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Abstract

The growing demand for high-precision thickness control in cold rolling of metal strips
calls for continuous improvement in rolling force prediction models. Classical thin-strip
rolling theories, notably the Stone model, are based on the assumption of a circular roll arc
profile within the contact deformation zone. In practice, however, this assumption often
becomes invalid owing to the emergence of a neutral zone under specific rolling conditions,
which introduces considerable errors in force calculation and compromises model applica-
bility. To address this issue, the present study develops a numerical analysis framework
for thin-strip rolling processes across a range of initial thicknesses and reductions. The
proposed method quantitatively captures the effects of single-pass reduction on roll shape
evolution and contact pressure distribution along the deformation arc. In addition, a limit-
ing producible thickness model is proposed by incorporating the deformation efficiency
of the strip material. This approach enables the precise delineation of a neutral-zone-free
deformation regime and establishes a criterion for determining the optimal single-pass
reduction based on the ratio of initial thickness to Stone minimum rolling thickness. For
given initial thickness and process parameters, a critical single-pass reduction exists that
eliminates the neutral zone, yielding a characteristic curve that divides the rolling regimes:
above it, the neutral zone vanishes, the Stone model applies, and efficiency is high; below
it, a finite neutral zone persists, partially dissipating rolling force in elastic deformation,
though rolling remains viable within limits. These findings provide a robust basis for
improving rolling force accuracy and pass optimization, ultimately enhancing product
quality and forming efficiency in precision strip manufacturing.

Keywords: thin strip rolling; stone rolling force model; limiting producible thickness;
deformation efficiency

1. Introduction

Rolling force constitutes one of the most important process parameters in thin-strip
cold rolling, offering a theoretical foundation for the design of rolling mills and the devel-
opment of optimal rolling schedules [1-3]. Thin strip cold rolling is a complex, multivariate,
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nonlinear, and strongly coupled process [4-6]. The complex stress state at the contact
interface can intensify the axial bending and radial elastic flattening of the rolling mill rolls.
Many scholars, such as Karman [7], Orowan [8], Ford [9], Hill [10], Stone [11], Lian [12,13],
and Hu [14-16], have been engaged in perfecting and promoting the development of cold
strip rolling theory and rolling force models. The Stone rolling force model treats the cold
rolling of thin sheets as compression between parallel platens, explicitly considering the
severe elastic flattening of the rolls. In this model, the rolls are assumed to maintain a
circular profile despite elastic deformation; whereas, the elastic zones at both the inlet
and outlet are ignored. The Hitchcock formula is employed to determine the contact arc
length, thereby simplifying the computation of the deformation zone [17]. This led to the
derivation of the Stone minimum rolling thickness formula, which offers considerable
computational simplicity and has since become a routine tool in the design of cold rolling
processes and strip mill equipment.

Nevertheless, considerable discrepancies have been reported between the Stone model
predictions and the measured rolling forces in both experimental studies and practical
thin-strip production. Pawerski found that when the strip thickness is reduced to a quarter
of the Stone minimum rolling thickness, nearly 10% of single-pass reduction can still be
obtained in the deoxidized aluminum strip rolling experiment [18]. Wu obtained the
actual minimum value of rolling thickness during the test of the cold continuous rolling
mill in the Baosteel cold strip mill, which is less than the calculated value of the Stone
minimum rolling thickness formula [19]. In consideration of the mill allowable rolling
pressure and production efficiency, a minimum rolling thickness model of metal thin strip
cold rolling is proposed, which meets the field production requirements. Thus, the strip
can still be rolled when the initial thickness is less than the calculated value of the Stone
minimum rolling thickness; whereas, the Stone rolling force model is not applicable. Zhu
pointed out that the appearance of the elastic core in the contact deformation zone with
a small strip thickness is the real reason for the rapid increase in the rolling pressure and
the difficulty of metal elongation deformation [20]. At this time, the contact deformation
zone presents a non-circular arc. According to the study by Johnson, there is an obvious
region within the contact deformation zone where the strip does not slip relative to the
roll under the friction between the registration and the strip in the cold rolling process of
a thin strip. And the metal does not produce plastic deformation in this area [21]. Based
on the Johnson theory, Fleck put forward a new rolling theory for the ultra-thin strip that
the plastic deformation of the strip mainly occurs at the entrance and exit of the contact
deformation zone. There is a neutral zone in which the rolls are pressed into a plane
and there is no relative sliding between the registration and the strip; that is to say, the
profile of the contact deformation zone no longer keeps an arc shape [22,23]. Based on
Hertz contact theory and elastic half-space theory, Fleck can get the shape profile of the
roll after elastic flattening deformation in the contact deformation zone accurately and
directly. And the rolling force was solved, avoiding the assumption of the profile of the
contact deformation zone, and obtaining convincing results. Le simplified the solution
method by following the approach of Fleck but relaxing the assumption of the neutral
zone [24]. An explicit equation for the contact pressure variation was obtained, leading to a
much more robust algorithm. Langlands developed a new approach to approximate the
solution of the Fleck model using both analytic and approximation techniques, which can
be used to distinguish whether there is a flat region [25]. Ren simplified the Fleck model
by removing the assumption of elastic unloading and analyzed the influence of different
rolling process factors on the shape of the roll and the contact pressure distribution in the
contact deformation zone [26]. Xiao studied the profile of the contact deformation zone and
the distribution of the contact pressure of strips with different thicknesses under different
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reductions [27-29]. The present study focuses on the cold rolling of stainless steel thin strips.
Steel rolls are commonly employed in thin and ultra-thin strip rolling processes, and this
roll material is applicable to a wide range of workpiece materials, including ferrous metals,
non-ferrous metals, and various alloys. Based on Fleck’s foil rolling theory, a theoretical
solution model for the producible rolling thickness of ultra-thin strips was established to
calculate rolling force and plastic deformation. This model provides the producible rolling
range for the initial strip thickness, spanning from the Stone minimum rolling thickness
to the theoretical limiting producible thickness. The results indicate that the presence of
a neutral zone within the contact deformation zone increases the difficulty of the rolling
process. If the existing conditions of the neutral zone can be identified through rolling
process factors, the computational accuracy of the contact deformation zone and rolling
force would be improved, thereby enabling more precise thickness control during rolling.
More importantly, the proportion of the neutral zone in the contact deformation zone can
serve as an indicator of deformation efficiency, facilitating rolling schedule adjustments
and contributing to more efficient rolling operations.

