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Abstract

The present research proposes a mathematical method to examine the combined impacts
of thermal loading and nonlocal elasticity on the dynamic behavior of functionally graded
(FG) nanobeams. A refined higher-order shear deformation theory is introduced, featur-
ing an enhanced displacement field with integral unknowns and a hyperbolic thickness-
dependent function to accurately capture transverse shear strains without shear correc-
tion constants. Temperature affects the material characteristics, which follow a power-law
pattern as they rise through thickness. Using Hamilton’s principle, the study establishes
and solves the governing equations analytically. The study discusses how thermal envi-
ronment, material gradation, and nonlocality alter the dynamic response of FG nano-
beams, providing important insights into their nanoscale thermomechanical behavior.

Keywords:FG nanobeams; nonlocal elasticity; thermo-mechanical behavior; dynamic
analysis; size-dependent effects

1. Introduction

Functionally graded materials (FGMs) are innovative materials having characteris-
tics that vary continuously across their structure, allowing for increased performance in
demanding operating situations. These materials find extensive application in high-tem-
perature engineering systems, including aerospace components, nuclear fusion reactor
structures, and thermal protection coatings [1-3]. This category of materials addresses
common issues found in laminated composites, such as matrix-fiber debonding, delami-
nation, and matrix cracking [4]. Their graded nature ensures smooth stress distribution
and improved resistance to thermal and mechanical loads. In recent decades, FGMs have
attracted growing interest in the aerospace, marine, and automotive industries. Their abil-
ity to meet specific functional demands makes them ideal for next-generation engineering
applications.

The primary advantage of FGMs is their continuous material variation, which avoids
interfacial stresses and promotes smoother mechanical load transfer [5]. Nanoscale FGM
applications benefit from their excellent thermomechanical properties, particularly in
structural and functional nanomaterials [6-8].
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Predicting the dynamic and mechanical properties of FG nanostructures constitutes
a fundamental engineering challenge. Researchers employ numerical techniques, experi-
mental procedures, analytical formulations, and molecular dynamics simulations to in-
vestigate these systems [9]. However, conducting experiments at the nanoscale remains
highly complex, while molecular dynamics simulations are time-consuming and demand
substantial computational resources. The need to understand FG nanostructure dynamics
has driven international research into improved modeling techniques for micro/nano-sys-
tem applications.

The development of materials capable of coupling two or more physical effects, such
as electrical, magnetic, elastic, or thermal interactions, is essential for advancing modern
engineering and manufacturing, particularly at the micro- and nanoscale. These multi-
functional materials exhibit synergistic behaviors that significantly outperform those of
conventional single-phase materials. They are especially critical in the design of micro-
and nanostructured devices, including smart sensors, energy harvesters, and adaptive
systems. By tailoring these coupled interactions, engineers can enhance the efficiency, du-
rability, and responsiveness of next-generation technologies. Ultimately, such materials
unlock new possibilities for multifunctional applications in fields like aerospace, biomed-
ical engineering, and nano-electromechanical systems.

FGMs are extensively used in nanodevices like nanosensors and NEMS due to their
exceptional environmental durability and mechanical performance at small scales. Their
ceramic-metal graded composition provides outstanding wear resistance, load capacity,
and thermal stability [10].

This project aims to design and develop an accurate analytical model that captures
the simultaneous impact of thermal loading, nonlocal elasticity, and stretching on the dy-
namic reaction of the proposed nanostructure, providing a solid base for its application in
advanced engineering systems and industrial structures.

Recent research demonstrates an increasing focus on both experimental and compu-
tational studies of FG structures’ mechanical and hygrothermal response. Given the diffi-
culties in nanoscale experimental control, theoretical modeling has emerged as a vital an-
alytical tool. At the nanoscale, size effects have an enormous impact on structural mechan-
ical behavior. Therefore, accounting for these effects is essential for accurately analyzing
and designing such small-scale systems. Since classical continuum mechanics lacks the
ability to capture size-dependent phenomena, it is generally inadequate for modeling the
behavior of nanostructures.

To overcome the limitations associated with classical continuum mechanics, a num-
ber of refined continuum models have been developed. Among these are the nonlocal
elasticity theory [11,12], which introduces material length-scale impacts, the strain gradi-
ent theory [13-15], and the nonlocal strain gradient theory [16]. These advanced models
enable a more accurate description of size-dependent behaviors in nanoscale structures.

Recent advances in size-dependent continuum mechanics have considerably im-
proved the modeling and analysis of functionally graded (FG) nanobeams subjected to
coupled thermo-mechanical environments. Within the framework of nonlocal strain gra-
dient elasticity, Merzouki and Houari [17] developed an efficient finite element formula-
tion for the thermal free vibration analysis of temperature-dependent FG nanobeams un-
der uniform, linear, and nonlinear thermal loadings, demonstrating the combined influ-
ence of nonlocality, strain gradient effects, material gradation, and thermal environments
on the dynamic response. Similarly, Penna et al. [18] proposed a local/nonlocal stress-gra-
dient elasticity formulation to investigate the hygro-thermal vibration behavior of porous
FG Bernoulli-Euler nanobeams, highlighting the important roles of porosity, material gra-
dation, nonlocal interactions, and gradient length scales in accurately predicting na-
noscale structural dynamics. More recently, Dang Van Hieu et al. [19] employed a refined

