torque. Under this torque, the particle undergoes a spatial attitude 

reversal, causing its penetration direction to deviate from the original flight axis, thereby 

significantly reducing the jet’s overall penetration efficiency. Although the continuity be-

tween the particles is poor, the particles do not move radially but follow the preceding 

particle clusters along the axial direction. This phenomenon indicates that the 

Ti55Al20V5Zr5Nb15 HEA jet behind the target has good collimation. 

The above phenomenon indicates that significant fracture characteristics are the pri-

mary factor limiting the jet penetration capability of Ti55Al20V5Zr5Nb15 HEA, but their good 

collimation ensures the jet’s destructive capability under high-standoff conditions. 
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Figure 5. Ti55Al20V5Zr5Nb15 HEA post-target jet morphology: (a) 44.7 μs; (b) 74.8 μs; (c) 54.7 μs; (d) 

99.7 μs. 

Regarding generalizability, it is instructive to consider how the trends might change 

for HEA with different mechanical properties. For Ti55Al20V5Zr5Nb15 HEA with a BCC 

structure, the higher strength may lead to a decrease in jet velocity [8]. Due to the low 

ductility of the material, the jet exhibits poorer cohesiveness during the formation process. 

For high-strength HEA, their ductility is often poor. Therefore, the jets have poorer cohe-

siveness and are more prone to fracture and radial expansion during the formation pro-

cess. However, this significant feature also promotes the hole-expanding effect of the jet 

on the target. 

2.3.2. Analysis of Damage Efficiency 

Figure 6 shows the damage to the C45 steel target in two experiments. As shown in 

Table 3, in the first experiment, the diameter of the entry hole D1  on the validation target 

is about 36 mm, the diameter of the exit hole D2  is about 25 mm, and the diameter of the 

collapse area D3  on the back is about 51 mm. In the second experiment, D1 , D2  and 

D3   are 34 mm, 26 mm, and 53 mm. In addition, there is only one obvious and clear 

through-hole on the front of the two targets, and no other holes are seen, indicating that 

the Ti55Al20V5Zr5Nb15 HEA jet has a good jet shape before entering the target and does not 

exhibit dispersion. Compared to the Cu jet (32 mm) [31], the Ti55Al20V5Zr5Nb15 HEA jet has 

a larger opening diameter, corresponding to an increase of about 12.5%. Although it does 

not have excellent penetration capability, its efficient hole-expanding ability is also a con-

cern for scholars. 

The X-ray radiographs reveal that the jet breaks up into discrete “particle clusters” 

after penetrating the C45 steel target. This phenomenon indirectly proves that 
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Ti55Al20V5Zr5Nb15 HEA jets have already fractured before penetration. However, in the 

early stage of the jet stretching process, the spacing between the particle clusters is small 

and difficult to observe in the photo. The discrete particle clusters expand their holes 

through repeated impacts during penetration, and good collimation maintains the con-

centration of the penetration direction. However, the gaps between the clusters result in 

energy interruption during the penetration process, reducing the penetration efficiency of 

the jet. Especially under high-standoff conditions, the penetration depth of the fractured 

jet significantly decreases [27,31]. 

To prevent kerosene leakage from affecting the results of the second experiment, fine 

sand is used to cover the ground at the experimental site, and the second experiment is 

conducted according to the experiment setup shown in Figure 7c. Figure 7d,e show the 

damage to the cotton quilt and oil drum in the second experiment. The damage mode of 

the oil drum in this experiment is essentially the same as in the first experiment. There are 

local depressions and large deformations on the front of the oil drum, along with a signif-

icant perforation and several small perforations. The cotton quilt that fell to the ground 

under the impact shows obvious burn marks. 

Table 3. Penetration aperture statistics. 

Experiment D1/mm D2/mm D3/mm 

1 36 25 51 

2 34 26 53 

 

Figure 6. Damage to the C45 steel target: (a) front of the # 1 target; (b) back of the # 1 target; (c) front 

of the # 2 target; (d) back of the # 2 target. 

Based on the results of the two experiments, it can be inferred that the oil drum and 

the cotton quilt are located at radial offsets of 80 mm and 60 mm from the penetration axis, 

respectively, and that the post-target jet does not come into contact with the combustible. 

Therefore, neither of them is directly ignited by the jet. The damage mechanism primarily 

results from the combined impact of target fragments and residual fragments from the jet, 

causing penetrating damage to the oil drum and subsequent internal kerosene leakage. 

Due to its light weight and its proximity to the penetration axis, the cotton quilt is dis-

placed and falls to the ground upon impact. As time passes, heat transfer continues, and 

the cotton quilt is eventually ignited by high-temperature jet fragments, initiating com-

bustion. This process indicates that although the jet does not directly act on the cotton 
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quilt, the accompanying high-temperature fragments can still serve as an ignition source, 

triggering secondary combustion under certain heat-transfer conditions. 

 

Figure 7. The damage of combustion: (a) side of oil drum # 1; (b) front of oil drum # 1; (c) experiment 

site correction; (d) cotton quilt # 2; (e) front of oil drum # 2. 

3. Numerical Computation-Assisted Research 

Two jet morphology photos can be obtained from the X-ray formation experiments, 

but more characteristic parameters of the jet cannot be obtained. Therefore, obtaining ad-

ditional characteristic parameters of the jet using high-fidelity numerical methods sup-

ports the theoretical calculations. At the same time, verifying the numerical calculations 

against the experimental results can improve their credibility. 

3.1. Finite Element Model and Data Extraction Method 

Numerical simulation is an efficient method for studying the collapse and jet for-

mation of SCJs. Therefore, based on the actual structure of the SC, this article examines 

the performance of SCJs and establishes a 2D axisymmetric model, as shown in Figure 8a. 

The model includes explosives, air, and liner, all of which use the Euler method. The 

model boundary is specified as outflow. The detonation point is established at the center 

of the explosive endpoint. 

 

Figure 8. Finite element model: (a) calculation model; (b) Gauge point distribution; (c) grid size of 

jet channel; (d) grid size of liner. 
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Specifically, in order to study the dynamic response characteristics of the elements of 

the liner at the collision regime, 48 Gaussian points are established at equal intervals on 

the outer side of the liner, as shown in Figure 8b. Gaussian points can be used to monitor 

material state and extract key parameters for the theoretical models, such as pressure, 

temperature, stress, and velocity. 

The entire computational domain area is approximately 480.3 mm × 104 mm. As 

shown in Figure 8c, the grid size for the jet channel on the right side of the model is 0.3 

mm × 0.1 mm. As shown in Figure 8d, to ensure computational accuracy and save time, 

the grid size for both the explosive and the liner is 0.1 mm × 0.1 mm. For the air domain 

on the left and above the model, a 0.3 mm gradient grid is used, as shown in the Figure. 

3.2. Material Model and Parameter Determination 

The SC uses 8701 explosive, and the Jones–Wilkins–Lee (JWL) EOS can be expressed 

as follows [32]: 

( ) ( )
− −

= − + − +
R V R V ee e

e e

e e e

e

ωEω ω
A e BP e

R V R V V
1 2

1 2

1 1




 (1) 

where eP  is the pressure; eρ  is the density of explosive; /e eV ρ= 1  is the relative vol-

ume; and eE  is the internal energy per unit mass of explosive. 

