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Abstract: To unveil the impact of each condition variable on the leaching efficiency index during the
heap leaching process of rare earth ore and establish a prediction model for leaching conditions and ef-
ficiency, common parameters in the heap leaching process of rare earth ore were selected. In addition,
the pilot-scale test data were collected over 50 days. Based on the collected data, the Ordinary Least
Squares (OLS) linear regression method was used for fitting analysis to determine each variable’s
influence on the change in leaching efficiency. The results indicated a linear relationship between the
flow rate of the leaching solution and leaching efficiency. In contrast, no obvious linear relationship
was observed between other condition variables and leaching efficiency. Spearman’s rank correlation
coefficient was calculated to analyze the nonlinear correlation between the abovementioned variables
and the leaching efficiency index. The correlation coefficients were found to be —0.78, 0.88, —0.93,
—0.53, 0.71, and —0.93 for ammonium content in the leaching agent, pH of the leaching agent, rare
earth content, ammonium content in the leaching solution, pH of the leaching solution, and the flow
rate of the leaching solution, respectively. This suggests that the flow rate of the leaching solution,
rare earth content, and pH of the leaching agent significantly influence leaching efficiency, thus
affecting the rare earth leaching efficiency index. Based on the correlation analysis results of leaching
conditions and efficiency, a dataset with limited data trained by the common Ordinary Least Squares
model, linear regression model, random forest model, and support vector machine regression model
was selected to develop a prediction model for the leaching process data. The results indicated
that the random forest model had the lowest mean square error of 7.47 among the four models and
the coefficient of determination closest to 1 (0.99). This model can effectively analyze and predict
condition variables’ data and leaching efficiency index in the heap leaching process of rare earth ore,
with a prediction accuracy exceeding 90%, thus providing intelligent guidance for the heap leaching
process of rare earth ores.

Keywords: rare earth ore; heap leaching; data mining; process prediction

1. Introduction

Rare earth elements have been widely utilized in petroleum, chemical, aerospace,
military, new permanent magnet material, and other high-tech fields, particularly the heavy
rare earth elements found in ionic rare earth ores, which are categorized as national strategic
resources [1-5]. In recent years, with the rapid advancement of science and technology, the
global demand for medium and heavy rare earth elements (such as gadolinium, dyspro-
sium, and yttrium) has been on the rise [6], and China’s total reserves of medium and heavy
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rare earth resources account for more than 80% of the world’s total [7]. These resources are
primarily distributed across eight southern provinces: Jiangxi, Fujian, Zhejiang, Hunan,
Guangdong, Guangxi, Yunnan, and Guizhou. They possess the characteristics of wide
distribution and low radioactivity and can be considered a “trump card” in the Sino-US
trade war. With the frequent leaching hydrodynamics of weathered elution-deposited
rare earth ores with ammonium salt solutions, the exploitation of ionic rare earth ores has
garnered increasing attention from the state [8]. Since the discovery of ionic rare earth ores
in the Zudong area of Longnan, Jiangxi Province, in 1969, its mining process has evolved
through pool leaching, heap leaching, and in situ leaching [9]. Currently, compared to
the other two processes, the in situ leaching process offers advantages such as minimal
damage to mountains and vegetation, low labor intensity, and low production costs [10].
It is considered the most effective combined mining and beneficiation process and has
been widely adopted [11]. However, this process primarily utilizes ammonium sulfate
as the leaching agent, leading to the consumption of a significant amount of ammonium
sulfate solution during leaching [12]. As a result, more ammonia nitrogen remains in the
tailings, leading to excessive ammonia nitrogen levels in mine tailings, surface water near
mining areas, and groundwater. This escalation in production costs and ammonia nitrogen
pollution severely impacts the healthy development of the medium and heavy rare earth
industry [13].

