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Abstract: In a previous paper, we solved the partial differential equation of Mullins’ problem in the
case of the evaporation-condensation in electronic devices and gave an exact solution relative to the
geometric profile of the grain boundary grooving when materials are submitted to thermal and me-
chanical solicitation and fatigue effect. In this new research, new modelling of the grain groove pro-
file was proposed and new analytical expressions of the groove profile, the derivative and the groove
depth were obtained in the case of diffusion in thin polycrystalline films by the resolution of the
fourth differential equation formulated by Mullins that supposed y'? « 1. The obtained analytical
solution gave more accurate information on the geometric characteristics of the groove that were
necessary to study the depth and the width of the groove. These new findings will open a new way
to study with more accuracy the problem of the evaporation—condensation combined to the diffu-
sion phenomenon on the material surfaces with the help of the analytical solutions.

Keywords: fourth-order differential equation; diffusion; evaporation; groove; surface energy;
thermal fatigue; electronic devices

1. Introduction

The thermal fatigue plays an important role during of degradation of interconnection
compartments of power electronic devices. The temperature variations resulting from the
power cycling has as consequences the stresses and plastic deformations that can affect
the microstructure of the materials at the interconnection interfaces of upper metallic
parts. Wires and metallization layers more solicited than silicon layers lead to the distor-
tion of material interfaces when the temperature increases, leading to the deformation or
degradation of the material surfaces. This will decrease the composite life and leads to an
accelerated degradation. The arrangement of grains and grain boundaries is key to un-
derstanding the microstructure of metals and composites. When subjected to thermal and
mechanical stresses, the variation in surface energies between adjacent grains, confined
by the grain boundary, can cause the grains to separate. This phenomenon occurs due to
the thermal and mechanical deformation of the grain boundary and the grain groove pro-
file. Such occurrences are commonly observed in the bonding wires utilized in electronic
devices.

Some authors [1-3] have focused on examining the impact of microstructure and
physicochemical properties on degradation processes. In the literature [4-6], three effects
were investigated. The first two effects examined the influence of bonding procedures and
temperature on crack formation and the microstructure of the interconnection zone.

Micromachines 2023, 14, 1781. https://doi.org/10.3390/mi14091781

www.mdpi.com/journal/micromachines



Micromachines 2023, 14, 1781

2 of 35

Meanwhile, the third effect explored the relationship between material purity, grain size,
and hardness during cycling. The metallization layer, typically around 5 pum thick, depos-
ited on the chips undergoes significant distortion compared to materials such as silicon
when exposed to high temperature. This distortion results in substantial tensile and com-
pressive stresses, leading to notable inelastic strains [7]. It has been reported that thermo-
mechanical cycling can cause two main types of degradation on the topside of power
chips: metallization reconstruction and degradation of bonding contacts [7-9]. It is as-
sumed that during cyclic aging, a progressive effect of condensation—evaporation occurs,
leading to structural degradation and grooving of the film. However, the precise mecha-
nism of this degradation is not yet fully understood, and further efforts are required to
better comprehend the effects of stress parameters on the degradation of contacts between
metallization and bond wire. This involves finding a mathematical solution to describe
the formation of grain boundary grooving in polycrystalline thin films. Several solutions
to this mathematical problem have been proposed in the literature [10-20]. In 1957, Mul-
lins [10] conducted a study on the thermal effect on the profile of grain boundary groov-
ing, laying the foundation for subsequent research on this phenomenon [13-21]. Various
studies have focused on the development of this phenomenon, particularly exploring
evaporation—condensation, surface diffusion, and formulating the mathematical problem
that describes the profile of grain boundary grooving [10-12]. Some authors [21,22] tried
to adapt integrable nonlinear evolution equations related to the well-known linearizable
diffusion equation to derive a new integrable nonlinear equation which models the sur-
face evolution of anisotropic material accompanying the action of evaporation—condensa-
tion and surface diffusion [22].

A multiple integration technique allowing to solve high-order diffusion equations
was proposed by Hristov [23] based on multiple integration procedures by applying the
heat-balance integral method of Goodman and the double integration method of Volkov.
Hristov [24] presented a solution for the linear diffusion models of Mullins’ thermal
grooving [10-12]. Fourth-order diffusion equations are commonly encountered in various
applications, including surface diffusion on solids [10-12,25-28] and thin film theory
[27,28]. Unlike second-order diffusion equations, fourth-order equations generally do not
satisfy any known maximum principle. Even with simple time-independent linear bound-
ary conditions, evolving solutions tend to generate additional extrema from initially

smooth conditions [29]. Broadbridge [30] studied the problem of a surface groove by evap-
%y
oxZ

1+(3)
ary was predicted without any approximation [30]. Chugunova and Taranets [31] studied
the initial-boundary value problem associated with the fourth-order Mullins equation
with initial data. They considered this problem by assuming that the specific free energy
of the boundary is lower than the surface free energy. The Mullins equation, originally
introduced by Mullins in 1957 [10], is a model used to analyze the evolution of surface
grooves at the grain boundaries of heated polycrystals. Chugunova and Taranets [31] suc-
cessfully demonstrated the global existence of weak solutions over time and established
that the energy minimizing steady state serves as the global attractor. Gurtin and Jabbour
[32] developed a regularization theory that incorporates curvature effects, including sur-
face diffusion and bulk-surface interactions. They investigated two specific cases: (i) the
interface considered as a boundary between bulk phases or grains, and (ii) the interface
between an elastic thin film bonded to a rigid substrate and a vapor phase depositing
atoms on the surface [32].

Huang [33] conducted isothermal stress relaxation tests on electroplated Cu thin
films, considering both passivated and unpassivated films. Based on a kinetic model,
Huang [33] deduced grain-boundary and interface diffusivities and provided numerical
and analytical solutions for the coupled diffusion problems. The study also analyzed the
impact of surface and interface diffusivities on stress relaxation in polycrystalline thin

oration—condensation governed by 2—3; = 7. The depth of a groove at a grain bound-
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films, comparing the results to experimental data. Asai and Giga [34] considered the sur-
face diffusion flow equation under specific boundary conditions. The problem of Mullins
(1957) was proposed to model the formation of surface grooves on the grain boundaries,
where the second boundary condition y’(0) = 0 is replaced by zero slope condition on
the curvature of the graph. Asai and Giga solved the initial-boundary problem with ho-
mogeneous initial data for construction of a self-similar solution and a solution was pro-
posed by using a semidivergence structure. Escher et al. [35] demonstrated the existence
and uniqueness of classical solutions for the motion of immersed hypersurfaces driven by
surface diffusion. They focused the surface diffusion proposed by Mullins [10-12] to
model surface dynamics for phase interfaces when the evolution is governed solely by
mass diffusion within the interface. Other studies were devoted to the diffusion problems,
grain boundary migration, and grain dynamics evolution in materials [36—42].

Mullins et al. [43] have linearized the differential equation by assuming a very small
slope at any point of the grain profile. In 1975, Brailsford and Gjostein [44] derived ap-
proximate solutions by studying the influence of surface energy anisotropy on morpho-
logical changes occurring by surface diffusion on simply shaped bodies. Wherever a grain
boundary intersects the surface of a polycrystalline material, a groove develops. At the
root of the groove, a balance between grain-boundary tension and surface tension pro-
duces an equilibrium angle [45]. The difference in chemical potential between the curved
surface near the groove’s root and the smoother surface farther away results in material
drift. Tritscher [46] considered the boundary-value problem concerning the formation of
a single groove due to surface diffusion at the junction of a bicrystal, assuming that the
grain boundary remains planar.

Martin [47] extended the original Mullins theory of surface grooving due to a single
interface to multiple interacting grooves formed by closely spaced flat interfaces. Martin
considered two cases: the first involved simplifying Mullins” analysis using Fourier cosine
transforms instead of Laplace transforms, while the second dealt with an infinite periodic
row of grooves. Martin [40] also solved the problem for two interacting grooves. Analyti-
cal solutions for the fourth partial differential equation governing the groove profile in
metals have not been found in the literature.

In a previous study [48], we addressed the mathematical problem associated with the
second nonlinear partial differential equation in Mullin’s problem. We focused on the case
of the evaporation—condensation and provided an exact solution for the geometric profile
of grain boundary grooving when materials are subjected to thermal and mechanical
stress, as well as fatigue effects.

This paper is devoted to model the grain groove profile governed by the fourth-order
partial differential equation in the case of diffusion in thin polycrystalline films. An ana-

4
lytical and exact solution to the Mullins approximated problem, 9 B2L =0, was
ot ox*
given.