The remaining parameters are constants obtained through experiments and fitting, 

as shown in Table 4. 

Table 4. Parameters of 8701 explosive. 

ρe/(g/cm) A/GPa B/GPa R1 R2 ω De/(m/s) PCJ/GPa 

1.702 618.4 6.9 4.3 0.87 0.38 8350 29.66 

The ideal gas EOS is used to describe air: 

( )air air airP γ ρ E= −1  (2) 

where airρ  is the density of air; airE  is the internal energy per unit mass of air; and γ  

is a constant of 1.4. 

The Johnson–Cook (J–C) model, as a commonly used strength model for metal mate-

rials, can be applied to describe the flow stress of materials at high strain rates and high 

temperatures. The basic form of the J–C model is written as follows [33]: 

( )( )( )*ln= + + −n m

y p p
σ A Bε C ε T1 1  (3) 

where yσ  is the Von Mises equivalent stress; pε  is the equivalent plastic deformation; 

/pε ε ε= 0  is the normalized effective plastic strain rate; ε0  is the reference strain rate; 

A  is the initial yield strength; B  is the hardening modulus; n  is the stress hardening 

exponent; C  is the strain rate hardening coefficient; m  is the thermal softening coeffi-

cient; ( ) ( )*
ref melt refT T T T T= − −  is the relative temperature; T  is the current tempera-

ture; meltT   is the melting temperature; and refT   is the reference temperature. Table 5 

shows the J–C model parameters for the three types of liner materials. 
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Table 5. J–C model parameters for liner materials. 

Material A/MPa B/MPa n C m Tmelt/K 

Ti55Al20V5Zr5Nb15 [8] 965 450 0.97 0.0215 0.60 1943 

TC21 [34] 1030 1680 0.69 0.018 1.40 1935 

Cu [35] 90 292 0.31 0.025 1.09 1356 

The liner materials adopt the Mie–Grüneisen EOS: 

Γ
( )= + −H Hp e e

v
p  (4) 

where p  is the pressure; e  is the energy; Hp  is the Hugoniot pressure; He  is the Hu-

goniot energy; Γ  is the Grüneisen coefficient; and v ρ= 1  is the specific volume. Table 

6 shows the EOS parameters of the materials. 

Table 6. EOS parameters of materials. 

Material C0/(m/s) S Γ0 

Ti55Al20V5Zr5Nb15 [8] 0.5026 1.01 1.33 

Cu 0.3940 1.489 2.02 

TC21 0.5110 1.338 1.23 

3.3. Numerical Calculation Results and Analysis 

3.3.1. Evolution Process of Jet Morphology 

The numerical calculation results of jet formation are shown in Figure 9. Overall, 

there are significant differences in the morphology of the three types of jets. In the early 

stage of jet formation (~30 μs), there are varying degrees of accumulation at the jet head, 

caused by the short acceleration time and the low velocity of the material at the top of the 

liner, resulting in accumulation due to the subsequent high-velocity impact. As time in-

creases, the jet exhibits varying degrees of tensile fracture. The fracture degree of the 

Ti55Al20V5Zr5Nb15 HEA jet is more severe, and the continuity of the Cu jet is the best. 

The morphology of the jet head can indirectly reflect its cohesiveness: the “arrow” 

shape typically indicates jets with good cohesiveness, whereas the “blunt head” shape 

indicates jets with poor cohesiveness [31]. Although a larger grid aspect ratio is used in 

the numerical calculations in this article, a precise simulation of the jet head morphology 

is still achieved. As shown in the partially enlarged image in Figure 9, the Cu jet head is 

slender and protruding, indicated by clear arrows. The heads of the Ti55Al20V5Zr5Nb15 HEA 

jet and the TC21 jet are flat and noticeably blunt. This result further indicates that the 

cohesiveness of the TC21 and Ti55Al20V5Zr5Nb15 HEA jets is poor. 

Table 7 summarizes the relevant numerical calculation results, with the relative error 

between the numerical simulation and experimental results in parentheses. The maximum 

error in jet length is +4.58%, and the maximum error in jet velocity is −2.12%, with all 

errors not exceeding 5%. These results indicate that the numerical model established in 

this paper can well simulate the jet formation process of Cu, TC21, and Ti55Al20V5Zr5Nb15 

HEA materials, verifying the effectiveness and reliability of the numerical calculation 

model in predicting jet morphology. 

https://doi.org/10.3390/met16070734


Metals 2026, 16, 734 12 of 32 
 

https://doi.org/10.3390/met16070734 

 

Figure 9. Comparison of results of jet head morphology analysis. 

Table 7. Comparison between numerical calculation and experimental results. 

Material Time Jet Length/(mm) VJ/(m/s) 

Ti55Al20V5Zr5Nb15 [8] 
35.0 μs 116.4 (+4.58%) 

7091 (+1.56%) 
52.0 μs 207.8 (−0.6%) 

TC21 [31] 
32.0 μs 108.1 (−2.88) 

7082 (−2.12%) 
52.0 μs 234.2 

Cu [31] 
32.0 μs 102.9 (−2.09%) 

6253 (+0.03%) 
52.0 μs 205.2 

Figure 10 shows the distribution characteristics of the Gauge points in the three dif-

ferent material jets. As shown in Figure 10a, the calculation results for the Cu jet indicate 

that about 46 Gauge points are collapsed, with 3 located in the slug and the rest distributed 

in the jet. Only three Gauge points remained uncollapsed. Figure 10b shows the calcula-

tion results of the Ti55Al20V5Zr5Nb15 HEA jet. Approximately 43 Gauges points are col-

lapsed, all located in the jet section, but there are still 5 Gaussian points that are not col-

lapsed. Figure 10c shows the calculation results of the TC21 jet, with approximately 43 

Gauge points collapsed, including 1 Gaussian point located in the slug, but 5 Gauges 

points not collapsed. It is worth noting that due to the high density of the Cu jet, its col-

lapse velocity is relatively low, making it difficult for the Gauge point located at the top 

of the liner to form a jet. In contrast, in the bottom area of the liner, the TC21 and 

Ti55Al20V5Zr5Nb15 HEA jets have more Gauge points that have not been collapsed, indicat-

ing that the effective mass proportion in the TC21 and Ti55Al20V5Zr5Nb15 HEA jets is rela-
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tively small, and the jet mass that effectively participates in the subsequent penetration 

process is relatively low. This phenomenon further affects the jet’s axial penetration, 

providing a key numerical basis for understanding the differences in jet formation perfor-

mance and penetration efficiency among the materials. 

 

Figure 10. Gauge point position distribution: (a) Cu; (b) Ti55Al20V5Zr5Nb15 HEA; (c) TC21. 