https://doi.org/10.3390/nan016140852


https://doi.org/10.3390/nano16140852

Nanomaterials 2026, 16, 852

3 of 23

shear deformation beam theory combined with Eringen’s nonlocal elasticity to analyze
the hygro-thermal vibration of functionally graded carbon nanotube-reinforced compo-
site (FG-CNTRC) nanobeams, emphasizing the effects of carbon nanotube distribution,
moisture, temperature, beam theories, and nonlocal parameters on free vibration charac-
teristics. In addition, Esen et al. [20] investigated the coupled free-vibration and buckling
responses of temperature-dependent FG nanobeams subjected to magnetic and thermal
fields using a nonlocal strain-gradient Timoshenko beam model, demonstrating the im-
portance of simultaneously accounting for nonlocality, microstructural effects, thermal
loading, and electromagnetic interactions. These studies clearly confirm that size-depend-
ent continuum theories have become indispensable tools for accurately describing the
thermo-mechanical behavior of nanostructures. Nevertheless, most of the available for-
mulations are established on Bernoulli-Euler beam theory, Timoshenko beam theory, or
conventional refined beam models, whose capability to accurately reproduce the trans-
verse shear strain distribution remains dependent on the adopted kinematic assumptions
and, in several cases, on the use of shear correction factors. Consequently, there is still a
need for more efficient higher-order beam formulations capable of accurately represent-
ing transverse shear deformation while simultaneously accounting for temperature-de-
pendent material properties and size-dependent nonlocal effects.

Recent studies have extensively explored the mechanical behavior of advanced nano-
beams under various coupled physical fields using nonlocal elasticity theories. Najafi and
Ahmadi [21] investigated the bending behavior of magneto-electro-elastic nanobeams,
with particular attention to the effects of external electric and magnetic fields. Ren and
Qing [22] examined the linear buckling and free vibration characteristics of FG piezoelec-
tric beams within the framework of nonlocal integral elasticity theory. To handle complex
loading scenarios in curved nanostructures, Pham et al. [23] established a two-node beam
element that combines Lagrange and Hermite interpolations, applied to functionally
graded porous nanobeams supported by an elastic base and exposed to hygrothermal and
magnetic influences. Tran et al. [24] investigated the free vibration response of function-
ally graded Timoshenko nanobeams placed on a Winkler base, assuming nonlocal elastic-
ity. In a similar study, Gartia and Chakraverty [25] analyzed the vibrational reaction of
bidirectional FG nanobeams on Winkler \ Pasternak foundations, emphasizing the signif-
icant impact of material gradation on dynamic performance. Ghazwani et al. [26] evalu-
ated a high-frequency dynamic examination of FG sandwich nanobeams by means of a
nonlocal quasi-3D approach in combination with Navier’s solution method. Uzun [27] in-
vestigated the axial vibration of non-local rods made of a polymer matrix reinforced with
SFs under a magnetic field and elastic medium, using the finite element method. Lastly,
Kadioglu and Yayli [28] addressed the longitudinal dynamic response of FG viscoelastic
nano-beams with flexible supports under the scope of nonlocal elasticity theory.

Recent studies on FG nanostructures have provided significant insights into their
mechanical behavior. Alghanmi [29] utilized the nonlocal strain-gradient theory to ex-
plore the bends of sandwich nanoplates with FG porous cores and piezomagnetic faces in
a hygrothermal environment, highlighting the impact of environmental factors on struc-
tural response. In another study, Alghanmi [30] investigated the size-dependent static ac-
tion of FG nanobeams connected to piezoelectric fiber-reinforced composite actuators, in-
corporating nonlocal strain-gradient effects to capture nanoscale behavior.

As evidenced by the above literature review, remarkable progress has been achieved
in modeling the thermo-mechanical behavior of FG nanobeams using various size-de-
pendent continuum theories. However, despite these advances, no previous study has
developed a higher-order shear deformation formulation incorporating an enhanced dis-
placement field with integral unknowns, together with a novel hyperbolic thickness-de-
pendent function for the free vibration analysis of temperature-dependent FG nanobeams
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within Eringen’s nonlocal elasticity framework. Existing formulations generally rely on
classical higher-order beam theories or conventional shear deformation models, which do
not simultaneously combine accurate transverse shear representation, satisfaction of trac-
tion-free boundary conditions, elimination of shear correction factors, and computational
efficiency. These limitations motivate the development of the present formulation.

This study presents a refined analytical framework aimed at accurately capturing the
dynamic behavior of advanced nanostructures beneath combined thermal loading and
nonlocal effects. The developed model provides a robust theoretical foundation for the
efficient integration of these nanoscale elements into next-generation engineering systems
and high-performance industrial technologies. The numerical results reported here can be
interpreted as valuable reference benchmarks for the construction and development of
nanoelectronic devices, nanodrives, nano-oscillators, and nanosensors in which nano-
beams play an important structural role.

The main novelty of the present work lies in the development of a refined higher-
order shear deformation theory incorporating an enhanced displacement field with inte-
gral unknowns and a novel hyperbolic thickness-dependent function proposed by the au-
thors. Unlike conventional higher-order theories, the proposed formulation accurately re-
produces the transverse shear strain distribution, inherently satisfies the zero transverse
shear stress conditions at the beam surfaces, and eliminates the need for shear correction
factors while maintaining a simple analytical framework suitable for nonlocal thermoe-
lastic vibration analysis of FG nanobeam:s.

