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Abstract

Predicting a ship’s motion trend in waves is crucial for safe navigation and operation.
Existing prediction models are mostly based on the assumption of local linear dynamics,
which can achieve great performance in idealized ocean environments. However, ships
typically sail in real marine environments with regular or irregular waves, which makes
the robustness and real-time performance of ship motion estimation models particularly
important. To address this limitation, this paper proposes a global linear predictor (GLP)
based on the Koopman operator, which can effectively represent the nonlinear rolling
dynamics of ships. Furthermore, the GLP model is used to predict and control the rolling
motion of a ship in real time. The proposed method is validated in both regular and
irregular wave environments. The simulation experiment results show that the accuracy of
the proposed method is about 14% higher than that of other classical methods on ships’
rolling dynamics. And it achieves a more than 91% rolling reduction efficiency in all wave
conditions, significantly decreasing the amplitude of a ship’s rolling.

Keywords: ship’s rolling control; gyrostabilizer; Koopman; model predictive control

1. Introduction
Ships are subject to displacement and oscillatory motions induced by wind and waves

in marine environments [1]. These motions generally involve six degrees of freedom (DOF)
and are coupled with each other [2]. Among them, roll motion is particularly critical
because of the geometric characteristics of ships and the associated risk of capsizing under
severe wave conditions [3]. Therefore, ship roll motion has attracted considerable attention,
and ship roll control has gradually developed into an important research field.

Various approaches have been developed to mitigate wave-induced rolling motion,
including improving ship hydrodynamic properties and installing additional stabilization
devices. For passive stabilization, ship designers can modify the submerged structure of
the ship to increase roll damping. For example, bilge keels generate roll-damping mo-
ments through their interaction with water [4]. However, their stabilizing effectiveness
is limited, making it difficult to significantly enhance ship stability under complex wave
disturbances [5]. Consequently, a series of ship stabilization devices have been devel-
oped to suppress wave-induced roll motion [6], including rudders, fin stabilizers [7,8],
anti-roll tanks, and gyrostabilizers. Rudders provide stabilizing moments through the
coupling of roll and yaw [9]. Rudder-based studies usually rely on 4 DoF ship dynamics,
including surge, sway, yaw, and roll [10], to achieve trajectory tracking and roll control
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simultaneously. However, the coupling among different degrees of freedom introduces
strong nonlinearity [11], which imposes a high computational burden on the controller.
By contrast, ship dynamics with dedicated roll stabilizers are commonly modeled as 1 DoF
roll dynamics to simplify computation. Nevertheless, ship roll motion is inherently non-
linear [12]. In addition, roll hydrodynamic coefficients are difficult to obtain accurately
through theoretical calculation, which further increases the difficulty of ship roll state
prediction [13]. Especially under real sea conditions with irregular wave frequencies and
amplitudes, prediction accuracy and computational delay caused by nonlinear dynamics
become core challenges in ship roll control [14].

To address the state prediction and control problems of nonlinear ship roll dynamics,
existing studies can be broadly divided into nonlinear control methods and linear-control-
based methods. On the one hand, some studies have adopted nonlinear control algorithms
to improve control accuracy in the presence of nonlinear dynamics [15]. For example,
sliding mode control [6] has been proposed to compensate for nonlinear terms in ship roll
dynamics by enforcing the system to operate near the sliding surface and thereby reduce
control errors. However, sliding mode control may suffer from chattering, which can induce
undesirable system vibrations. Cao et al. [16] designed a model predictive controller, which
significantly improves control accuracy and mitigates the vibration problem. By explicitly
modeling the nonlinear dynamics, these methods can improve state estimation and control
accuracy. However, directly solving nonlinear optimization problems, which are typically
nonconvex [17], increases computational delay and limits their applicability to real-time
ship roll control [18].

