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Abstract

Reconfigurable radio-frequency (RF) front ends employ N-path filters to achieve digitally
tunable frequency selectivity, high linearity, and low static power. However, their linear
periodically time-varying (LPTV) operation complicates analysis because an input tone
is translated to multiple output harmonics. This tutorial review synthesizes the principal
methods for analyzing N-path filters, comparing continuous-time window function anal-
ysis, discrete-time ordinary differential equation (ODE) modeling, and adjoint network
methods. We evaluate and compare their underlying assumptions, outputs, and computa-
tional burdens. Additionally, we present an educational time-domain interpretation based
on orthogonal sine/cosine excitation. This viewpoint connects capacitor averaging and
path-to-path phase cancellation with harmonic transfer functions (HTFs). Rather than
replacing rigorous HTF formulations, this interpretation provides a physically intuitive ex-
planation for the fundamental coefficient Hy(f) and the gain-null condition at fin = kN f;.
The numerical integration of the switched-RC equations serves as a consistency check.
For a four-path example with I' = 7/(RC) = 0.02, the numerical values of |Hy(fs)| and
|Ho(2fs)| differ from the intuitive limits by less than 0.001 dB. The residual responses at
4f; and 8f;s are —49.95 dB and —55.97 dB, respectively. Finally, we extend the orthogonal-
excitation relationship to extract higher-order HTFs. This tutorial synthesis clarifies how
these established analytical methods relate and guides selection for specific applications.

Keywords: N-path filter; linear periodically time-varying system; harmonic transfer
function; time-domain interpretation; RF receiver

1. Introduction

N-path filters implement frequency-selective radio-frequency (RF) functions by period-
ically commutating passive resistor—capacitor (RC) branches [1-6]. Their center frequency
is set primarily by the switching clock, making them attractive for software-defined and
multiband receivers [7-21]. However, unlike linear time-invariant (LTT) networks, an
N-path filter operates as a linear periodically time-varying (LPTV) system. A sinusoidal
input at frequency f generates frequency-translated components at f + kf;, where f; is
the switching frequency, and k is an integer [22-25]. Consequently, a single transfer func-
tion cannot describe the circuit; instead, a set of harmonic transfer functions (HTFs) is
required [11,12,26-29].
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Several analytical frameworks have been developed to model these systems. Continuous-
time window function formulations provide a complete description but require substantial
algebra and frequency-domain convolutions [27]. Discrete-time ordinary differential equa-
tion (ODE) methods yield compact sampled transfer functions, although they do not
describe every translated output component [26,28]. Adjoint network methods reduce
the derivation to an equivalent impulse response problem, offering an efficient route to
sampled responses [30]. Although these approaches are mathematically consistent, their
differing assumptions and output formats complicate direct comparison for researchers
entering the field.

This article is structured as a tutorial review rather than an original research paper.
Our first objective is to place continuous-time, discrete-time, and adjoint network methods
into a unified LPTV framework, comparing their capabilities and limitations [26-28,30].
Our second objective is to present an educational time-domain interpretation based on
orthogonal sine/cosine excitation. This viewpoint visualizes the physical mechanisms
behind the fundamental coefficient Hy(f) and the gain nulls at fi, = kN f;. We treat this
time-domain picture as an intuitive visualization of LPTV behavior rather than a replace-
ment for rigorous HTF analysis. To support this interpretation, we present a normalized
numerical integration of the switched-RC equations and extract both fundamental and
higher-order HTFs.

The remainder of this article is structured as follows: Section 2 introduces the general
LPTV model and the N-path cancellation principle. Section 3 reviews continuous-time,
discrete-time, and adjoint-network methods and then provides the proposed time-domain
interpretation and its numerical validation. Finally, Section 4 summarizes the main conclu-
sions and guides the selection of each method based on application requirements.

2. LPTV Modeling and N-Path Principle
2.1. N-Path Filters as LPTV Systems

Figure 1a shows a single-ended (SE) four-path filter. The circuit consists of four
periodically activated switched-RC branches, one of which is shown in Figure 1b. The ideal
switches are driven by non-overlapping clock phases with period Ts. For the first path,
whose switch is on for T; /4, the capacitor voltage satisfies

du,(t)
dt

vo(t) = vo[(n—ki)Ts}, <n+ AIL)TS <t<(mn+1)Ts.