2. Mathematical Formulation in the Diffusion Case

In this section, we were interested to the derivation of the differential equation that
describes the evolution of a two-dimensional surface of small slope under capillary driv-
ing forces and surface diffusion transport. Surface properties are assumed to be independ-
ent of orientation. For a point on the surface at which the mean curvature is ¢, the chemical
potential u(c) per atom can be written as

u(c) = po + yoc M

where p, is the chemical potential of reference for a flat surface (c = 0), y is the surface
tension of the metal/vapor interface and w is the atomic volume of the film material. A
gradient of surface curvature will therefore create a gradient of the chemical potential p,
which will produce a drift of atoms on the surface with an average velocity v given by
the Nernst-Einstein relation.
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v= KT 0s (2)
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_ _ Dsywac
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where D is the surface diffusivity, k is the Boltzmann constant and T the absolute tem-
perature.

The surface current of atoms Js is defined by the product of the average velocity v
by the atom number Ng per unit surface area s, it is given by the following equation:

Js =v N 4)
Dy ou DsywNg dc
= —_——— = —  — 5
Js kT ds kT ds ©)

The evolution of the surface may finally be described by the speed of movement v,
of the surface element along its normal:

Dsyw?Ng 92
V= —w Vg g = %a_s; (6)
d%c
Up = B@ (7)

Notice that Ns is the number of diffusing atoms per unit area, Js the surface current
of atoms and B a rate constant given by the following equation:

_ DstZNs
B === (8)

Equation (7) can be written in the general case as:
v, = B VZc )

Equation (9) is the general case for the normal direction velocity, where c is the cur-
vature defined by Equation (10), and y is the coordinate of a point at the surface along the
axis normal to the initial flat surface. The calculations (see Appendix A) led to the follow-
ing general diffusion equation (Equation (11)) with the boundary conditions given by
Equation (12).

0= -—2 (10)
|+()]
dy a o a y"
3= -B P (1 + y'2)~1/2 ﬂ[(l +—y’2)3/2” (11)
y(x,0) =0
1
_.m (Bt)=
yon=-7 r(5/4)
y'(0,t) =tanf =m (12)

lim y'(x,t) =0
X—00

lim y''(x,t) =0
X—00

ylll(o' t) — 0
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3. New Study of Mullins’s Case

By adopting a change in variables and defining a new function g, as shown by Equa-
tion (13), one obtains the equation for the diffusion case. If we suppose a second order
approximation of the derivative, y'* « 1, itis easy to deduce the approximated differen-
tial equation of Mullins’s case given by Equation (14) (see Appendix A for the full deriva-
tion).

( — 1/4 x
y(x' t) =m (Bt) g [(Bt)1/4]

u(x, t) = ﬁ (13)

y(,t) =m (Bt)* g(w)

g - %ug’ + %g =0 (14)
With the new boundary conditions:
gw0)=0
| 90,0 =~ %1
thl_l;l(’)lo gwt)=0 (15)
lim "(u,£) = 0
g"0,t)=0

3.1. Exact Resolution of Mullins’ Problem

In order to give the exact solution of Mullin’s problem we propose a new method in
which a function r is introduced given by Equation (16) and Equation (17).

1 1
rt—sur+,=0 (16)

4 _ e 2 2 _
r 4ur+4 (rs+ 1) 2

1 1 BAr2+ur+412 -1
17)

The treatment of these equations will lead to the discriminant delta A; and a partic-
ular value for u =y, = % Two cases arise for (1) 4;= 0, u = u, and (2) ;< 0, u < u,.
After applying the proper boundary conditions for each case and solving for the unknown
problem parameters, these two cases will give us two final analytical expressions for the
function g(u) and the final closed form expression for the profile variation in the grove
(see Appendix B for the detailed derivation).

The analytical solution of the fourth order differential equation (Equations (14) and

(15)) is finally given by Equation (18).

/
g1(w) foru< il
9@ = o (18)
g2(uw) foruz—x

With:

{91(u) = e 71 (A cos q;(u) + Ayysin g, (w)) (19)

9:(w) = e P2 (A, c0s q, (W) + Az,sin g, (w))

One proved that all parameters and derivatives for the two functions g, and g, are
equal and the continuity of the solution and its derivatives is assured at this point u, and
consequently at any point of the interval [0, ]. The constants of the problem are given by
Equation (20):
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A=A = T VZxTG/a) Yo

Apy=Ap == — 20
21 = 822 = G - Yo

The expressions of the variables p;(u), q;(u), p,(u) and g,(u) are given in Appen-
dix B.

By using the variables x = (Bt)Y*u(x,t) and y(u,t) = m (Bt)Y/* g(w), the analyti-
cal solution y(x,t) can be written as:

(BOY4  -pl—177] )
y(x,t) = =——e @OV [—cos q[—=] + sin q[ﬁ]] (21)

T V2 xI(5/4) (B
3.2. Profile of the Groove Shape in the Diffusion Case

The variations in the profile y(x,t) as a function of the distance x from the symmet-
ric axis of the groove are plotted on Figure 1.

0.4

02 }
= . ) . .
R ¢ 2 4 6 8 1
H
S o2t Distance x in (Bt)"4
:
~
< 04}

0.6 }

08 }

1

Figure 1. Groove profile giving y(x,t) as a function of the distance from the symmetric axis of the
groove.

The study of the solution y(x,t) reveals a damped sinusoidal profile of the groove
with an infinity of maxima, minima, and zeros of the solutions. The oscillations can be
easily observed in our solution. Mullins mentioned that it is questionable, however, that
these oscillations could be observed due to the progressively decreasing amplitude of g.
Here, we proved the superiority of our analytical solution that can predict the oscillations,
their amplitudes, the zero, the maxima and minima of the groove profile.

As example, we gave on Table 1 the 12 first values of the groove shape parameters
and on Table 2 the distance between two consecutive maxima and minima for the first 12
numbers.
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Table 1. Values of the coordinates of maxima and minima of the function y(x,t) with the first val-
ues of the groove shape parameters and zeros of y.

Xpax IN YMax 1N Xmin iN Ymin iN Xy in (Bt)1/*

Number N (Bt)1/4 m(Bt)/* Inymax (Bt)1/4 m(Bt)/* ~In [Ymin Zeros of y
1 24 2.60 x 101 -1.35 5.22 -4.02 x 102 3.21 1.22
2 7.62 6.44 x 103 -5.05 9.66 -1.05 x 103 6.86 4.35
3 11.62 1.70 x 104 -8.68 13.7 -2.57 x 10-5 10.57 6.78
4 15.26 4.50 x 106 -12.31 16.98 -7.33 x 107 14.13 9
5 18.62 1.19 x 107 -15.94 20.26 -1.95 x 108 17.76 11
6 21.82 3.17 x 107 -19.57 23.34 -5.17 x 10-10 21.38 12.89
7 24.82 8.42 x 1011 -23.20 26.3 -1.37 x 1011 25.01 14.69
8 27.74 2.24 x 1012 -26.83 29.14 -3.64 x 1013 28.64 16.44
9 30.54 5.94 x 1014 -30.45 31.9 -9.67 x 1015 32.27 18.08
10 33.26 1.58 x 10-15 -34.08 34.58 -2.57 x 1016 35.90 19.72
11 35.94 4.19 x 1017 -37.71 37.22 —6.84 x 1018 39.52 21.27
12 38.5 1.11 x 10-18 -41.34 39.78 -1.82 x 10-© 43.15 22.83

Table 2. Values of the differences between two consecutive maxima and minima.

Number M ALY 1 i Ayl
1 - - - -
2 5.22 3.70 4.44 3.65
3 4.00 3.63 4.04 3.71
4 3.64 3.63 3.28 3.56
5 3.36 3.63 3.28 3.63
6 3.20 3.63 3.08 3.63
7 3.00 3.63 2.96 3.63
8 2.92 3.63 2.84 3.63
9 2.80 3.63 2.76 3.63
10 2.72 3.63 2.68 3.63
11 2.68 3.63 2.64 3.63
12 2.56 3.63 2.56 3.63

We observed that y,, decreases towards zero when x increases to the infinity as
well as the absolute value of y,,;, (Table 1). This will decrease the distance between two
consecutive maxima and minima when the distance x increases. From the first number of
optima, on observed on Table 2 that a constant value of |Alnyyay or minl €qual to 3.63 was
found for all minima and maxima, whereas the difference Axy .y or min decreases for the
minima and maxima to tend to zero at the infinity.

Our calculations led to draw the curves of Figure 2:
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Maximum values and zeros of y

Minimum values and zeros of y

50
45
40
35
30
25
20
15
10

(a) Max. parameters

i ¢ xMax

InyMax
i Zeros of y
(0_ 5 10 15

Parameter number N
(b) Min. parameters
4 xmin
[-Inlyminl]
0 2 4 6 8 10 12 14

Parameter number N

Figure 2. Curves of interpolation of the parameters of the grove as a function of the parameter num-
ber N. (a) For maximum parameters and (b) for minimum parameters.

