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Abstract 

Silver nanoparticles have been electrochemically embedded in poly(vinyl alcohol)/algi-

nate hydrogels, producing composites with antibacterial activity and controlled silver re-

lease. UV–visible and FTIR spectroscopy confirmed the incorporation of silver nanoparti-

cles and established bonds in composite hydrogels. The silver nanoparticle-loaded hydro-

gels exhibited strong antibacterial activity, achieving complete reduction of Staphylococcus 

aureus TL and Escherichia coli ATCC 25922 cells after only 1 h of exposure, while the MTT 

assay confirmed their biocompatibility, with cell viability above 80% for both L929 and 

MRC-5 cell lines. Silver release was measured in phosphate buffer at 37 °C using atomic 

absorption spectroscopy (AAS). Release kinetics was analyzed using our two-compart-

mental model with a general fractional derivative and compared with established ap-

proaches in diffusion modeling. The general fractional derivative (GFD) model provided 

the closest fit to the experimental silver release data, exhibiting the lowest fitting error 

values (R = 0.0014 for silver/PVA/0.5 wt% alginate and R = 0.0051 for silver/PVA/1.0 wt% 

alginate) and enabling the accurate determination of the silver diffusion coefficient over 

the entire release period. These findings demonstrate that silver/poly(vinyl alcohol)/algi-

nate hydrogels combine biocompatibility, antibacterial efficacy, and predictable silver re-

lease, highlighting their potential as advanced wound dressing materials with controlled 

antimicrobial delivery. 
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1. Introduction 

It is well known that hydrogels are suitable for biomedical applications such as tissue 

engineering, wound healing, and controlled drug delivery due to their porosity, biocom-

patibility, and mechanical and physicochemical properties [1–7]. The design of multifunc-

tional hydrogels with mechanical stability, biocompatibility, and antibacterial properties 

remains a major focus of current biomaterials research [8]. Among the different polymer 

systems investigated, poly(vinyl alcohol) (PVA) and sodium alginate have emerged as 

complementary materials that can be combined to obtain hybrid hydrogels with opti-

mized performance [9–17]. 

Pure PVA hydrogels often lack biological functionality and biodegradability, limit-

ing their direct application in tissue engineering or wound care [12]. Consequently, PVA 

is frequently mixed with different polymers or bioactive compounds. Blending improves 

biocompatibility and introduces functional groups that enhance cell adhesion and prolif-

eration [12,13]. For instance, hybrid hydrogels combining PVA with polysaccharides or 

proteins have been shown to improve water uptake and provide better integration with 

biological tissues [14,15]. The PVA matrix also serves as an excellent carrier for antibiotics, 

growth factors, and antibacterial metal nanoparticles due to its uniform microstructure 

and chemical stability [15,16]. 

Alginate hydrogels exhibit high biocompatibility, mild gelation conditions, and bio-

degradability, which make them suitable for the encapsulation of cells and drugs [4,18]. 

Nevertheless, pure alginate gels exhibit poor mechanical strength and limited stability 

under physiological conditions, particularly in the absence of crosslinking ions [19,20]. To 

address these shortcomings, alginate is often combined with synthetic polymers like PVA 

to form interpenetrating polymer networks or semi-interpenetrating hydrogels [21]. Such 

hybrid structures exhibit improved elasticity, thermal stability, and controlled swelling 

behavior while maintaining the favorable biological features of alginate [1,22–24]. 

Silver is well known for its broad-spectrum antibacterial, antifungal, and antiviral 

properties, acting through multiple mechanisms [25,26]. Incorporating silver nanoparti-

cles (AgNPs) into composite PVA–alginate hydrogels could enable the development of 

improved antimicrobial biomaterials for potential applications in wound dressings and 

tissue engineering [24,27–31]. In situ synthesis of AgNPs within the hydrogel matrix typ-

ically results in uniform nanoparticle distribution and strong interaction with the polymer 

chains, enhancing both mechanical stability and antimicrobial activity [2,26,29,32–34]. In 

contrast, the ex situ addition of pre-synthesized nanoparticles allows for better control 

over particle size but may lead to agglomeration or uneven dispersion [35]. 

The synergistic combination of PVA and alginate provides a versatile platform for 

fabricating hydrogels with tailored mechanical, swelling, and biological properties. The 

incorporation of silver nanoparticles further expands the possibility to apply them in 

wound dressings, tissue regeneration, and antimicrobial coatings for implants [36–38]. 

Current research is focused on optimizing the crosslinking method, polymer ratio, and 

silver content to tune degradation rate, ion release profile, and cellular response [39–42]. 

In pharmacokinetics, a popular choice to describe the drug release is that of compart-

mental models like the general fractional derivative (GFD) model recently formulated by 

our group [43,44]. In this work, we studied the silver release behavior of electrochemically 

synthesized PVA–alginate hydrogels with embedded AgNPs using two compartmental 

GFD models and compared it with Korsmeyer–Peppas [45], Makoid–Banakar [46], Kop-

cha [47] and early-time approximation (ETA) [48,49] diffusion models. 

The novelty of the present study is the novel general fractional derivative (GFD) 

model to investigate silver release from AgNP-loaded PVA–alginate hydrogels. To the 

best of our knowledge, this is the first application of the GFD model to alginate-based 

hydrogel systems. In contrast to conventional diffusion models, the GFD approach 
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accurately describes the entire release profile, provides the lowest fitting residuals, and 

enables the determination of the effective silver diffusion coefficient over the complete 

release period throughout the entire release process, revealing the influence of alginate 

concentration on silver transport within the hydrogel network. These findings provide 

new insights into the structure–diffusion–function relationship of silver-loaded PVA–al-

ginate hydrogels and offer a robust mathematical framework for the design and optimi-

zation of controlled silver-releasing wound dressings. 

2. Results and Discussion 

The electrochemical synthesis of silver nanoparticles within the hydrogel takes place 

by the reduction of Ag+ ions under constant applied voltage. Therefore, AgNPs are stabi-

lized inside the hydrogel matrix through the interactions with polymer chains and by 

penetrating pores of the matrix, enabling long-term stabilization. In order to determine 

the optimal values of applied voltage (U) and time of synthesis (t), UV–visible spectros-

copy was used. The parameters that were used to evaluate the optimal values U and t 

were the positions and intensities of absorption maxima (λmax and Amax, respectively), as 

well as nanoparticle diameters (D), estimated based on SPR peaks [50,51]. Varying the 

applied voltage between 50 and 110 V and time between 2 and 6 min, the lowest AgNP 

diameter was observed at 90 V and a time of 4 min; these parameters were chosen as op-

timal since it is well known that smaller AgNPs exhibit a stronger antibacterial effect. We 

have determined the same values of applied voltage and time earlier for different silver-

loaded hydrogels [29,34,52–55]. Under these conditions, preferential accumulation of me-

tallic silver may occur at the cathodic interface, which adversely affects nanoparticle for-

mation efficiency. To counteract this phenomenon and promote nanoparticle generation, 

the direction of the applied electric field was periodically switched at 60 s intervals. 