In this study, taking the assumption of the plane strain and the symmetry of the rolling
process into account, finite element simulations were conducted to investigate thin-strip
rolling processes using the ABAQUS 6.11 software under two complementary scenarios:
(i) progressive reduction in the initial strip thickness from values exceeding the Stone mini-
mum rolling thickness down to below this threshold, and (ii) gradual increase in single-pass
reduction for cases where the initial thickness remains above the Stone limit. The roll was
treated as an elastic body, while the strip was modeled as an elastoplastic material using
CPE4R bilinear plane strain reduced-integration elements. The resulting variations in roll
shape profile and contact pressure distribution within the deformation zone are systemati-
cally examined across different reduction levels. Based on the simulation outcomes, the
initial thickness range is partitioned, and the Stone minimum rolling thickness is adopted as
the critical benchmark for distinguishing distinct rolling regimes. Furthermore, a limiting
producible thickness model was proposed by incorporating the deformation efficiency of
the thin strip, from which the critical single-pass reduction corresponding to the absence
of a neutral zone is derived as a function of the initial thickness-to-Stone-thickness ratio.
On this basis, a critical rolling curve for the contact deformation zone under the Stone
framework is constructed. This curve provides an intuitive and practical criterion for
directly identifying the feasible thickness range for efficient rolling, thereby facilitating
rational pass schedule design and enabling high-efficiency rolling.

1.1. Finite Element Simulation of Thin-Strip Rolling
Finite Element Modeling

The thin strip rolling model was established in the ABAQUS software. Taking the
assumption of the plane strain and the symmetry of the rolling process into account, a
half-rolling model was conducted for FEM analysis, as shown in Figure 1. The roll is elastic,
and the strip is an elastoplastic body adopted with CPE4R bilinear plane strain reduction
integral elements. The strip is divided into four layers in the thickness direction. Due to
not considering the bending effect of the roll, the model applies displacement and speed
boundary conditions to the rolling mill by establishing a rigid core and binding constraint
with the roll. The tensile stress is assumed to act consistently along the normal to the roll
centerline, which is equivalent to neglecting the grip angle conventionally associated with
the strip rolling process. This simplification is widely employed in analytical rolling models
to render the boundary conditions more tractable. Nevertheless, it should be acknowledged
that such an assumption may introduce non-negligible discrepancies under conditions
involving significant geometrical nonlinearity, where the grip angle effect is no longer
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marginal. The Coulomb friction model is used for the contact surface, and the roll meshing
is refined in the contact area to balance the solution efficiency and accuracy, and the size
ratio of the mesh elements on the surface of the roll to the surface of the strip is 2~3. By
partitioning the section of the rolling mill and editing sketches to achieve precise seeding,
the target mesh refinement form can be obtained.

Roll m

Rig\iﬁi\rlullflear

Senm

NN
)/l‘esh refinement

Figure 1. Finite element model for ultra-thin strip rolling.

In the model, further reductions are obtained by applying displacement boundary
conditions to the rolls. Due to the large elastic deformation of the roll and strip in the
rolling process, the single-pass reduction is calculated by the actual thickness of the strip
after rolling, and the target reduction is obtained by adjusting the displacement boundary
conditions of the roll several times. In the initial state, the strip is positioned within the roll
gap, signifying the completion of the threading process. Prior to the compression analysis
step, a Y-direction displacement boundary condition is applied to the roll. Subsequently,
for the rolling analysis step, rotational boundary conditions are imposed to simulate the
roll speed, and the solution proceeds until a steady rolling state is achieved.

Given the calculation factors in Table 1, the corresponding Stone minimum rolling
thickness can be calculated. The chemical composition and material properties of
304 stainless steel strip are shown in Table 2 and Figure 2.

Du(1.150¢ — o~ 210 x 0.1 x 1.15 x 339.4
s _ 1( s—or) -
hy i = 3.58 5 = 3.58 x 216000 = 0.1358 mm 1)

Table 1. The materials properties in the FEM analyses.

Roll Strip Friction Mean
. . Coefficient Tension
. Elastic . . Yield
Material Modulus Diameter  Material Strength [22,25] Stress
Steel 216 GPa 210 mm SUS 304 339.4 0.1 0
MPa

Table 2. The chemical composition of 304 stainless steel strip.

Element C Ni Si Mn P S N Mo Fe
content ) g 8.02 0.05 106 0031 0003 0034 008 the
wt.% rest
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Figure 2. The material properties of 304 stainless steel strip.