2. Theoretical Framework
2.1. Nonlocal Power-Low FG Nanobeam Model

In the present research, a rectangular FG nanobeam, having geometric dimensions
represented by its length (L), thickness ( /), and width (b ). The beam’s upper and lower
surfaces are situated at z==2h/2.The coordinate x is taken along the longitudinal axis,
while Z represents the thickness direction, as shown in Figure 1. The functional charac-
teristics of the examined FG nanobeam, including Poisson’s ratio (V), coefficient of ther-
mal expansion (&), Young’s modulus (E), thermal conductivity (k), and mass density (p),
will be calculated assuming the following basic power-law pattern [31]:

2z + h\"

The nonlinear variation in the thermoelastic material features of the FG nanobeam
will be outlined as follows [32]:

P(T)=P,(P,T" +1+BT'+ BT + BT") @)
in which T is the environmental temperature; P(7) denotes a generic material prop-

erty; P,,Py,B,P, and P, are the thermally dependent material values specific to each

basic material, as indicated in Table 1.
Where P, represents the reference value of the material property, whereas B, P,

and P; denote the first-, second-, and third-order temperature-dependent coefficients,
respectively. The coefficient P corresponds to the inverse-temperature term in the gen-
eral polynomial expression. Although P, is equal to zero for the constituent materials
considered in this study, it is retained in the formulation to preserve the generality of the
temperature-dependent material model, allowing its direct application to other material
systems. The units of these coefficients depend on the physical property under consider-
ation so that Equation (2) remains dimensionally consistent.
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Figure 1. Geometry and coordinates of functionally graded nanobeam.

Table 1. Temperature-dependent material properties of FGM constituents [27].

Material Properties Po P P: P: Ps
SiaNas E(Pa) 3.4843 <101 0 -3.070 x 10+ 2.160 x 107 —8.946 x 10-11

a(K1) 5.8723x10% 0 9.095 x 10 0 0

p(kg/m?) 2370 0 0 0 0

v 0.24 0 0 0 0

SUS 304 E(Pa) 2.0104x 101 0O 3.079 x 10+ -6.534 x 10”7 0

a(K1) 12.33 x 106 0 8.086 x 10 0 0

p(kg/m?) 8166 0 0 0 0

v 0.3262 0 -2.002 x 10* 3.797 x 107 0

Note: The coefficients P, Py, F;, P, and P; are the temperature-dependent material constants
associated with Equation (2). Their units depend on the corresponding material property (Young’s
modulus, thermal expansion coefficient, density, or Poisson’s ratio), ensuring dimensional con-

sistency of the adopted polynomial expression.

2.2. Review of Nonlocal Elasticity Theory

Traditional elasticity theories are size-independent and can be utilized in structures
across various lengths and time scales. However, their accuracy diminishes when the in-
ner characteristic dimension approaches its exterior dimensions, limiting their capability
to represent small-scale effects. To overcome this limitation, nonlocal elasticity theories,
introduced by Eringen [11,12], incorporate size-dependent continuum mechanics by em-
bedding small-scale impacts directly into the fundamental equations. In contrast to tradi-
tional theories, which base stress at a specific location exclusively on local strain, nonlocal
elasticity considers the influence of strains at all points within the body on the stress at the
point of reference. Eringen’s nonlocal continuum theory [12] expresses the nonlocal stress

tensor o, ata pointas

(-uv?)o, = of ®)

where V? denote the Laplacian operator; o; is the standard stress tensor at the point

associated with the strain by Hooke’s law; and u = (eja)* is the nonlocal parameter that
contains the small-scale influence, a represents the inner characteristic length, and e,

is a constant specific to each material.

2.3. Kinematic Relations

Houari and his colleagues [33-35] explored the buckling, bending, and vibration re-
sponses of FG-improved composite plates, adopting a novel five-variable quasi-three-di-
mensional refined plate theory, instead of six in earlier shear deformation models. This
article introduces a novel nonlocal parabolic beam theory. By adopting the thick plate the-
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ory and neglecting both the transverse normal deformation (i.e., the thickness stretching
effect) and deformation along the y-direction, the fundamental assumptions for the
beam’s displacement field are stated as follows:

aw,
w =uy(x,t) —z—+y; 'P(z)fe(x, t)dx @)

ox
uz = wo(x,t)

The coefficient ¥, depends on the geometry. Where u;, i =(1,3) are functions of
(x,z,t) and uy,w,, 6 are functions of (x,¢). The assumed novel theory of the current
investigation has the following hyperbolic function.

The proposed hyperbolic thickness-dependent function was specifically designed to
accurately represent the transverse shear strain distribution through the beam thickness
while inherently satisfying the traction-free boundary conditions at the upper and lower
surfaces. Consequently, the proposed refined higher-order shear deformation theory
eliminates the need for shear correction factors without increasing the number of un-
known displacement variables.

LI,(Z)zs_ﬂ(cosh(l/z) —1}_7;2( 2’ J .

2 | cosh(1/2)’ 2 \ 2k

The function ¥(z) represents the proposed hyperbolic transverse shear function,

whereas W'(z) are auxiliary functions derived from W(z) and employed in the dis-

placement field and strain expressions. The proposed hyperbolic function has been spe-
cifically developed to ensure a realistic distribution of transverse shear strains through the
beam thickness while satisfying the zero transverse shear stress conditions at the upper
and lower surfaces. Consequently, no shear correction factor is required in the present
formulation.

According to Equation (4), the nonzero strain expressions corresponding to the dis-
placement field are given as

g =& +zk! +¥(2) k! (6)
Ve =Yyl )
where
_0'wy

Ouy b
83 == _O, k‘c = 2
Ox ox
It should be noted that the adopted strain-displacement relations are linear and do

k;:yleﬂ 7/3227/1.[961)‘: (8)

not include geometric nonlinear terms. Therefore, the developed formulation is applicable
to the prebuckling regime only.