On the other hand, classical linear controllers tend to exhibit better real-time perfor-
mance than nonlinear controllers in practical applications. For example, Taskin et al. [19,20]
proposed a controller based on H∞ control, and Song et al. [21] proposed an angular-rate-
feedback controller for ship roll control. State prediction in these controllers typically relies
on locally linearized roll models, which provide favorable real-time performance in both
regular and irregular wave environments. However, local linear predictors are generally
linearized around an equilibrium point, with higher-order terms neglected. Therefore, these
approaches are generally most reliable under small-roll-angle assumptions, typically less
than 30 degrees. Such local linear approximation may introduce prediction errors, especially
under large-amplitude or irregular wave conditions, thereby degrading control accuracy.

Based on the above analysis, although local linear predictors can significantly improve
real-time control performance, prediction errors caused by local linearization remain a
key limitation. To overcome this limitation, this paper proposes a global linear predictor
based on Koopman operator theory. The basic idea is to lift nonlinear dynamics into a high-
dimensional space [22,23], in which the evolution of the lifted states can be approximated by
a linear model [24]. Because the proposed predictor is identified from ship roll data, it can
reduce dependence on analytically derived hydrodynamic coefficients [25] and improve
prediction accuracy. Then, a model predictive controller (MPC) based on the proposed
predictor is designed to control ship roll motion under diverse wave conditions. In this
work, the stabilizing torque produced by the gyrostabilizer is utilized to counter wave
disturbances, while the high-dimensional linear predictor and the MPC are used to estimate
the system state and generate the control strategy, respectively. The main contributions of
this paper are summarized as follows:

(1) A data-driven global linear predictor based on Koopman operator theory is developed
for nonlinear ship roll dynamics.

(2) The proposed predictor is integrated with a linear MPC framework to achieve real-time
ship roll control with a gyrostabilizer.
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(3) The prediction accuracy and roll reduction performance of the proposed method are
validated under both regular and irregular wave conditions.

The paper is organized as follows. In Section 2.1, nonlinear ship roll dynamics with
gyrostabilizers are described. In Section 2.2, the theory and realization of a global linear
predictor based on the Koopman operator are presented in detail. In Section 2.3, a linear
model predictive controller is designed for ship roll dynamics. In Section 3, numerical
simulations are performed under several wave conditions to validate the effectiveness
of the proposed algorithm. In Section 4, the strengths and limitations of the study are
discussed. Finally, Section 5 presents the conclusions.

2. Materials and Methods
2.1. Dynamics of Ship’s Rolling with Gyrostabilizers

According to the principle of ship dynamics, a ship generates a 6 DOF motion in
response to wave disturbances. However, since rolling motion is the most dominant factor
causing ship instability, it is commonly simplified from a 6 DOF motion to a 1 DOF rolling
motion, which has been used in many previous studies [14,21,26]. Therefore ship rolling
dynamics are described as a second order nonlinear system:

I(ϕ̈, t) + C(ϕ̇, t) + K(ϕ, t) = τwave(t) (1)

where ϕ, ϕ̇, ϕ̈ indicate the ship’s rolling angle, angular velocity, and acceleration, respec-
tively. I(ϕ̈, t) = (Ixx + Jxx)ϕ̈ is the mass moment of inertia, and Ixx, Jxx are the ship’s
rolling inertia and additional inertia, respectively. C(ϕ̇, t) = c1ϕ̇ + c3ϕ̇3 is the damping
term, and c1, c3 are the 1st and 3rd order rolling damping coefficients [27,28], respectively.
K(ϕ, t) = k1ϕ + k3ϕ3 + k5ϕ5 is the restoring term, and k1, k3, k5 are the 1st, 3rd and 5th
order rolling restoring coefficients, respectively. The high order terms of the above model
mean that the rolling motion of the ship is nonlinear. τwave(t) is the disturbance term
related to waves, which is a function of the wave tilt α [29] and is generally calculated via
the wave spectrum.