2.1. UV–Visible Spectroscopy 

Since amounts of alginate were varied, two different colloid dispersions were 

obtained—P0.5A (PVA/0.5 wt% alginate) and P1.0A (PVA/1.0 wt% alginate). The 

incorporation of silver nanoparticles into the two hydrogel compositions resulted in 

samples designated SP0.5A (silver/PVA/0.5 wt% alginate) and SP1.0A (silver/PVA/1.0 

wt% alginate). Silver nanoparticles were detected in SP1.0A and SP0.5A hydrogels by UV–

Vis - spectroscopy, showing a strong optical peak near 400 nm due to surface plasmon 

resonance (SPR) [56]. Characteristic peak at 390–440 nm proves the presence of AgNPs 

inside the hydrogel matrix [57]. 

The UV–Vis spectra of P1.0A, P0.5A, SP1.0A, and SP0.5A hydrogels are presented in 

Figure 1. All measurements for the hydrogel samples were expressed as averages obtained 

from three replicates. The absorption maxima observed at 400 nm for SP0.5A (Figure 1a) 

and 402 nm for SP1.0A (Figure 1b) proved the incorporation of spherical AgNPs with di-

ameters of a few tens of nanometers. Namely, based on the published data for different 

silver-loaded hydrogels, it is well known that UV–Vis analysis has shown that the surface 

plasmon absorption band peaking in the wavelength range of 405–440 nm corresponds to 

silver nanoparticles with radii smaller than ∼30 nm [27,28,56,58]. These findings were con-

firmed by transmission electron microscopy (TEM) and dynamic light scattering (DLS) 

measurements for different hydrogels with embedded silver nanoparticles 

[29,30,34,53,55,59,60]. 

The UV–Vis spectra of the samples without silver, P0.5A (Figure 1a) and P1.0A (Fig-

ure 1b) did not exhibit peaks at ~400 nm. A higher absorbance of SP1.0A hydrogel (0.494 

a.u.) than absorbance of SP0.5A (0.345 a.u.) proves that an increase in AgNP content was 

detected with rising alginate concentration in the hydrogel matrices due to a greater num-

ber of alginate functional groups capable of interacting with silver species. 

https://doi.org/10.3390/molecules31152702


Molecules 2026, 31, 2702 4 of 20 
 

https://doi.org/10.3390/molecules31152702 

  

Figure 1. UV–Vis spectra of (a) P0.5A and SP0.5A hydrogels and (b) P1.0A and SP1.0A hydrogels. 

2.2. FTIR Spectroscopy 

Figure 2 illustrates the FTIR spectra of PVA, P0.5A, P1.0A, SP0.5A, and SP1.0A hy-

drogels. 

 

Figure 2. FTIR spectra of (a) PVA, (b) P0.5A, (c) P1.0A, (d) SP0.5A and (e) SP1.0A hydrogels. 

Well-defined, broad absorption bands assigned to the stretching vibrations of 

hydrogen-bonded hydroxyl groups can be revealed in the interval from 3270 to 3280 cm−1 

for all samples. A shift of bands’ positions to the lower wavenumbers can be observed 

after silver introduction to the hydrogels, e.g., from 3275 cm−1 (P0.5A) to 3272 cm−1 

(SP0.5A) and from 3280 cm−1 (P1.0A) to 3270 cm−1 (SP1.0A), which further corroborates the 

interaction between silver nanoparticles and the hydroxyl functional groups present in 

the PVA and alginate polymer chains. Namely, upon the incorporation of silver 

nanoparticles, the hydroxyl stretching band underwent a slightly larger shift in the 

hydrogel containing 1.0 wt.% alginate than in the hydrogel containing 0.5 wt.% alginate, 

relative to their respective silver-free counterparts. Specifically, the band shifted by 

approximately 10 cm−1 for the P1.0A/SP1.0A pair, whereas a shift of only 3 cm−1 was 

observed for the P0.5A/SP0.5A pair. This greater band displacement at higher alginate 

content suggests that the higher availability of hydroxyl functional groups promotes the 

formation of a larger number of interactions between the silver nanoparticles and the 

PVA/alginate network. 

For all hydrogels, bands at 2939 cm−1 and 2907 cm−1 are assigned to C-H stretching 

vibration in both alginate and PVA structures [61,62]. In pure alginate, a band detected at 

1712 cm−1 is assigned to the H–O–C=O stretching vibrations [27]. For Ag-containing 

hydrogels, bands at 1763 and 1735 cm−1 for SP0.5A and at 1763 and 1729 cm−1 for SP1.0A 

were observed (Figure 2). Perhaps it can be assumed that significant bands’ shifting to the 

higher wavenumbers can be consequences of additional bonds established between silver 

particles and the H–O–C=O group, confirming the interaction between polymers and Ag 

particles. At 1654 cm−1, the presence of PVA-absorbed water could be detected in all 
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samples. At 1565 cm−1, the –OH bending vibration in pure PVA hydrogel, as well as in the 

hydrogel with a smaller amount of alginate (P0.5A), can be noticed [62]. According to the 

literature [63], it was reported that the band detected at 1610 cm−1 can be assigned to the 

CO stretching in the carbonyl group, belonging to the alginate structure. Previously 

mentioned functional groups can create hydrogen bonding between PVA and alginate. 

Due to more hydrogen bonds forming between polymers, e.g., intra- and inter-molecular 

interaction, the band at 1611 cm−1 can be detected in the case of a higher alginate amount 

in hydrogel (P1.0A) (Figure 2). For pure PVA, P0.5A, P1.0A and SP0.5A, bands at 1415 

cm−1 can be observed, while the higher concentration of alginate in combination with PVA 

and silver, SP1.0A, causes a slight shift of this band to the lower wavenumber, at 1409 

cm−1. These bands represent the combination of FTIR bands for both PVA and alginate 

functional groups’ vibrations, assigned to the –OH in-plane coupling with C–H wagging 

in the CH2 group in the PVA structure and the symmetric stretching vibration of the COO- 

groups in the alginate structure [61,64]. Based on the bands’ shift, it can be proposed that 

an increase in alginate concentration in Ag-containing hydrogels increases the alginate 

impact on the band position, as seen by a slight shift to the lower wavenumber (1409 cm−1). 