Equation (6) demonstrates that the transverse shear strain Yy, is zero at the nano-
beam’s upper and lower surfaces. A shear correction factor is therefore not necessary. The
integrals implemented in the preceding equations need to be evaluated through a Navier-

type technique and will be represented as follows [33-35]:

00
[odx=a—> 9)
ox
The coefficient A’ are determined based on the kind of solution implemented, in this

instance, the Navier technique. Hence, A" and y; can be written as follows:
, 1
A=—-=y =a (10)

a

where « is defined in Equation (34).
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2.4. Constitutive Relations

The nonlocal constitutive equation given in Equation (3) has recently been applied to
the analysis of micro- and nanostructural elements. According to this equation, the two-
dimensional nonlocal constitutive formulas for an elastic FG nanobeam could be given as

o O, 0 ||¢
X 1- V2 — X
{sz}( # ) |: 0 QSS :|{7/YZ} (11)

where (o,,7,.) and (5x=7xz) are stress and strain components, accordingly.

X2 Xxz

follows:

H= (eoa) and Q 7 are the stiffness variables and are defined as

O =E(Z), Oss = G(Z)' (12)

k
G(z)=(G. -G, )( 222 Z L j +G, (13)

It should be noted that the functionally graded material is assumed to remain locally
isotropic at each point through the thickness. Therefore, despite the continuous variation
in material properties, no constitutive coupling between normal and transverse shear
strains is considered. Furthermore, the adopted hyperbolic shear-deformation function
guarantees the vanishing of transverse shear strains and stresses at the upper and lower
beam surfaces, ensuring compatibility with the traction-free boundary conditions within
the nonlocal elasticity framework.

2.5. Equations of Motion

Following Hamilton’s concept, one can construct the motion equations that explain
the free vibration action of FG nanobeams [36]

0=[8(U+V-K)dt (14)
0

atwhich ! isthetime. U isstrain energy, V' is work performed by acting forces, and

K s the variation in motion energy of the beam. The beam’s variation in strain energy
is described as

SU=[(06e +1.5y.)dAddz= N5+ M!Sk + M5k +5.5y".| dA (15)
4
in which the stress resultants N,, M b M: and S, are described by
h/2
(V.M m)= [(Lz9(2))odz (16)
—h/2
h/2
(SL): I‘P'(Z) (z.) (17)
—-h/2

The virtualvariation in the work performed by forces employed may be stated in the form

L
v =[] (V) 229N e werk [ 2200 g (18)
d Ox Ox " Lox ox

in which &, and &, are the linear and shear coefficients of the elastic base. N are

the forces employed owing to Changes in temperature and states as
h/2
NT = j E(2)a(z,T)T ~Ty)dz (19)
—h/2

in which 7|, isthe standard temperature. The variation in motion energy is written as
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5K=j[u5a+w5w] p(z)dV
4
= j 17, (gt + g0y )~ 1, g 2220+ D05
v ox ox
(20)

N . 856 80 . . oW, S W, e 06 050
+J1[(;/1A)(u0 . +55MOJ]+I2(8_X° 6x0]+K2((}/1A)2[5 . B

ol A.)%659+6_966w0 »
3 ox oOx Ox Ox

where the superposed dot indicates differentiation with respect to t; p(z) denotes the
mass density,and the mass inertia terms (Iy, I1, 15, /1, /2, K3) are defined as follows:

h/2
(IO,II,IZ)= I(l,z,zz)p(z)dz (21)
—h/2
hil2
(V)0 Ky)= [(#(2).2¥(2). %2 (2)) pl2)dz @)
-h/2

by incorporating the formulas for § U and § K from Equations (15) and (20) into Equa-
tion (14),integratingby parts, and summing the coefficients of 6 Uy, 6 Wy and 6 0, the
next equations of motion of the beam are generated.

Applying integration by parts to the virtual work expression yields the governing
equations together with the corresponding boundary terms, from which the essential and
natural boundary conditions are derived.

ON, . oW, .00
5140: EZIOMO—IIa—XO‘l‘]/]A Jla (23)
o’M’! 0*w ow . Oii 0%, .00
5W0: axzx +(NT)ax2 +kWW—ks6x—2:10W0+[1( axoj—lz axzo +J2(]/IA _axzj (24)
. oA . Bii e 00 L0,
60y M. -y A o = J1[71A8—;j+K2[(7/1A) axz]_Jz(VlA 8x20j (25)

It should be noted that the governing equations are obtained by applying integration
by parts to the virtual work expression. The corresponding boundary terms lead naturally
to the essential and natural boundary conditions of the beam.

The integration by parts performed in the variational formulation leads naturally to
the essential and natural boundary conditions associated with the proposed beam model.
For the numerical examples considered in the present study, simply supported (5-S)
boundary conditions are imposed at both beam ends (x=0and x =L ). The correspond-

ing boundary conditionsare w, =0,0=0, M’ =0, M} =0,where O(x,r)= J.H(x,t)dx

is treated as a generalized displacement variable associated with the transverse shear de-
formation. These boundary conditions prevent transverse displacement at the supports
while allowing free rotations, thereby representing the classical simply supported beam
configuration. They are fully compatible with the Navier solution procedure adopted in
the present work.