1
v;(t) = vy(t) + RC , nTs <t< <n+ 4) T,

1)

Deriving a frequency-domain description directly from this piecewise equation is cumber-
some [26-28]. The network is not LTI because the switch state depends on absolute time. It
is instead an LPTV system with period T, and its impulse response satisfies

h(t,7) = h(t+ Ts, 7). 2)

Here, h(t, T) denotes the response observed at time ¢ to an impulse applied at t — 7.
Because the clock waveforms repeat every T;, shifting the observation time and the switch-
ing state by one period leaves the response unchanged. This periodicity is illustrated in
Figure 2.
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Figure 1. (a) Typical structure of SE four-path filter. (b) SE kernel.
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Figure 2. Impulse response h(t, T) and h(t + Ts, T) for LPTV system.

To define the frequency-domain response of an LPTV system, consider the complex
exponential input x(t) = ¢/2"/*. The corresponding output is obtained from

y(t) = /0 ¥t 7)) g

. o0 ‘ ®G)
= ol?7ft / h(t, T)e 2T dr,
0
A time-dependent transfer function can then be defined as
Response to e/>™f!
H(f,t) = oi2nift : ()
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Using the periodicity of h(t, T) gives
H(f,t) = / h(t, T)e i
0
= / h(t+ T, T)e_jznfrd'r ®)
0
=H(f, t+Ts).

Because H(f,t) is periodic in t with period Ts, it admits the Fourier-series expansion

H(f,t)= Y He(f)e™ !,  f = T (6)
k=—00 S
The Fourier coefficients are the harmonic transfer functions
1 Ts Dk fot
Hi(f) = = / H(F, £)e 127kt gy, @)
s J0O

Accordingly, the output can be written as [29]

H(f,H)e? = Y H(f) — g7V 8)

k=—co translated component

harmonic gain

An LPTV system can therefore be characterized by either h(t, T) or the set { Hx(f)}. In

contrast to an LTI system, for which a tone remains at the same frequency, an LPTV system

translates an input at f to the family of frequencies f + kf;. Each coefficient Hi(f) specifies
the complex gain from the input tone at f to the output component at f + kfs.

2.2. N-Path Principle

For an LTI system, the transfer function can be obtained from the Fourier transform
of its impulse response. Direct evaluation of the two-time impulse response of an LPTV
circuit is usually impractical. Existing N-path analyses instead formulate a time-domain
relation between the input and output, for example,

Xloo(t), 3520(8)] = Y[eo(t),2i(0)], ©)

where X and Y denote algebraic or differential operators acting on v, (t) and v;(t). Fourier
transformation then gives

F(Xloo(t), 5 00(]} = F{¥loo(0) (0]} w0

= vo(f) = Z[vi(f)].

where Z[-| denotes the resulting frequency-domain operator. Equation (10) compactly
represents the frequency conversion relation of the LPTV system.

The N-path principle further reduces the analysis burden. Once the HTFs of a single
switched branch are known, the response of the complete N-path network follows from
the relative time shifts among the clock phases [26-28,30]. For the input x(t) = />™f!,
Equation (8) gives

y(t) = Y Hyl(f)ePm

k=—00

_ [ i Hk(f)e]'anfst] eertft_

k=—c0

(11)
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If the switching waveform is delayed by t,, the corresponding output becomes

Vi, (1) = ) Hy(f)e Prflog (k)L (12)

k=—oc0

Equation (12) shows that a delay in the switching waveform multiplies the kth trans-
lated component by e~/27%fsto. For a four-path filter, the branch outputs in Figure 3 are
separated by T;/4. The vector sums in Figure 4 therefore cancel the coefficients whose
harmonic index is not an integer multiple of four. More generally, for an N-path network,

NH , k=mN, €7,
kse(f) m m (13)

0, otherwise.

Equation (13) is the N-path principle. It shows that the complete response can be con-
structed from a single-path analysis together with the deterministic phase shifts of the

clock phases.