To explore the generation conditions and variation patterns of the neutral zone in the
contact deformation zone under different rolling conditions, select the initial thickness of
the strip as 0.30 mm, 0.20 mm (larger than the 1S . ), 0.150 mm, 0.125 mm (approximately
equal to the hrsnin), 0.10 mm, 0.075 mm and 0.05 mm (less than the hrsnin), and establish a
finite element model to solve and calculate the rolling process. Considering the influence
of initial thickness and single-pass deformation on the shape of the contact deformation
zone, analyze the variation in the contact deformation zone during the thin strip rolling
process under two different working conditions through finite element models:

1. Focused on the thickness effect, given a fixed minimum single-pass reduction, analyze
the initial thickness of the strip, gradually decreasing from larger than Stone the
minimum rolling thickness to less than the Stone minimum rolling thickness.

2. Focused on the reduction effect, the initial thickness of the strip is fixed and
larger than the Stone minimum rolling thickness, while the single-pass reduction
gradually increases.

1.2. Analysis of FEM Simulation Results

In the steady rolling state, the displacements along the thickness direction of the strip
surface nodes in the contact deformation zone are extracted. The ratio of the actual strip
thickness in the contact deformation zone to the initial thickness (/1/hy) is used to represent
the strip profile in the contact deformation zone, that is, the roll shape profile in the contact
deformation zone. Under different rolling conditions, the roll shape profile and the contact
pressure distribution within the contact deformation zone were obtained.

1.2.1. The Same Reduction but Different Initial Thicknesses

Figure 3 shows the contact deformation zone characteristics of strips with different
thicknesses under 1% reduction, including roll shape profile and distribution of the contact
pressure. The thickness of the strip gradually decreases from 0.15 mm (larger than /3.
to 0.10 mm (less than hrsnm), and the roll profile in the contact deformation zone changes
from an arc shape to a non-circular arc shape, with a certain length of flat area appearing

and becoming more obvious. The contact pressure distribution tends towards a parabolic
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distribution from an observable peak. For 0.05 mm, which is relatively small, even when
the reduction is around 1%, the flat section area accounts for a considerable proportion, the
plastic deformation zone length is minimal, and the contact pressure is approximately a
parabolic distribution. From Figure 2, it can be seen that the calculation results of the roll
profile and contact pressure distribution in the contact deformation zone obtained by the
finite element model are consistent with the Fleck theory [30]. It should be noted that, in
thin and ultra-thin strip rolling, the neutral point in conventional rolling theory expands
into a neutral zone. The contact deformation zone comprises the inlet elastic zone, inlet
plastic zone, neutral zone, outlet plastic zone, and outlet elastic zone. Plastic deformation
of the strip is mainly concentrated at the inlet and outlet of the contact deformation zone,
while no significant plastic deformation occurs in the neutral zone. Within this neutral
zone, no relative sliding occurs between the roll and strip surfaces; the friction regime
transitions from Coulomb friction to adhesive friction, and the strip thickness does not
undergo appreciable change. The location and extent of the neutral zone therefore govern
the friction force distribution, strip velocity profile, and rolling pressure along the roll gap,
and serve as a useful indicator of deformation efficiency. This has been confirmed through
experiments by Sutcliffe that the metal is in an elastic state in the neutral zone, with no
significant change in thickness.

(a) (b)
1.000 1 2000 ~
o Elliptical shape
3 T
< a
2 =
@ 0.995+ )
S 2
= 4
e a
2 0990 2
T g
€ S
S o
=4 ;
Elastic recovery
0.985 T T . . i 1
0 1 2 3 0 1 2 3
Length of Contact Deformation (mm) Length of Contact Deformation Zone
= 030mm --020mm —— 015mm - 030mm --020mm — 015mm
= 013 mm —— 010mm —<« 0.05mm —— 013 mm ——010mm —<+ 0.05mm

Figure 3. Contact deformation zone characteristics of strips with different thicknesses under 1%
reduction: (a) roll shape profile, (b) distribution of the contact pressure.

With the increase in reduction, the contact deformation zone of the thin ribbon with
different thicknesses is no longer circular, the neutral zone is more apparent, and the contact
pressure is similar to a parabolic distribution. The proportion of the neutral zone is more
significant and larger, the rolling force increases sharply, and the plastic deformation of
strip steel becomes more and more difficult.

To sum up, when the initial thickness of the strip is near the Stone minimum rolling
thickness and the initial thickness of the strip decreases or the single-pass reduction in-
creases gradually, the length of the contact deformation zone increases, the neutral zone
becomes more and more obvious, and the contact pressure also increases sharply, which
is close to the parabola distribution, quite different from the assumption that the roll still
keeps circular shape after contact flattening in Stone contact deformation zone theory. Stone
thinks that it can not be rolled when the initial thickness of the rolled piece is less than the
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calculated value of the Stone minimum rolling thickness. However, based on the above
analysis, although the neutral zone in the contact deformation zone accounts for a large
proportion, a certain amount of deformation can be obtained by increasing the rolling
pressure, that is, the strip can be rolled.

1.2.2. The Same Initial Thickness but Different Reductions

Figure 4 illustrates the contact deformation zone characteristics of the 0.30 mm-thick
strip under different reductions, including the roll shape profile and the contact pressure
distribution. Compared with Figure 2, the initial thickness of the strip increases further,
and it can be seen that there is no neutral zone in the contact deformation zone at a 1% and
4% reduction. Protrusions begin to appear at a 10% reduction, while the neutral zone can
be observed in the contact deformation zone when the reduction is 15% and 20%. As the
reduction continues to increase, the contact deformation area increases correspondingly,
the proportion of the neutral area increases, the elastic flattening deformation of the roll
becomes more and more obvious, the peak value of contact pressure distribution increases
sharply, and the distribution becomes slender.