3.3.2. Analysis of the Typical Liner Element Collapse Process 

Figure 11a shows the pressure and velocity evolution curves over time for a typical 

element (Gauge # 18). The collapse process of a typical element is mainly divided into two 

characteristic stages: stage I and stage II. In stage I (t1~t2), the element begins to collapse 

and move towards the axis of symmetry, entering the shock-loading stage. At this point, 

the pressure rapidly rises to its peak (15.89 GPa), while the element gains significant ve-

locity, marking the beginning of kinetic energy accumulation. In stage II (t2~t3), the ele-

ment leaves the compression stage and enters the unloading stage. The pressure rapidly 

decays from its peak to zero, while the velocity continues to increase, indicating that ki-

netic energy continues to grow as potential energy is converted to kinetic energy. This 

phenomenon further confirms the contribution of the unloading stage to the increase in 

jet velocity. After stage II, the jet begins to stretch, and the element detaches from the 

liner’s main body. The pressure only shows slight fluctuations, while the velocity gradu-

ally decreases due to viscous dissipation and geometric stretching. 

The numerical calculations indicate that a typical element undergoes two key stages, 

compression and unloading, during the collapse process, and that the velocity shows an 

upward trend in both stages. The compression stage is characterized by a significant pres-

sure peak and is the core stage for energy input and momentum transfer. The simulation 

results clearly reveal the core physical process of “shock-compression unloading.” During 

the compression phase, the pressure reaches its peak, achieving material compression and 

initial acceleration. During the unloading stage, the pressure energy is converted into ki-

netic energy, further increasing the jet velocity. During the compression stage, the element 

velocity increases from 0 to 5653.88 m/s. During the unloading stage, the element velocity 

increases to a peak of 7496.28 m/s. The compression and unloading stages contribute 

75.42% and 24.58% to the increase in velocity, respectively. This result further validates 

the unloading acceleration phenomenon in the theoretical model. 
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Figure 11. Typical liner element collapse process: (a) evolution curves of pressure and velocity over 

time; (b) evolution curves of normal velocity and pressure over time. 

Figure 11b shows the evolution curves of pressure and normal velocity over time for 

a typical element (Gauge # 18). During stage I (t1~t2), the normal velocity of a typical ele-

ment rapidly increases to its maximum value (−2478.58 m/s), while the element pressure 

is still rising. When the element pressure reaches its peak, the normal velocity begins to 

decrease, and the corresponding value is −1413.87 m/s, which can be regarded as the ele-

ment’s cutoff velocity. Afterward, the element pressure gradually decays to zero, in phase 

with the normal velocity. This behavior indicates that the peak of the element’s normal 

velocity lags behind the peak of the pressure, resulting in only a portion of the normal 

momentum being converted into impact momentum. 

4. Theory Model 

The experimental results indicate that the predictions of the traditional models are 

significantly higher. Therefore, this Section establishes an enhanced theory of jet for-

mation. The impact compression and isentropic unloading state parameters, as well as the 

jet velocity of the materials, are solved using theoretical models. In addition, based on the 

J–C model, the Newton iteration method is used to solve for the dynamic yield strength. 

4.1. Basic Assumptions and Physical Models 

Because the SC is completely axisymmetric, a two-dimensional symmetric model is 

established in this paper for the jet formation process, as shown in Figure 12a. To construct 

a solvable analytical model, the jet formation process is decomposed into two sequential, 

quasi-one-dimensional stages: 

Collision and Compression (Stage I): The elements of the liner are along the axis of 

symmetry, with the velocity and the angle relative to the axis as the motion proceeds. In 

the collision-point reference frame, this process is treated as a steady oblique shock-wave 

problem. At this stage, the research objects are the liner elements without thickness. 

Stretching and Unloading (Stage II): The jet formed after the collision moves outward 

from the collision point undergoes isentropic unloading, restoring the density to 0ρ  

while obtaining axial acceleration. At this stage, the research objects are the jet elements 

formed after the collision, whose paths coincide with the axis of symmetry. 

To ensure that the model can be analytically solved while maintaining its physical 

essence, the following assumptions are introduced in this paper: 

1. In the collision-point reference frame, the flow is steady. This means the geometric 

relationship between flow and collapse velocities is constant, as shown in Figure 11b. 

2. The actual non-stationary collision process, characterized by the particle velocity p
u

, shows that the shock wave intensity varies over time. To characterize its overall 
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effect in the analytical model, we introduce an equivalent average particle velocity 

p
u  to replace the constant value p

u  in the steady-state model. 

3. After compression, the unloading and expansion process of the jet elements is ap-

proximately an isentropic process. 

4. The path of the jet elements unloading from the compression state to the final state is 

described by the isentropic lines of the material on the ( )−p v  plane. It is assumed 

that the unloading endpoint density f
ρ  returns to the initial density ρ0  of the ma-

terial, but the temperature and pressure are different from the initial values. 

 

Figure 12. Model of liner collapse: (a) collapse process of liner; (b) geometric relationship between 

V2, Vn2 and V0. 

4.2. Impact Compression and Momentum Conversion Mechanism 

4.2.1. Dynamic Momentum Conversion Factor Based on Mach Number Calibration 

The PER theory assumes that collision is a steady-state process [26], in which the 

particle velocity equals the incoming velocity V2 . However, in reality, collision is a tran-

sient pulse process: at the initial moment of collision, the material collides at a normal 

velocity nV 2 . Due to the reverse pressure gradient generated by the impact compression 

and the resistance of the material’s own strength, the normal velocity rapidly decays. 

Therefore, the effective particle velocity that characterizes the impact strength is not the 

initial value, nV 2 , but the average effect of its decay over time. 

To describe this, we introduce the equivalent average particle velocity pu . Its phys-

ical basis is that, in the collision-point reference frame, the net impulse on the material 

element equals the change in its momentum. The impulse is determined by two compet-

ing factors: the compression impulse, driven by the flow pressure, and the resistance im-

pulse, caused by the material’s wave impedance. To quantify this competition, we define 

the impact Mach number Ma : 

2

0

nVMa
C

=  (5) 

where Ma  directly characterizes the intensity of the material’s impact. The larger the 

value of Ma , the greater the impact velocity, and the material’s dynamic response tends 

to be more fluid. 

Based on dimensional analysis and physical reasoning, pu should be related to nV 2

and Ma . pu satisfies the following function form: 

( )= 
p n

u V f Ma
2  (6) 

where ( )f Ma  should satisfy the following boundary conditions: 

• When →Ma 0 , the material is in a quasi-static condition, ( )→f Ma 0 , →
p

u 0 ; 
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• When Ma→  , the collision approximates an ideal fluid impact, ( )f Ma →
1

2
 , 

n
p

V
u → 2

2
. 

A logistic function that satisfies the above boundary conditions and has a concise 

form: 

( ) ( )

.
− −

=
+

k Ma Ma
f Ma

e 0

0 5

1
 (7) 

where k  and Ma0  are the material parameters related to the dynamic yield strength of 

the material. 