This indicates the interactions of embedded silver inside the polymer matrix, in particular 

with the O–H group of both PVA and alginate. For all hydrogels, the FTIR bands detected 

at around 1375 cm−1 can be assigned to the CH2 wagging in the PVA structure (Figure 2) 

[62]. The band at 1323 cm−1 aligns well with the C–H wagging of pure PVA hydrogel, 

while for all multicomponent hydrogels, the presence of this band can be detected in the 

range from 1325 to 1332 cm−1, suggesting the interactions between the components. A 

weak band, originating from symmetric stretching of C–O, could be detected at 1140 cm−1 

for pure PVA hydrogel. The existence of this band, in all analyzed hydrogels, proves the 

crystalline sequence of PVA [55,62]. FTIR bands, detected at 1085 cm−1 in all hydrogels, 

can be assigned to the C–O stretching in secondary alcohols (PVA, C–O–H group), 

overlapping the C–C and C–O stretching in alginate structure [61,62]. A bend at around 

917 cm−1, observed for all hydrogels, can be assigned to the rocking of the CH2 vibration 

in the PVA structure [62]. For pure PVA hydrogel, a band corresponding to the C–C 

stretching in the PVA structure can be detected at 832 cm−1 (Figure 2) [62]. Corresponding 

FTIR bands for P0.5A and P1.0A hydrogels are revealed at 832 and 827 cm−1, respectively, 

suggesting that a smaller amount of alginate (0.5% in P0.5A) does not influence the FTIR 

band position of PVA, while a higher amount of alginate (1.0% in P1.0A) causes a slight 

shift to the lower wavenumber, suggesting a more intensive interaction between the two 

polymers (PVA and Alg). Silver introduction to PVA/Alg hydrogels leads to the 

appearance of significantly sharper FTIR bands at lower wavenumbers, e.g., at 823 cm−1 

for both SP0.5A and SP1.0A hydrogels, indicating the silver interaction with polymers, 

improving the stability of silver particles in the silver-doped polymer hydrogels. 

FTIR spectroscopy revealed the formation of interactions between alginate chains 

and silver nanoparticles, confirming the suitability of alginate for use in the 

electrochemical synthesis of AgNPs. Alginate additionally contributes to nanoparticle sta-

bilization due to the presence of hydroxyl (–OH) and carboxylate (–COO−) functional 

groups. The interactions between alginate and silver nanoparticles, as evidenced by shift-

ing of the characteristic vibrational bands associated with hydroxyl (–OH) and carbox-

ylate (–COO−) groups, indicate their involvement in nanoparticle stabilization. Alginate is 

widely recognized as an effective stabilizing agent for AgNPs due to the interaction of 

characteristic groups with the Ag nanoparticle surface, reducing particle aggregation [27]. 

The influence of another polymer component, poly(vinyl alcohol), on the incorporation 

and stabilization of AgNPs within the PVA/alginate hydrogel matrix can be explained by 

the formation of complex bonds between Ag+ ions and electron pairs on the oxygen atoms 

of the hydroxyl groups in PVA, facilitating the silver ion reduction and improving 
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nanoparticle dispersion within polymer matrices [26]. Consequently, the combined pres-

ence of alginate and PVA contributes to the stabilization and homogeneous distribution 

of AgNPs within the Ag/PVA/Alg hydrogel network. 

2.3. Evaluation of Antibacterial Properties 

The antibacterial efficiency of P1.0A, P0.5A, SP1.0A and SP0.5A hydrogels was eval-

uated by monitoring bacterial growth kinetics in the presence of hydrogel samples against 

Staphylococcus aureus and Escherichia coli, which are among the most prevalent pathogens 

associated with wound infections. 

Figure 3 represents the quantification of surviving bacterial cells in the presence of 

P1.0A, P0.5A, SP1.0A and SP0.5A hydrogels. After 1 h, SP0.5A and SP1.0A hydrogels 

caused complete reduction of bacterial cells for both S. aureus and E. coli. The antibacterial 

activity of the investigated hydrogels against Escherichia coli was evaluated after 24 h of 

incubation. One-way ANOVA revealed a highly significant effect of the tested specimens 

on bacterial growth (Figure 3a). Tukey’s post hoc multiple comparison test demonstrated 

that the Ag-containing hydrogels (SP0.5A and SP1.0A) significantly inhibited bacterial 

growth compared with the control and the corresponding silver-free hydrogels (P0.5A 

and P1.0A) (p < 0.0001). In contrast, no significant differences were observed between the 

control and the silver-free hydrogels, nor between the two Ag-containing hydrogels (p > 

0.05). Complete inhibition of E. coli growth was observed for both Ag-containing hydro-

gels after 24 h, as no viable colonies were detected. 

 

(a) 

 

(b) 

Figure 3. Results of the antibacterial activity tests of P0.5A, SP0.5A, P1.0A, and SP1.0A hydrogels 

against the bacterial strains (a) Escherichia coli ATCC25922 and (b) Staphylococcus aureus TL. 

One-way analysis of variance (ANOVA) demonstrated a statistically significant effect 

of the tested specimens on the growth of S. aureus after 24 h (Figure 3b). Tukey’s post hoc 

multiple comparison test demonstrated that all hydrogel formulations significantly re-

duced bacterial growth compared with the untreated control (p < 0.0001). However, no 

statistically significant differences were observed among the hydrogel formulations them-

selves (p > 0.05). Complete inhibition of bacterial growth was observed for the SP0.5A and 

SP1.0A hydrogels after 24 h, as no viable bacterial colonies were detected in any of the 

independent experiments. 
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The markedly stronger antimicrobial performance of AgNPs compared to bulk silver 

is attributed to their unique physicochemical behavior and biological reactivity. Although 

the mechanism has not been fully clarified, current understanding points to two closely 

linked pathways. One involves the direct interaction between nanoparticles and the bac-

terial surface, while the other is associated with the continuous release of biologically ac-

tive silver ions [65]. 

AgNPs can breach the bacterial envelope, which leads to structural disruption, leak-

age of intracellular material, and ultimately cell death. Their nanoscale dimensions further 

amplify this effect, since smaller particles provide a substantially larger contact interface 

with microbial cells. After entering the cell, AgNPs can associate with vital components—

including membranes, proteins, lipids, enzymes, ribosomes, and nucleic acids—trigger-

ing extensive cellular malfunction that ends in apoptosis [66]. 

In addition, AgNPs may stimulate excessive generation of reactive oxygen species 

(ROS) and free radicals while simultaneously impairing the bacterial antioxidant defense 

system. Their large surface area also enables a sustained release of Ag+ ions, which can 

interfere with ATP synthesis and disrupt essential cellular functions by binding to mem-

brane-bound proteins or interacting with DNA [66,67]. Taken together, these combined 

effects—direct nanoparticle–cell interactions and ion-mediated toxicity—underlie the 

pronounced antibacterial potency of silver nanoparticles. Overall, the results demonstrate 

that the proposed wound dressing materials exhibit significant potential for use in anti-

bacterial applications. 

2.4. Cytotoxicity 

The cytotoxicity of the samples P0.5A, P1.0A, SP0.5A, and SP1.0A toward the L929 

(mouse fibroblast) and MRC-5 (human fibroblast) cell lines was assessed using the DET 

and MTT assays. Figures 4 and 5 present the results of the tests, showing cell viability 

relative to control. Data are presented as mean ± SD (n = 3). Statistical significance was 

determined by one-way ANOVA followed by Tukey’s post hoc test (p < 0.05). According 

to the cytotoxicity scale interpretation [68], the samples do not exhibit cytotoxic effects 

toward L929 and MRC-5. 