5o °
st | S
. H. (F)e/2ni+kf e
P T | mOTZ MO
P o
s2.- ] £) = e ek N H, (F)ef2nlf+kf )t
x(6) = 277t | pam2 gt i
= I J_ k=—c0
= = vout(t)
—0
s | 2om N j
L o3 (t) = e /1" 2mk Z H (e +kf e
Path 3 I 1 K=o
ol O
si ] B N j2m(f+kf
Voa(t) = e z ch(f)elzn(r+kf5)t
Path 4 I i e

Figure 3. Output v,y (t) of four-path filter is formed by four time-shifted path outputs.
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Figure 4. (a—e) Vector sums for zeroth- through fourth-order HTFs of four-path filter. (f) General
kth-order vector sum for N-path filter.

https://doi.org/10.3390/mi17070858


https://doi.org/10.3390/mi17070858

Micromachines 2026, 17, 858

60f17

3. Analysis Methods for N-Path Filters

This section reviews three established analytical methods for modeling reconfigurable
N-path filters. The first method uses state-space equations and window functions to derive
a continuous-time HTF description. The second method solves the switched-RC ODE at
discrete switching instants to find the sampled response. The third method leverages sam-
pling equivalence and the adjoint network to obtain an equivalent LTI impulse response.
The final subsection presents our educational time-domain interpretation alongside quanti-
tative consistency checks. The comparison focuses on the mathematical representations,
underlying assumptions, and frequency conversion behaviors captured by each technique.

3.1. Continuous-Time Analysis Using a Window Function

The main difficulty in transforming Equation (1) is its piecewise definition. Soer et al.
introduced a periodic window function w(t), shown in Figure 5, to select the interval
during which a given switch is on [27]. Multiplication by w(t) in the time domain becomes
convolution with its line spectrum in the frequency domain:

+oo .
F(o(t)-w(t) = [ wlf)-o(f - P)af

.
= ; w(fo) - v(f —nfo)
- & O gy

+00 ejmlfor _ e—jmzfoT

=) -o(f —nfo).

n=—oo 2jn7‘c

(14)

In the state-space formulation of [27], the kth window has width 7 = 0 — 01 and
a phase term that accounts for the location of the window center. A switching-moment
transfer function G (f) first relates the state variables at discrete switching instants. Periodic
impulse trains then extend this relation to continuous time, yielding all translated output
components. Table 1 summarizes the main steps.

Table 1. Derivation model, time-domain equation, and transfer function for continuous-time output
in [23].

GK:TS
OK-1

0, 'i

AR EE— [

Derivation model 0 : :

—» I I

IR :l Tk

I I |
k=K| k=1 1 k=2 | /) | k=K [k=1
nTq (n+1)Tg t
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Table 1. Cont.
do, i (t
Vi k(t) = vox(t) + RC Odlz( )
Time—dqrnain Z F(vo())8(t — nTs — oy
equation n=—o0
= Y (Gk(f) - F(ui(t))] # 8(f — nfs)e 2mmfsok
n=-—co0
Vo(fo) = Z Hy(fo)Vi(fo —nfs)
n=—oo
i '27r;f"r
fre [1-emmifin AT
i H = - - + £:G —nfy) ————
Transfer function n(fo) fo+ fre 2 fs fsGo(fo fs) 27t

€j27TfT] _ e*jZNf(Ts*ﬁ) 1
Go(f) = o2fTs _ 1

1+jﬁ

Nw(t)

|

0 =

Ty

N =

(2)

/\W(f)

;N \ T A
pSARZ 2n NAR 2
To

ﬂ Bl T— { ﬁ}ﬁ N

(b)

Figure 5. (a) Window function w(t) and (b) its Fourier transform w(f).

3.2. Discrete-Time Analysis Using ODEs

The method in [26], summarized in Table 2, solves the switched-RC ODE at the relevant
switching instants. It avoids the explicit window function convolution and yields a compact

sampled transfer function. This result is closely related to the switching-moment function

Go(f) in [27]. Its principal limitation is that the sampled relation directly characterizes the

same-frequency component, corresponding to Hy(f), but does not by itself provide the
complete set of gains from f;, to f;, + kfs.