The results of Table 2 and the curves of Figure 2 allowed to give the interpolating
equations (Table 3):
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Table 3. Equations of interpolation of the various parameters of the groove profile.

Parameters of the Groove

. . Linear Regression
Equation of Interpolation 8

Coefficient R2
Xpyax in (Bt)4=f(N) Xpax =—0.0929 N2 +4.3906N - 1.1605 0.9991
InYpa=f(N) Inyyax =0.0012 N2 - 3.6476N + 2.2688 1.0000
Zeros of y or xpin (Bt)/4 xp =-0.0579 N2 + 2.6546N - 0.9316 0.9990
Xmin in (Bt)Y*=f(N) Xmin =—0.0767 N2+ 4.0748N + 1.6466 0.9996
=In |yminl =fIN) —In |yminl =-0.0006 N2+ 3.6352N - 0.3982 1.0000
nyyax = f Cpax) Mypax =—0.0102 x314, —0.7048 xpyq, + 0.6885 0.9998
%9 = f (Xmax) xg =-0.0002 x%4y +0.6073 xpq, —0.2429 1.0000
—In |Yminl = fXmin) —IN |Ymin] =0.0093 x2,;,+ 0.7442 x,,;, — 1.0789 1.0000
%9 = f (Xmin) xy =-0.0012 x2,;,, +0.6723 X, — 2.1302 0.9999
Inflexion point x;,,, = f(N) Xy, =—0.0436 N2+ 2.3829 N + 1.378 0.9996

Equations given in Table 3 showed the properties of damped sinusoidal functions
and the pseudo-periodicity of the various groove parameters and the strong correlations
between them showing at the same time the infinity of the number of these different pa-
rameters.

On Table 4, we gave the various results obtained by our analytical solution and the
Mullins’s results.

Table 4. Comparison between the results of our analytical solution and those obtained by Mullins.

Studied Parameter

Results Obtained by Using Our Solution Results Obtained by Mullins

Approached equation of the
groove profile

g(x) = —0.1737 x? + 0.8609 x — 0.7958
R? =0.9997; for 0 < x < 2.40

g(x) =—0.288 x2 + x — 0.780
for0<x<1

First zero of y 1.22 1.14
Coordinates of the principal

cordinates of the principa (2.40; 0.260) (2.30; 0.193)
maximum
Co'ordinates of the first inflexion (3475; 0.131) 343
point
Equations of inflexion point Xy, =—0.0436 N2+ 2.3829N + 1.378 Not eiven
Xing, = f(N) R>=0.9996 8

=-0.0134 x} -0.6214 +0.3252
Positive inflexion point relation Ying.(H xllgg '(:6.9999 Finf.cH Not given
-y =0.012 x},,_, +0.6638 -0.6231

Negative inflexion point relation Yinf. () ¥ing (Rg _1 Xing. Not given

The parabolic approximation of the groove profile obtained by Mullins was valid for
0 < x < 1, whereas our approximation more precise is valid for 0 < x < 2.40 (from the
origin until the first maximum of the groove shape). On the other hand, the error commit-
ted by Mullins” calculations on the abscissa of the first maximum the zero of the function
y and the first inflexion point is about 7%, while that on the ordinate of the profile maxi-
mum exceeds 25%. On Table 4, we were able, on the contrary of Mullins’ results, to give
more information on the various maxima, minima, zeros, and positive and negative in-
flexion points of the grove shape profile.

Equation (22) gives the expressions of the parameters hyy,, and h,;, representing
the depths of the groove taken from the bottom of the grove, respectively, to its first max-
imum and minimum.

{hMax = & t YmMax1 (22)

hnin = €0 + Ymin1
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Now, knowing that

_ m(BHY*
0 = Exr(s/a)

and
Vumax1 = 0.260 X m(Bt)1/4
VYmina = —0.040 x m(Bt)/*
One deduced:
hyax = [m + 0.260] m(Bt)/*
I - 1/4 (23)
himin = [\/5 XT(5/4) 0'040] m(Bt)
and
Rpyax = 1.040 x m(Bt)'/4 o
hpin = 0.740 X m(Bt)1/4

The separation distance between two consecutive maxima dyq, or minima d;,
given in Table 5 proved an important variation in this distance as a function of optima
number N. Table 5 gave their interpolated expressions.

Table 5. Separation distance between two consecutive maxima or minima and their ratios on the
groove depth.

Separation Distance Equation of Interpolation Ratio d/h
Between two consecutive maxima  dy,, = 6.2355 X (Bt)Y/4* N=0365 5995 N 0365 /iy
Between two consecutive minima  d,,;;, = 5.3909 x (Bt)/4N~0305 7286 N~0365/m

Table 5 clearly showed that the ratio d/h is independent from the time but it de-
pends on the slope m, for example, we can give this ratio for the first maximum (Equation

(25)):

AdMax _ ﬂ
hmax m (25)

On Table 6, we presented a comparison between some important parameters ob-
tained by our analytical solution and that of Mullins.

Table 6. Values of the principal maximum, distance between the two first maxima and their ratios
by using our analytical solution compared to those obtained by Mullins.

Studied Parameter Results from Our Solution Results of Mullins
Depth of the groove profile, _ 1/4 hyax = 0.973 x m(Bt)'/*
- huax = 1.040 x m(Bt) With an error of 6.5%

dyax = 4.6 (Bt)1/*
With an error of 11.88%

Separation distance between

= 1/4
the two first maxima dpax = 5.22 (Bt)

d 4.73
] dyax  5.02 Max _ -
Ratio d/h =T Rpax m
Max M With an error of 5.78%

Table 6 showed a certain deviation of Mullins” results with respect to those of the
analytical solution proposed in this paper, that can reach 12% in the case of the first max-
imum of the groove shape. However, Mullins did not give any additional information on
the other maxima, minima, and zeros of the solution and the various inflexion points,
while our solution gave more complete information on the different parameters of the
groove and also proposed many correlations that can be very useful for the readers.
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Here, some information on the coordinates of the positive and negative inflexion
points are given on Table 7.

Table 7. Coordinates of the positive and negative inflexion points and relations between coordinates.

Number Abscissa of the Positive Inflex- Ordinate of the Positive Inflexion
ion Pointin (Bt)1/4 Point in m(Bt)'/*
1 3.475 1.310 x 10!
2 8.295 3.436 x 103
3 12.275 9.068 x 105
4 15.855 2410 = 106
5 19.185 6.503 x 108
6 22.325 1.744 x 109
Equation I ypms o =-0.0134 x,znf,(ﬂ -0.6214 xppr 49+ 0.3252 ; R2=0.9999
Number Abscissa of.the N(?gatlve In- Ordinate of the Negative Inflexion Point
flexion Point
1 6.055 -2.109 x 102
2 10.355 -5.568 x 104
3 14.105 -1.487 x 10>
4 17.545 -4.013 x 107
5 20.775 -1.040 x 10-8
6 23.845 -2.823 x 10-10
Equation —In (=yns) =0.012 x,znf_(_) +0.6638 xr ) —0.6231 ; R2=1.0000

Two expressions between coordinates of the negative and positive inflexions were given on Table 7
showing parabolic variations with excellent linear regression coefficients equal to 1.0000.

3.3. Competition between Evaporation and Diffusion

When studying the evolution of grain boundary groove profiles in the cases of the
evaporation/condensation and surface diffusion, Mullins [10] assumed that: (1) the surface
diffusivity and the surface energy, ysy, were independent of the crystallographic orienta-
tion of the adjacent grains and (2) the tangent of the groove root angle, v, is small com-
pared to unity. Mullins also supposed an isotropic material. The assumption (tan0 << 1)
was used in all papers” Mullins to simplify the study of the mathematical partial differen-
tial equation. The polycrystalline metal was supposed (3) in quasi-equilibrium with its
vapor. The interface properties do not depend on the orientation relative to the adjacent
crystals. The grooving process was described by Mullins using the macroscopic concepts
(4) of surface curvature and surface free energy. The matter flow (5) is neglected out of the
grain surface boundary.

The mathematical equation governing the evaporation-condensation problem can be
written here as:

ay _ Y (%)
- (Do (26)

where C(T) a constant of the problem depending on the temperature T, given by Equation
(27).

_ Py y(T) w?
C(T) = = (27)

where y is the isotropic surface energy, Py(T) the vapor pressure at temperature T in
equilibrium with the plane surface of the metal characterized by a curvature c =0, w is the
atomic volume, m is molecular mass, u the coefficient of evaporation and k is the Boltz-
mann constant.