A substantial body of scholarly research has investigated the impact of various con-
ditions on leaching effectiveness within the leaching process. For instance, Moldoveanu
etal. [14] compared the leaching efficacy of several monovalent salt solutions under ambient
conditions on weathered crust elution-deposited rare earth ores. Their findings revealed,
in a descending order, Cs* > NH4" > Na* > Li*. Meanwhile, Ye et al. [15] employed an
orthogonal design to ascertain the aqueous radon solubilities at different temperatures
and salinities. They concurrently measured radon solubilities at various pH levels and
explored the influence of temperature, salinity, and pH on the leaching agent’s solubility in
the leaching solution. Other researchers have investigated the dynamics relevant to the
heap-leaching process of rare earth ores. For example, Tian et al. [16] analyzed the kinetics
of leaching rare earth from weathered crust elution-deposited rare earth ores using an
ammonium sulfate solution. They examined the influence of critical leaching parameters,
such as leaching velocity and leaching agent concentration, on mass transfer. Similarly,
Zhang et al. [17] examined the impact of regulating injection flow rates on the in situ
leaching range. They developed a hydrodynamic model under eight different pumping
and injection conditions, suggesting that optimizing injection well flow rates at various
positions could effectively control the leaching range. Additionally, studies have focused
on leach solutions. For example, Wang et al. [18] investigated interactions among clay
particles in ion-adsorption-type rare earth ores within aqueous solutions. They elucidated
the influence of solution properties on the percolation process of ion-type rare earth ores
during leaching. Zeng et al. [19], on the other hand, prepared three surfactant leaching
solutions of varying concentrations for agitation leaching experiments. They identified the
optimal surfactant leaching solution to study the seepage characteristics of acid leaching
solution affected by surfactants in the ore-bearing layer during in situ leaching. Lastly, Hu
et al. [9] developed a new composite swelling inhibitor solution in different concentrations
to address clay minerals’ swelling issue upon contact with water. They determined the
optimal solution system and the corresponding concentration. Research has also delved
into the microscopic mechanisms underlying the leaching reaction process. For instance,
Feng et al. [20] investigated the electrochemical properties generated by ion migration
accompanied by charge movement during the in situ leaching of ion-adsorption-type rare
earth ores. They explored the effects of chemical reaction rate and pore size on resistance
parameters. Wang et al. [21] proposed the new understanding of the engineering property
modification of weathered crust elution-deposited rare earth ores, as well as the underlying
microscopic mechanisms. They revealed the internal processes and effects of ammonium
sulfate leaching on weathered crust elution-deposited rare earth ores. Moreover, Gao
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et al. [22] examined the impact of leaching agent concentration and pH on the stability
of agglomeration of ion-adsorbed rare earth deposits. They analyzed surface zeta poten-
tial, double electric layer thickness, particle gradation, and pore structure to assess the
different concentrations and pH levels of leaching solutions” impact on the stability of
ore agglomerates. While single-factor condition experiments can identify the influence
of individual factors on leaching efficiency, they cannot elucidate the correlation between
these experiments and the final production or provide production guidance. Therefore,
using continuous experimental data from pilot scale experiments, common parameters
in the rare earth ore heap leaching process were selected. Modern intelligent technology
analysis methods were adopted to analyze, excavate, and predict the data, guiding the final
production effectively.

Python syntax is succinct and clear, facilitating ease of learning and usage. With
robust data processing libraries such as Pandas, NumPy, and others, Python efficiently
performs tasks including data cleaning, conversion, and aggregation [23]. Moreover, so-
phisticated data visualization tools like Matplotlib, Seaborn, and Plotly enable the creation
of high-quality charts for visual representation. Additionally, with support from a diverse
array of machine learning libraries like scikit-learn, TensorFlow, and PyTorch, Python
facilitates the implementation of various machine learning algorithms and modeling tasks.
Therefore, this paper adopts Python (version 3.7.0) as the primary language for data pro-
cessing to conduct data analysis and prediction. Data preprocessing plays a crucial role
in data analysis, encompassing tasks such as cleaning, integration, transformation, and
normalization. Effective preprocessing aids in understanding data relationships, reducing
errors, and enhancing the accuracy and reliability of prediction analysis results. Scatter
plots visually represent data points on a rectangular coordinate system, illustrating the
degree of interaction between variables. By examining the distribution of data points
on a scatter plot, correlations between variables can be inferred. A random distribution
of discrete points suggests no correlation, whereas a dense concentration of data points
with a discernible trend indicates a certain correlation [24]. Therefore, following data
preprocessing, this paper generates scatter plots and performs linear fitting to preliminarily
ascertain the correlation between condition variables and leaching efficiency. Correlation
analysis measures the relationship between variables, aiding in understanding the data’s
internal structure and guiding the selection of appropriate variables when constructing
models. Prediction models focus on forecasting unknown data, providing insights into
future trends, and aiding in decision making.