We define the momentum conversion efficiency factor ( )DMCF  as the ratio of the 

actual impact momentum pρ u0  to the maximum impact momentum nρ V0 2 : 

 = =
p p

DMCF

n n

ρ u u

ρ V V

0

0 2 2

 (8) 

Then, DMCF  can be expressed as follows: 

( ) =
DMCF

f Ma2  (9) 

In the actual impact process, pu  rapidly decays from nV 2  to rV . Using a linear de-

cay model for approximation, pu  is calculated as follows: 

( )= −
p rn

u V V
2

1

2
 (10) 

Equation (10) can be rewritten as follows: 

( )= −
n

r

p n

V
u V

V
2

2

1
1

2
 (11) 

Combining Equations (6) and (11) gives the following Equation (12): 

 = −
DMCF

n

r
V

V
2

1  (12) 

Then, p
u

 can be expressed as follows: 

( )
n n

p DMCF k Ma Ma

V V
u

e
− −

=  = 
+ 0

2 2 1

2 2 1
 (13) 

According to Equation (13), DMCF   is a function of Ma   with a value range of 

( ),0 1 . When Ma Ma0 , DMCF → 0 . When Ma Ma= 0 , .DMCF = 0 5 . When Ma Ma0

, DMCF → 1 . DMCF  also characterizes the proportion of the shock pressure used for 

unloading acceleration. The higher the value of DMCF , the higher the proportion of un-

loading acceleration. 

k  is the growth rate coefficient that characterizes the transition of the materials from 

“strength dominant” to “kinetic dominant”. A larger value of k   indicates a rapid in-

crease in momentum conversion efficiency within a narrow range of Ma . 

Ma0  is the half-efficiency point. It characterizes the material’s “strength threshold”. 

High-dynamic-strength materials require a higher Ma  (i.e., more intense collisions) to 

achieve the same momentum-conversion efficiency; therefore, their Ma0  value is higher. 

4.2.2. Solution of Shock-State Parameters 

When pu  is given, the state of the shock wave front can be determined by combining 

the conservation equations for mass and momentum with the material EOS. 

For the wave velocity D, the fitted linear relationship between the shock wave veloc-

ity D and pu  is as follows [36]: 
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= +
p

D C Su
0  (14) 

where C0  is the initial sound velocity of the material; S  is constant. 

According to the mass conservation equation, the density ratio before and after the 

shock wave front is as follows: 

=
−

p

ρ D

ρ D u
1

0

 (15) 

If the volume ratio is defined as η v v ρ ρ= − = −0 1 0 11 1 , then pη Du= . 

According to the momentum conservation equation, the shock pressure sp  can be 

expressed as follows: 

=
ps

p ρ Du
0  (16) 

According to the energy conservation equation, the increment of specific internal en-

ergy after impact is as follows: 

( )= − = s

s

p η
e p v v

ρ
1 0 1

0

1

2 2
 (17) 

where /v ρ=0 01  and /v ρ=1 11 . 

The Hugoniot pressure Hp  and energy He  can be expressed as a function of the 

volume ratio η: 

( )
( )

( ),= =
−

H

H H

ρ C η p η
p η e η

ρSη

2

0 0

2

0
21

 (18) 

Assuming that the internal energy increment is fully converted into thermal energy, 

the impact temperature T1  is as follows: 

ref

e
T T

Cv
= + 1

1  (19) 

where Cv  is the specific heat capacity. 

4.3. Unloading Velocity Parameter Solving Method Based on Grüneisen EOS 

When the material is isentropically unloaded from the compression state to the final 

state ( ),f fρ ρ p= 0 0 , the velocity increment a of the particles u  can be expressed as 

follows [37]: 

s( / ) dHp V P Pu =  −   0  (20) 

where the subscript S represents the trajectory integral along the isentropic unloading line. 

Due to the complex integration of Equation (21), the unloading process is simplified. 

Because the unloading process follows the isentropic line, the unloading path can be ap-

proximately described by the same Hugoniot relationship on the ( )p u−  plane, but in 

the opposite direction. For simplicity, it is assumed that the same D–u relationship holds 

during the unloading process from the compression state, and from the isentropic state to 

the final state ( ), fu0 , but in the opposite direction. That is, the relative wave velocity D  

of the unloading carrier also satisfies the following Equation: 

D C Su = +0  (21) 

where u  is the particle velocity relative to the unloading wavefront material. 

In the reference frame of the unloading waves, the material in front of the wavefront 

flows toward the wavefront at velocity D , and the material behind and below the wave-

front moves away from the wavefront at velocity ( )pfD uu − − . According to the mass 

conservation equation: 
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( ) ( )− = − 
p f

ρ D u ρ D u
1 0  (22) 

According to the momentum conservation equation: 

( )( )− = − −
s p f p

p ρ D u u u
1

0  (23) 

According to the assumption, the relative wave velocity a of the unloading wave D

can be expressed as follows: 

( ) −= +
f p

S uD C u
0

 (24) 

where ( )f pu u−  represents the change in the particle velocity caused by the unloading 

wave. Due to the increase in the particle velocity during the unloading process, there ex-

ists a situation where f pu u＞ . 

Combining Equations (16) and (23): 

( )( ) −= −=
s p p f p

u ρ D up uρ D u
0 1  (25) 

Substituting Equation (16) into Equation (25) yields: 

( )( )= − −
−

p p f p

p

D
ρ u D uD ρ

D
u u

u
0 0

 (26) 

Equation (26) can be simplified as follows: 

( ) ( )( )−− = −
p p p f p

u u D u u uD  (27) 

Substituting Equation (24) into Equation (27) yields: 

( ) ( )( )( )− −= −− +
p p f p p f p

u D C u u uSu u u
0

 (28) 

Substituting Equation (14) into Equation (28) yields: 

( )( ) ( )( )( )−+ − = −+ −
p p f p p f p

u u u uS uC S uC u
0 0

1  (29) 

Given the unloading velocity f pu u u = −  , Equation (29) can be expressed as fol-

lows: 

( )( )( ) − ++  − = −
p p p

S uCu u u C S u
0 0

2 1 0  (30) 

Equation (30) is a quadratic equation about u , and its solution is written as follows: 

( )( )( ) ( )p p p pC C C S
u

S

u u Su u− + −


 −
=

+0 0 0
2 4 1

2
 (31) 

Observing Equation (30), to solve the unloading velocity u , it is necessary to know 

the values of the constant S and the sound velocity C0 . There are many unknowns, mak-

ing the solution more complex. If S = 1  [27], then Equation (31) is simplified as follows: 

( ) + −  =−
p p

Cu u u uC
0 0

2 0  (32) 

Equation (32) has two solutions, u C = − 0  and puu = . Obviously, positive values 

are necessary. Therefore, 
f

u can be expressed as follows: 

=  + 
f p p

u u u u2  (33) 

This result indicates that fu  is about twice that of u , which is consistent with pre-

vious research and our experimental results [37–39]. As shown in Figure 13, for the strong 

impact relationship, as η  increases, /f pu u  shows a slight increase, but the maximum 

value does not exceed 2.07. Under weak impact conditions ( ).η  0 2 , the maximum value 

of /f pu u  is about 2.02, with an error of only 1% compared to the estimated result. Under 
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strong impact conditions ( ).η 0 2＞ , the maximum value of /f pu u  is about 2.07. This in-

dicates that the approximate method used in this article has high credibility and accuracy. 