(a) (b)

1.00 4 4000 ~
< 0951 = | Obvious peak
- Approximate arc ¢ 3200
2 = .
© 090+ o Obvious peak
S5 Neural zone 3 24001
£ 0851 8
2 % 1600
£ 0.80+ 8
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5 ] 8 800
<Z> 0.75 Neural zone

0.70 T T T T T T 1 o T T L aaaaaad

0 1 2 3 4 5 6 7 (0] 1 2 3 4 5 6 7
Length of Contact Deformation Zone (mm) Length of Contact Deformation Zone (mm)
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——10% reduction =+ 15% reduction ——10% reduction  —+ 15% reduction
—— 20% reduction —« 25% reduction —— 20% reduction — 25% reduction

Figure 4. Contact deformation zone of the 0.30 mm-thick strip under different reductions: (a) roll
shape profile, (b) distribution of the contact pressure.

Figure 5 shows the contact deformation zone characteristics of the 0.20 mm-thick strip
under different reductions, including roll shape profile and distribution of the contact
pressure. Compared with Figure 3, when the initial thickness of the strip decreases, the
roll profile still keeps the arc shape at 1%. However, the circular arc roller shape begins
to protrude at a 4% reduction. When the reduction is 10%, there is a neutral zone in the
contact deformation zone. Then, with the increase in reduction, the length of the contact
deformation zone increases, and the proportion of the neutral zone also increases. The
variation law of contact pressure distribution is the same.
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Figure 5. Contact deformation zone of the 0.20 mm-thick strip under different reductions: (a) roll
shape profile, (b) distribution of the contact pressure.

Figure 6 shows the contact deformation zone characteristics of the 0.15 mm-thick strip
under different reductions, including roll shape profile and distribution of the contact
pressure. The circular arc roller shape begins to protrude at a 4% reduction compared
with the 4% in Figure 4. Different from Figures 3 and 4, a clear neutral zone is present
when the reduction increases is 4%. As the reduction increases from 1% to 10%, the
contact deformation area increases correspondingly, and the proportion of the neutral zone
increases. The elastic flattening deformation of the roll becomes more and more apparent,
and the concave on the left side of the contact pressure peak increases to a convex shape,
according to the maximum unit pressure distribution that the roll can provide.

(@) (b)
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Figure 6. Contact deformation zone of the 0.15 mm-thick strip under different reductions: (a) roll
shape profile, (b) distribution of the contact pressure.
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1.2.3. Results of Rolling Force per Unit Width

To sum up, as the initial thickness of the strip decreases, the critical reduction that
occurs in the neutral zone within the contact deformation zone decreases, and the elastic
flattening deformation of the roll becomes more and more obvious. The friction coefficient
of 0.1 was adopted based on Refs. [22,25] for oil-lubricated thin-strip rolling, where an oil
film effectively immerses the contact zone. The results show that, despite this relatively low
friction coefficient, no slipping occurs between the rolls and the strip. This is attributed to
the substantial elastic flattening of the rolls (Figures 1-3 and 4a), which significantly enlarges
the contact area and thus provides sufficient frictional traction, coupled with the fact that,
unlike plate rolling, thin-strip rolling does not involve a biting-in process. The rolling
condition factors of 0.15 mm, 0.2 mm, and 0.3 mm thick strips with different reductions
were substituted into the Stone rolling force model to calculate the per-unit-width rolling
force, and the contact pressure distribution was integrated into the corresponding finite
element model to obtain the per-unit-width rolling force by the integral algorithm. As
shown in Table 3 and Figure 7, the ’-” in the table indicates that there is no corresponding
calculation value.

Table 3. Calculation of rolling force per unit width.

Thickness Reduction (%) Theoretical Simulation Relative Error
(mm) Value (N) Value (N) (1%1)
1 651.25 683.37 4.7
4 1233.99 1293.26 4.6
10 2717.37 2638.11 3.0
0.30 15 4244.88 3848.12 103
20 - 5852.49 -
25 - 8896.14 -
1 764.38 730.30 4.7
4 1678.93 1455.26 154
0.20 10 ) 3806.46 i
15 - 6873.46 -
1 1205.33 838.41 43.8
0.15 4 - 1832.38 -
10 - 5230.41 -
0.125 1 - 882.05 -
0.10 1 - 1002.39 -
0.075 1 - 1165.98 -
0.05 1 - 1581.11 -

For the thicknesses of 0.30 mm and 0.20 mm, when the single-pass reduction is 1%,
the calculation of the Stone formula is close to the simulation result. The relative error
is minimal, and the relative error increases with the increase in single-pass reduction.
There are two reasons for the relative error. One is that the elastic deformation of the strip
is not considered in the Stone rolling force model. The other is that the finite element
simulation results are obtained under the approximate pass reduction. For the thickness of
0.15 mm, when the single-pass reduction is less than 1%, the calculated value of the Stone
rolling force formula is quite different from the finite element simulation value. At this
time, the actual profile of the roll in the contact deformation zone is not consistent with
the assumption of an arc profile in the calculation condition. When the pass reduction is
increased to 4%, the Stone rolling force formula cannot be calculated. Similarly, the Stone
rolling force model is not applicable when the pass reduction is 10%. For the 0.3 mm thick
strip, referring to Figure 4a, when the single-pass reduction increases to 15%, there is an
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obvious neutral zone in the contact deformation zone, while Stone thinks that the whole
deformation zone is a plastic zone. The same applies to 0.20 mm under the condition of
10% reduction, referring to Figure 5a. The Hitchcock formula is used to calculate the length
of the contact deformation zone and multiply the average unit pressure of the plastic zone
to obtain the rolling force; however, this approach introduces significant error. The Stone
rolling force formula cannot be used when the single-pass reduction exceeds a certain pass.
In the theoretical analysis, it is assumed that the rolling mill stand is capable of supplying
a sufficiently large rolling force per unit width and that the main drive motor can deliver
an adequate rolling torque. Accordingly, the constraints imposed by the mill’s load and
power capacity are not taken into consideration in the present model.
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Figure 7. Rolling force per unit width under different thicknesses and deformation reductions.
(a) 0.30 mm, (b) 0.20 mm, (c) 0.15 mm, (d) different thicknesses under 1% reduction.