We remember here the analytical solution of the evaporation case without any ap-
proximation [48] given by
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x/2V/Ct sin @

v = L e 28)

and

[ee)

. 2n)! . 3
y(x,t) = —VnCt sin 6 [erfc (ZL\/E) + anl(nl)z(2+’)1«/§ sin"g (eTfC ( Zé))] (29)

By combining the two phenomena of diffusion and evaporation/condensation, one

writes:
ay _ y' 8 12y-1/2 9 y"
Pyt C a+y'?) B ox [(1 + y ) ax [(1+y12)3/2]] (30)
With the approximation postulated by Mullins supposing that y'? « 1 one can write
Equation (31).
dy "no_ "
5 = Cy"' =By (31)
With the constants B and C given by Equation (32).
B = Dsylt:Tst
o e (32)
- Mx/an(kT)3/2
Let us put B the profile area. One can write the rate of change in profile area:
aB _ +006_y _ + "__ 1
— =, 5 dx = 2, [Cy" —By""]dx (33)

One writes Equation (34).

= =—2[Cy'(0) - By" (0)] (34)
In a previous paper [48], we studied the case of evaporation without this approxima-

tion and obtained at the origin Equation (35).

y'(0,t) =tan = m
{y”’(O, D= —2m(1+ m? (35)
In such case, one obtains Equation (35).
2B = _2m[C + 2B (1 + m?)] (36)

dt
and therefore, the profile area B of as a function of the slope m and the time t (Equation
(37)).
B =-2m[C+ 2B (1+ m?)]t (37)
Equation (37) provides clear evidence that the rate of change in the profile area is
influenced by both evaporation and diffusion, contrary to Mullin’s prediction which states
that B = —2mC and is independent of surface diffusion.

The profile area A from below to above the original surface is defined by Equation
(38).

A=- foxoy(x)dx = —m(Bt)3/* f;og(u)du (38)
The calculations of A, detailed in Appendix C, led Equation (39).
A = 2m(Bt)**g"" (u,) (39)

By considering o as a new parameter defining the profile area transferred from be-
low to above of the original surface by surface diffusion alone divided by the profile area
lost by evaporation, one can write Equation (40).
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_ A _ —2mB)Y%g"" ()
0=35= 2m[C+2B (1+ m2)]t (40)
With uy = 1.22, our solution giving g'""(u,) = —0.1543 led us to deduce Equation

(41)

_ 0.1543xBY/2¢~1/2
T C+2B (1+m2)

(41)

If we suppose that the contact angle is small or m? « 1 (for 6 < 18°) we obtain:

_ 0.1543xB1/2 =172 (42)
c+2B
and therefore the final expression of o:
0.1543XkT(2rmDsNg)1/2 ~1/2 43)

" wyl/2[uPy+2DgN s(2mmkT) /2|

Equation (43) derived from our analytical solution proved that o depends not only
on the time but also on the temperature, at contrary of the relation obtained by Mullins
(Equation (44))

/
o = 0.3 ZILN) Ty 1/2 (44)

wyl/2p,

Indeed, in the Mullins’s relation (Equation (44)), there is no direct effect of the tem-
perature. To compare between the two previous expressions 43 and 44, we calculated the
ratio of the two values o obtained by our solution (oy) and that of Mullins (gy). One
obtained Equation (45).

ZH = 0.406 (45)

oM
The ratio ;—1: given by Equation (45) clearly indicated an overestimation of the value

proposed by Mullins compared to the exact solution.

4. Comparison with Experimental Data

In this section, we used the experimental data obtained in the case of two used com-
mon metals such as gold and magnesium. On Table 8, we presented the thermodynamic
parameters of Au and Mg.

Table 8. Thermodynamic parameters of Au and Mg.

Molecular mass m 1.7 x 1072°kg
Temperature T (K) 725.15 K

Surface energy y 1]/m?2

Number of molecules/m?2, Ng 1.5 x 10 molecules/m?
kT 1020

Dg 107 m2/s

Molecular volume w 1.7 X 107%° m3

Vapor pressure Po of Au 1.3 x 1073 Pa

Po of Mg 2.4 x 10% Pa

In order to compare between our theoretical results and that obtained by Mullins, we
gave on Table 9 the calculated values of B, C, and ¢ the two methods for Au and Mg met-
als.
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Table 9. Values of C, B, and profile area of Au and Mg by using our new method compared to the
values of Mullins.

Parameter Our Results Mullins Results
C 2.8 x 10717P, (in m?/s) 3 X 1077 P, (in m?/s)
B 43 x107%5m*/s 10726m*/s
j _ 114848 _ 282840 _ .
0 0
Opu 8.8 x 105¢~1/2 2.2 X 100t~1/2
Oy 4.8t"1/2 11.8¢t7Y/2

We observed that the profile areas corresponding to Au and Mg are overestimated by
Mullins” method (about 2.5 times greater than our new values). On the other hand, the

calculated ratio Zﬂ of the profile area lost by evaporation of Au and Mg is equal to:
Mg
JAu _ 5
mg 1.8 x 10 (46)

Equation (46) proved that whatever the time, the evaporation of Au is 1.8 x 10°
times more important than that of Mg. However, the diffusion of Mg particles is greater
than that of Au.

The same procedure was extended to other usual metals to determine the values of
the profile area lost by evaporation. The experimental data for several metals (Cu, Al, Sr,
Li, Cs, Ti, Co, Ga, and TI) were given on Table 10.

Table 10. Values of ot'/2 and thermodynamic parameters of some metals, such as melting point:
Twr (K), temperature of metal: T (K), vapor pressure at T: Po (Pa), molar mass: M (g/mol), surface
energy of metal: y (J/m?) and atomic volume: w (m3).

Metal M (g/mol) y(J/m) w@m® Twr(K) T(K) Po (Pa) ot!/?

Cu 63.546 1.808 1.18x102 13582 2200 11,490.38 1.2 x10-5
Al 269815 1.152 232x10% 9335 2000 295696 1.9 x 105
Ti 47.867 2.045 1.77x10%» 1941.2 2370 286.35 2.5x10*
Cs 132905 0.095 1.18x10» 302.96 530 425.19 2.0 x10+#
Li 6.941 0524 2.18x10%»  453.7 970 294.34 1.5 x10+
Co 58.933 2536 1.11x102> 17682 2120 303.04 3.8 x10*
Ga 69.723 0991 1.96x10%» 302.96 1570 278.52 4.1 %10+
Tl 204.383  0.639 2.86x10%» 577.2 1070 318.79 5.2 x10+*
Sr 87.62 0415 5.60x10» 1050.2 1030 1008.65 6.9 x 105

These interesting results of Table 10 allowed to classify the various metals by follow-
ing the increasing order of the profile area:

Cu<Al<Sr<Li<Cs<Ti<Co<Ga<Tl

On Table 11, we gave the obtained values of the two constants C and B of evaporation
and diffusion for the different metals.

Table 11. Calculated values of evaporation C and diffusion B constants from the experimental data.

Metal C (inm?/s) B (in m*/s) (Bt)Y*(inm) for24h
Co 5.9 x 1015 1.6 x 1026 6.1 x 106
Ti 9.6 x 1015 2.9 x 102 7.1 x10°
Ga 1.0 x 1014 2.6 x 1026 6.9 x 106
Li 1.5 x1014 2.8 x 1026 7.0 x 106

Tl 2.9 %10 5.3 x 1072 8.2 x10°
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Al 1.2 x 10713 3.4 x102 7.3 x107°
Cu 1.7 x 1013 1.2 x 10-2 5.7 x 10
Sr 2.4 %1013 1.4 x 102 1.0 x 10
Cs 2.8 x1013 2.7 x10% 1.2 x10°

The constant of evaporation C decreases from the cobalt element Co to cesium by
respecting the following increasing order:

Co<Ti<Ga<Li<TlI<Al<Cu<Sr<Cs

Whereas, this order changes for the constant of diffusion that increases from Cu to
Cs with the following order:

Cu<Co<Ga<Li<Ti<Al<TI<Sr<Cs

Another important conclusion concerns the larger value of constant C with respect to
B. It is shown that the value of C is about 10'2 times greater that of B. This led to conclude
that the diffusion can be in general neglected relative to evaporation.

4.1. Consequence of Theoretical Results on the Depth of the Groove

In many experiments, it was proved that the depth groove can vary from 0.1 mm to
several 10 mm in the case of diffusion depending on the metal thermal properties and on
the width of the groove. In order to understand the thermal behavior of diffusion of the
various elements, let us take the typical example where m = 0.20 and calculate the corre-
sponding depth hy,, of the groove for metals. The obtained results were given on Table
12.

Table 12. Variations in the depth hy,, (in m) of the groove in the case of diffusion of different met-
als as a function of time.