Table 2. Derivation model, time-domain equation, and transfer function for discrete-time output in [22].

Derivation model

Jin

e Srav e (R NP e

NAls o NF 0 NS

|
| EET FET 'FET!
1

ON = OFF ™ ON!
T T
Vs e L
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Table 2. Cont.

1 (Tenr o, — Vout (t
Vg1 — Uk = E/ 1 Vin out( )df
Tk

Time-domain 1
equation Vout (t) = C Jrse Nat' + vy
(t) out( ) - Um(t)
Transfer function H* (jwim) £ out(]wm) 1 1—e 7/ (RO

zn (]wln) 1+ jwinRC1 — e~ 7/ (RC)g=jwinTs

3.3. Analysis Using an Adjoint Network

Both preceding approaches require solving differential equations. The adjoint network
method exploits a sampling property of LPTV systems: when the output is sampled
synchronously with the switching period, all components at f + kf; fold to the same
discrete-time frequency. The sampled LPTV response can therefore be represented by an
equivalent LTI transfer function, which substantially simplifies the calculation.

To see this, excite the LPTV system with x(t) = ¢/2"f!. The output components are

yO(t) = Ho(f)ejznft
y1(t) = Hy(f)e2T U+
ya(t) = Hy(f)el?m U250 (15)

yi(t) = He(f)el2mhf)t

Sampling these components at t = nT; folds every frequency f + kfs to the same
discrete-time frequency, so

y(nTy) = 2T Y~ H(f). (16)
k=—c0
The equivalent sampled LTI transfer function is therefore
He(f) = 32 Hilf)- (17)

k=—o0

The same result follows directly from the Fourier-series representation in Figure 6 [29]:

2 Hy(f)e2m k)t a8)
k=—o0
The corresponding samples are
y(nTy) = Y Hi(f)el2rUHkfmTs
o o0 (19)
= oM N Hi(f)
k=—o00

The equivalent LTI system is excited by the same complex exponential x(t) = e/2/*,
The output i(t) is sampled with the same period Ts as shown in Figure 6b. Its output is

§(t) = e Hey (f). (20)

https:/ /doi.org/10.3390/mi17070858


https://doi.org/10.3390/mi17070858

Micromachines 2026, 17, 858 90f17

The corresponding samples are
9(nTy) = ™ L H, (f) = y(nTy). (21)

Thus, the sampled response can be found from an equivalent impulse response () and
its Fourier transform. Reference [30] shows that /4 (t) can be efficiently obtained from the
adjoint network.

— »J2Tft
x(t) = e/*™ LPTV system y(®) 3 ()6 - nTy)
Period T n

Z 8(t —nTy)

(a)

— plnft .
Gl LTI system @) > 5(iT)s(e )

Z 8(t —nT,)

(b)

Figure 6. (a) An LPTV system (varying with period Ts ) whose output is sampled at f; = 1/Ts. (b)
An LTI system whose output is sampled at fs.

Consider the two-port LPTV network A in Figure 7. Port 1 is driven by v(t), and the
output at port 2 is sampled at mT; + t,. In the adjoint network N, a delayed impulse is
applied at port 2, and the response observed at port 1 gives the equivalent impulse response
of the original sampled network [30]. For the switched-RC branch in Figure 8, the impulse
initializes the capacitor voltage according to

[Pt [Orebdt 1

Port 1 Port 2
‘ l——0 o—
0, (r\z N T v, (T + t,)
‘ - 60—

(a)

Port 1 Port 2

heq(t —Ts + ) N :<|b6(t —Ts + t,)

(b)

Figure 7. (a) A two-port LPTV network A and (b) its adjoint network N.
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Current
Samz,)ling é Impulse
! Tg | | " I
4 v 14
R R
() e II lout c I 5@
(@ (b)

Figure 8. (a) The switched-RC network. (b) The adjoint network.