In the present model, the unloading stage is treated as a reverse Hugoniot, with the 

ratio of the unloading velocity to the particle velocity taken as /f pu u = 2 . This simplifi-

cation implicitly assumes that the unloading path coincides with the mirror image of the 

principal Hugoniot, and thermal softening does not significantly alter the unloading mod-

ulus. In fact, the actual unloading isentrope often deviates from the reverse Hugoniot due 

to differences in entropy production between the loading and unloading paths. Further-

more, the intense adiabatic heating during shock compression can reduce the effective 

unloading stiffness, making the actual path softer than the reverse Hugoniot. These phe-

nomena can lead to lower predictions of jet velocity by theoretical models. A preliminary 

sensitivity analysis suggests that the combined effect of these factors may introduce an 

uncertainty of approximately ±5% to ±10% in the predicted jet velocity. 

 

Figure 13. /f pu u η−  curves of four typical elements. Adapted from Ref. [36]. 

4.4. Jet Velocity Synthesis 

JV  is divided into two vector sums, namely the collision point velocity V1  (global 

reference frame) and the unloading acceleration UV : 

= +
J U

V V V
1  (34) 

In the unloading stage, UV  mainly consists of outflow velocity V3  (collision-point 

reference frame) and unloading velocity u  (collision-point reference frame): 

= + 
U

V V u
3  (35) 

When the liner element is transformed into a jet element, all the pressure at the colli-

sion point is converted into the jet element’s kinetic energy. According to the Bernoulli 

equation, V3  can be expressed as follows: 

/=
H

V p ρ
3 1

2  (36) 

Figure 14 shows the calculation model for the collapse velocity of the liner element 

in the SC structure. As shown in Figure 14a, by establishing a coordinate system at the top 

of the liner and dividing it into N elements, the length of a single element dL  can be 

expressed as follows: 
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/
cos( )

− −
= =

in

H H d
dL L N

N α
1

1

 (37) 

where H is the height of the SC; H1 is the distance from the top of the liner to the detonation 

center; d is the liner thickness; inL  is the length of the busbar inside the liner; and α1  is 

the half-cone angle of the liner. 

The coordinates of the element ( ),i ix y  can be represented as follows: 

cos( ) sin( )

sin( ) cos( )

i

i in

x idL α d d α

y idL α r d α

= + −


= + +

1 1

1 1

 (38) 

The collapse velocity of the liner element iV0  can be expressed as follows due to the 

influence of axial and radial explosives during collapse [21]: 

( ) ( )

( )

( )

sin

sin

 = +


= −


=

i i pi i ri

i i

i i

V f φ V g φ V

f φ φ

g φ φ

0

1  (39) 

where iφ  is the angle between the line connecting the position of the liner element and 

the projection point of the liner mouth on the axis of symmetry to the axis of symmetry; 

and piV  and riV  are the axial velocity component and the radial velocity component of 

the element, respectively: 
/

/

( )

( )

−

−

  + +
 = + 

 +  

  −

= +  
−  

pi

pi pi

p

i ii

xi i

i

ri

i

ri

μ
V

r

E μ
μ

r
μ

r
V E

r

1 2

2

0

3

1
2 2

2 2

1 2 1
2

6 1

1
2

6

 (40) 

where E2  is the characteristic velocity of the explosive, which is related to the type of 

explosive; piμ  is the mass ratio of the liner element to the explosive in the axial direction; 

and riμ  is the mass ratio of the liner element to the explosive in the radial direction. 

 

Figure 14. Schematic diagram of the collapse velocity calculation model. (a) structural parameters 

of SC (b) classification method for liner elements and corresponding explosives. 

Chantere [40] assumes that the pressure of the detonation gas is uniform and that 

there is an immovable cylindrical surface in the explosive. The surface radius of a station-

ary cylinder xr  can be obtained by the following equation: 

( ) ( )
x x

( ) ( )+ + + + − + + + =
   
   
   

i i i ii ri i ki ii i i ii ii i ri k

J

e e

i i

C CJ

i
r

ρ ρ
r r μ μ r r rrr μ μ

ρ
r r r

ρ
r3

0 0 0 0 0

2
3 3 0

3
 (41) 

where ir0  and iir  are the outer diameter and the inner diameter of the explosive corre-

sponding to the element; kiμ  is the mass ratio of the shell corresponding to the element 

to the explosive; and eρ  and CJρ  are the initial density and the C–J density of the explo-

sive, respectively. 

According to the method of dividing elements shown in Figure 14b, piμ  and riμ  

can be represented as 

https://doi.org/10.3390/met16070734


Metals 2026, 16, 734 21 of 32 
 

https://doi.org/10.3390/met16070734 



= =

=








=

i

pi

pi pi e

i

ri

ri ri e

ρ dLM
μ

M L ρ

ρ dLM
μ

M L ρ

0

0

 (42) 

where piM  and piL  represent the mass and thickness of the explosive corresponding to 

the elements in the axial direction, respectively; and riM   and riL   are the mass and 

thickness of the explosive corresponding to the elements in the radial direction, respec-

tively. 

The projection angle iδ  of the liner element can be calculated as follows: 

cos
arcsin i i

i
e

V θ
δ

D

 
=  

 

0

2
 (43) 

where eD  represents the detonation velocity of the explosive and iθ  is the angle be-

tween the detonation velocity vector and the tangent of the liner elements. 

By combining Equation (37) with Equation (43), iV0  can be calculated. When iV0  

is known, the flow velocity iV2  and the collision point velocity of the element iV1  can 

be solved based on geometric relationships: 

( )

( )

cos
sin

cos
sin


= − −



 = +


i i i

i

i

i

i

i

i

V
V β α δ

β

V
V α δ

β

1 1

2

0

0

1

 (44) 

The collapse angle of the element iβ  can be expressed as follows: 

( ) ( )

( ) ( )

sin sin tan tan /
tan

cos sin tan tan /

i i i i i i
i

r i i i i i i

α δ x α α δ δ V Vr x
β

x z α δ x α α δ δ V V=

 + − − +   
= =

   + + + + 

1 1 1 0 0

0 1 1 1 0 0

2 1

2
 (45) 

4.5. Dynamic Yield Strength Solution Method Based on J-C Model 

During impact compression, the material’s dynamic yield strength can affect the ef-

ficiency of momentum conversion. This Section aims to establish a solution method based 

on the J–C constitutive model to obtain a dynamic yield strength σ  that represents the 

entire impact compression process. In the collision zone, the material experiences high 

strain rates and plastic deformation, and the temperature rises significantly. Assuming 

the material reaches a relatively stable state after the shock wave front, the J–C model is 

used to estimate its dynamic yield strength. 

Assuming that the plastic work of the material is used for temperature rise [41,42]: 

.
pε
σdε

T
ρCv

 =
00 9

 (46) 

Substituting Equation (3) into Equation (46) yields the following Equation (47): 

( ) ( )( )( )*. ln= + + − − =n m

p p p p
F ε A Bε C ε T ε T0 9 1 1 0  (47) 

Equation (47) is an implicit equation about pε , which can be solved using Newton’s 

iterative method: 

( ) ( )

( )( )
( )( )

+
= −



k

pk k

p p k

p

F ε
ε ε

F ε

1  (48) 

where ( ) /p pF ε dF dε = . 

To solve σ , it is also necessary to know the material’s dynamic strain rate dynε  in 

the collision zone. During the impact compression process, the material undergoes rapid 
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loading, with ε  reaching 105–107 s−1 [25]. Therefore, in the calculation of this article, 

dynε = 610  is used. 