Metal 1s 1 min 1h  1Half-Day 1 Day 5Days 10 Days
Co 74x10% 21x107 57x107 11x10% 13x10% 19x10% 23x10%
Ti 8.6x108 24x107 6.7x107 12x106 15x10% 22x106 2.6x10%
Ga 84x10% 23x107 65x107 12x10% 14x10°¢ 21x10% 2.6x10°
Li 85x10% 24x107 6.6x107 12x10% 15x10°¢ 22x10% 2.6x10°
Tl 1.0x107 28x107 7.7x107 14x106 1.7x106 2.6x10°¢ 3.0x10°
Al 89x10% 25x107 69x107 13x10% 15x10°¢ 23x10% 2.7x10°
Cu 69x10% 19x107 54x107 1.0x10% 12x10°¢ 1.8x10% 2.1x10*
Sr 1.3x107 35x107 9.8x107 1.8x10° 22x106 32x10°¢ 3.9x10°
Cs 1.5x107 42x107 12x106 22x106 26x106 3.8x10°¢ 4.6x10°

The results of Table 12 allowed to compare between the depth hy,, of the groove
for the various metals that can be therefore classified in increasing order of the depth:

Cu<Co<Ga<Li=Ti<Al<TI<Sr<Cs

This result confirmed that previously obtained by the diffusion constant B.
Knowing that the width wy,,, of the groove is given by Equation (47)

Witax = 2Xpax = 4.8 X (Bt)1/* (47)

One deduced the value of wy,, for the different metals presented on Table 13.
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Table 13. Variations in the width wyg, (in m) of the groove in the case of diffusion of different
metals as a function of time.

Metal 1s 1 min 1h 1Half-Day 1Day 5Days 10 Days
Co 1.7 x 10 48x10°¢ 13x10° 25x10% 29x10°5 4.4x10° 52x105
Ti 2.0 x 10-¢ 55x10¢ 15x10° 29x10%5 34x105 51x10-° 6.1 x105
Ga 1.9 x 106 54x10° 15x10° 2.8x10° 3.3x10° 50x105 5.9 x10°
Li 2.0x10° 55x10°¢ 1.5x105 2.8x10° 3.4x105 50x105 6.0x10°
Tl 2.3 x10¢ 64x10% 1.8x10% 33x105 4.0x10-° 5.9x10°% 7.0x 105
Al 2.1x10° 57x10°¢ 1.6x10° 3.0x10° 3.5x10° 53x105 6.3x10°
Cu 1.6 x 106 45x10° 1.2x105 23x10° 2.7x105 4.1x105 4.9x10°
Sr 2.9 x10-¢ 81x106 23x10% 42x105 5.0x10° 7.5x10°% 8.9x10°
Cs 3.5x10° 9.6x106 27x10% 50x105 59x10-° 89x10°5 1.1 x10+*

4.2. Consequences of the New Solution on the Thermodynamic Parameters

The experimental study of the geometric characteristics of the groove for metals can
lead to the determination of the two constants of evaporation and diffusion. Indeed, the
evaporation constant can be obtained by determining experimentally the value of the pro-

file area B and by considering in first approximation B = —2m(t or C = ——— By de-
2mt

termining the value of C, it becomes possible to determine the surface energy y of the
metal using the relation of the evaporation constant, resulting in the following expression:

y = c\/27;m(kzr)3/2 —_ ,n(kT)3 732 (48)
(VY 2m  Pyw“t

The evaluation of the width wy,, of the groove will give the value of diffusion con-
stant B by using Equation (47), and therefore:

4
B = 1.88 x 103 ¥Max (49)
t

Knowing y and wy,,, we will be able to obtain the value of the surface diffusion Dj:

4
D, = 2.6 x 10726 WMax (50)

Yw2Ngt

4.3. Validity of the Approximation of y'* < 1

Let us consider the case of copper metal to test the validity of y'? « 1 and draw on
Figure 3 the variations in y'? as a function of the distance x for different contact angles.
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2
18 Case of Cu
16 f —0=1° ——0=5°
1.4 F 0=10° —0=15°
:. — = o = °
N | 0=20 —0=25
0=130° 0=35°
1 5
0=40° ——0=45°
—0=50° 0 = 60°
0="70°
0 5 10 15 20 25 30 35 40 as 50

Distance x (in mm)

Figure 3. Variations in y'? as a function of the distance x from the symmetrical axis of the groove
at different contact angles (0 from 1° to 70 © and m from 0.017 to 2.75) in the case of copper element.

Figure 3 showed that for 6 < 30°, the value of y'? < 0.2 and can be approximately
neglected behind 1 following Mullins” approximation. Therefore, for 6 > 30°, the approx-
imated fourth partial differential equation proposed by Mullins cannot be used for the
diffusion case and then it will be necessary to resolve the non-linear partial fourth order
differential equation that cannot be analytically obtained.

4.4. Variations in the Groove Profile y(x) and the Derivative y'(x) as a Function of the Distance x
of Cu

We used the results of our analytical solution to determine the groove profile and its
derivative in the case of copper metal. On Figure 4, we drew the variations in the profile
y(x) and y’(x) in the case of Cu by noting the geometric parameters of the groove such as
hyaxs Amax, and Wyq,. By using our solution, we obtained the following geometric char-
acteristics of the groove:

Ryax = 2.16 pm; dpg, = 29.54 pm; % =13.68 um
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Case of Cu
1
——Profile y(x)

< 05 F K —y'(x)
>~
>
-U Il Il | |
& 0 —
= [ ] 10 20 30 40
=
2 05 } hatax X (in pm)
e
o
o P

-1 F dMax

Whtax/2
-1.5 —t
2

Figure 4. Variations in the profile y(x) and y’(x) as a function of the distance x from the symmetrical
axis of the groove when 0 = 20° (m = 0.364) for copper metal with the geometric characteristics.

On Figure 5, we plotted the variations in the profile y(x) of the groove of Cu as a
function of the distance x for different values of contact angles.

1
Case of Cu ——m=0.05
0.5
—m=0.1
0 \ m=0.15
:EL 40 50 m=0.20
S -05 ——m=0.25
k3
; 1 ——m=0.30
e ——m=0.35
o
-1.5 ——m=0.40
—m=0.45
2 ——m=0.50
-2.5

Figure 5. Variations in the profile y(x) as a function of the distance x for different values of m corre-
sponding to 0 = 2.3° to 26.6° for copper metal.

Figure 5 clearly showed the effect of the contact angle of the grove. The groove depth
increases when m increases. However, the other characteristics such as dy, and wy,,
remain the same.
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Profile y(x) in um

The obtained analytical solution allowed to compare between the groove profiles
among various metals. Figure 6 showed different groove characteristics in different met-
als. It can be seen that the groove depth and the distance between two maxima increased
from Cu to Cs (Figure 6).

—Cu
Co
Ga
Li

—Ti
—Al

—Sr

—Cs

Figure 6. Variations in the profile y(x) as a function of the distance x for the different metals at t =24
h.

Figure 6 also showed the large difference in the behavior of the various metals. The
grove phenomenon is more accentuated for Cs, whereas Cu is less affected by the surface
diffusion.

5. Conclusions

In this study, we derived an exact solution to the partial differential equation Z—Z +

By"" = 0. The obtained solution reveals a damped sinusoidal groove profile in the case
of electronic power devices. We provided expressions of zeros, minima, and maxima of
the profile as a function of the order number, as well as detailed information about the
groove profile y(x) and its derivatives. A comprehensive comparison with Mullins’ results
was conducted, demonstrating that Mullins’ predictions significantly overestimate the ge-
ometric characteristics of the groove, exceeding the actual values by more than 2.5 times.
Additionally, valuable insights into the diffusion behavior of various metals gained
through this study. The expressions for the evaporation and diffusion constants and coef-
ficients were also derived, accounting for the groove parameters. New expressions of the
profile area lost by evaporation, the surface energy and the surface diffusion coefficients
were also obtained. The combination between our new analytical solution and the exper-
imental data of several metals such as Cu, Al, Sr, Li, Cs, Ti, Co, Ga, and TI gave the geomet-
ric parameters such as the depth hy,, and the width wy,, of the groove in the case of
diffusion in these metals, and allowed an interesting comparison between the diffusion in
metals as a function of time.
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Appendix A

The evolution of the surface was described by the speed of movement v, of the sur-

face element along its normal:

. = B V2c
or
(&)
ot _ 2
7= BVisc
oy’ 2]2
[+()]
with the curvature c:
9%y
_ 9x2
c= - 21372
1+(6_y)
ox
. . . dac
and its derivative P
dc dc 0x 1 ac
as dx 0s L ox

one obtains:

_ 92
dc _ dc 9x _ 1+(ay)2 1z 4 %z
ds dx ds dx ox o\ 2 3/2
{14‘ _X) ]