The cytotoxicity of the hydrogel samples was assessed by dye-exclusion assay. This 

method relies on the fact that trypan blue selectively enters only damaged or non-viable 

cells, while living cells with intact membranes remain unstained [69]. Cell viability was 

calculated in respect to control and shown in Figure 4. 

Both cell lines maintained high viability for all tested samples, indicating the absence 

of pronounced cytotoxic effects. As cell survival remained above 85% for all samples, the 

investigated hydrogels can be classified as non-cytotoxic. 

 

Figure 4. Cell viability of the L929 and MRC-5 cell lines in the presence of the hydrogel samples 

P0.5A, P1.0A, SP0.5A, and SP1.0A obtained by the DET assay. 
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Figure 5. Cell viability of the L929 and MRC-5 cell lines in the presence of the hydrogel samples 

P0.5A, P1.0A, SP0.5A, and SP1.0A obtained by the MTT assay. 

The MTT assay results, shown in Figure 5, represent the percentage of viable cells 

compared with the control group (cells cultured without any sample). Based on the estab-

lished cytotoxicity criteria, none of the tested materials demonstrated toxic effects. In fact, 

the MTT data indicated that the P0.5A, P1.0A, SP0.5A, and SP1.0A hydrogels exhibited 

non-cytotoxic effects against both MRC-5 and L929 cell lines. One-way ANOVA showed 

no statistically significant differences in cell viability among the tested hydrogel formula-

tions for either the L929 cells or the MRC-5 cells. The conclusions regarding cytocompati-

bility were based primarily on the MTT results, supported by the observations from the 

DET assay since MTT is often used as the primary quantitative method for assessing cell 

metabolic activity, while the DET assay provides qualitative visualization of viable and 

non-viable cells. In the presented case this was strongly supported by statistical analysis 

(Figure 5). The MTT assay results indicate that mouse fibroblasts are more sensitive to the 

samples. Samples with a higher content of silver nanoparticles—specifically SP1.0A (as 

confirmed by UV-Vis spectroscopy)—lead to reduced cell viability. 

2.5. Silver Release 

The experimental curves for SP0.5A and SP1.0A hydrogels (red points at Figure 6a 

and Figure 6b, respectively, presented as averages of three samples) were obtained by 

AAS. They indicated the silver initial burst release, favorable for efficient inhibition of 

bacterial growth, followed by slow release during a longer time period. Silver release ex-

periments confirmed higher initial silver concentration in SP1.0A (417.37 mg dm−3) than 

in SP0.5A (382.60 mg dm−3), as was indicated also by UV-Vis spectra (Figure 1). To inves-

tigate the mechanism of silver release, experimental profiles were studied using different 

diffusion models as follows. 

 

 

(a) (b) 

Figure 6. The ct/c0 values determined by GFD, M-B, K-P, and K models and experimental values for 

(a) SP0.5A and (b) SP1.0A hydrogels.  
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General Fractional Derivative Model 

The classical two-compartmental system is described by a system of two equations 

[70]: 

   𝑑𝑚1

𝑑𝑡
= −𝑘 (

𝑚1(𝑡)

𝑉1

−
𝑚2(𝑡)

𝑉2

) + 𝑓1(𝑡),  

𝑑𝑚2

𝑑𝑡
= 𝑘 (

𝑚1(𝑡)

𝑉1

−
𝑚2(𝑡)

𝑉2

) + 𝑓2(𝑡), (1) 

where m1 is the mass of silver in the hydrogel and m2 is the mass of released silver, k de-

notes the diffusion coefficient, V1 is the hydrogel volume, and V2 is the volume of the so-

lution, while f1 and f2 are production terms. Note that in Equation (1), Fick’s model of 

diffusion across compartments’ boundaries is assumed. 

In our earlier work [44,71], we proposed a generalization of the system (1) as: 

𝑏 𝐷𝑡
𝛼,𝜆

0
𝐶 𝑚1(𝑡) + 𝑎 𝐷̅𝑡

𝛽,𝛬
0
𝐶 𝑚1(𝑡) = −𝑘 (

𝑚1(𝑡)

𝑉1

−
𝑚2(𝑡)

𝑉2

) + 𝑓1(𝑡),  

𝑏 𝐷𝑡
𝛼,𝜆

0
𝐶 𝑚2(𝑡) + 𝑎 𝐷̅𝑡

𝛽,𝛬
0
𝐶 𝑚2(𝑡) = 𝑘 (

𝑚1(𝑡)

𝑉1

−
𝑚2(𝑡)

𝑉2

) + 𝑓2(𝑡), (2) 

where 

𝐷𝑡
𝛼,𝜆

0
𝐶 𝑚1(𝑡) =

𝑏 𝛼

𝛤(1−𝛼)
∫

exp(−𝜆𝜏)

𝜏𝛼

𝑡

0
 𝑚1

(1)(𝑡 − 𝜏)𝑑𝜏,   0 <𝛼 < 1,  

is the general fractional derivative of order α and 

𝐷̅𝑡
𝛽,𝛬

0
𝐶 𝑚1(𝑡) = ∫ [

𝑎𝛽

𝛤(1 − 𝛽)
∫

exp(−𝛬𝜏)

𝜏𝛽

𝑡

0

𝑚1
(1)(𝑡 − 𝜏)𝑑𝜏     ] 𝑑𝛽

1

0

, (3) 

is the distributed order of the general fractional derivative; 𝑎 and 𝑏 are non-negative 

constants, having dimensions of time related to relaxation time; 𝛼  is a constant; 𝜆 >

0 and 𝛬 > 0 are constants; and k is a constant connected with the diffusion coefficient. 

Therefore, the expanded form of the system that we use is 

𝑏 

𝛤(1 − 𝛼)
∫ 𝑏𝛼−1

𝑡

0

 
exp(−𝛬𝜏)

𝜏𝛼
𝑚1

(1)(𝑡 − 𝜏)𝑑𝜏

+ 𝑎 ∫ 𝑎𝛽−1 [
1

𝛤(1 − 𝛽)
∫

exp(−𝜆𝜏)

𝜏𝛽

𝑡

0

𝑚1
(1)(𝑡 − 𝜏)𝑑𝜏     ] 𝑑𝛽

1

0

 

= −𝑘 (
𝑚1(𝑡)

𝑉1

−
𝑚2(𝑡)

𝑉2

) + 𝑓1(𝑡), 

 

𝑏 

𝛤(1 − 𝛼)
∫ 𝑏𝛼−1

𝑡

0

 
exp(−𝛬𝜏)

𝜏𝛼
𝑚2

(1)(𝑡 − 𝜏)𝑑𝜏

+ 𝑎 ∫ 𝑎𝛽−1 [
1

𝛤(1 − 𝛽)
∫

exp(−𝜆𝜏)

𝜏𝛽

𝑡

0

𝑚2
(1)(𝑡 − 𝜏)𝑑𝜏     ] 𝑑𝛽

1

0

 

= 𝑘 (
𝑚(𝑡)

𝑉1

−
𝑚2(𝑡)

𝑉2

) + 𝑓2(𝑡). 