The gyrostabilizer is usually installed inside the cabin of the ship, and its precession
axis is perpendicular to the ship’s roll axis, as shown in Figure 1. Its output torque and
dynamics can be described as follows [14,21]:

τsta = h0 β̇ cos(β) (2)

Jg β̈ + b1 β̇ + b2β − h0ϕ̇ cos(β) = τcontrol (3)

where β, β̇, and β̈ indicate the precession angle, angular velocity, and angular acceleration,
respectively. τsta is the stabilizing torque created by the gyrostabilizer. Jg is the inertia in
the precession axis. b1 and b2 are the damping and restoring coefficients. h0 is the angular
momentum of the gyro rotor. τcontrol is the control torque applied to the precession axis,
which is produced by the motor [30] in general:Jmω̇m = Cm Id − TL − Dmωm

Lm İd = −Cmωm − Rm Id + Ud0
(4)

The model of the motor is represented in Equation (4), where Jm is the inertia. Cm

and Dm denote the motor torque and damping coefficient, respectively. Rm and Lm are the
resistance and inductance, respectively. Ud0 and Id are the voltage and current, respectively.
Cm Id is the electromagnetic torque generated by the motor. Since the motor and the
gyrostabilizer’s precession axis are directly connected, Cm Id = τcontrol , and ωm = β. TL is
the load torque, which is the part to the left of the equal sign in Equation (3).
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In summary, the nonlinear dynamics of ship rolling with gyrostabilizers can be de-
scribed by Equation (5), and it will be used as the simulation model for computing the
global linear predictor.

I(ϕ̈, t) + C(ϕ̇, t) + K(ϕ, t) = τwave(α, t)− τsta

(Jg + Jm)β̈ = Cm Id − (b1 + Dm)β̇ − b2β + h0ϕ̇ cos(β)

Lm İd = −Cmωm − Rm Id + Ud0

(5)

Figure 1. Ship-gyrostabilizer system construction.

2.2. Global Linear Prediction

As can be seen from (5), the ship roll control system is a significant nonlinear dy-
namical system, which is quite unfavourable for the stable control of the ship. To cope
with the nonlinearity, this section introduces the global linear predictor based on the
Koopman operator.

2.2.1. Global Linear Predictor Based on the Koopman Operator

The Koopman operator for autonomous systems is available in the literature [31]. Let
us discuss the Koopman operator for controlled dynamics with disturbances. Consider the
following dynamics:

x+ = f (x + w, u) (6)

where x ∈ X ⊂ Rn, u ∈ U ⊂ Rm are vectors of system state, and control, respectively. f is
a continuously differentiable function. X, U are tight subsets [32]. Specifically, to enhance
the realism of the simulation results, we add measurement noise w ∈ Rn in the equation of
state. Compared with autonomous systems, the state in the future of system (6) depends
not only on the current state but on the control applied to it. Therefore, the evolution of the
system in the space H should contain the control. We define the extended state χ = [x, u]T ,
and the system (6) can be formulated as

χ+ = F(Ø) :=

[
f (x + w, u)

u

]
(7)

where u(t) = u(t+) is the control sequence applied to the system. t+ is the next time of t.
The Koopman operator corresponding to (7) can be expressed as

K[g(Ø)] = g(F(Ø)). (8)

Actually, in the space H, the global linear representation of the original dynamics can
always be obtained by constructing Koopman operators, even if it is nonlinear [31] (but
typically infinite-dimensional).

Further, the Koopman operator can be decomposed into two matrices:

K =
[

A∞×∞ B∞×m

]
(9)
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where A ∈ R∞×∞, B ∈ R∞×m are the transfer matrices of states and control obtained by
slicing the Koopman operator, respectively.

Finally, a linear predictor can be constructed:z+ = Az + Bu

x̂ = Cz
(10)

where z = g(x) ∈ R∞ is the lifted state which is mapped into the higher-dimensional space.
x̂ ∈ Rn is the state restored from the higher-dimensional space. C ∈ Rn×∞ is the state
restoring matrix.