Using the same method fo

1/2
3% _ @ (ac) _ a (ac)
as2 ~ as\as/) dx \ds

65 65_[ +

Therefore:

—1/2 82 y

ay [
LT U I

azy . . .
= -5, previous equation can be written as:

With y' —x and y"

oy _ _ 12y-1/2 0 [ y" ]
at [(1 +y9)” (1+y'2)3/2
With the following boundary conditions and knowing that
il: ] _ ylll _ ylyllz
dox (1+y!2)3/2 (1+y12)3/2 (1+y12)5/2
ay 9 ylll nyIIZ
ot _x[(1+y’2)2 B (1+y’2)3]

one obtains:

ay _ B yllll(1+y12)2_(yll3+10ylyllylll)(1+y12) + 18yI2yII3
at (1+y'2)4

(AT)

(A2)

(A3)

(Ad)

(A5)

(A6)

(A7)

(A8)

(A9)

(A10)

(Al1)
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By taking the following variable changes:
_ 1/4
y(x,t) =m (Bt)*g GO (A12)
X
u(x, t) = GOt (A13)
y(u,t) = m (B)/* g(w) (A14)
one obtains the different derivatives of y(x,t) and u(x,t):
du 1
a - (Bt)1/4 (AlS)
d 1 ag ou
= e 9@ +m (B L (A16)
with
u u
Pyl (A17)
1oy _dyou_ 09
y = dx  ou ox du (A18)
n_ 0% _ _m 39
T ox2 (BO/4 qu2 (A19)
m_ 9y __m 9%
T ax3 T (BH4 aud (A20)
i 9ty m 9%
T axt (Bt)3/4 Qut (AZl)
Equation (A16) becomes:
B_y 1 _mu 1/4 a_g
at 4(Bt)3/4 g( ) 4t (Bt) u (A22)
or
ay 1
o 4(Bt)3/4 [ W) —u ] (A23)
By using the previous equations, one obtains:
1+y%2=1+m (Zg)
3 2 o3 (A24)
o1 m a_.g a_g a_g
yyyo = (BD)3/% du du? dul
w3 _ _md_ (9%g)°
YT Goe (auZ) (A25)
23 - _m® (6_9)2 (Zs ’
Yoy (Bt)3/4 \ou ou?
and then:
a_y _ B yINI(1+y’2)2_(y”3+10y7ylfylff)(1+y/2) + 18y (A26)
at (1+y'2)%
One writes:
d*g 00\2\*_ o( (9%9\° ., 09 92g03g 2(39
oy - W(Hm 29 ) —m ((m) +1o_u??>(1+m 29 >+18m (%
at (B3l

Let us put:

(38
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r_ 99 . _ 2%g 171_63_.9 Illl_m_g
9 = ou’ 9 = ou?’ g = ou3’ 9 T out (A27)
Using Equation (A26), one obtains:
212 2 mnrr_.,2 212 n2 rorr _rr 4 12 113
%[g _ ug,] __ (1+m?2g'?)°g m2(1+m (z+)(f ’2;-410g g"'9"") +18m* g'%g (A28)
m2g
Appendix B

By supposing that y'? « 1, it is easy to deduce the following equation:

rrr 1 ! 1
g —Jug' t,9=0 (A29)
The new proposed method to resolve the Equation (A29) used the following equa-
tion:

rt—sur+2=0 (A30)

and by considering the different solutions r in function of u.
Let us consider the following equation valid for all values of A:

(A31)

4 1 1_ .9 2 (8Ari+ur+42®-1
rt—Jur+o=(@*+2) (—4 )
To resolve Equation (A30), we begin by transforming Equation (A30) into difference
between two perfect squares, therefore, the expression (8Ar? +ur + 44?2 —1) will be
transformed into perfect square, if it has a double solution and then his discriminant has
to be cancelled.

Now, let us consider the equation:

BArt+ur+422—-1=0 (A32)
The discriminant A of this second-degree Equation (A32) function in r can be written
as:
A= u?—322(422 - 1) (A33)
Putting A = 0, one has:
PERNEY R (A34)
4 128

Equation (A34) can be written as:

B+pl+q=0 (A35)

2
with p=—% and q=—%

Putting A = @ + f and taking aff = —g = é or a3p3 = % one obtains a3 + B3 =
uZ

—q =;; ;and a® et B3 will be the two solutions of the following second-degree equa-

tion:

X2 4+qx -2 =0 (A36)
or

X -2 x4+l =0 (A37)

The discriminant of Equation (A37):

A= 27q*+4p° (A38)

27

can be calculated as a function of u:
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u* 1 1 210
A= 218 4.3 214 (u4 - 3_3) (A39)
Two cases have to be distinguished:

25/2
Appendix B.1. First Case 03> 0 and u = —;

= 33/4

In this case, the solutions of Equation (A37) will be given by:

u? + (u4 — 2—10)
o3 = 33 (A40)
= 55
2 210
g3 = u ut - 33 (A41)
= o

This leads to the solution of Equation (A35):

1/3

N s NV o | N
A J

This value of A, will cancel the discriminant of Equation (A35)

(84,72 +ur+42,°—-1)=0 (A43)

Therefore, the solution 7 is given by:

u
~ 164,
and then:
(2/12r2 +iureaz- 1) = 22, (r + L>2 (A44)
4 4 164,
Consequently, one obtains:
r4—1ur+l= (r? + 1,)% — 24, (r+ )2 (A45)
4 4 164,

or

1 1
r* ——ur+—= rée+ J2,r + 1 — 2, r +1 A46
4 ( 2t ,/2/1)( L 21) (A%

The four solutions of Equation (A30) can be then obtained from the solutions of the
two following 2nd degree equations:

r24+ J2A,r + 2, + =—==0 (A47)
\/ 2

r2— J2,r + 2, — _21 =0 (A48)

The discriminants of Equations (A47) and (A48) are given by the respective following
expressions:

u
A= 21, — 4 (,12 + ) (A49)

8,/24,
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u
A= 20, —4 (A, — A50
2 2 (2 3 2/12> ( )

Two cases can be studied:

. 2 u —
Solutions of 1%+ /24, r + 1, + PN 0

. u . . ... 25/2
Knowing that A= —21, — S 27, IS negative because of the condition u > 27, one

obtains two conjugate complex solutions:

. u
—J22, + i |22, + ——
2 20 224, (A51)
T‘l = 2
—J22, — i |22, 4+ ——
227, (A52)
Tz = 2

; 2 _ _ % _
Solutions of r 1/2:12 T+l Nori 0
where A2= —2/12 + m
Let us prove that A,> 0

A, can be written as: A,= A, (—2 ), To obtain the sign of A,, we have to

u
+ (222)3/?

study the sign of 2 (—1 + m) and then to compare between 1 and z(zsz or be-
2/3
tween 24, and 1;27
1/3 1/3
22/3(2/12) 1 210 210
—wrn g\t [Yra) t\PT (tTaa (A53)
1/3 1/3
10 10
u® + (u4 - 23—3) u? (u4 - 23—3)
Ay = oL + D (A54)
210 .
Letusput = |1— T4 One obtains:
22322, 1
- % = [+ 07+ - 0] (A55)
0z 1
2=+ 02— 0] (A56)
Equation (A56) shows that Z—)Z( < 0, this implies that Z decreases for all values of X >
22/3(215) u
0 and Z <1 for X >0 and therefore —7= <1 or 24, +ﬁ> 0 and A,> 0.

Therefore, the two other solutions are then given by Equations (A57) and (A58):

J22 Y __22
2 F 222, ¢ (A57)

3 = 2
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J2l, - | ———22
2 224, ¢ (A58)

1'4 - 2

5/2
Solution of Equation (38) for u > ;ﬁ
5/2
Now, the final solution, in the case of > ;ﬂ, is given by Equation (A59):

_|A2 u Ay u A,
(w)=e \/Zu A;,cos +—u |+ A,,sin +—u
92 12 8 ,—212 2 22 3 '_2/12 2
(A59)
A2 u Ay u Az
+e\/:u Az, Ex ——u |+ AuExp| — -——u
32LXDp s '_212 2 42EXP 3 ,—2/12 2
with
1/3 1/3
10 10
u® + (u“ - 23—3) u® — (u“ - 23—3)
2.2 = 28 + 28

The solution in function of y(x,t) will be written as:
_ 1/4 __*
y(x,t) = m (BOY* glulx, )] and u(x,t) = =7
Boundary conditions
Using of the boundary conditions:
1) lim g(u) =0
UuU—0o
2) lim g'(w) =0 (A60)
3) lim g""(w) =0
UuU—00
The first condition implies necessary: As = A4 = 0 and therefore the solution will be
given by the following form:

_ |t u A u A
g,(uw) =e \/:u A, cos +2u |+ Aysin| —+2u (A61)
8,21, 2

8.,/22, 2
This solution can be written as:
92(w) = eP2 (A c0s g, (u) + Ayzsin g, (w))

With

_1 1
p2(w) = -2722,(w)zu

7 _1 %
q,(u) = [2 Zuld,(u)z + 2‘1/12(u)] u

< A (W) = 2_g [(u2 + S(u))% +(u? - S(u))%] (A62)

1
210 2
s (v - 2




Micromachines 2023, 14, 1781

26 of 35

25/2
33/4

Appendix B.2. Second Case A< 0 and u <

In this case, one obtains two conjugate complex solutions a® and B3:

210
u2+ (?—u) ]
ad = ° =Ael?