Combining Equations (8) and (11) into Equations (16) and (17) and integrating across
the thickness of the beam, the stress resultis linked to the generalized displacements (u,,
w,, @) through the equations:

N, 22 N, 4, By B ||&)

b b K b
M- e My =B, Dy Dy [k (26)
M M) | BY DL HG [k
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2 oS

s a SXZ s
sz_/u P =A557)?z (27)
ox
where
hi2
(All’Alsl’BllaDll’Blsl’Dlslanl): IQI-J-(I,gz(Z),Z,ZZ,‘P(Z),Z‘P(z),‘I’z(z))dz (28)
~h/2

Substituting from Equations (26) and (27) into Equations (23), (24) and (25), the equi-
librium equations could be written in regard to displacements ( #,, w, and 8) as

Ay dyug — Byydy o + By, di0 = (1 —ﬂvz)[loiio =1L dywy +J; A'yldlgl» (29)

By dyyug — Dyydyy1wo + Dy yy dy 0= (1—/N2)(10V"”0 +1 (dlao)_ I dyywy +J, (7114' dng)) (30)

— By\ky dyuo Dy yy dyywy — Hyy 712 0+ Ass (kl Ay)2d11‘9+Div171 dyywy — Hy 7/12 0+ 455 (7114')2‘1119

o S e (31)
= (1—;N2)[_J1 (71 A d1”0)+J2 (71 A dllwo)_ Kz((VlA )2 dllej:|
. . . . i i i
in which the differential operators ¥ U and "™ are as follows:
o* o o* 0
di‘ = di' = 7 dl”m = A A A A d :_I .7 .:la :172 . 32
/ Ox;0x @ 0x;0x ;0x, o Ox;0x ;0x,0x,, Lo (.Jjolsm ) (32)

3. Exact Solution for FG Nanobeam

In this study, we focus on obtaining the exact solutions of Equations (29), (30) and
(31) for a simply supported FG nanobeam. By applying the Navier solution method, the

displacements ( uo, Woand € ) are expressed as follows:
u,| |U,, e cos x)
w, p =< W, " sin(a x) (33)
0 X, € sin(a x)
a=mr/L (34)
where i=+v—-1,a=mn/L, o is the natural frequency, and (U,,,,W,, , X,,) represent

the unknown maximum displacement values.Inserting Equation (33) into Equations (29),
(30) and (31) yields the analytical solutions:

ay G 4 M, M, M;\|U,, 0
a, ay Gy |=A@ | M, My, My |LW,, =40 (35)
i3 Gy Ay M; M, My;])|X,, 0
where
a,=-A4,a’,a, =B,a’, a, =« (}/IBIS1
ay, =-Dya*, a,y =k, (Dlslaz)’
as = _k1<H1Sl7’1)_(71A')2 Aya’ 36)

M,=-1,, M,=al, M, :_71J1A'aa

M, =-1, _12(0‘2): My =J, (71A'a2)>

M, =K, ((7/ A')Zoﬂ) A=1+pla?)
4. Various Thermal Environments

4.1. Uniform Temperature Rise (UTR)
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https://doi.org/10.3390/nano16140852

Nanomaterials 2026, 16, 852

10 of 23

The FG nanobeam at standard temperature 7)), is uniformly elevated to a final value

T, where the temperature changes are AT =7-T,.

4.2. Linear Temperature Rise (LTR)

The second model considers the distribution of linear temperature within the entire
FG nanobeam’s thickness, where the final temperature 7T is determined in the following
manner [37].

z 1
T=T,+AT|—+— 7
(h 2} 37)

4.3. Nonlinear Temperature Rise (NLTR)

As the thickness of the FG nanobeam rises in the third case, the temperature increases
nonlinearly. The temperature field is calculated by solving the following one-dimensional
steady-state heat transfer equation [37]:

- i(,((z,r)% ~0

zZ Z

{8

The following expression can be obtained by solving the aforementioned equation
(Equation(38)), according to the boundary conditions 7(h/2)=7, and T(-h/2)=T, at
the upper and lower free surfaces of the FG nanobeam:

z

1
———d.
_hJ‘/2 K(Z’T) :
W (39)

.[ K‘(Zl,T)dZ

—h/2

(38)

T=T,+(AT)

in which AT =T -T;, denotes variation in temperature.
Where 7, denotes the reference (initial) temperature, 7 is the temperature at an
arbitrary point through the beam thickness, 7, and 7, represent the temperatures at

the ceramic-rich and metal-rich surfaces, respectively, and AT =7 -7, isthe temperature

. hY . o
rise. For the present FG nanobeam, the upper surface (z = Ej is ceramic-rich, whereas

the lower surface (z = —%) is metal-rich.

For clarity, the above temperature notations are used consistently throughout the
manuscript for the uniform (UTR), linear (LTR), and nonlinear (NLTR) thermal loading
cases.

5. Discussion of the Results

This section presents a detailed analysis of the nondimensional natural frequencies
of a simply supported FG nanobeam under various temperature (uniform, linear, and
nonlinear) distributions. The results are obtained using a new higher-order shear defor-
mation theory founded on an improved displacement field with integral unknowns and
a hyperbolic thickness-dependent function. This formulation accurately accounts for
transverse shear strains and does not require a shear correction factor. The accuracy of the
proposed results is validated by comparing them to published solutions in the literature.

In this study, the FG nanobeam is composed of two constituent materials, Si;N,
and SUS304, whose characteristics change with thickness depending on a power law
distribution. The metallic surface temperature 7,, of the simply supported P-FG nano-
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beam is assumed to rise to the reference temperature 7;, with a temperature difference
of T, —T,=5K.For clarity and ease of comparison, the natural frequencies are reported

in the following dimensionless form [37,38]:

3
peA ;b1

O=wl? =
E1 12

(40)

Table 2 shows a comparison of the nondimensional natural frequencies @ of a
simply supported FG nanobeam. The results are estimated for a variety of nonlocal pa-
rameters (4 =0, 1, 2, 3, and 4) and material gradient indices (k =0, 0.2, 1, and 5). The
results are compared to those predicted by the Timoshenko beam model [37,38], as well
as those reported by Bendaida et al. [39], who used an advanced cubic shear deformation
formulation with only two unknown variables.

Table 2. Comparison of the nondimensional fundamental frequency @ fora simply supported

(5-S) FG nanobeam with various material-gradient indices, for L = 10 nm and h = 0.2 nm.