The Stone deformation-zone theory is widely recognized as possessing general appli-
cability in the cold rolling of thin strips. However, as noted earlier, the original derivation
of the Stone model rests upon the assumption that the entire deformation zone undergoes
plastic deformation. When the strip thickness is relatively large, the elastic region within the
contact deformation zone is negligibly small and can thus be safely disregarded, resulting
in satisfactory accuracy of the analytical predictions. In terms of friction treatment, the
numerical and analytical models share identical assumptions. Nevertheless, the numerical
solution is obtained through an iterative matching procedure that enforces convergence be-
tween the deformed roll profile and the contact pressure distribution along the deformation
zone. For relatively large strip thicknesses, the numerical accuracy is comparable to that of
the analytical solution. As the strip thickness decreases progressively, however, a neutral
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zone emerges and expands within the contact deformation arc. Under such circumstances,
the numerical approach exhibits a distinct advantage in terms of solution accuracy over its
analytical counterpart.

Overall, when the strip thickness is larger than the calculated value of the Stone
minimum rolling thickness, the hypothesis that the roll in the Stone contact deformation
zone theory remains circular after contact flattening is valid within a certain range of the
single-pass reduction, and the Stone rolling force model is applicable. It is worth noting that
the larger the thickness of the strip, the larger the range of single-pass reduction applicable
to the Stone rolling force model. As the single-pass reduction further increases, there is a
clear neutral zone in the contact deformation zone, and the Stone rolling force model is not
applicable, and other improved rolling force formulas based on the Stone formula are also
not applicable. The presence of the neutral zone causes a sharp increase in rolling force, but
the plastic deformation of the strip does not significantly increase, so the rolling efficiency
is low.

2. Theory of the Limiting Producible Thickness

When the initial thickness of the strip is larger than the Stone minimum rolling
thickness, the applicability of the Stone rolling force model depends on the single-pass
reduction. Therefore, only by finding out the range of the single-pass reduction can it play
an influential role in practical applications.

2.1. Analysis of the Contact Deformation Zone

The cold rolling process of the thin plate and the strip is approximately regarded as the
compression between parallel plates, and the elastic deformation and plastic deformation
of the rolled piece are relatively small and neglected. It is assumed that the friction on the
contact surface conforms to Coulomb’s law of friction: there is no internal deformation of
the metal, the direction of the principal stress does not change, and the friction coefficient
does not change along the contact arc length. The problem is simplified as a plane-strain
condition, wherein the effect of strip width is not taken into account. Consequently, the
influence of roll deflection on the contact deformation zone along the width direction is
also neglected.

As shown in Figure 8, the average normal compressive stress on section a-b is repre-
sented by oy, the difference between section c-d and section a-b is dx, the average normal
compressive stress on section a-b is represented by oy + dx, there is unit frictional force
acting on the upper and lower surfaces of the unit body 7 and unit pressure py, the total
length of the contact deformation zone is I/, and the unit body a-b-c-d approximates the
equilibrium differential equation.

doy 21
dx + Vil 0 2)
where 1 is the average thickness of rolled piece and it = 3 (hg + hy).

In the figure, the positive X-axis represents the direction of reverse strip advancement,
the positive Y-axis represents the direction of strip thickness, and the arrow represents the
positive direction.
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Figure 8. Force diagram of the unit body in the contact deformation zone.

For the element body, the coordinate axis is approximately regarded as the principal
direction and the Tresca plastic yield condition is used to obtain the following results.

dpx _ 214, 3)
Px
If Equation (3) is integrated from —% to %, the following expression is obtained.
_ 2u I
pe=(2k—0)exp L5~ ) @

where k is the shear yield limit of rolled piece and 7 is the mean tensile stress, that is, the
average tensile stress at the entrance and exit.
The average unit pressure is

ex w_q
p= (2k—a)(phl,) )

Equation (5) shows the value of the corresponding average unit pressure p when
the length of the contact deformation zone is I’, which is related to the thickness of the
rolled piece, the properties of the metal material, the average tensile stress, and the friction
coefficient.

From the Hitchcock formula of the contact arc length

2 2
;o 8R(1—v?) _ 8R(1—v")_

I'= \/RAh + [nE Pl +——F P (6)

where R is the roll radius and A# is the single-pass deformation.

If ( 2)
8R(1—wv

?=RAh a= ———" 7
,a —F )

And multiply both sides of the equation by %,

I 1\ ? a\%_ a_
RIOROI
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Equation (8) shows the maximum average unit pressure p that can be provided for the
length I” of the contact deformation zone when abnormal deformation does not occur.

It can be seen that Equations (5) and (8) are related to each other and cannot be solved
directly. The rectangular coordinate system is established for the horizontal axis of ul’ /h
and the vertical axis of p, and the corresponding relationship curves of Equations (5) and
(8) are made respectively. The relationship between the two curves represents different
rolling conditions, and the core of the Stone rolling force model is to solve two curves under
different rolling conditions.