(4) 

The initial conditions corresponding to Equation (4) are 

𝑚1(0) = 𝑚0,     𝑚2(0) = 0. (5) 

In [41,42], we solved system Equations (4) and (5) by using Laplace transform. The 

result is 
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    𝑚̂2(𝑠) =
1

𝑉1

𝑘(𝑚0+
𝑓̂1(𝑠)+𝑓̂2(𝑠)

𝑏
[𝑏(𝑠+𝜆)]1−𝛼+𝑏𝐾(𝑠)

)

𝑠[
𝑏𝑠

[𝑏(𝑠+𝛬)]1−𝛼+𝑎𝑠𝐾(𝑠)+𝑘(
1

𝑉1
+

1

𝑉2
)]

, 
 

𝑚̂1(𝑠) =
𝑚0

𝑠
−

𝑓̂1(𝑠)+𝑓̂2(𝑠)

𝑠[
𝑏

[𝑏(𝑠+𝛬)]1−𝛼+𝑏𝐾(𝑠)]
, (6) 

where 𝑚̂2(𝑠) denotes the Laplace transform and 

𝐾(𝑠) = ∫
𝑑𝛽

[𝑎(𝑠 + 𝜆)]1−𝛽

1

0

.  

From Equation (6), by using the inverse Laplace transform and introducing relative 

masses 

𝑞1(𝑡) =
𝑚1(𝑡)

𝑚0
,       𝑞2(𝑡) =

𝑚2(𝑡)

𝑚0
,  

it follows 

        𝑞1(1) = 1 − 𝑞2(𝑡),  

𝑞2(𝑡) = lim
𝑃→∞

𝑘

𝑉1

1

2𝜋
∫

exp(𝑥0+𝑖𝑝)𝑡

(𝑥0+𝑖𝑝)[
𝑏(𝑥0+𝑖𝑝)

[𝑏(𝑥0+𝑖𝑝+𝜆)]1−𝛼+𝑎(𝑥0+𝑖𝑝)𝐾((𝑥0+𝑖𝑝),𝜆)+𝑘(
1

𝑉1
+

1

𝑉2
)]

𝑑𝑝
𝑥0+𝑖𝑃

𝑥0−𝑖𝑃
. (7) 

Note that 𝑞1(𝑡) + 𝑞2(𝑡) = 1. The equations in Equation (7) are solutions of the gen-

eral fractional derivative model (GFD) presented in (7). The values of the parameters 

𝑎, 𝑘, 𝜆, 𝑏, 𝛽, 𝛬 are calculated by using the least square method. 

The silver release experimental profiles determined by atomic absorption spectros-

copy are presented (Table 1) as the ratio between the concentration of silver released at 

time t, ct, and the initial silver concentration in the hydrogel, co. We note that 𝑐𝑡 = 𝑚2 𝑉1⁄  

and 𝑐0 = 𝑚0 𝑉1⁄ , so 𝑐𝑡 𝑐0⁄ = 𝑚2 𝑚0⁄ = 𝑞2. 

Table 1. The ct/c0 values for SP0.5A and SP1.0A hydrogels in phosphate buffer (PB) at pH 7.42 and 

37 °C. 

Time (Days) ct/c0 (SP0.5A) ct/c0 (SP1.0A) 

0 0 0 

1 0.530 0.523 

2 0.666 0.662 

3 0.727 0.751 

4 0.775 0.805 

5 0.820 0.860 

6 0.839 0.883 

7 0.849 0.894 

9 0.855 0.901 

12 0.859 0.905 

15 0.862 0.909 

19 0.865 0.911 

21 0.867 0.913 

22 0.869 0.915 

28 0.871 0.917 

Let the square residual, R, be defined as 
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𝑅(𝑎, 𝑘, 𝜆, 𝑏, 𝛽, 𝜆) = ∑ [
𝐶t

𝐶0

(𝑡𝑗) − (
𝐶t

𝐶0

)𝑚(𝑡𝑗)]
214

𝑗=1

,  

where 𝑐𝑡 𝑐0⁄ (𝑡𝑗) = 𝑚2 𝑚0⁄ = 𝑞2(𝑡𝑗)  denotes the values calculated using Equation (7), 

while(𝑐𝑡 𝑐0⁄ )𝑚(𝑡𝑗) represents experimental values at time tj. Parameters a and b must be 

𝑎 > 0,  𝑏 > 0. (8) 

The constant k is connected with the diffusion coefficient, so 𝑘 > 0, and 

𝜆 ≥ 0, 𝛬 ≥ 0. (9) 

In order to obtain 𝑘 in the dimension cm2/s, we multiplied both sides of Equation 

(4) with 1/day. From the condition 

min
𝑎,𝑘,𝜆,𝑏,𝛽,𝛬

𝑅(𝑎, 𝑘, 𝜆, 𝑏, 𝛽, 𝛬), (10) 

The parameter values for SP0.5A hydrogel were calculated to be 

𝑎 = 0.00008797 day1, 𝑘 = 0.000852
cm5

day
,   𝜆 = 0.00504 day−1,  

𝑏 = 2.8495930774 day1, 𝛽 = 0.823, 𝛬 = 0.2933  day−1, min
𝑎,𝑘,𝜆,𝑏,𝛽,𝛬

𝑅(𝑎, 𝑘, 𝜆, 𝑏, 𝛽, 𝛬) = 

0.0013896. 

 

Similarly, the parameters values for SP1.0A hydrogel were calculated to be 

𝑎 = 0.0000022852 day1, 𝑘 = 0.0006183807
cm5

day
, 𝜆 = 0.0000001133 day−1  

𝑏 = 2.0841381888 day1,   𝛽 = 0,9507, 𝛬 = 0.1134327942 day−1, 

min
𝑎,𝑘,𝜆,𝑏,𝛽,𝛬

𝑅(𝑎, 𝑘, 𝜆, 𝑏, 𝛽, 𝛬) = 0.00513664. 
 

The parameter values calculated from the GFD model and quality of fitting, R, for 

SP0.5A and SP1.0A hydrogels are presented in Table 2. 

To obtain the diffusion coefficient, D, from Equation (2), we introduce a characteristic 

length ∆ [71] in Equation (4) so that 

𝑘 (
𝑚1(𝑡)

𝑉1

−
𝑚2(𝑡)

𝑉2

),  

is replaced with 

𝑘 (
𝑚1(𝑡)

𝑉1
−

𝑄𝑚(𝑡)
𝑉2

)

Δ
, 

 

where ∆  has the dimension of length. Therefore, the expression for the diffusion 

coefficient becomes 𝐷 =
𝑘 ∆⁄

𝐴
, where 𝐴 is the area over which diffusion takes place. Since 

we are using the samples in the form of a cylinder (radius, 𝑟 = 11.5 mm; thickness, 𝛿 =

4.5 mm ), the surface area is 𝐴 = 2𝑟2𝜋 + 2𝑟𝜋𝛿 = 11.561 cm2 . With ∆= 0.015cm, we ob-

tained 𝐷 = 5.686 × 10−8  cm2 s⁄  and 4.127 × 10−8  cm2 s⁄  for SP0.5A and SP1.0A hydro-

gels, respectively (Table 2). A smaller value of the silver diffusion coefficient, i.e., a slower 

silver release for the SP1.0A hydrogel, can be interpreted by increased established bonds 
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between silver nanoparticles and -O and -OH groups inside the PVA/Alg polymer matrix 

with higher alginate concentration and, consequently, more stable Ag-Alg complexes. 