Rahmani

Rahmani

H and Ebrah1m1. Bendaida and Ebrah1m1. Bendaida
and Salari Present and Salari Present
(nm?) Pedram 33] et al. [35] Pedram 33] et al. [35]
[34] [34]
k=0 k=0.2
0 9.8631 9.86315733  9.8631573 9.8632 8.6895 8.68954599  8.6895657 8.6895
1 9.4097 9.40973040  9.4097304 9.4097 8.2901 8.29007206  8.2900909 8.2901
2 9.0136 9.01358936  9.0135894 9.0135 7.9411 7.94106762  7.9410857 7.9411
3 8.6636 8.66360601  8.6636060 8.6636 7.6327 7.63272858  7.6327459 7.6326
4 8.3515 8.35146095  8.3514610 8.3514 7.3577 7.35772548  7.3577422 7.3577
k=1 k=5
0 6.9917 6.99174004  6.9917180 6.9917 5.9389 5.93894397 5.9387641 5.9388
1 6.6703 6.67031728  6.6702962 6.6703 5.6659 5.66592012  5.6657485 5.6658
2 6.3895 6.38950303  6.3894829 6.3895 5.4274 5.42739007 5.4272257 5.4272
3 6.1414 6.14140878  6.1413894 6.1414 5.2166 521665314 5.2164951 5.2165
4 5.9201 592013713  5.9201184 5.9201 5.0287 5.02869994 5.0285476 5.0285

As shown in Table 2, the proposed formulation is highly consistent with the reference
solutions developed using Timoshenko beam theory [37,38], as well as the cubic shear
deformation approach presented by Bendaida et al. [39]. This consistency is maintained
across all considered nonlocal parameters 4 and material gradient indices &, confirm-
ing the model’s reliability for small-scale FG nanobeam analysis.

Tables 3-5 list the fundamental dimensionless natural frequencies of a simply sup-
ported FG nanobeam under uniform, linear, and nonlinear temperature distributions, re-
spectively. The frequencies are calculated for temperature rises of AT = 10, 30, 60 K, non-
local parameters =0, 1, 2, 3, 4, and material gradient indices k=0, 0.2, 1, 5. The find-
ings demonstrate that the dimensionless frequency decreases with increasing nonlocal pa-
rameter, material gradient index, and temperature change. The completely ceramic beam
(k =0) also exhibits the highest natural frequencies due to its greater stiffness and en-
hanced resistance to thermal effects.

Table 3. Effect of temperature change and material gradation on the first nondimensional frequency
@ ofa simply supported (S-S) FG nanobeam for different nonlocality parameters, under uniform
temperature rise (L/h = 20).

AT =10 [K] AT = 30 [K] AT = 60 [K]
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H k=0 k=02 k=1 k=5 k=0 k=02 k=1 k=5 k=0 k=02 k=1 k=5
4.8070 3.756
0 9.64678  7.79268 576581 4.68771 9.26239  7.42143 541096 4.34763 8.63182  6.80468 0 8
1 9.18597  7.41767 548472 4.45692 8.78134 7.02649 511022 4.09735 8.11351 6.37147 4'48652 3':963
41584 3.198
2 8.78254  7.08926 523844 4.25459 8.35844 6.67876 4.84466 3.87599 7.65378  5.98568 4 39
3 842548 6.79843 5.02021 4.07523 7.98241 6.36915 4.60757 3.67792 7.24126  5.63802 3'86793 2'5;4
6226 2.72
4 8.10640 6.53851 4.82503 3.91468 7.64482 6.09081 4.39384 3.49893 6.86736  5.32149 3 68 6 568
Table 4. Effect of temperature change and material gradation on the first nondimensional frequency
@ of a simply supported (5-S) FG nanobeam for different nonlocality parameters, under linear
temperature rise (L/h = 20).
L AT =10 [K] AT = 30 [K] AT = 60 [K]
k=0 k=02 k=1 k=5 k=0 k=02 k=1 k=5 k=0 k=02 k=1 k=5
5.353  4.2868
0 9.64617 7.79662  5.77176  4.69187 9.45388 7.62133 5.61052 4.53569 9.14754  7.34220 74 -
1 9.18527 742169 549077 4.46107 898312 7.23707 5.32043 4.29579 8.66014  6.94211 5'8;18 4'0310
2 8.78183  7.09339  5.24458  4.25872 857017 6.89977 5.06547 4.08464 8.23102  6.58940 4'7717 3'8;) 43
4.536  3.6009
3 8.42472  6.80270  5.02645 4.07934 8.20387 6.60036 4.83882 3.89671 7.84887  6.27489 03 3
4317 3.4166
4 8.10562 6.54285  4.83134 3.91880 7.87580 6.33204 4.63542 3.72782 7.50532  5.99174 74 9
Table 5. Effect of temperature change and material gradation on the first nondimensional frequency
@ of a simply supported (S-S) FG nanobeam for different nonlocality parameters, under nonlin-
ear temperature rise (L/h =20).
L AT =10 [K] AT = 30 [K] AT = 60 [K]
k=0 k=02 k=1 k=5 k=0 k=02 k=1 k=5 k=0 k=02 k=1 k=5
0 9.64611 7.7986 57759  4.6957 94538  7.6287  5.6252 45494 9.1475  7.3591  5.3893 4'5;321
4.067
1 9.18527 7.4238 54953 4.46532 8.9831 7.2443 5.3357 43104 8.6602  6.9601  5.0857 g
3.843
2 8.78183 7.0956 52492 42630 85702 69074 5.0815 4.1001 82310  6.6082  4.8176 3
3.642
3 8.42472 6.8049 50313  4.0839  8.2038 6.6083  4.8556 39127 7.8488  6.2947  4.5779 1
3.459
4 8.10561 6.5453 48363 39235 7.8758  6.3404 4.6529 3.7445 75053  6.0125  4.3618 g