In response to the scarce available data on the heap leaching process of rare earth
ores, this study utilized Python to address missing data, perform data cleansing, and
execute data format conversion, thus completing data preprocessing. The processed data
were visualized in the form of scatter plots to preliminarily assess the correlation between
each condition variable and the leaching efficiency index. A linear regression model was
employed to fit a straight line, verifying the linear relationship between the condition
variables and the leaching efficiency index. In cases where linear regression assumptions
were not met, the correlation coefficient for nonlinear relationships was calculated to
identify key factors influencing leaching efficiency. Building upon correlation analysis
among the condition variables, four common models were trained using multivariate
datasets. The goodness of fit of each model was evaluated based on mean square error
and coefficient of determination. Additionally, a comparison graph of predicted versus
actual leaching efficiency was generated to facilitate data mining and the prediction of
condition variables in the traditional rare earth ore heap leaching process, employing
modern technical methods.

2. Data Collection for the Heap Leaching Process of Rare Earth Ore

Continuous industrial testing was conducted at the rare earth ore heap leaching site
to collect and process data for the entire process. The heap leaching process diagram is
depicted in Figure 1. This process comprises three main steps: liquid infusion, liquid
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[AleizO5(OH)4]m1’lRE3+(S) +3nNH4+(uq) = [AleizO5(OH)4]m(NH4+)

collection, and ammonium recycling. The process flow is as follows: initially, the ore pile is
constructed, and the leaching agent solution is infused. Considering both cost and leaching
efficiency, the leaching agent selected for this experiment was a complex ammonium salt
composed of ammonium sulfate and ammonium chloride in a 3:1 ratio. Once the rare earth
leaching solution is collected, rare earth recovery is achieved through impurity removal
precipitation, and the precipitation mother liquor is collected. Subsequently, sulfuric acid is
added to the precipitated mother liquor until the pH is adjusted to meet the leaching agent
requirements for the late leaching agent solution. Upon the completion of the rare earth ore
heap leaching operation, the tailings are washed with clean water, and the leaching liquid
and mother liquor are combined to form a new leaching solution. Ammonium salt leaching
agent is then added to meet the leaching agent requirements, facilitating the recycling and
reuse of ammonium. Among these, the reaction process for leaching rare earth elements
with ammonium salt is as Equation (1).

3n(s) + nRE> (aq) 1)

Rare earth ores heaps

Pump of

— (a) Fluid Y —
Preparation pond/ ——
I Water
—  — (f) Preparation
-

—_ (@) Impurity
—_\Jremoval pond / \

Figure 1. Data acquisition process.

Rare earth elements through this chemical reaction are exchanged in the solution to
obtain the rare earth leaching solution. The rare earth elements are then recovered by
precipitation using ammonium bicarbonate. The mother liquor, after the precipitation of
rare earth elements, is treated with the sulfuric acid solution, and the chemical reaction is
as Equation (2).

2NH4HCO3 + HySO4 = (NHy),S04 4 2CO5 1 +2H,0 @)

After collecting and sorting the continuous pilot scale test data obtained from the heap
leaching site, point diagrams are drawn based on the leaching start time, as depicted in
Figures 2—4.
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Figure 3. Concentration of rare earth and leaching efficiency.
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Figure 4. Concentration and content of ammonium in leaching solution.