Att = 07, the switch is on, and the capacitor discharges through R with time constant
RC. During the on interval 0 < t < T, the output current is

) 1 _
lout(t) = Ee t/(RC), O<t<. (23)

Thus, oyt (07) = 1/(RC), and ipyt (T~ ) = B/ (RC), where
p=e /(RO (24)

The switch is then opened, and the current remains zero until the next activation.
Because the capacitor retains its charge during the off interval, each subsequent waveform
is a delayed and scaled copy of the first one. The recursive relation is

iout(t) = iO(t) + 5iout(t - Ts)- (25)

Taking the Fourier transform gives

iout(f) = 1_';06(](])2”% (26)

The first-period waveform is

io(t) = % [ KOy (g) o /Ryt — )], 27)

(RC)

which can equivalently be written with = e~/ as a truncated exponential. Its Fourier

transform is in(f) = ; (1 _ ’Be*J‘ZTrfT) (28)
0 1+ j27fRC '

Therefore,
1 1— ‘Beijrffr
Heq(f> 1 +j2nfRC1 — ,Be—fzﬂfTs'

(29)

This expression is identical to the sampled transfer function in Table 2. The resulting
impulse-response current is shown in Figure 9.
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iout
1
RC =t ol
e RC e Re :
_____ ol
io(t) i, (6)
0 T T, Ts+7 > t

Figure 9. Impulse response current i oyt ().

3.4. Time-Domain Interpretation Based on Orthogonal Excitation

Although the preceding methods provide rigorous transfer functions, their algebraic
complexity can obscure the physical mechanisms of capacitor averaging and path-to-path
phase cancellation. To address this, we present an educational interpretation based on
orthogonal excitations. Specifically, we drive the LPTV system separately with cos(27ft)
and sin(27tft), as illustrated in Figure 10, and we denote the corresponding outputs as
w;(t) and wy(t).

cos(2nft) — LPTV system —> W; (t)

sin(2rft)— LPTV system = Wy (t)

Figure 10. The same LPTV system with inputs of cos(27tft) and sin(27tft), respectively.

The outputs w;(t) and wg(t) can be expressed as

wilt) = 3 [H(f, 0" + H(~f, e >
1 . . (30)
%@IZWMWW”*W%WﬂW]
Combining the two responses gives
[w0i() + jaog (D]e ™" = H(f, 1). (31)
The real and imaginary parts of H(f, t) are therefore
Re[H(f,t)] = w;(t) cos(27ft) + wy(t) sin(27ft) (32)
and
Im[H(f,t)] = wy(t) cos(2mft) — w;(t) sin(27ft). (33)

https:/ /doi.org/10.3390/mi17070858
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The Fourier expansion of H(f,t) is
- 27 fkt 1
H(f,t) = H, STt = —. 4
0= L HNETE, fi= g 69
The fundamental same-frequency coefficient is the period average
1 t+Ts
Ho(f) = /t H(f, 7)d. (35)
S

This orthogonal-excitation framework can extract any harmonic coefficient Hy(f) in
addition to the fundamental response Hy(f). Substituting H(f, t) = [w;(t) + jwgy (t)]e /2/*
into the Fourier-series definition yields

Hi(f) = Ylws/t:ﬁTs [?Ui(t) +]'wq(t)]e*1'27f(f+kfs)t dt. (36)
Equation (36) represents an exact, continuous-time relation for extracting the harmonic
coefficients. The simplified waveform derivations presented below are used to interpret
specific values of Hy(f) under the large-RC approximation.

For the four-path example, assume RC > Ts/4, so the capacitor voltage changes
only slightly during one switching interval and can be approximated by the average of
the applied waveform. At dc, each capacitor settles to the input level, and Hy(0) = 1.
At fi, = fs, consider the sine excitation in Figure 11. During the first on interval, the
normalized capacitor voltage is approximated by

Ts/4 J 2
0 = — in(27tfst) dt = —.
Y /0 sin (27 fst) -

(37)
The four held capacitor values form the piecewise output shown in Figure 11b. Since the co-
sine and sine inputs differ by Ts /4, their outputs have the same relative shift. Equations (32)
and (33) then produce the real and imaginary parts shown in Figure 12. The imaginary part
has zero period average, while the real part gives

Re[H(fs, t)] = <2>2 + <2>2 _ 8 (38)

s 7T

Thus, Ho(fs) = 8/72. Repeating the same construction at f;, = 2f; gives the wave-
forms in Figure 13 and
Im[H(2fs,t)] =0

Re[H(2f;, )] = (i)z _ 4 (39)

Hence, Hy(2f5) =4/ 2. These limiting values are consistent with the established switched-
RC analyses in [26,27,30].