When the two curves are far apart, it indicates that the maximum average unit pressure
provided by the roll cannot meet the average unit pressure conditions required to produce
the length I’ of the contact deformation zone. At this time, the rolling process cannot be
established, that is, it cannot be rolled.

When the two curves intersect, the length I of the contact deformation zone and
the average unit pressure p under this rolling condition can be obtained by solving for
the intersection point, as shown in Figure 9. This method is relatively simple to solve.
It is commonly used for the design and calculation of thin strip cold rolling processes
and equipment.

— A
e 'L/il,—l '
. n
p=(2k-0) rd / _
/z le—
7
s/
7/
/s
— / , 2 2
o &SGR
' h h h h
2
)
intersection
0wl ul”
h T

Figure 9. Schematic diagram of basic rolling condition.

When the rolling conditions change and the two curves gradually approach, there is
a critical condition where the two curves are tangent and the length curve of the contact
deformation zone (which becomes a straight line at this time) intersects with the horizontal
axis at 0, as shown in Figure 10. In other words, the maximum average unit pressure
that the rolling roll can provide can precisely provide the average unit pressure condition
required to meet the infinite length of the contact deformation zone approaching zero.
Continuing to approach, the two curves intersect, reaching normal rolling conditions.

If the intersection point between the contact arc length curve and the transverse axis is
exactly zero, the maximum average unit pressure provided by the roll can just provide the
average unit pressure condition required to make the metal produce plastic deformation,
that is, the derivation conditions of the Stone minimum thickness formula.
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Figure 10. Schematic diagram of the condition of the Stone minimum rolling thickness.
The slope at the intersection is the same, where A = %l/
dp _p
dar A )
Derive Equation (5) and Substitute it into Equation (9), it can be obtained
_AexpA —(expA—1) _expA—1
2k —7) 22 - P = (2k— a)pT (10)
Simplify Equation (10) to obtain
AexpA —2(expA—1) =0 (11)

By solving Equation (11), it can be concluded that

!
(”l> = 1.594 (12)
h crit

Substituting Equation (12) into Equation (10), the critical slope can be obtained as

follows:
exp(1.594) —1

(2 -7) (1.594)2

=1.54(2k - 7) (13)
From Equation (8), it can be concluded that

3.08 x 4D(1 — v?)u(2k — 7)

hin = 3.08pa(2k — ) = — (14)
The above equation is further reduced to
S g = 35820 (1‘155 5~ 01) (15)

Equation (15) expresses Stone’s minimum rolling thickness consistent with
Equation (1). It can be seen that the minimum rolling thickness during the rolling process
is related to the roll diameter, roll elastic modulus, friction coefficient, yield limit of the
rolled piece, and average tensile stress. Whether it is a numerical simulation, experiment,
or actual production, the Stone minimum rolling thickness is not the true limit rolling
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thickness. However, based on the simulation results discussed in Section 1.2, this value
can be regarded as the critical thickness of the neutral zone within the contact deformation
zone under the condition of minimum single-pass reduction. When the thickness of the
rolled piece exceeds this critical value, the roll maintains a circular arc profile in the contact
deformation zone. Conversely, when the thickness falls below this value, an obvious neu-
tral zone emerges in the contact deformation zone, and the roll exhibits a non-arc profile.
As noted earlier, the presence of the neutral zone in the contact deformation zone consumes
rolling pressure without contributing to plastic deformation of the metal, thereby reducing
rolling efficiency.

2.2. Theory of the Limiting Producible Thickness Considering Deformation Efficiency

When the rolling conditions change, there is still a special case where the corresponding
relationship between Equations (5) and (8) are critical conditions of tangency, as shown
in Figure 11. That is to say, the maximum average unit pressure provided by the roll
can just provide the average unit pressure condition required to meet the length of the
contact deformation zone. If the two curves continue to approach and intersect, rolling can
proceed normally.

— A

p |

o
-
N
~| Tangent
0 H u
h h

Figure 11. Schematic diagram of critical rolling condition.

It can be obtained from Equation (5) that

P= (2k—a)(eXp:\\_1> (16)

==

where in the length of the deformation zone A =
From Equation (8), it is concluded that

— h ul 2
=— (A - (= 17
P 2ual l ( h > ] A7)
From the fact that the function value and derivative value at the tangent point of two
curves are equal in Figure 7, the following equations can be obtained.

_ L
(2k —7)(expA —1) = zfm [/\2 - (”}f) ] (18)
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A <’*hlﬂ (19)

By adding and simplifying Equations (18) and (19), it is obtained that

(2k—7)(AexpA —expA+1) = 2

Al
A2k —0) = — 20
expAZk—0) =1 (20)
Similarly, by subtracting Equation (17) from Equation (18) and simplifying, it is ob-
tained that B )
h (ul
(2k —7)(Aexp A — 2exp A +2) = <”) (21)
na \

Based on the derivation process of Stone’s minimum rolling thickness, if the inter-
section point between the contact arc length curve and the transverse axis is not zero,
that is, the critical rolling condition when the maximum average unit pressure provided
by the roll can make the rolled piece produce the maximum reduction. By substituting
Equation (18) into Equation (14), it can be obtained that

h
expA =3.08-z—A (22)

min

From the formula of the contact arc length of the arc I = v/ RAH, it can be obtained that

N> ¥  uPRAh PR
h 7 7 h
where r = Al /h represents the single-pass reduction.