5. Discussion and Analysis 

TC21 and Ti55Al20V5Zr5Nb15 HEA have similar material properties. In contrast, the 

Ti55Al20V5Zr5Nb15 HEA achieves a slightly lower jet velocity (6982 m/s) but maintains bet-

ter cohesiveness, suggesting a more favorable balance between energy storage and release 

during unloading. Therefore, a comparative analysis of Cu and Ti55Al20V5Zr5Nb15 HEA 

will be conducted in this Section. 

5.1. Calibration of Dynamic Momentum Conversion Factor 

By extracting the nV 2  and rV  values of all the elements in the high-fidelity numer-

ical simulations, as shown in Figure 15, a decreasing trend in DMCF  is observed as the 

element coordinates LENx  increase. However, after Gauge # 40, DMCF  shows an ab-

normal increase. This phenomenon arises from the spatial distribution characteristics of 

Gauge points in numerical simulations: the positions of Gauges # 40~48 are close to the 

outside of the liner, and during their movement, some areas flow into the air domain, 

resulting in a data acquisition distortion of rV . However, Gauges # 44~48, due to their 

low collapse velocity, are unable to fully participate in jet formation, further reducing the 

accuracy of the data collection. 

 

Figure 15. Numerical calculation results: (a) Cu; (b) Ti55Al20V5Zr5Nb15 HEA. 

As shown in Figure 16, DMCF  shows a monotonically increasing trend with Ma . 

For the same Ma , Cu has a higher DMCF . In addition, the position of Ma0  is marked 

in the Figure 16. On the left side of Ma0  is the strength-dominated regime (SDR), where 

Ma Ma 0  . On the right side of Ma0   is the kinetic-dominated regime (KDR), where 

Ma Ma0 . By comparison, most of the elements in the Ti55Al20V5Zr5Nb15 HEA are located 

in the SDR. This means that the majority of the normal momenta of the elements during 

collision is not converted into impact momentum, resulting in decreased shock pressure 

and compressibility of the material. In addition, the SDR range of the Ti55Al20V5Zr5Nb15 

HEA is larger. Therefore, the Ti55Al20V5Zr5Nb15 HEA may be more difficult to overcome 

the transition from the SDR to the KDR. Since most Cu elements are located in the KDR, 

their dynamic response in the collision region is closer to that of an ideal fluid, resulting 

in higher shock pressure and compressibility. 

The parameters Ma0 and k are calibrated using a dataset generated from the numer-

ical simulations covering the Ti55Al20V5Zr5Nb15 HEA and Cu jets. The calibration proce-

dure consists of the following steps. Firstly, based on the theoretical model, iV2  and iβ  

are obtained, and Ma is calculated. Secondly, nV 2  and rV  are extracted from the nu-

merical simulation, and DMCF  is calculated. It is necessary to associate the Ma of the 
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different elements with their corresponding momentum conversion efficiencies and estab-

lish a distribution curve of momentum conversion efficiency. Finally, the logistic function 

is used to fit the curve and obtain the corresponding fitting parameters Ma0  and k . 

 

Figure 16. Calibration curves of DMCF for (a) Cu and (b) Ti55Al20V5Zr5Nb15 HEA. 

Table 8 presents the parameter calibration results for the logistic function. Due to the 

large fluctuation range in the numerical calculation results for the Ti55Al20V5Zr5Nb15 HEA, 

the fit for Cu is higher (R2 = 0.816) than for the Ti55Al20V5Zr5Nb15 HEA (R2 = 0.589). The k  

value for Cu is higher, indicating that the transition rate of Cu from the SDR to the KDR 

is faster. 

Table 8. Calibration parameters of DMCF . 

Material 0Ma  k  2
R  

Cu 0.407 4.46 0.816 

Ti55Al20V5Zr5Nb15 0.483 3.48 0.589 

5.2. Theoretical and Numerical Comparative Analysis of Dynamic Yield Strength 

To verify the reliability of the theoretical model, the numerical results simσ  are com-

pared with the theoretical calculations theσ . As shown in Figure 17, as LENx  increases, 

simσ gradually increases. Overall, the yield strength of the Ti55Al20V5Zr5Nb15 HEA is sig-

nificantly higher than that of Cu. Combined with Figure 16, this higher yield strength re-

sults in poorer plastic flow and a smaller DMCF  in the collision zone. When the change 

in yield strength is not significant, the material with a lower impact strength has a smaller 

DMCF . A smaller DMCF  leads to a lower effective pressure ratio for driving the un-

loading acceleration, resulting in a lower jet velocity. 

Compared to Cu, the simσ  of the Ti55Al20V5Zr5Nb15 HEA increases slowly, but the 

overall fluctuation amplitude is large. Based on the theoretical model, the theσ  and the 
simσ  differ significantly. For Cu, the theσ  and the simσ  of the top and bottom elements 

match well, whereas in the middle element, the theσ  is significantly higher than the simσ

. This discrepancy may be due to the theoretically calculated impact temperature theT1  

being lower than the numerically calculated impact temperature simT1 , resulting in the 

theσ  being too high. Due to the greater thermal softening effect of the Ti55Al20V5Zr5Nb15 

HEA than that of Cu, temperature is no longer the main factor. The main reason may be 

that less plastic work is required for heating, resulting in theσ  being less than simσ . 
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Figure 17. 
simσ  vs. 

theσ . 

For this irregular fluctuation, the average value avgσ  is used for comparison, and 

the comparison results are shown in Table 9. The dynamic yield strength of the Cu mate-

rial (494 MPa) is about 4.6 times the initial yield strength (90 MPa), while the dynamic 

yield strength (1261 MPa) of the Ti55Al20V5Zr5Nb15 HEA is about 1.3 times the initial yield 

strength (965 MPa). This indicates that during the collapse stage, the thermal softening 

effect of the Ti55Al20V5Zr5Nb15 HEA dominates, whereas the thermal softening effect of Cu 

is relatively weak. The theoretical model’s maximum error is +19.6% (Cu), and the mini-

mum error is only +1.12% (Ti55Al20V5Zr5Nb15 HEA). The error between the theoretical 

model and the previous experimental results (571.6 MPa) is −13.5% [25]. The theoretical 

model’s error is kept within 20%, indicating that the model can predict the dynamic yield 

strength of the materials well. According to Table 8, materials with a high yield strength 

have a larger Ma0  and a smaller k . This indicates that the dynamic yield strength of the 

material will affect the values of Ma0  and k . σ  is positively correlated with Ma0  and 

negatively correlated with k  . Materials with a higher dynamic yield strength reduce 

compressibility, so most of the material’s normal momentum is used for plastic defor-

mation, decreasing shock pressure and DMCF . 

Table 9. 
sim
avgσ  vs. 

the
avgσ . 

Material A/MPa 
Average 

Error/% the
avgσ /MPa 

sim
avgσ /MPa 

Cu 90 494 413 +19.6 

Ti55Al20V5Zr5Nb15 965 1261 1247 +1.12 

5.3. Theoretical Model Validation and Evaluation 

To verify the reliability and accuracy of the theoretical model, the coefficient of de-

termination (R2) is used to assess the degree of agreement between the theoretical and 

computational results for Hp : 
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where resSS  is the sum of squared residuals; totSS  is the total sum of squares; ip  is the 

numerical calculation result; ˆ ip  is the theoretical calculation result; and ip  is the mean 

of the numerical calculation results. 