These findings are in accordance with UV-Vis measurements, proving a greater amount 

of silver nanoparticles inside the matrix with higher alginate concentrations. 

To elucidate the mechanisms governing silver release, the GFD model results were 

systematically compared with several theoretical diffusion models, enabling quantitative 

determination of relevant diffusion parameters. Models of Makoid–Banakar (M-B) [46], 

Korsmeyer–Peppas (K-P) [45], and Kopcha (K) [47] are defined by Equations (11), (12) and 

(13), respectively: 

𝐶t

𝐶0

= 𝑘MB ⋅ 𝑡n ⋅ exp(−c ⋅ 𝑡) (11) 

𝐶t

𝐶0

= 𝑘KP ⋅ 𝑡n (12) 

𝐶t

𝐶0

= A ⋅ 𝑡1/2 +  B ⋅ 𝑡 (13) 

where kMB and c are constants in the M-B model; kKP is the K-P rate constant; n is the release 

exponent, and A and B are the K constants. 

The resulting curves are shown in Figure 6a,b, for SP0.5A and SP1.0A hydrogels, re-

spectively, indicating an initial burst release, with approximately 66% of the loaded silver 

nanoparticles released within the first 48 h, followed by a sustained, slower release over 

time. The model parameters and R for M-B, K-P and K models are shown in Table 2. 

Table 2. The model parameters and quality of fitting, R, for SP0.5A and SP1.0A hydrogels. 

SP0.5A 

Parameters β λ1 (day−1) λ2 (day−1) 
k 

(cm5/day) 
𝐷 =

𝑘 ∆⁄

𝐴
, 

(cm2/s) 

a 

(day) 

b 

(day) 
R 

GFD  0.823 0.00504 0.2933 0.0008522 5.686 × 10−8 0.00008797 2.733 0.0013896 

Parameters kKP (day−n) n R 

K–P  0.641 0.1092 0.0301969 

Parameters kMB (day−n) n C R 

M–B  0.6603 0.10791 0.002122 0.0272206 

Parameters A (day−1/2) B (day−1) R 

K 0.5096 −0.0691 0.0480492 

SP1.0A 

Parameters β 
λ1 

(day−1) 
λ2 (day−1) 

k 

(cm5/day) 
𝐷 =

𝑘 ∆⁄

𝐴
 

(cm2/s) 

a 

(day) 

b 

(day) 
R 

GFD  0.9507 1.133×10−7 0.1134 0.000618 4.127 × 10−8 0.00000228 2.0841 0.00513664 

Parameters kKP (day−n) n R 

K–P 0.65034 0.12288 0.0436298 

Parameters kMB (day−n) n C R 

M–B  0.60104 0.2394 0.01415 0.0106785 

Parameters A (day−1/2) B (day−1) R 

K 0.52747 −0.07074 0.039048 

It is seen that the GFD model describes the silver release diffusion better than the 

other models since the calculated values of square residual from the GFD model are one 

order of magnitude lower than the values calculated from the other models (Table 2). 

Since n is less than 0.5, silver release is governed by Fickian diffusion [45]. This is in ac-

cordance with the K model, since ∣A∣ > ∣B∣, confirming that diffusion rather than polymer 
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relaxation dominated the release process. The early time approximation (ETA) model [48] 

was used to calculate D from Equation (14) and compare it with D determined from the 

GFD model. 

𝑐𝑡

𝑐0

= 4 ⋅ (
𝐷 ⋅ 𝑡

𝜋 ⋅ 𝑟2
)

1/2

− 𝜋 ⋅ (
𝐷 ⋅ 𝑡

𝜋 ⋅ 𝑟2
) −

𝜋

3
⋅ (

𝐷 ⋅ 𝑡

𝜋 ⋅ 𝑟2
)

3/2

+ 4 ⋅ (
𝐷 ⋅ 𝑡

𝜋 ⋅ 𝛿2
)

1/2

  

−
2𝑟

𝛿
⋅ [8 ⋅ (

𝐷 ⋅ 𝑡

𝜋 ⋅ 𝑟2
) − 2𝜋 ⋅ (

𝐷 ⋅ 𝑡

𝜋 ⋅ 𝑟2
)

3/2

−
2𝜋

3
⋅ (

𝐷 ⋅ 𝑡

𝜋 ⋅ 𝑟2
)

2

] (14) 

Figure 7 depicts the ct/c0 ratio as a function of the square root of time. We determined 

D in Equation (14) by minimizing square residual 

𝑍(𝐷) = ∑[𝑐𝑡 𝑐0⁄ (𝑡𝑗) − (𝑐𝑡 𝑐0⁄ )𝑚(𝑡𝑗)]
2

3

𝑗=1

  

of three initial points to be 7.0066 × 10−8  cm2 s⁄   and 5.686 × 10−8  cm2 s⁄   for SP0.5A 

and SP1.0A hydrogels, respectively. A smaller D for the SP1.0A hydrogel was also ob-

tained from the ETA model due to the increased number of established bonds between 

greater amounts of embedded AgNPs in the polymer matrix with greater alginate con-

centration, as was explained earlier for the GFD model. The differences between values of 

diffusion coefficients calculated from GFD and ETA models are derived from the time 

period taken in calculations. Since the silver diffusion coefficient from the GFD model was 

calculated for the entire time period, while D from ETA was only for the initial time period, 

we consider the D values obtained from the GFD model much more precise and relevant 

for diffusion studies. 

 

 

(a) (b) 

Figure 7. The ct/c0 values determined from the ETA model and experimental values for (a) SP0.5A 

and (b) SP1.0A hydrogels. 

3. Materials and Methods 

3.1. Materials 

Chemicals used in the experiments were: poly(vinyl alcohol) powder (fully hydro-

lyzed, Mw = 70–100 kDa, Sigma Aldrich (St. Louis, Missouri, USA), alginate powder (so-

dium alginate MW 10,000–600,000 g/mol, viscosity 350–550 mPas, AppliChem GmbH 

(PanReac AppliChem) (Darmstadt, Germany), silver nitrate (M = 169.87 gmol−1, Sigma Al-

drich, USA), and potassium nitrate (M = 101.11 gmol−1, Alkaloid (Skopje, North Macedo-

nia). All experiments were conducted using deionized water, purified by filtering distilled 

water using the GenPure ultrapure water system TKA GmbH (Niederelbert, Germany). 

Monobasic and dibasic potassium phosphates Centrohem (Stara Pazova, Serbia); Sigma-

Aldrich (St. Louis, Missouri, USA)—needed for antibacterial assays. Cytotoxicity testing 
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engaged a set of specific chemicals: MTT tetrazolium salt, fetal calf serum, EDTA, and 

antibiotic–antimycotic solution Sigma-Aldrich (St. Louis, Missouri, USA). 