As the leaching process progressed, the pH of the leaching solution consistently
ranged between 3 and 5, indicating its acidic nature, as illustrated in Figure 2. However,
it is noteworthy that, at the onset of the leaching process, the pH initially exceeded 5,
indicating no rare earth leaching. This initial phase of the data is not represented in the
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figure. At the beginning of leaching, the pH of the leaching solution is weakly acidic due to
the presence of clay minerals in rare earth minerals, which specifically act as an acid-base
buffer [25]. When an excessive amount of acidic leaching agent is added to the ore body,
the pH of the leaching solution decreases and is maintained between 3 and 5. During
this time, an exchange reaction occurs between the leaching agent cation and rare earth
ion, resulting in the collection of a leaching solution containing rare earth. Moreover, the
flow rate exhibited a gradual decline throughout the leaching process. From days 20 to
40, the trend was relatively steady with minor fluctuations, while towards the end of the
leaching process, the flow rate diminished considerably. The leaching liquid flow rate is
related to the amount of leaching agent solution. At the beginning of leaching, leaching
agent solution is added according to a certain liquid—solid ratio, resulting in a high leaching
liquid flow rate. After the leaching agent solution is added proportionally, the injection
stops, leading to a gradual decrease in the flow rate of the leaching solution as the leaching
cycle progresses.

As illustrated in Figure 3, as the heap leaching process progressed, there was a gradual
enhancement in the leaching efficiency of rare earth. The growth rate was faster in the
first 20 days, and the rare earth leaching efficiency reached 90.28% by the end of liquid
collection. The concentration of rare earth increased rapidly in the first ten days, gradually
decreased after reaching the peak, and stabilized after 25 days. This occurs because, during
the initial stage of the ion exchange reaction, a substantial amount of rare earth ions is
released from the mineral surface or pores and enter the solution, leading to a rapid increase
in the rare earth leaching rate and the concentration of rare earth in the solution. Adjusting
the pH value of the solution is necessary to promote the release of rare earth ions. Under
acidic conditions, the release of rare earth ions is more efficient [26]; hence, the leaching
solution is typically acidic. As the ion exchange reaction begins, rare earth ions undergo
migration within the solution, a phenomenon influenced by various factors including
solution concentration, temperature, pH value, and other variables.

As depicted in Figure 4, during the 50-day leaching period, the concentration of
ammonium ions peaked on the 10th day of the leaching process, followed by a gradual
decrease, ultimately stabilizing towards the end. Upon the completion of leaching, the
accumulated metal content in the leaching solution reached 4.44 tons. The content of
ammonium ions is related to the amount of leaching agent. With the addition of a leaching
agent solution, some ammonium ions and rare earth ions are adsorbed by clay minerals
in a large amount of ammonium ion leached ore body. Most ammonium ions percolate
into the solution and finally reach the outlet. During the injection period, most of the
ammonium ions were collected simultaneously with the rare earth leaching solution, and
the ammonium ions in the leaching solution increased rapidly. When the liquid injection is
stopped, the residual ammonium ions in the ore body are collected after percolating with
the solution, and the ammonium ions gradually decrease.

To sum up, exploring the relationship between leaching process parameters and rare
earth leaching plays a beneficial guiding role in efficiently extracting rare earth ions and
optimizing mine production.

3. Analysis of Correlation between Leaching Condition Variables and
Leaching Efficiency

The original data from the rare earth ore heap leaching process were manually collected
from pilot scale tests. However, several issues such as omissions, losses, and incomplete
record preservation arose. To mitigate potential data loss, anomalies, redundancies, and
other factors that could compromise the accuracy of the analysis, the collected data un-
derwent preprocessing [27-33]. In the collected dataset, less than 3% of the data groups
exhibited a loss of more than 80% of the values for each condition variable on the same
day, representing a negligible proportion of the overall raw data. Consequently, these data
groups were directly discarded. Regarding duplicate data, owing to the nature of heap
leaching tests, instances occurred where the values of conditional variables were identical.
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Therefore, this portion of the data was retained to uphold the integrity of the dataset
and ensure the accuracy of model construction. Subsequently, variables were selected
and determined based on the rare earth ore heap leaching data, and feature extraction of
conditional variables was completed. The data value range was established, the data type
was modified, and the data were formatted to facilitate easy readability and analysis using
code. Additionally, a multidimensional dataset was created to furnish a more comprehen-
sive and accurate foundation for modeling and visualization. Through the steps of data
cleaning, conversion, and integration, we effectively preprocessed the data, guaranteeing
its quality and reliability, and strengthening the accuracy and stability of our data mining
and prediction models [34,35].