The values of Hp  and JV  for the two materials are calculated based on the calibra-

tion curve of DMCF . The differences among the theoretical the
Hp , the numerical sim

Hp , 

the Bernoulli Bp  , and the uncorrected Hugoniot pressure unm
Hp   results are compared 

and analyzed, as shown in Figure 18. 

As LENx  increases, Hp  shows a gradually decreasing trend. A comparative analy-

sis reveals that, owing to the lower dynamic yield strength, the Cu liner’s flowability dur-

ing collision is better, with a higher DMCF  and Hp . Materials with a higher Hp  mean 

that the liner is more fully compressed during collapse, resulting in better jet cohesion in 

the subsequent formation. The experimental and numerical results also support this point. 

In addition, compared to the
Hp , Bp  and unm

Hp  are significantly higher than sim
Hp . This 

indicates that the effective pressure used to drive the unloading acceleration is signifi-

cantly lower. 

 

Figure 18. Comparison of theoretical and numerical calculation results of Hp for (a) Cu and (b) 

Ti55Al20V5Zr5Nb15 HEA. 

Table 10 compares the errors of three methods for determining Hp . Compared with 

the others, the model proposed in this article achieves a high-precision prediction of Hp

, with R2 values of 0.778 and 0.943. The prediction accuracy for Bp  and unm
Hp  is signifi-

cantly lower than that for the
Hp , indicating that the theoretical model proposed in this pa-

per accurately predicts the Hp  of the jet, providing theoretical support for the design of 

SC structures. 

Table 10. Comparison of errors between theoretical and numerical calculation results. 

Pressure 
R2 

Cu Ti55Al20V5Zr5Nb15 
the

Hp  0.778 0.943 

Bp  0.154 −5.183 
unm

Hp  −23.654 −71.320 
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5.4. Material Applicability Analysis 

The theoretical model proposed in this article requires numerical calculations to cal-

ibrate DMCF  to improve the accuracy of the model predictions. To verify the applica-

bility of the material and the model results, jet velocities are predicted for seven additional 

commonly used materials using the theoretical models. We compare the theoretical cal-

culation results the
JV , the PER model calculation results PER

JV , and the experimental re-

sults 
exp
JV  , as shown in Table 11. Due to significant variation in the dynamic yield 

strength with structural changes, the material’s initial yield strength is provided as a ref-

erence in the Table. 

The theoretical model has a minimum error of only 0.24% (TB6) and a maximum of 

9.21% (Cu). By comparison, the PER theory has a minimum error of 3.5% (Cu) and a max-

imum of 13.2% (CMZ). This indicates that the model proposed in this article performs 

particularly well for high-sound-velocity materials such as Steel1006, HNS, TC2, TB6, and 

Ti55Al20V5Zr5Nb15 HEA, with errors kept within 4%. For low-sound-velocity materials (Cu, 

CMS, CMZ), the error remains within 10%. It is worth noting that for medium-sound-

velocity materials (Steel1006 and HNS), since their DMCF   have not been calibrated 

through numerical calculations, 
Ti Al V Zr Nb
DMCF 55 20 5 5 15  is used in the calculation. In the end, the 

predicted results are slightly smaller than the experimental results. The reason for this 

phenomenon is that their yield strength and sound velocity are both lower than for the 

Ti55Al20V5Zr5Nb15 HEA, resulting in differences in their actual calibration parameters. 

Table 11. Comparison of jet velocities for typical materials. 

Material A/MPa C0/(m/s) 
Velocity/(m/s) Error/% 

Reference the

J
V  

PER
JV  exp

JV  the
JV  PER

JV  

Cu 90 3940 6827 7155 

6916 1.28 3.5 [17] 

6498 5.06 10.1 [25] 

6251 9.21 14.5 

[27] CMS 430 3814 6913 7159 6447 7.50 11.0 

CMZ 206 3834 6851 7204 6363 7.67 13.2 

Steel1006 350 4569 6648 7274.3 6702 0.81 8.5 
[31] 

HNS 500 4569 6625 7267.3 6636 1.66 9.5 

Mo 300 5124 6228 7026 6421 3.00 9.4 [25] 

TC21 1030 5110 7296 7691 7236 0.83 6.3 
[31] 

TB6 797 5031 7289 7672 7271 0.24 5.5 

Ti55Al20V5Zr5Nb15 965 5026 7204 7665 6982.1 3.18 9.8 [8] 

Based on the calibration parameters of Cu and Ti55Al20V5Zr5Nb15 HEA, the calibration 

parameters for Steel1006 and HNS are obtained using linear interpolation. The linear in-

terpolation formula is 

( ) ( ) ( )/= + −  − −y y y y x x x x
3 1 2 1 3 1 2 1  (50) 

where ( ),x y
1 1  and ( ),x y

2 2  are known data points and ( ),x y
3 3  is an unknown data 

point. 

As shown in Table 12, the theoretical model’s predictions are generally higher than 

the experimental results, and the errors are kept within 1.5%. This indicates that the cali-

bration parameters obtained via linear interpolation can be used to predict jet velocity 

with the theoretical model. In addition, for materials with similar sound velocity and yield 

strength, their jet velocity and error are not significantly different. 
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Table 12. Calibration parameters and prediction results. 

Material 0
Ma  k  ( )/ /m sthe

J
V  ( )/ /m sexp

J
V  Error/% 

Steel1006 
0.451 3.89 

6757 6702 0.82 

HNS 6733 6636 1.46 

This phenomenon indicates that, under the same SC structure, materials with a sim-

ilar sound velocity and yield strength (i.e., TC21, TB6, and Ti55Al20V5Zr5Nb15 HEA; CMZ 

and CMS; and Steel1006 and HNS) can use the same DMCF  to predict the jet velocity. 

For materials with a similar sound velocity and a higher yield strength (Cu, CMS, and 

CMZ), using the same DMCF  to predict the jet velocity may result in higher prediction 

results. This phenomenon further indicates that the high yield strength of the material 

leads to an increase in Ma0  and a decrease in k . At the same Ma , the DMCF  of low-

strength materials is larger. 

In summary, the theoretical model proposed in this article can achieve a high-preci-

sion prediction of jet velocity. Compared with the traditional PER theoretical models, this 

model’s error does not exceed 10%. For high-sound-velocity, high-strength materials, the 

error is even lower, at no more than 4%, demonstrating ultra-high reliability and broad 

material applicability. In addition, when the calibration parameters for the dynamic mo-

mentum conversion factors are known for materials with different sound velocity, those 

for unknown materials can be obtained via linear interpolation, greatly reducing the time 

and computational costs of numerical calculations. 

Overall, the work of this article focused on two stages: shock compression and un-

loading acceleration. Compared with traditional theoretical frameworks [13,18,23], the 

model proposed in this article has a wider range of material applications and higher ac-

curacy. In addition, the potential relationships between material strength, shock pressure 

and jet velocity were also revealed. In terms of industrial significance, we further point 

out that this model provides theoretical guidance for the composition design and geomet-

ric optimization of an HEA liner. For example, by adjusting the Grüneisen coefficient of 

the HEA, the compression unloading path can be optimized, thereby improving cohesive-

ness while maintaining jet velocity. This understanding is expected to drive the develop-

ment of a new generation of high-performance SC warheads. 