Equation (20) can be rewritten as

_ h ul 2 _ u’R

min

Given the rolling technical factors, the value of the contact arc length A can be obtained
for a certain reduction r in the substitution Equation (24), and the ratio between the
corresponding initial thickness and the Stone minimum rolling thickness can be obtained
from Equation (22). Take the friction coefficient as 0.1, when the values are different,
establish the rectangular coordinate system as the horizontal axis and the vertical axis, and
the curve as shown in Figure 11 can be obtained.

Figure 12 shows the corresponding relationship curve between 1/ hrsnin and r when
the values R/hS, are different. For a given rolling process parameter and value, when
known, a reduction can be found on the curve at this reduction, there is no neutral zone in
the contact deformation zone of the strip rolling process, that is, there is a critical reduction
for the initial thickness of the strip without the neutral zone, which can also be understood
as the minimum rolling thickness under a certain single-pass reduction. The intersection
of the curve and the longitudinal axis is 1, which means that for a minimum single-pass
reduction when the initial thickness of the strip is larger than or equal to the value, there is
no neutral zone in the contact deformation zone. The slope of the curve decreases with the
increase in the abscissa, indicating that the closer the initial thickness of the strip is to the
value, the more sensitive it is to the change in the single-pass reduction, and the larger the
value is, the larger the critical single-pass reduction is.
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Figure 12. Corresponding relationship curve with different values.

3. Results and Discussions

The theoretical derivation of the critical pass deformation rate formula covers all
operating conditions of the Stone formula, including the relative positional relationship
between the two curves. Considering the solution of critical conditions, there is no obvious
neutral zone in the contact deformation zone, which means that the Hitchcock formula can
still be used to solve the contact arc length, assuming that the contact profile is a circular
arc with an increasing radius. The assumption of a circular arc profile is valid.

To fully describe the corresponding relationship between the ratio of the initial thick-
ness of the strip to the calculated value of the Stone minimum rolling thickness h/h3 .
and the critical single-pass reduction r under different rolling process factors, substituting
Equation (7) into Equation (24) to simplify and carry out the dimensionless treatment.

uE
A A=2 A+2 = 25
XpATLeP At = Rk —o)(1— ) @5)
If the C; is defined as the RCC (reduction correlation coefficient), the expression
C = W}%(l_lﬂ)r can be obtained. It can be expressed as follows:

AexpA —2expA+2=0C; (26)

It should be noted that, in practice, the h/R ratio is often employed as an intuitive
measure of rolling difficulty. In the proposed model, however, this geometric factor is
considered alongside yield strength and mean tension stress, yielding a comprehensive
indicator that better captures the overall rolling conditions.

Taking the RCC (reduction correlation coefficient) C; as the horizontal axis and the
ratio of the initial thickness to the calculated value of the Stone minimum thickness formula
h/ hiﬁn as the vertical axis, the rectangular coordinate system is established, and the curve
shown in Figure 12 can be obtained.

The curve in Figure 13 shows the critical rolling condition of the Stone theory of the
contact deformation zone, which applies to any rolling process factor. The area above the
curve indicates the rolling condition that there is no neutral zone in the contact deformation
zone, and the assumption of the roll arc profile is valid. In this area, the Stone rolling
force model is applicable, and the rolling efficiency is high. In a certain range below the
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curve, the strip can still be rolled, and there is a neutral zone with a certain proportion of
length in the contact deformation zone, and part of the rolling force keeps the metal elastic
deformation in the neutral zone. The rolling efficiency is relatively low.

£ 4-
0 E
<
< the region with no neutral zone present
? above the curve
O 3
C
X
2
c
|_
% 2 a below the curve
N . presence of the neutral zone
> : (12.5,1.8)
n |
Q | -
£ 14 ' h
3 ! expA = 3.08 hS A
Vo ! min
F : |
S ! AexpA — 2expA +2 =C,
E O L T T T 1
0 20 40 60 80

Reduction Correlation Coefficient C,

Figure 13. Critical conditions for the existence of neutral zone in contact deformation zone.

Taking the laboratory 2-high rolling mill as an example, the rolling process parameters
are known: roll diameter 210 mm, elastic modulus 216 GPa, Poisson’s ratio 0.3, friction
coefficient 0.1. If the yield strength of low carbon steel strip is 235 MPa, the Stone minimum
rolling thickness can be calculated as follows:

Du(1.1505 — ot 210 x 0.1 x 1.15 x 235

S ( S )

. . =3. = 0.094 27
hZin = 3.58 E 3.58 x 216000 0.094mm  (27)

When the initial thickness of the strip is 1.8 times of that of point ‘a” in Figure 12, the
corresponding reduction correlation coefficient is 12.5.

| _ 2548(2k —7)(1 - v?)Cr _ 2548 x 115 x 235 x 091 x 12.5

HE 0.1 x 216000 x 100% = 36.3%  (28)

When the work hardening behavior of the metal strip is neglected, analysis indicates
that the critical single-pass reduction required to avoid the formation of a neutral zone is
36.3%. This implies that if the applied reduction exceeds this threshold, a neutral zone will
inevitably develop within the contact deformation zone, leading to a significant decline
in rolling efficiency due to redundant deformation and non-uniform strain distribution.
For any given combination of rolling process parameters, the critical single-pass reduction
can be quantitatively determined using the aforementioned methodology, which in turn
allows for a clear evaluation of the deformation efficiency under specific rolling conditions.
Furthermore, this approach enables the reverse determination of the feasible range of
limiting producible thickness corresponding to a predefined reduction. These analytical
outcomes provide valuable theoretical guidance for the rational design and systematic
optimization of industrial rolling schedules, contributing to enhanced process stability and
product quality in thin-strip rolling operations.