3.1. Linear Correlation Analysis between Condition Variables and Leaching Efficiency

The Python language is used for generating a scatter plot, attempting to illustrate the
linear correlation between each condition variable and the leaching efficiency, as shown in
Figure 5. Figure 5a—f, respectively, depict scatter diagrams representing the relationship
between leaching agent ammonium content and leaching efficiency, leaching agent pH
and leaching efficiency, rare earth content and leaching efficiency, leaching solution am-
monium content and leaching efficiency, leaching solution pH and leaching efficiency, and
flow rate and leaching efficiency. In Figure 5a—c, noticeable patterns emerge in the scatter
plots, suggesting a correlation between the variables, although not all scattered points are
directly related. However, different variable values correspond to the same leaching effi-
ciency, indicating a one-to-many variable relationship in the two-dimensional scatter plot.
Figure 5f demonstrates that the flow rate and leaching efficiency exhibit an approximate
monotone linear relationship. Conversely, there is no obvious monotone linear relationship
between the other condition variables and leaching efficiency. To further investigate the
linear relationship, the linear fit between each condition variable and leaching efficiency
was visualized.
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Figure 5. Linear regression fitting diagram between leaching efficiency and (a) ammonium content of
the leaching agent, (b) pH of the leaching agent, (c) rare earth content, (d) ammonium content in the
leaching solution, (e) pH of the leaching solution, and (f) flow rate.
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The linear regression fitting line between each condition variable and the leaching effi-
ciency index was generated using the OLS algorithm, as displayed in Figure 5 alongside the
scatter plot. OLS was utilized to fit linear regression models. The least squares method is a
widely used parameter estimation technique. Given independent and dependent variables,
OLS identifies an optimal line that minimizes the sum of squares of the residuals (the differ-
ences between actual and predicted values) for all data points. This method is commonly
employed in fitting linear regression models and other parametric models [36-38].

As depicted in the linear regression fitting line diagram in Figure 5, the visual scatter
plot of linear regression provides a more intuitive means to assess whether a monotonic
linear correlation exists between each condition variable and leaching efficiency. The
shaded area in the figure is a 95% confidence interval, that is, the interval constructed
according to the 95% accuracy and accuracy of the samples extracted from the population,
which is used as an estimate of the range of the truth value of the distribution parameters
of the population. Also, the R? of each line is added to each line. Consistent with the initial
observation from the scatter plot, only the flow rate and leaching efficiency exhibited a
well-fitted straight line, with data points primarily aligning along the straight line and
within the error range, indicating a strong negative linear correlation. However, the other
variables did not demonstrate a clear linear correlation with leaching efficiency, resulting
in a small R? value. To further evaluate the strength of correlation among the condition
variables, excluding the flow rate of the leaching solution, and leaching efficiency, we
selected the correlation coefficient as a numerical indicator to assess the extent of influence
of each variable on the leaching efficiency outcomes during the heap leaching process of
rare earth ore, thereby quantifying the degree of correlation.

3.2. Nonlinear Correlation Analysis between Condition Variables and Leaching Efficiency

The correlation coefficient is utilized to assess the strength of the correlation between
variables expressed numerically. Given the various correlation coefficient types available,
they can accommodate both linear and nonlinear correlation relationships [39,40]. In the
previous analysis, we did not observe a satisfactory linear fitting effect between the condi-
tion variables of the heap leaching process and the leaching efficiency index. Therefore, we
opted to employ the correlation coefficient to more intuitively demonstrate the correlation
strength between independent and dependent variables. Subsequently, we computed
the correlation coefficient for each condition variable and the leaching efficiency index,
identifying the main control variable with the strongest correlation to leaching efficiency.
This analysis provided valuable guidance for data analysis and prediction within the heap
leaching process.

The commonly used correlation coefficients include the Pearson correlation coefficient,
Spearman’s rank correlation coefficient, and Kendall’s rank correlation coefficient. The
value of the correlation coefficient ranges from —1 to 1, where 1 signifies a perfect positive
correlation, and —1 signifies a perfect negative correlation.