The reduction in the dimensionless natural frequencies with increasing temperature
is primarily attributed to the degradation of the temperature-dependent elastic properties
of the constituent materials. Since the present model is based on linear kinematics, geo-
metric stiffening effects associated with post-buckling deformation are not considered.
Therefore, the present analysis is restricted to the prebuckling regime. It is also observed
that the nonlocal parameter significantly influences the thermal stability of the FG nano-
beam. Increasing the nonlocal parameter enhances the size-dependent softening effect,
which reduces the effective structural stiffness and leads to lower natural frequencies.
Consequently, the critical thermal buckling temperature decreases as the nonlocal param-
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eter increases, indicating that nonlocality advances the onset of thermal instability. Phys-
ically, the nonlocal softening effect and the thermally induced compressive stresses act
simultaneously to reduce the stability of the nanobeam.

Figures 2—4 describe how the initial dimensionless natural frequency @ of a simply
supported FG nanobeam (with L/h = 50 ) varies with the nonlocal parameter 4 and
the material gradient index k under uniform (UTR), linear (LTR), and nonlinear (NLTR)
thermal loadings. The results suggest that the dimensionless fundamental frequency de-
creases as the temperature variation increases and eventually reaches zero. This state cor-
responds to the critical thermal buckling temperature of the FG nanobeam, indicating the
onset of instability. Since the present formulation is based on linear strain-displacement
relations, the analysis is restricted to the prebuckling regime, and no conclusions are
drawn regarding the post-buckling behavior. In addition, larger values of the material
gradient index k and the nonlocal parameter | reduce the fundamental frequency. Af-
ter exceeding the critical temperature, however, the opposite trend is observed, where the
frequency increases as k and U become higher.

The highest dimensionless natural frequencies @ are obtained for nanobeams ex-
posed to a uniform temperature rise (UTR) with k =0, corresponding to the stiffest con-
figuration compared to beams with higher material gradient indices.

The decrease in the nondimensional natural frequency with increasing temperature
is attributed to the progressive degradation of the effective material stiffness and the de-
velopment of thermally induced compressive stresses, which reduce the structural rigid-
ity of the FG nanobeam.

Figures 5 and 6 present the behavior of the dimensionless fundamental frequency
@ for a slender FG nanobeam (L/h = 50) in relation to the volume fraction index k,
the small-scale parameter U, and the temperature increase AT under linear (LTR) and
uniform (UTR) thermal loading conditions. It can be observed that the fundamental fre-
quency decreases steadily as the small-scale parameter U increases, independent of the
type of thermal loading applied.

Dimensionless Frequency
Dimensionless Frequency

Dimensionless Frequency
S
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Figure 2. Variations in the first dimensionless natural frequency @ of the FG nanobeam with re-

spect to temperature change AT for different values of the nonlocal parameter £{, under uni-

form thermal loading (UTR), with L/h=50 and k=0.

Dimensionless Frequency

&

S

Dimensionless Frequency

Dimensionless Frequency

AT[K]

Figure 3.Variations in the first dimensionless natural frequency @ of the FG nanobeam with re-

spect to temperature change AT for different values of the nonlocal parameter ££ , under linear

thermal loading (LTR), with £/#=50 and £=0.5.
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Dimensionless Frequency

Dimensionless Frequency

Figure 4. Variations in the first dimensionless natural frequency @ of the FG nanobeam with re-

spect to temperature change AT for different values of the nonlocal parameter ££ , under nonlin-

ear thermal loading (NLTR), with £/4=50 and k=2.

Dimensionless Frequency

Dimensionless Frequency

AT [K]

——k=0
- k=02

Dimensionless Frequency

o

IS

S}

parameter [, under uniform thermal loading.

Dimensionless Frequency

Figure 5. Variations in the first dimensionless natural frequency @ of the FG nanobeam with re-

spect to temperature change AT for different values of the volume fraction index k and nonlocal
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Figure 6. Variations in the first dimensionless natural frequency @ of the FG nanobeam with re-
spect to temperature change AT for different values of the volume fraction index k and nonlocal

parameter i, under linear thermal loading.

It is also evident that the gap between the critical temperature values for different
material gradient indices (k =0, 0.2, 1, 5) becomes significantly more pronounced under
linear thermal loads, indicating a greater sensitivity to the temperature distribution. Fi-
nally, the lowest values of @ are associated with the smallest nonlocality parameters U,
confirming the dominant influence of scale impacts on the vibrational properties of FG
nanostructures.

It can be observed that the reduction in the natural frequency is more pronounced
under uniform thermal loading than under linear thermal loading. This behavior is at-
tributed to the fact that a uniform temperature rise generates a stronger thermally induced
axial compressive force throughout the beam thickness, leading to a larger reduction in
the effective stiffness. In contrast, a linear temperature distribution also produces thermal
moments due to the through-thickness temperature gradient, which modifies the internal
stress distribution and results in a less severe reduction in the structural stiffness.

Figures 7 and 8 illustrate the influence of the temperature increase AT and the
power-law index k on the dimensionless fundamental frequency @ of a simply sup-
ported moderately short FG nanobeam under uniform and linear thermal loading condi-
tions, respectively, for small-scale parameters i =0, 2, and 4. The results reveal that in-

creasing either AT or k reduces @, as lower values of k lead to greater structural

flexibility. Moreover, the frequency differences between various AT’ values are signifi-
cantly more pronounced under uniform thermal loading.