3.2. Electrochemical Synthesis of Ag/PVA/Alg Hydrogels 

PVA powder was dissolved in hot distilled water at 90 °C for 2 h under magnetic 

stirring to yield colloid dispersion (10 wt%). Alginate colloid dispersions (0.5 wt% and 1 

wt%) were also prepared by dissolving powder in dH2O at 90 °C for 2 h. Two solutions 

were then mixed gradually under continuous stirring to obtain uniform PVA–alginate 

dispersions. The amounts of alginate were varied, yielding two different colloid disper-

sions with 0.5 wt% alginate (sample marked P0.5A) and 1.0 wt% alginate (sample marked 

P1.0A). The gelation was then carried out by casting the colloid dispersions in Petri dishes 

and exposing them to five freezing (−18 °C for 16 h) and thawing (+4 °C for 8 h) cycles. 

Prior to electrochemical synthesis of silver nanoparticles (AgNPs), the P0.5A and P1.0A 

hydrogel discs (diameter 10 mm, height 5 mm) were swollen for 48 h in 0.25 mM AgNO3 

(aq) solution in the dark. To enhance the ionic conductivity of the electrolyte, 0.1 M KNO3 

was introduced. 

To obtain samples embedded with Ag, silver nanoparticles were incorporated into 

hydrogel disc matrices through an in situ electrochemical approach at a constant voltage 

of 90 V using a laboratory-fabricated glass cell [48], yielding samples marked as SP0.5A 

and SP1.0A accordingly. The synthesis was conducted in a two-electrode arrangement 

with platinum electrodes (working and counter electrodes), connected to a DC power 

source (MA 8903 Electro-Phoresis, Iskra, Ljubljana, Slovenia). The total duration of the 

electrochemical treatment was 4 min, during which the polarity of the electrodes was 

changed at 60 s intervals to prevent excessive silver accumulation on the cathode surface. 

Prior to and following each experiment, the platinum electrodes were sequentially 

cleaned with a 1:1 (v/v) HNO3 solution and rinsed with distilled water. 

3.3. UV-Vis and FTIR Spectroscopy 

Ultraviolet–visible (UV–Vis) spectra were measured over the 350–650 nm wave-

length range using a UV-3100 spectrophotometer (MAPADA, Shanghai, China). Fourier-

transform infrared (FTIR) spectra were obtained using a Nicolet iS10 FTIR spectrometer 

(Thermo Fisher Scientific, Waltham, MA, USA) at a wavenumber range of 4000 cm−1 to 

400 cm−1. 

3.4. Atomic Absorption Spectroscopy 

3.4.1. Silver Release Study 

SP0.5A and SP1.0A hydrogels were incubated in a chloride-free phosphate buffer 

(PB, pH 7.42) containing only KH2PO4 and K2HPO4 to avoid AgCl precipitation and main-

tained at 37 °C. The buffer solution containing released silver was collected periodically 

for 28 days, with buffer replacement every 24 h during the first week and every 3–5 days 

thereafter. 

3.4.2. Quantification of Released Silver 

The concentrations of released silver were measured using a PYU UNICAM atomic 

absorption spectrophotometer Koninklijke Philips N.V., (Amsterdam, The Netherlands). 

Prior to analysis, a few drops of 1:1 (v/v) HNO3 were added to collected samples in order 

to convert any released silver nanoparticles into Ag+ ions. After 28 days, the samples were 

dissolved in 1:1 (v/v) HNO3 to determine residual silver remaining in the hydrogels. 
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All measurements were performed in triplicate to ensure reproducibility. Data were 

used to construct cumulative release profiles and to model silver diffusion kinetics using 

the selected mathematical models. 

3.5. Evaluation of Antibacterial Activity 

Kinetics of Antibacterial Activity 

The hydrogels were first sectioned into fragments of approximately 2 × 2 mm. The 

obtained pieces were subsequently exposed to UV irradiation for 30 min inside a laminar 

airflow cabinet to achieve sterilization. Bacterial inocula were prepared from overnight 

cultures by resuspending the cells in phosphate buffer, identical to that employed in the 

swelling and drug-release studies, to obtain a starting density of approximately 1 × 106 

CFU/mL. Approximately 2 g of each sterilized hydrogel was then introduced into vessels 

containing the prepared bacterial suspensions, followed by incubation in a thermostati-

cally controlled water bath at 37 °C. The bath was equipped with a shaker set to 62 rpm 

to ensure uniform temperature conditions. Control samples consisted of bacterial suspen-

sions in phosphate buffer without added hydrogels. At predetermined time intervals (15 

min, 1 h, 3 h, and 24 h), samples of the incubation medium were withdrawn and subjected 

to stepwise serial dilution for quantitative analysis. Aliquots (100 µL) of each diluted sus-

pension were transferred into sterile Petri plates, followed by the addition of molten nu-

trient agar (1.5 wt%, maintained at approximately 55 °C). The plates were incubated at 37 

°C for 24 h, after which the resulting colonies were counted. The number of viable micro-

organisms was calculated and reported as colony-forming units per milliliter (CFU/mL). 

3.6. Cytotoxicity Assays 

The cytotoxicity of P1.0A, P0.5A, SP1.0A, and SP0.5A hydrogels was evaluated using 

both the dye-exclusion test (DET) with trypan blue and the MTT assay. Two fibroblast cell 

lines were used: L929 (mouse-derived) and MRC-5 (human-derived). Approximately 105 

cells/mL were seeded into 12-well plates with hydrogel discs, while wells containing only 

cells served as controls. Plates were incubated at 37 °C in a 5% CO2 atmosphere for 48 h. 

For the DET, cells were detached by trypsinization, and viable cells were counted 

using trypan blue exclusion. Cell viability was expressed as a percentage relative to 

control wells. 

For the MTT assay, 100 µL of cell suspension per well was incubated for 48 h at 37 

°C. MTT solution was added and incubated for 3 h at 37 °C. After removing the medium 

and MTT solution, the resulting formazan crystals were dissolved in 100 µL of 0.04 M HCl 

in isopropanol. Absorbance was measured at 540/690 nm using a Multiscan MCC340 

spectrophotometric plate reader. Wells containing only MTT in culture medium were 

used as blanks. Growth inhibition was calculated relative to untreated control cells. All 

experiments were performed in triplicate. 

3.7. Statistical Analysis 

Statistical analysis was performed using one-way analysis of variance (ANOVA) to 

evaluate differences among experimental groups. When significant differences were de-

tected, Tukey’s post hoc multiple comparison test was applied. Data are presented as 

mean ± standard deviation (SD) of at least three independent experiments, and differences 

were considered statistically significant at p < 0.05. 