Pearson’s correlation coefficient, which measures the strength and direction of the
linear relationship between two continuous variables, is sensitive to outliers and is often
utilized to gauge the linear correlation between two continuous variables. The calculation
formula is given by Equation (3), where r represents the Pearson’s correlation coefficient,
and X and Y denote the two variable values to be calculated.

_ n(LXY) — (EX)(XY)
r= )
\/ [nEX2 — (£X)| [nE¥2 - (T Y]

Spearman’s rank correlation coefficient is a non-parametric method that measures a
monotonic relationship between two variables, rather than a strictly linear relationship. It
calculates correlations by comparing the ranks of variables and applies to any monotonic
relationship, not just linear relationships. The calculation formula is given by Equation (4).
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In this formula, rs is Spearman’s rank correlation coefficient, d; represents the difference of
the variables after ordering, and n represents the number of samples.

6y d;>

:1—7
s n(n?—1)

(4)

Kendall’s rank correlation coefficient is also a non-parametric method, similar to
Spearman’s rank correlation coefficient, as it is calculated based on the rank of the variable.
Kendall’s rank correlation coefficient is more robust for cases of outliers and small sample
sizes in the data. Unlike Spearman’s rank correlation coefficient, Kendall’s rank correlation
coefficient is less sensitive to rank correlations, so in some cases, it may yield different
correlation results. The calculation formula is given by Equation (5), where 7 is Kendall’s
rank correlation coefficient, C represents the number of consistent pairs, D signifies the
number of inconsistent pairs, and n denotes the number of samples.

C-D
T_%n(n—l) ©)

When calculating the correlation coefficient, we can determine whether it is linear or
based on the distribution and trend of the scatter plot diagram and select the appropriate
correlation coefficient accordingly. Due to the one-to-many relationship and the small
amount of data in the heap leaching dataset after preprocessing, there was no linear fitting
relationship between the other conditional variables except for the flow rate of the leaching
solution and the leaching efficiency. Therefore, Spearman’s rank correlation coefficient was
used to assess the strength of the nonlinear relationship between the conditional variables
and the leaching efficiency, aiming to improve the accuracy of correlation assessment.
Spearman’s rank correlation coefficient was employed to calculate the nonlinear correlation
between the conditional variables and the leaching efficiency. The final results of the
nonlinear correlation between the two-dimensional variables in the rare earth heap leaching
process were presented as a heat map.

The nonlinear correlation coefficient thermal map provides the correlation coefficient
for each pair of variables. This study focuses mainly on identifying the main control
variable with the greatest influence on the leaching efficiency index, concentrating on data
in the last row or column. In Figure 6, the red series denotes positive correlations, while the
blue series represents negative ones. The stronger the correlation, the closer the absolute
value of the correlation coefficient is to 1. From Figure 6, it is evident that the flow rate
and rare earth content of the leaching solution exhibit a strong negative correlation with
leaching efficiency, with a correlation coefficient of —0.93. Moreover, the thermal diagram
shows a strong correlation coefficient of 0.85 between flow rate and rare earth content. This
suggests a significant relationship between these variables. It is inferred that the correlation
between flow rate and rare earth content may indicate the two primary controlling variables
of leaching efficiency. The correlation coefficient of ammonium content in the leaching
solution is only —0.53, a weaker correlation than other conditional variables. Consequently,
it is believed that the correlation between ammonium content in the leaching solution and
leaching efficiency is relatively weak. Specifically, the correlation between each conditional
variable and the index of leaching efficiency was ranked as follows: flow rate = rare earth
content (—0.93) > leaching agent pH (0.88) > leaching agent ammonium content (—0.78)
> leaching solution pH (0.71) > leaching solution ammonium content (—0.53). In other
words, the conditional variables guiding the leaching efficiency index are ranked from
strongest to weakest correlation as follows: flow rate, rare earth content, pH of leaching
agent, ammonium content of leaching agent, pH of leaching solution, and ammonium
content in leaching solution. The data prediction model for the heap leaching process of
rare earth ores can be constructed using as few condition variables as possible, focusing on
control variables with strong correlations.
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Figure 6. Correlation coefficient thermal map.