It is important to note that the limiting producible thickness model proposed in this
study, which incorporates deformation efficiency, is derived based on the classical Stone
theory for cold rolling of thin strips. A fundamental simplification in this theoretical
framework is the neglect of work hardening effects that occur during the single-pass
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rolling deformation of the metal strip. Consequently, the critical single-pass reduction
calculated using the present model is expected to be somewhat larger than the actual value
observed in practice, where strain hardening inevitably increases deformation resistance.
However, this overestimation does not significantly impair the practical utility of the model,
as the predicted critical reduction remains a valuable reference for process design. In
industrial thin-strip cold rolling applications, single-pass reductions are typically controlled
within a range of up to 50%—well below the extreme reductions where the deviation
would become operationally relevant. Thus, while the model provides a theoretically
simplified representation, it still offers robust guidance for scheduling feasible reductions
and predicting productivity limits within conventional processing windows. The results
can be effectively used to optimize pass schedules and minimize the presence of inefficient
neutral zones, thereby enhancing overall rolling efficiency and strip quality. It should be
noted that the minimal producible thickness is not an absolute physical limit but rather a
process-dependent threshold. Annealing treatment can effectively reduce the minimum
producible thickness by decreasing the yield strength and deformation resistance of the
strip material. According to Equations (1), (25) and (26), the minimum attainable thickness
is proportional to the yield strength; thus, a fully annealed strip with lower yield strength
allows for further thickness reduction beyond the limit achievable with work-hardened
strip. The effectiveness of annealing in overcoming the thickness limit depends on the
annealing parameters (temperature, holding time, cooling rate) and the specific material
composition, which can be optimized in practice to extend the producible thickness range.

In summary, the rolling process for thin and ultra-thin strips can be accurately mod-
eled and solved within a systematic theoretical framework that offers clear guidance for
selecting the appropriate contact deformation zone theory and rolling force model based
on specific process conditions. When the initial strip thickness exceeds the Stone minimum
rolling thickness and the single-pass reduction remains below a critical threshold, the
classical Stone rolling force model provides a reliable solution, as the deformation zone
characteristics—particularly the well-defined arc-like roll profile and the absence of a sig-
nificant neutral zone—are consistent with its fundamental assumptions. Conversely, when
the initial thickness falls below the Stone minimum and the single-pass reduction exceeds
the critical value, the producible rolling thickness model should be adopted. Under such
conditions, the deformation behavior deviates markedly from the Stone assumptions, typi-
cally exhibiting a pronounced neutral zone and a non-arc roll profile, which the producible
rolling thickness model is specifically designed to address.

4. Conclusions

(1) The neutral zone is identified as an elastic region within the contact defor-mation
zone where rolling pressure is dissipated without contributing to plas-tic deformation.
A de-crease in initial strip thickness or an increase in reduction per pass tends to
enlarge this zone, leading to a pronounced rise in rolling force accompanied by
only marginal im-provement in elongation. The presence of such a neutral zone
is inherently inconsistent with the fundamental assump-tions of the Stone rolling
force model. However, the Stone minimum rolling thickness formula acquires a new
physical interpretation: it represents the crit-ical thickness below which the neutral
zone vanishes within the deformation zone under conditions of extremely small
reduction. This reinterpretation re-solves a long-standing ambiguity in the classical
theory and provides a more physically mean-ingful criterion for model selection.

(2) When the initial strip thickness exceeds the Stone minimum rolling thickness under
minimal single-pass reduction, the roll maintains an arc-shaped profile within the
de-formation zone, validating the Stone model’s applicability. Conversely, when a
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pronounced neutral zone emerges with a non-arc roll pro-file—a condition typically
encountered when the initial thickness falls below the Stone minimum or the reduction
exceeds a critical threshold—the producible rolling thickness model must be applied
for accurate analysis. This bifurcation in model applicability, determined by the
neutral zone status, constitutes a key contribution of this work to the theoretical
foundation of thin-strip rolling. The applicability of the Stone model also indicates
that the rolling process is relatively efficient.

(8) For any specified initial strip thickness and set of rolling parameters, there exists a
critical single-pass reduction at which the neutral zone is precisely eliminated. A char-
acteristic curve delineating these critical conditions has been constructed (Figure 13).
The domain above this curve corresponds to rolling conditions without a neutral zone,
where the cir-cular roll arc assumption holds and the Stone model remains valid with
high deformation efficiency. Below the curve, rolling remains feasible within a certain
range, albeit with a fi-nite neutral zone occupying part of the contact arc, where a
portion of the rolling force is consumed in sustaining elastic deformation without
thickness reduction. This character-istic curve thus serves as a practical tool for rolling
schedule design, enabling operators to identify efficient operating windows and avoid
unnecessary energy dissipation. The pro-posed framework is material-independent
and applicable to various metallic materials given the corresponding property in-
puts, offering practical guidance for rolling force pre-diction, thickness control, and
schedule optimization in industrial production.
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Abbreviations

The following abbreviations are used in this manuscript:

h3.  Stone minimum thickness

D roll diameter

U Coulomb friction coefficient at the entrance of deformation zone
O yield strength of the strip

oT mean tension stress

E elastic modulus of the roll

h~ average thickness of the rolled piece

hy initial thickness of the rolled piece

hy outlet thickness of the rolled piece
k shear yield limit of the rolled piece
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mean tensile stress

average unit pressure

r length of the contact deformation zone
R roll radius
Ah single-pass deformation
v Poisson’s ratio of the roll
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