5.5. Parameter Sensitivity Analysis 

Although the analytical model established in Chapter 4 offers high computational 

efficiency, its simplified assumptions may introduce systematic errors in complex com-

pression and unloading processes. Therefore, this Section will systematically evaluate the 

extent to which uncertainty in the key input parameters of the model established in this 

article affects the final output. By quantifying the sensitivity of each parameter, the 

model’s robustness can be assessed, and the core factors that dominate the jet-forming 

process can be identified, providing clear optimization directions for liner material selec-

tion. 

Using the single factor perturbation method for analysis, under the reference operat-

ing conditions, a certain input parameter is allowed to vary within its reasonable uncer-

tainty range (±20%), while all the other parameters are fixed, and the amplitude of the 

output change is observed. 

We define the normalized sensitivity coefficient Q
PS  to quantify the impact of pa-

rameter P on output Q as follows: 

/

/


=


Q base

P

base

Q Q
ψ

P P
 (51) 
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where Q  and P  are the changes in output and input, respectively, and the subscript 

“base” represents the reference value. ψ  1   represents high sensitivity; . ψ 0 5 1  

represents moderate sensitivity; and .ψ  0 5  represents low sensitivity. 

The analysis parameters mainly focus on the material’s own properties, as shown in 

Table 13. The range of the parameter change rate is ± 20%. Under the reference operating 

conditions, we let a certain input parameter vary within its reasonable uncertainty range 

while fixing all the other parameters, and we observe the magnitude of the change in the 

output variable. 

Table 13. Parameters used for sensitivity analysis. 

Number Input Reference 

1 ρ0  8.93 g/cm3 

2 DMCF  0.6 

3 C0  3940 m/s 

4 S  1.489 

5 V0  2743 m/s 

Based on the above method, the sensitivity of JV  and Hp  to the key parameters is 

obtained, as shown in Figure 19. This graph illustrates how changes in each parameter 

within ±20% affect JV  and Hp . The longer bars indicate higher sensitivity: the parame-

ters DMCF   and V0   show high sensitivity, ρ0   and C0   moderate, and S   low. 

DMCF  shows moderate sensitivity to V0  and low sensitivity to the other parameters, 

but among them, the parameter DMCF   has the highest contribution ranking to JV  

(0.29). This indicates that momentum conversion is the core component of jet acceleration. 

It is worth noting that the C0  and V0  values of the Ti55Al20V5Zr5Nb15 HEA are also 

higher than those of Cu, with only the DMCF  and ρ0  values lower than those of Cu. 

However, both the numerical and the theoretical calculations have shown that the Cu ma-

terial has a higher shock pressure and better cohesiveness. The reason for this phenome-

non is that the dynamic yield strength and sound velocity of the Ti55Al20V5Zr5Nb15 HEA 

are higher (Figure 17), making it difficult for them to undergo the Ma0  transition from 

the SDR to the KDR. These issues all result in a lower DMCF  and significantly smaller 

Hp  values for the Ti55Al20V5Zr5Nb15 HEA. 

 

Figure 19. Parameter sensitivity analysis Tornado plot (absolute value). 

The parameter sensitivity analysis shows that the model’s behavior in this article is 

consistent with physical intuition, and that the key outputs are dominated by clear phys-

ical mechanisms. DMCF  is a key bridge connecting the dynamic properties of the mate-
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rials with macroscopic jet performance. The analysis results provide a clear priority list 

and a quantitative basis for selecting and designing medication mask materials, signifi-

cantly enhancing the practical engineering value of this theoretical model. 

6. Conclusions 

This study focuses on the core physical chain of “shock unloading” in the formation 

of SCJs and establishes an explicit theoretical model for unloading acceleration driven by 

shock pressure. Through systematic theoretical analysis, numerical simulation, and ex-

perimental verification, the following main conclusions have been drawn: 

1. This article constructs a quantitative model of “shock-pressure-driven unloading ac-

celeration” with clear physical images. This model breaks with the simplification of 

the unloading acceleration stage in traditional theory and, for the first time, derives 

an explicit functional relationship between the unloading acceleration and the shock 

pressure at the collision point. It clarifies that shock pressure is the direct physical 

source of the kinetic energy acquired by the jet during the unloading stage, thereby 

significantly enhancing the physical transparency of the theoretical model. 

2. This article defines and calibrates a dynamic momentum conversion factor DMCF  

with universal significance, revealing its S-shaped evolution law with Ma  evolu-

tion. The research has shown that DMCF  is not an empirical constant, and its evo-

lution as a function of Ma  can be described by the logistic function. The model pa-

rameters ( Ma0   and k  ) have clear physical meanings, representing the transition 

rate and the critical conditions, respectively. For the first time, the transition of mate-

rial behavior from “strength dominant” to “kinetic dominant” has been clearly de-

picted. 

3. This article reveals the physical connotations of the key parameters ( Ma0  and k ) in 

the model and establishes their correlation with material properties. The parameter 

calibration results indicate that Ma0  directly reflects the impact-strength threshold 

required for the material to achieve moderate momentum-conversion efficiency and 

is positively correlated with the yield strength. k  characterizes the degree of abrupt 

transformation and is negatively correlated with the yield strength. 

4. The theoretical model established in this article exhibits excellent prediction accuracy 

and robustness on various materials. Verified by X-ray experiments, the prediction 

error in the jet head velocity of the Ti55Al20V5Zr5Nb15 HEA is less than 4%. The theo-

retically predicted shock pressure is highly consistent with the high-fidelity numeri-

cal simulation results and significantly more accurate than the traditional models 

( )R .=2 0 943 . In addition, for eight typical materials with high sound velocity and 

high strength, the model’s prediction accuracy does not exceed 8%. 

5. This study has clarified that the yield strength of a material is a key internal factor in 

regulating the efficiency of momentum conversion and determining the performance 

of jet terminals. The research has shown that high-strength materials have higher al-

pha values and are in an SDR under the same collision conditions, which explains 

why the shock pressure of high-strength, high-sound-velocity materials may be 

lower than that of low-strength, low-sound-velocity materials. This conclusion pro-

vides direct theoretical guidance for the optimization and matching design of liner 

materials for specific penetration requirements. 

The experimental data in this study are based on a single HEA composition and a 

single liner geometry, with a limited number of repeat tests. Conditions such as varying 

standoff distances and target obliquity are not explored. Therefore, the generalizability of 

the current conclusions requires further validation across a broader parameter space. For 
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high-strength, multiphase HEA materials, simplifying the unloading path may introduce 

deviations. In addition, the calibration of the logistic parameters relies on the numerical 

simulation results and has not yet achieved predictions based entirely on physical param-

eters. Building on the present work, the following avenues are recommended for future 

investigation: (i) systematic experimental screening of HEA compositions with varying 

strength, impedance, and Grüneisen parameters; (ii) development of a machine-learning-

based surrogate model for logistic parameter prediction. 
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