9 (1=0) AT=0 1 +=2)

Dimensionless Frequency
Dimensionless Frequency

Dimensionless Frequency

Figure 7. The variation in the first dimensionless frequency @ of the FG nanobeam versus the ma-

terial graduation Kk and temperatures for different nonlocality parameters Y, under uniform ther-
mal loading ( L/h =20).
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Dimensionless Frequency

10 T T T T

Dimensionless Frequency

Figure 8. The variation in the first dimensionless frequency @ of the FG nanobeam versus the ma-
terial graduation k and temperatures for different nonlocality parameters [, under linear thermal
loading (L/h=20).

Increasing the power-law index increases the metallic volume fraction within the
beam. Since the metallic constituent possesses a lower Young’s modulus than the ceramic
constituent, the overall structural stiffness decreases, which leads to a reduction in the
nondimensional natural frequency.

Figures 9 and 10 present the variation in the nondimensional fundamental frequency
@ of the FG nanobeam as a function of the nonlocal parameter ¢ and the material gra-
dient index k under linear and uniform temperature distributions, respectively. The re-
sults indicate that increasing either § or k leads to a reduction in @. Moreover, the
plotted curves show that the maximum values of “@ occur when the temperature varia-
tionis AT = 0.

Figure 11 demonstrates the influence of the small-scale parameter pand the slender-
ness L/h ratio on the nondimensional fundamental frequency @ of a simply supported
P-FG nanobeam under linear, nonlinear, and uniform thermal loading conditions. An in-

L/h

crease in the aspect ratio reduces the bending stiffness of the beam, resulting in

lower natural frequencies, in agreement with classical beam mechanics.
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Dimensionless Frequency

Dimensionless Frequency

Dimensionless Frequency

AT =40

Figure 9. Variation in the first dimensionless frequency @ of the FG nanobeam with respect to the

volume fraction index k and the nonlocality parameter W, for different uniform thermal loading

cases (L/h=20).
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Figure 10. Variation in the first dimensionless frequency @ of the FG nanobeam with respect to the

volume fraction index k and the nonlocality parameter (U, for different linear thermal loading

cases (L/h = 20).
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Figure 11. Variations in the first dimensionless natural frequency @ of the FG nanobeam versus
the temperature change for different values of nonlocal parameters [, aspect ratios “L/h” and ther-

mal loading (k = 0.5).

The results indicate that @ decreases as the temperature variation AT and the

aspect ratio L/h increase at temperatures below the critical value. In addition, the min-
imum values of @ correspond to the largest nonlocal parameter (u = 4), whereas the
maximum frequencies are consistently associated with the FG nanobeam subjected to uni-
form thermal loading (UTR).

It should be emphasized that the present formulation is based on linear kinematic

assumptions and is therefore applicable only to the prebuckling regime. The analysis of
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post-buckling behavior, including membrane stiffening effects and geometrical nonline-
arities, requires a nonlinear theoretical framework and is beyond the scope of the present
work. As expected from classical beam mechanics, increasing the aspect ratio reduces the
bending stiffness and consequently lowers the natural frequency. The present linear for-
mulation is applicable only up to the critical thermal buckling state, beyond which a non-
linear post-buckling analysis would be required.

It should be emphasized that the present formulation is based on linear strain-dis-
placement relations and is therefore restricted to the prebuckling regime. The post-buck-
ling response is beyond the scope of the present work. The investigation of post-buckling
vibrations would require the incorporation of geometric nonlinearities and membrane
stiffening effects, which are not considered in the current model.

Overall, the numerical results demonstrate that the vibration behavior of FG nano-
beams is governed by the combined effects of material gradation, temperature-dependent
material properties, structural stiffness, mass distribution, and nonlocal elasticity. The in-
terplay among these factors determines the overall dynamic response under different
thermal environments.

6. Conclusions

To effectively simulate the free vibration performance of temperature-dependent FG
nanobeams under various thermal environments, an advanced higher-order shear defor-
mation theory has been developed, incorporating integral unknowns and a novel hyper-
bolic thickness-dependent function. The model, formulated within Eringen’s nonlocal
elasticity framework and solved using Navier’s method, eliminates the need for shear cor-
rection factors while maintaining high accuracy. Validation against existing analytical so-
lutions confirms its reliability, and a comprehensive parametric study demonstrates the
significant influences of thermal loading type, temperature variation, power-law index,
nonlocal parameter, and aspect ratio on the fundamental frequencies. The proposed for-
mulation provides an accurate and efficient analytical tool for the vibration analysis of FG
nanobeams in thermally affected environments.

Finally, the present study opens several promising research directions. Future devel-
opments may incorporate advanced nanoscale foundation models, such as the convolu-
tive elastic substrate media proposed by Devnath and Islam [40], to provide a more real-
istic representation of the interaction between nanobeams and their supporting environ-
ments. Moreover, the recently developed di-convolution nonlocal elasticity framework
[41] offers an attractive alternative for modeling size-dependent effects beyond the classi-
cal differential Eringen model adopted in the present work. Further investigations may
also focus on the stability analysis of functionally graded nanobeams resting on preten-
sioned membrane foundations using stress-driven nonlocal integral formulations [42]. In
addition, the interaction between thermal environments, magnetic fields, and size-de-
pendent effects in graded nanostructures [43] represents another promising extension of
the present formulation. It should also be noted that the stress-driven integral nonlocal
method proposed by Barretta et al. [44] constitutes a robust alternative to Eringen’s dif-
ferential nonlocal elasticity theory and may be adopted in future studies to overcome
some of the limitations associated with the differential formulation. Such developments
would considerably broaden the applicability of the proposed model and contribute to
the advancement of more comprehensive theoretical frameworks for nanoscale structural
systems.
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