10
.
58 = Ae®

210
where 42 = |a3]? = |B3]? = 23136 = 26133 and A = m and finally A3 = ﬁg
With:
u>
( Acos O = >
(&)
Asinf = s

The real solution is given by:
i i6 ]
A = A3 (e? + e_?) = 2 AY3cos <§)

or

1 0
A= ﬁcos (5)

This leads to the solution of Equation (A35):

A=2, = — (9)
= 1—\/§cos 3

This value of A will cancel the discriminant of Equation (A67)

1 1
24 - 2_") =
(2/11r +4ur+/11 4) 0

The solution is given here by:

_ u
164,
1 6
A ﬁ cos (5)

Remember that:

1

1
r4——ur+—=(r + /24, r + A +—>< — J24r +2 )
47 4 YT T evar o ﬁ

and therefore:

2+ 241 + A+

m

— 24T + A -
r? r 1 \/2_11

Their respective discriminants are given below:

(A63)

(A64)

(A65)

(A66)

(A67)

(A68)

(A69)

(A70)

(A71)
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u
A= —22, —— 2
1 17 o (A72)
A= —21, + —o
) e (A73)

. 25/2
Two cases can be studied for u < ey

; 4 v _
First case: r* + /24, 1 +/11+8\/2_/11— 0

1 6
Here one has 4, = N cuos (5)
where A1= —211 - Z\/T
1

tion (A67) are given below:

is negative. The two conjugate complex solutions of Equa-

u

221, (A74)

22, + 0 |24, +

2
—J2h — i (24, + ——
24/244 (A75)
1'2 = 2
Second case: 12— 24,7 + 4, — \/?_ 0
Here one has 4, = \/_cos (3) and A,= —21; + \/ﬁ
Let us prove that A, is negative
. u 2 2] u
A, can be written as: Ay= 24, (W - 1) = 5cos (5) RPN 1
2(Ecos(§)>
A 2 (9) 33/4y L (A76)
,=—=cos|= 377
V3 25/2( cos (Q)
3
5 5/2 1/2
Knowing that Acos 0 = — ; u* = 2;3%9 or u= 2(3%, therefore, one obtains:
1/2
2 0 cos 6
A= ﬁcos <§) e EE— -1 (A77)

(eos(3)

3
Now, one writes: (COS (g)) = —cos ( ) + cos 6 and one obtains:

cos
5
4
It is obvious that /2 C::S o T 1 > 1 and then ———= < 1, therefore A, <0
\ i cosG

A= (A78)
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The two other conjugate complex solutions are then given by Equations (A79) and

(A80)
22, + i |24, — ——
! N (A79)
Té = 2
u
J2A - i /2/1 -2
! o224, (A80)
1h = 2

5/2
Now, the final solution in this case when A; is negative or when u < ;ﬁ is given
by:
_ A A u A u
u=e\/ZuAcos —+ u |+ Aysin| |—+ u
g1 (W) 11 273 \/2—/11 21 2 " 8vai
(A81)
4 A u M u
+e\/;u Azicos| |=— u |+ Aysin| |=— —u
- 2 g/24, “ ’ 2 8/,
One obtains:
g1(w) = e™P1W (A, cos q;(w) + Apysin q(u)) + ePrW (A, cos s;(u) + Ayqsin sy (w)) (A82)
where:
_1 1
pi(w) =272, (w32 u
1
_7 _12
w@ = [0 +2 2w v
7 iy (A83)
s;(w) = [2‘1/11(u) —27Zu M (w) 2] u
1 6 332 3
A \/§cos <3) ; cos @O B u-; sin@ ( 210u )
The continuity and derivability of the solution g(u) and its derivatives imposed that
Az1 =44 =0
5/2
Because the function % -3 \/LZL_M u is not derivable in point u = 237 and then, one
writes:

g1(w) = e7P1 (4;; cos gy (u) + Azysin q(u))

In conclusion, one obtains the solutions of the fourth differential Equation (A29):

25/2
w g1 (w) foru < 3572
glu) = 5
25/2
9:(w)  foruzom
25/2
For u < —

33/4:
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_ u A u A
(w)=e \/Zu Ay cOS +—u |+ A,;sin +—u
91 11 3 ,—2/11 2 21 3 ,—2/11 2

5/2
For u = 23/4:
_ |22 u Ay u Az
(u)=e\/:u Aq,c08 +—u |+ Aysin +—u
92 12 3 ,—2/12 2 22 8 f—2/12 2
With

1 1 1 1
p1(W) =224 Wzu; p,(w) =272 2,(Wzu
7 1 % 7 1 %
m@ = 270w+ 27 u @2 w5 g0 = [272,0 + 27 un w2 u

8 1 1 210 %
A, (W) =273 [(uz + s@)? + (u? - s(u))3] ; sp(w) = <u4 - —)

33
1 6 33/2 . . 33 .
/11=ﬁcos<§); cos@=2—5u ; sin@ = 1 - —u

210

5/2
Determination of the problem parameters of the solution for u < ;ﬁ

g1(w) = e™P1 (Ay1c0s q; + Apysingq,)

obtains:

£ 1
G0 =4y =———= go= =
! Y omeor L V2TG/4)
where ¢ is the groove depth.
Condition on the first derivative g’
The calculation of the first derivative gave:

g1/'(w) = —p," (A1; cos q; + Ay sing,)e P+ q,' (A1 cosq, — Ayqsingy)e Pt
with

dr1 1
pll = 2 2 I:Alz + 2_1u/‘{1lll 2]

7y 74 2.7 1 , 3
a' = |27, +277un, z] 421y [2 2ul, z+2—1,11] [2 2 (/11 22712, z)+z—1/11']

Knowing that 4, = %cos

With the boundary conditions and knowing that for u =0, = % ; A1 = 1/2 and one

(g); cos @ =275.33/22 and sin 6 = \/(1 — 2‘10.33u4),

\/_

3

2l
one obtains: 1, (u) = % = %.%; %1 = —%sin (g); % = —%u and then the first

derivative Alr(u):
3 . (0
N AR sin(3)
/1 1] - _ . (_) _ - _ — 2—4— -
1 (@) 3\/§5m 3 2% |sin@ sin @ v

Atu=0,0=0; 6= T, sin(§)= =
2 3 L Ny
and then p; (0) = 0; ,(0) = 0;p,"(0) =2 and ¢,/(0) = .

1 0 V3 . 1 li
5 Cos (E) = one obtains 1,(0) = > A =0



Micromachines 2023, 14, 1781 30 of 35

The use of the above parameters led to:

1
g9'(0) =— 2 (A1 —Az)
The second derivative g,"
One had the second derivative:
91" (W) = (1% = q1"* —p1"")(A1; cos qy + Ay singy)e Pt + (g, =2 p1'qy") (Az; cos gy — Aqq singy)e 1

To determine the values of p;"" and gq;”, one needs to determine the second deriva-
tive A, (w).