Figure 14 compares the linear magnitudes of the equivalent sampled responses for two
values of I'. Because I' = 7/(RC), increasing I corresponds to reducing RC relative to the
switch-on interval and therefore weakens the capacitor averaging behavior. At the nominal
null frequencies 4f; and 8fs, the residual magnitudes increase from 0.00318 and 0.00159
for I' = 0.02 to 0.01592 and 0.00796 for I' = 0.10, respectively. These values correspond
to —49.94 dB, —55.96 dB, —35.96 dB, and —41.98 dB. Thus, a smaller I" (larger RC) more
closely approaches the ideal averaging limit and produces deeper nulls, whereas a larger I’
increases the finite RC error.
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7 b2 ¢ b3/| ,
C C C C s ; R
I I I 1 7w
- - - - - — 1
(a) (b)
Figure 11. (a) Four-path filter. (b) The input (dashed line) and the four-phase outputs ¢g_3 (solid
line).
w; () wq(t)
Z 2
™ m
0 1 : 1 7t 0 1 1 t
_2 L eg f 2 ___ = 2fs s
T T
() (b)
N
= wy(t) cos(2mfit) + wo (1) sin(2mfit) > = wq () cos2mfit) —w;i(e)sin (27fst)
2
> wi(e) cos(2mfst) p — wy(t)sin (2mfit)
0 t 0 t
W, (8) sin(2fit) * z | we (t) cos(2mfit)
T
(©) (d)

Figure 12. When f;,, = f;, (@) w;(t). (b) wy(t). (c) Re[H(f,t)]. (d) Im[H(f, t)].
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Figure 13. When f;,, = 2f;, (a) w;(t). (b) wy(t). (c) Re[H(f, t)]. (d) Im[H(f, t)].
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Figure 14. Equivalent sampled response magnitude |Heq(f)| for T = 7/(RC) = 0.02 and 0.10.

At fin = Nfs = 4f;, the input completes one full cycle during each interval of
length T;/4. Its average over every active interval is therefore zero, as illustrated in
Figure 15, and the large-RC approximation gives Hy(4fs) = 0. More generally, an input at
fin = kN fs completes k full cycles during each path interval, so Hy(kNf;) = 0 in the ideal
averaging limit.

A wi(t) A~ wi(t)
Ts Ts
N 2N ’ N ~
\ /- \ / /N /N
\ | I LN \ | \ L AN
ol ' I 1 7t 0 1 T i t
\ ! — \ o/ il
v v 2fs v/ 2f,
(a) (b)

Figure 15. Average value equals zero for (a) cos(87fst), (b) sin(87fst).

Quantitative Consistency Check

To quantify the accuracy and applicability of our time-domain interpretation, we
numerically integrated Equation (1) for an ideal four-path network. We set the normalized
parametersto Ty = 1, T = T /4, and T = 7/ (RC) = 0.02. A complex sinusoidal input was
represented by separate cosine and sine runs, and we extracted the harmonic coefficients
using Equation (36). The simulation used 2000 time steps per switching period and ran
for 500 periods to ensure steady state. Doubling the time resolution changed the reported
magnitudes by less than 0.05%.

Table 3 compares the extracted numerical Hy values with the intuitive large-RC limits
in the decibel domain. At f; and 2f;,, the magnitude differences remain below 0.001 dB.
At the nominal null frequencies, the finite value of I produces residuals of —49.95 dB at
4fs and —55.97 dB at 8f;, both normalized to the dc response. These results support our
physical interpretation, while demonstrating that the exact null is an asymptotic limit of
the averaging approximation.