4. Study on Data Prediction Model of Heap Leaching Process of Rare Earth Ores

After examining the influence of each conditional variable on the leaching efficiency
index, it was discovered that the correlation coefficient between each conditional variable
and the leaching efficiency in the heap leaching process exceeded 0.5. Considering that the
leaching efficiency index is affected by multiple factors and results from synergistic action,
multi-variable co-fitting training was chosen for predicting the leaching efficiency data in
the heap leaching process of rare earth ore to achieve optimal results. Regarding model
selection, four common models were chosen: linear regression model, OLS model, random
forest model, and support vector machine regression (SVR) model.

Linear regression is a statistical model for establishing a linear relationship between
dependent and independent variables. This model is often employed to predict the value
of the dependent variable or to analyze the influence of the independent variables on the
dependent variable [41]. Its general form is represented by Formula (6).

YI‘Bo+,31X1+‘32X2+"'+,Ban+€ 6)

where Y is the dependent variable (also called the response variable or the target variable),
X1, Xp, ..., Xp are the independent variables (also called explanatory variables or predictor
variables), 30 is the intercept (constant term), 31, 32, ..., Bn are the coefficients of the inde-
pendent variables, indicating the influence of each independent variable on the dependent
variable, and ¢ is the error term (residual), which represents the factors that the model fails
to account for.

The OLS model is also a kind of linear regression model. In the OLS model, the
optimal coefficients are estimated by minimizing the residuals sum of squares 31, 37, ...,
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Bn [42]. Specifically, the OLS model is implemented by minimizing the loss functions as
represented by Formula (7).

n

minimizeZ(Yi —(Bo+pB1Xin + B2Xip+ -+ ,BnXin>)2 @)
i=1

where Y; represents the i-th observation, and Xj;, Xip, ... Xin are the corresponding ar-
gument values. Once an optimal coefficient estimate is obtained, the model can be used
for predictive and inferential analyses. The OLS model typically assumes that the resid-
uals satisfy some basic assumptions, such as a mean of 0, homogeneity of variance, and
independent homoscedasticity.

Random forest is an ensemble learning model based on decision trees. Its core algo-
rithms consist of decision trees and ensemble learning methods, commonly employed for
classification and regression tasks. Random forest comprises multiple decision trees, each
functioning as a weak learner that contributes to overall predictions through voting or
averaging. The random forest model features decision tree composition, random feature
selection, voting method selection, determination of average values, and strong robust-
ness [43]. It is worth noting that the random forest model has parameters that require
tuning, such as the number of trees, maximum depth, and method of random feature
selection. Hence, for optimal model performance when employing the random forest
model, it is essential to fine-tune its parameters.

SVM is commonly utilized for classification problems but can also be applied to
regression problems; in such cases, it is referred to as support vector machine regression
(SVR) [44]. The objective of SVR is to find a function that fits the data with minimal error
while maintaining conciseness. Unlike traditional linear regression models, SVR employs
an approach called the “kernel trick,” enabling data to be mapped into a high-dimensional
feature space to handle nonlinear relationships more effectively. SVR also requires the
adjustment of hyperparameters, such as the selection of the kernel function (e.g., linear,
polynomial, or Gaussian kernels) and the regularization parameter C, to achieve optimal
model performance.

Mean square error (MSE), root mean square error (RMSE), and coefficient of determi-
nation (R-squared) are pivotal evaluation metrics for assessing prediction model fitting.
These metrics are calculated using the predicted values from the trained model and the
actual dependent variable values to evaluate the goodness of fit of the model. To validate
the effectiveness of the prediction model for rare earth ore heap leaching process data,
this study divides the preprocessed dataset into two parts: one for training the model
and the other for validation. Utilizing MSE and R-squared, models with high degrees of
fitting are selected with both intuition and accuracy. The original leaching efficiency index
and predicted leaching efficiency data are concurrently output to represent the predicted
results visually.