The second derivative A,”

8 8
A'(w) = 2‘4% u ;let’s put v(0) = (S:n(‘;)) ; therefore, A;"(u) =
dv
v+u T .
a0 v _avao | a [sin() <_ 2_4X3E>
12 _ grev [ av_ v ey | & 3
Al (u)_v+ud9 du ’ du  dé du_[d9<sin9>]x sin @ u
. (6 . ‘) . (6
. . d sm(g) -1 5in 6 cos(g)—3cos 6 sm(g) .
Knowing that: — (W) =3 ey , one obtains:
dv sin 6 cos (g) — 3cos 8 sin (%) (_ 2—4 % 33/2)
—=3"1 - X - u
du sin? 6 sin 6
2] 2] 6
sin(% sin 0 cos |z ) — 3cos O sin (% — 24 x 33/2
W) = 2t (3) ot 31y (3) ) MGEALEIDN
sin 8 sin2 0 sin 0
sin (%) 1 sin 6 cos (%) — 3sin (%) cos 6
AW = 274 |[—=£ —27* x 3z u? -
sin @ sin3 @
By usin nacosb = sin(a+h)+sina—b) one obtains: il Cos(g)_S Sin(g) cos? =
y g 2 ’ : sin3 0

Zsin(?)— sin(?)

sin3 6
and therefore:

M) = 24 sir.z (%) gty 3% 2 2sin (?) — sin (%)
sin 6 sin3 6

The other second derivatives are given below:

1 1 1 3
p1” = 2_7 I:A]"Al 2 + 2_1u/11” /11 2 — 2_2u11’2 Al 2]
[ -7 1 12[,-2Z 1 r, =3
qi1 = 22 u/11 24+ 2_111 [2 2 (ll 2 — 2_1u/11 Al 2) + 2_1/’{1,]

PRAR I o2 2
_Z_Zu 2 Zu/ll 2+2_1/11 [2 2 (2‘1 2_2_1u),1 2.1 2>+2_1/11’:|

1
P PR SRR b2 SN AVARANE BN SN 20 5\ o1
+2 u22u112+2 /11 |:22<_11/112_2 uﬂ.l 2.12+2 .3u/11 2,1 2>+2 Aljl

By calculating the values of the second derivatives at point u = 0: 4, (0) =275;
p1"(0) = 0; g,"(0) = 27*; one obtains the following equation:

.91”(0) = _2_2 X (A21)
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and then:

1
g"(0) = _ZA21

Condition on the second derivative g,"’
The calculation of the third derivative led to:

g:"(w) = (3291’?9” = 3q:i'q,"" — P1”’_P1’3 +3 p1IQ1’2)(A11 cos g + Azqsingy)e Pt
+(3P1IZQ1’ - Q1’3 =3p"q1"+ ¢, — 3191’%”)(1421 cosq, — Ayq singy)e™P1
Let us calculate the third derivative A,"" (u):

/11’”(11.) _ 2_4% _ 27 x 3% % u ZSin(zzg) sln(4—36)

sin3 6
0 0 433
1 2sin(% sin(% 27732
o [ (] (2
27X 3z xXu x[d@( sin3 6 X sin @ xu
2 260 460
Using & = — 274 x 31/2 x 1 x M, one obtains:
du sin3 6
1 Zsin(zg) Sln(49)
" _ _n-8 3
A (w)=-2"% %32 xux—sm39
3
o 2B =) [ (znE)- ()] (-2)
—277 X374 xux —27°%x32 — X
u sin3 @ u do sin3 6 sin @ u

_ 3 2sin(22)— sin(%8 3 d [ 2sin 20\ _ sin(20
Alll/(u)z_z 8)(32)(-“')(% 2712 % 32 « ;WX[E< (1L2136 ( ))]

d (Zsin(ze) sm(w) ) _ %X sin @ cos(?)— %X sin 6 cos(?)—ﬁ sin(?)cos 6+3sin(%)cos 0

de sin3 6 sin* 6
_ l y 4 sin 0 cos (%) —455in 6 cos (%) — 18 sin (?) cos 6 + 9 sin (?) cos 6
3 sin* 6

sin(a+b)+sin(a—b)

By using relation: n a cosb = , one obtains:

2
i 25in(29) Si n(49) _ l % 2 sm( )+2 sm(g) 2 sm( )+2 sm( ) QSm( )+9 sm(g)+ stn(79)+§sin(g)
de sin3 0 T3 sin* 0

o (PG )) o s )

de sin3 6 6 sin* 6

and finally, one obtains the third derivative A,"'(u):

(W) = —278 x 31 x u anl3)- sn() 35m(49) 2713 x 3 xud x [35 ) S”;( 9)+551"(736)]
sin3 6 Sins 0

One also calculated the other derivatives:

1
pllll — 2 2

1 _3 1 _3 5
270X 3X A AT 22 X3 XA, Ay P+ 27 A A, 2 — 272 X 3udiA, A, 24273 x 3ud’® A’E]

1

0 =-zaxfriunteza] [ (- s et
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(277 (<207 = 270ud "2 7 + 272 x Bud P2 2) + 27147 427 x Bu x [2 TuAI 4
1] i[2‘3 (W72 -2y '2,72) + 271, ] ~22x3u2 a2 2 P2 (A -
271ul, ,11‘5)+2 1,11]
|27 (- A7 — 27y /11‘5+2 2% 3ul,’ /11“)+2 12 "]+2 u[z TuAI 42 ] 1[ (—2-1><

30, Ay 7 4 272 X 32 A, 20, 5 — 27 A, A, e 4+ 272 X 32U, A, Ay s — 278 X 3 X 5, ,11“) +271,"
And
3
» » R N 1 SN SN SN NP L
5" = —2 ><3><[—2 Zud, 2+ 2 /11] [—z 2 (47— 27 udy 2, 7E) + 2 /11] +271x
_7 _1 _%
3[-22ua 24270 ° x
_7 PR e =3 2, -3 _7 _1
[—2 2 (== 27 " 2 x 3, a2 + 2—11'1'] +273 X 3u x [—2 Tuld, 4
-3 7 1 3 3 7 1 2 7 1
W] P2 (W - 2w ) + 27| -2 xsu -2 e A e 2| f 2 (4 E
3
2_1u/11'11_5) + 2—1/11'] X

7 PR N R 20 5N oo il s s 7o
[—z 2 (=0 — 27 A 27 x B, P 2 + 270 ]+2 u[—z 2uld, 4
1
- 3 5 3 " _E
1,11] 2 [—2 2 (=27 X3, 2 4 277 x 32 A4 e - 27 A T+ 27 x 3Py 4, e -
7
23%x3 x5 u/ll’3/11‘5) +27'2,"|

Knowing that the fourth boundary condition g"’(0) = 0 and the values of the third
derivatives at pointu=0: 4,"'(0) =0; p,""(0) =27°x3; q,""(0) = —27°x 3; 5,""(0) =
—27% X 3; one obtains the following equation:

g.""'(0) = % (A1 + Ay;) =0, therefore:

nr 11
g9:."(0) = a(All +451)=0

Consequently, the use of the boundary conditions gave the following linear system
composed by four equations with four unknown parameters:

Ap=-———=
1= T Exrem | 90

Ay =m——=~—
21T Gxrem 90

and the function g and its different derivatives are given at point 0:

1
90) = - FZrem
' _ 1
90 = Frem
" _ 1
g"(0) = 4yZ XT'(5/4)
970 =0

/
Therefore, the solution for u < z—/i is completely defined by all above parameters:

9:(w) = e7P1 (A, cos qy(u) + Ayysin q(u))

The values of the different parameters and their derivatives at point (ug; g1(uo))
were calculated:
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13

A (o) = \/—, M (uo) = Gx\/—x33/4 A (wo) = o0 A (W) = — 55 maa
1

p1(up) = -, pl(uo) = 9x31/4 ;01 (ug) = 324><\/‘; pl’”(uo) = T isexvax3i/t
w2, 4667
q1(uo) = S0 (uo) = W s a1 (w) = 12%X\/—' 0" (up) = ~ e2208x33/%
5/2
Determination of the problem constants of the solution for u > :3 7

In this case, on has g(u) = g,(u), with g,(u) given by:

9:(w) = e P2 (A,c0s g, (W) + Azasin g, (u))

p2(w) =\/'T;2u

TR

y qZ(u)z 8\/2_12+2

1 1
210 3 210 3
AZ (u) = 22/3 (uz + A u4 - 33) + (uZ - u4 - 33)

The values of the different parameters of the solution g, and their derivatives at
point (uo 1 92 (uo)) are given below:

u

” lll _ 13
(/Iz(uo) \/—: /12 (up) = ex\/_><33/4 s Ay (ug) = 1206 ° (up) = T S7axyax3Y
’ 5xv2 " " 1
4?2(“0) =2 Pz (wo) = 9><31/4 ;P2 (W) = _324X\/—2 P2 (uo) = T 28oxvVZx33/*
431 . 4667
qu(uO) - _l q> (uO) 18><31/4 y 42 (uO) 1296)(\/_' q> (uO) 62208><33/4

Appendix C

Calculation of the profile area A from below to above the original surface
A=— foxo y(x)dx = —m(Bt)3/* fsog(u)du

By using the differential equation:

rrr

1 r 1
g —Rug tig9= 0
One writes:
A= —m(Bt)l/Zf ’[4g"" (w) — ug'(w)]du

where u, is the first zero of the function g.

J‘uo 4g'”'(u)du _ 4[g//r(u)]u Ug _ 49”,(110) (g/rr(o) — 0)

Jo —ug'wydu = —[[ug@],=5° — [, gw)du] = [;° gwdu  (g(u,) = 0)

Therefore:
Ug

f "gwdu = — f "l4g"" (W) — ug' @)]du = —4g" (us) — f 9w du
0

0 0
and:

A = —m(Bt)l/Z fuog(u)du _ Zm(Bt)3/4 m(u )
0
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