Equation (36) also permits a direct verification of the higher-order coefficients. Table 4
lists the coefficients extracted at fi, = fs in decibels. Only indices that are integer multiples
of four remain, as predicted by the N-path principle in Equation (13). All nonmultiples
of four within the range —8 < k < 8 remain below —273 dB in the normalized calcula-
tion. The time-domain interpretation therefore extends consistently to higher-order HTFs
when using the full coefficient integral, although the simple averaging arguments remain
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most transparent for the fundamental component Hy. A comparison of the four analysis

methodologies is summarized in Table 5.

Table 3. Decibel-domain comparison of the intuitive and numerical Hy magnitudes for a four-path
filter with I' = 0.02.

Funl f Intuitive Numerical Absolute Difference
mijs 201og;,, |Ho| (dB) 201og;,, |Ho| (dB) or Residual (dB)
0 0.000 0.000 <0.001
1 —1.824 —1.825 <0.001
2 —7.845 —7.845 <0.001
4 —0 —49.95 —49.95
8 —0 —55.97 —55.97

Table 4. Selected higher-order HTF conversion gains in decibels for a fixed input at fi, = fs.

—8 —4 0 4 8
fout/fs:1+k -7 -3 1 5 9
20 loglo ‘Hk(fs)| (dB) —18.73 —11.37 —1.82 —15.80 —20.91

Note:

For the fixed input tone fin = f;, the coefficient Hy(f;) is the harmonic conversion gain from fi, to

fout = fin+kfs

(k +1)fs. Therefore, the entries at positive and negative k correspond to different output

frequencies and are not required to be symmetric about k = 0. For a real LPTV network, conjugate symmetry
relates Hy(f) to H* | (—f) rather than generally relating Hy(f) to H_i(f).

Table 5. Comparison of N-path filter analysis methodologies.

Continuous-Time

Comparison .. dow Function [27] Discrete-Time Adjoint Time-Domain
Dimension ODE [26] Network [30] Interpretation
State-space equations ~ Switched-RC ordinary . Orthogonal excitation
. . . . . Equivalent sampled . -
. combined with differential equations - L . and Fourier-coefficient
Mathematical . linear time-invariant .
. window-spectrum evaluated at the . extraction
basis ; PR impulse response
convolution switching instants
Complete Compact Physical interpretation

Main output

continuous-time
harmonic transfer

sampled-domain or
same-frequency

Equivalent sampled
transfer function

of Hy and direct
extraction of general

functions response Hy
gzp:éfcs _translated Avoids explicit Simplifies the Provides transparent

Mai 4 Y convolution with the calculation of links among capacitor

am components and

advantage hicher-order switching window periodically sampled averaging, phase
ha%‘monics spectrum responses cancellation, and HTFs
Relatively high Does not directly Primarily formulated Simple waveform

. . . 7 arguments require
Main algebraic and provide all for periodically i
imitati computational frequency-translated sampled linear RC > T;/4; the full

limitation ) integral formulation is

complexity components networks

required for general Hy

4. Conclusions

This tutorial review places the principal N-path filter analysis methods within a unified
LPTV framework. Continuous-time window function analysis provides the most complete
harmonic description but requires substantial algebra. Discrete-time ODE analysis yields
a compact sampled response, although it does not directly expose every translated com-
ponent. Adjoint network analysis offers an efficient route to find the equivalent sampled
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impulse response. The orthogonal-excitation viewpoint serves a different purpose, provid-
ing a physically transparent interpretation of capacitor averaging, path-phase cancellation,
Hy(f), and the gain-null condition at fi, = kNf;. This article deliberately positions the
orthogonal-excitation viewpoint as an educational interpretation rather than a new HTF
theory. The numerical integration of the ideal switched-RC equations confirms the limiting
values at f; and 2fs to within 0.001 dB for I' = 0.02. It also quantifies the finite-RC residuals
at the nominal null frequencies. The general coefficient—extraction relationship shows
how the same orthogonal responses recover higher-order HTFs. Together, our review and
consistency checks clarify the utility and boundaries of the time-domain picture. They
guide readers in selecting the appropriate analytical method based on their target output
quantity and accuracy requirements.
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