Mean square error (MSE) and coefficient of determination (R?) are commonly used
to evaluate regression models, measuring the goodness of fit. MSE quantifies the average
error between the predicted and actual values of the model, while R? indicates the model’s
explanatory power for variable changes. The formula for calculating MSE is as follows:

n

1
MSE = EZ(% - ?z’)z (®)
i=1

where n represents the number of samples, y; denotes the actual value, and §; signifies the
model’s predicted value. The smaller the value of MSE, the better the model fits [45,46].

n A2
ie1 (i — i)
R =1— =2 = ©)

i1 (i —Y)
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where y; represents the real value, #j; represents the predicted value of the model, and i
stands for the mean of the dependent variable. R? ranges from 0 to 1, and the closer the
value is to 1, the better the model fits the data. When R? is 1, the model perfectly fits the
data [47,48].

The MSE and R? values of the OLS model, linear regression model, random forest
model, and SVR model are presented in Table 1.

Table 1. Four common models’ mean square error and coefficient of determination.

Model MSE R?
Ordinary Least Squares 27.512530 0.965140
Linear regression 25.441179 0.967764
Random forest 7.469664 0.990535
Support vector machine regression 748.356873 0.051775

When selecting a model, opt for the one with the lowest MSE and the R? closest to
1. Upon examining the evaluation indicators of model predictions, the MSE values, from
smallest to largest, were as follows: random forest model, linear regression model, OLS
model, and SVR model. Similarly, the R? values followed the same order: random forest
model, linear regression model, OLS model, and SVR model. The MSE of the random forest
model is 7.47, and the R? is 0.99, indicating that the random forest model provides the
best prediction. Figure 7 illustrates the actual leaching efficiency values and the predicted
leaching efficiency index of the four common models.
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Figure 7. Comparison between actual leaching efficiency data and predicted leaching efficiency
curve of (a) OLS model, (b) linear regression model, (¢) random forest model, and (d) support vector
machine regression model.
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As depicted in Figure 7, panels a, b, ¢, and d compare the actual leaching efficiency
values with the predicted leaching efficiency indices of the OLS model, linear regression
model, random forest model, and SVR model, respectively. In each panel, the horizontal
axis represents the number of data points involved in verification, while the vertical axis
represents the leaching efficiency value. The blue line represents the index predicted by
the model after training, and the orange line represents the actual value. It is evident
from the figure that the random forest model exhibits the best-fitting degree, consistent
with the analysis of evaluation indicators such as MSE and R2. The OLS model is a type
of linear regression model. It is speculated that the fitting degree of the two models is
poor because most of the conditional variables do not satisfy a linear relationship with
the leaching efficiency. The latter half of the SVM model fits well, and it is speculated
that a certain amount of data is needed to correct the parameter values in the parameter
adjustment. The trained prediction model can not only fill in the unrecorded variable
values in actual production but also predict the final leaching efficiency index based on the
input conditional variable values to guide the actual production process.

5. Conclusions

Test data collected from a continuous pilot scale heap leaching process of rare earth
ore underwent a series of preprocessing steps, including cleaning, filling, and conversion.
Scatter plots were generated to illustrate the relationship between each condition variable
and the leaching efficiency index. Linear regression models using OLS were fitted to the
data, revealing non-monotonic linear correlations between the condition variables and
leaching efficiency, except for the flow rate of the leaching solution. A nonlinear correlation
analysis based on Spearman’s rank correlation coefficient thermal map indicated significant
differences in the nonlinear relationships between each condition variable and leaching
efficiency. Notably, the correlation coefficients of rare earth content and flow rate reached
—0.93, indicating a strong negative correlation with leaching efficiency. The absolute values
of the correlation coefficients between each condition variable and the leaching efficiency
index were above 0.5, suggesting a certain correlation between each conditional variable
and leaching efficiency. Comparative analysis of Ordinary Least Squares models, linear
regression models, random forest models, and support vector machine regression models
for data fitting and prediction of rare earth ore heap leaching processes revealed that the
random forest model had the smallest mean square error among the four common models,
at 7.47, and a coefficient of determination closest to 1, at 0.99, making it the most suitable
for predicting rare earth ore heap leaching processes. Visualization comparisons of the
prediction models for heap leaching processes indicated that the prediction accuracy of the
random forest model could exceed 90%. These research findings offer fundamental insights
into data analysis and exploration within the rare earth ore leaching industry, as well as the
advancement of predictive models for production process indices.
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