4. Conclusions 

In conclusion, electrochemically synthesized silver embedded PVA–alginate hydro-

gels with different alginate concentrations (0.5 and 1.0 wt%) were shown to be non-
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cytotoxic toward MRC-5 and L929 cells and to exhibit strong antibacterial activity against 

E. coli and S. aureus. Analysis of silver release using a novel general fractional derivative 

(GFD) model versus previously well-established models revealed that GFD, since it has 

more parameters, better describes the silver release kinetics in the sense that the residual 

equation (10) is smaller. In addition, it provided the possibility to determine the silver 

diffusion coefficient considering the complete release period. The presented results have 

shown the potential of studied hydrogels for applications in successful antibacterial 

wound dressings with controlled silver delivery. 
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  = − k  (     m 1  ( t )    V 1 −     m 2  ( t )    V 2 ) +   f 1  ( t ) ,


        b    𝛤  ( 1 − 𝛼 )   ∫ 0  t    b  𝛼 − 1      exp ⁡   ( − 𝛬 𝜏 )    𝜏  𝛼     m 2   ( 1 )  ( t − 𝜏 ) d 𝜏 +   a   ∫ 0 1    a  𝛽 − 1  [  1  𝛤  ( 1 − 𝛽 )   ∫ 0  t     exp ⁡   ( − 𝜆 𝜏 )    𝜏  𝛽     m 2   ( 1 )  ( t − 𝜏 ) d 𝜏           ] d 𝛽


  = k  (   m  ( t )    V 1 −     m 2  ( t )    V 2 ) +   f 2  ( t ) .


  = k  (   m  ( t )    V 1 −     m 2  ( t )    V 2 ) +   f 2  ( t ) .


    m 1 ( 0 ) =   m 0 ,           m 2 ( 0 ) = 0 .


              m ^ 2 ( s ) =  1    V 1   k  (   m 0 +       f ^ 1  ( s ) +     f ^ 2  ( s )    b     [ b  ( s + 𝜆 ) ]  1 − 𝛼 + b K  ( s ) )  s  [   b s     [ b  ( s + 𝛬 ) ]  1 − 𝛼 + a s K  ( s ) + k  (  1    V 1 +  1    V 2 ) ]


      m ^ 1  ( s ) =     m 0  s −       f ^ 1  ( s ) +     f ^ 2  ( s )  s  [   b     [ b  ( s + 𝛬 ) ]  1 − 𝛼 + b K  ( s ) ]


      m ^ 2  ( s )


  K  ( s ) =   ∫ 0 1    d 𝛽     [ a  ( s + 𝜆 ) ]  1 − 𝛽 .


    q 1 ( t ) =     m 1  ( t )    m 0 ,                 q 2 ( t ) =     m 2 ( t )    m 0


                    q 1 ( 1 ) = 1 −   q 2 ( t )


    q 2 ( t ) =    lim  P → ∞ ⁡    k    V 1  1  2 𝜋   ∫    x 0 − i P    x 0 + i P     exp ⁡ (   x 0 + i p ) t   (   x 0 + i p )  [   b  (   x 0 + i p )     [ b  (   x 0 + i p + 𝜆 ) ]  1 − 𝛼 + a  (   x 0 + i p ) K  (  (   x 0 + i p ) , 𝜆 ) + k  (  1    V 1 +  1    V 2 ) ] d p


    q 1  ( t ) +   q 2  ( t ) = 1


  a , k , 𝜆 , b , 𝛽 , 𝛬


    c  t =     m 2    V 1


    c 0 =     m 0    V 1


      c  t    c 0 =     m 2    m 0 =   q 2


  R ( a , k , 𝜆 , b , 𝛽 , 𝜆 ) =   ∑  j = 1 14     [     C t    C 0 (   t  j ) −   (     C t    C 0 )  m (   t  j ) ] 2 ,


      c  t    c 0 (   t  j ) =     m 2    m 0 =   q 2 (   t  j )


    (     c  t    c 0 )  m (   t  j )


  a > 0 ,   b > 0 .


  k > 0


  𝜆 ≥ 0 ,     𝛬 ≥ 0


  k


     min  a , k , 𝜆 , b , 𝛽 , 𝛬 ⁡  R ( a , k , 𝜆 , b , 𝛽 , 𝛬 ) ,


  a = 0 . 00008797    day 1 ,   k = 0 . 000852    cm 5 day ,       𝜆 = 0 . 00504     day  − 1


  b = 2 . 8495930774     day 1 ,     𝛽 = 0 . 823 ,     𝛬 = 0 . 2933       day  − 1


     min  a , k , 𝜆 , b , 𝛽 , 𝛬 ⁡  R ( a , k , 𝜆 , b , 𝛽 , 𝛬 )


  0 . 0013896 .


  a = 0 . 0000022852    day 1 ,   k = 0 . 0006183807    cm 5 day ,   𝜆 = 0 . 0000001133     day  − 1


  b = 2 . 0841381888    day 1 ,       𝛽 = 0 , 9507 ,     𝛬 = 0 . 1134327942     day  − 1


     min  a , k , 𝜆 , b , 𝛽 , 𝛬 ⁡  R ( a , k , 𝜆 , b , 𝛽 , 𝛬 )


  0 . 00513664


  ∆


  k  (     m 1  ( t )    V 1 −     m 2  ( t )    V 2 ) ,


    k  (     m 1  ( t )    V 1 −     Q  m  ( t )    V 2 ) Δ ,


  ∆


  D =     k ∆  A ,  


  A


  r = 11 . 5   mm


  𝛿 = 4 . 5   mm


  A = 2   r 2 𝜋 + 2 r 𝜋 𝛿 = 11 . 561     cm 2


  ∆ = 0 . 015 cm


  D = 5 . 686 ×  10  − 8      cm 2 s


  4 . 127 ×  10  − 8      cm 2 s  


      C t    C 0 =   k MB ⋅   t n ⋅ exp ⁡ ( − c ⋅ t )


      C t    C 0 =   k KP ⋅   t n


      C t    C 0 = A ⋅   t  1 / 2 +   B ⋅ t


  D =     k ∆  A ,


  D =     k ∆  A


      c  t    c 0 = 4 ⋅    (   D ⋅ t  𝜋 ⋅   r 2 )  1 / 2 − 𝜋 ⋅  (   D ⋅ t  𝜋 ⋅   r 2 ) −   𝜋 3 ⋅    (   D ⋅ t  𝜋 ⋅   r 2 )  3 / 2 + 4 ⋅    (   D ⋅ t  𝜋 ⋅   𝛿 2 )  1 / 2


  −   2 r  𝛿 ⋅  [ 8 ⋅  (   D ⋅ t  𝜋 ⋅   r 2 ) − 2 𝜋 ⋅    (   D ⋅ t  𝜋 ⋅   r 2 )  3 / 2 −   2 𝜋 3 ⋅    (   D ⋅ t  𝜋 ⋅   r 2 ) 2 ]


  Z ( D ) =   ∑  j = 1 3     [     c  t    c 0 (   t  j ) −   (     c  t    c 0 )  m (   t  j ) ] 2


  7 . 0066 ×  10  − 8      cm 2 s


  5 . 686 ×  10  − 8      cm 2 s