2.2.2. Data Driven Method for the Global Linear Predictor Realization

It is attractive that the Koopman operator makes the evolution of the system in a
higher-dimensional space linear. However, it is difficult to compute due to the space being
infinite-dimensional. Fortunately, the finite dimensional approximation of the Koopman
operator can be achieved by the Extended Dynamic Mode Decomposition [33] (EDMD)
method, and it is offline and data-driven. The process is described in detail below.

Firstly, the system (6) should be discretized to prepare the data, and the discrete
dynamics can be expressed as

xk+1 = f (xk + wk, uk) (11)

where k ∈ [0,+∞) is the sampling point. xk ∈ X ⊂ Rn, uk ∈ U ⊂ Rm, wk ∈ Rn

are sampling values of the system state, control and measurement noise at the kth
moment, respectively.

Let Ȟ be a finite-dimensional function space consisting of a series of scalar observables
about xk, where each element is defined as

h(xk + wk) = [h1(xk + wk), h2(xk + wk), . . . , hN(xk + wk)]
T (12)

where h : Rn → RN is the state lifting function.
To preserve the features of the original system maximally when it evolves in the

higher-dimensional space, in practice x, and u are included in the computation along with
the state lifting function in the following form:

H(xk + wk, uk) := [xk, h(xk + wk), uk]
T. (13)

Then prepare the data. Let the initial state be x0 ∈ X, and the sampling size be K,

the control sequence be
{

uk

}K

k=1
∈ U. The dynamics (6) is solved using the fourth-order

Runge–Kutta method [34], and the state, control, and disturbance data are recorded at each
time step. The calculation process is described below:

x+ = x +
∆t
6
(k1 + 2k2 + 2k3 + k4) (14)

where k1 = f (x, u), k2 = f
(

x + ∆t
2 k1, u

)
, k3 = f

(
x + ∆t

2 k2, u
)

, k4 = f (x + ∆tk3, u), ∆t is
the sampling time.

Notice that the control value is a random value in U. It makes the data contain as much
behavior as possible to improve the estimation. Let KT be a discrete Koopman operator
defined in the space Ȟ, and let the observables of the system state evolve to the next step.
Thus, the discrete Koopman operator can be approximated by the following least squares:
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min
KT

K

∑
k=1

||H(xk+1, uk+1)−KTH(xk, uk)||22. (15)

Actually, the discrete Koopman operator KT could be decomposed into matrices AT

and BT (see (9) for details). Unfold (16) as follows:

min
AT ,BT ,DT

K

∑
k=1

||zk+1 − ATzk − BTuk||22 (16)

where zk = [xk; h(xk)] ∈ R(n+N) is the extended lifted state. AT ∈ R(n+N)×(N+n),
BT ∈ R(n+N)×m are transfer matrices of the state and control, respectively. And KT = [AT, BT].

The state restoring matrix CT can be solved by

min
CT

K

∑
k=1

||xk − CTzk||22 (17)

where CT ∈ Rn×(n+N).
The discrete Koopman operator can be easily obtained by solving least squares func-

tions such as (Equations (17) and (18)). The pseudo-code of the discrete Koopman operator
finite-dimensional approximation algorithm via EDMD can be summarized as Algorithm 1,
where “†” denotes the solution of the pseudo-inverse.

Algorithm 1: Global linear predictor

Data:
{

xk, xk+1, uk
}K

k=1
Result: Mapping matrices:AT , BT , CT

1 for i = 1 to K do
2 Xli f t(i) := h(xk(i));
3 Yli f t(i) := h(xk+1(i));
4 //obtain augmented matrices;
5 Xli f taug(i) := [xk(i); Xli f t(i); uk(i)];
6 Yli f taug(i) := [xk(i); Yli f t(i); uk(i)];
7 end
8 KT = [Yli f taug · X†

li f taug]
T ;

9 AT := KT [1to(n + N), :];
10 BT := KT [(n + N + 1)to(n + N + 1 + m), :];
11 CT := xkX†

li f taug;

2.3. Model Predictive Control Base on the Koopman Operator

The theory and construction process of the linear predictor based on the Koopman
operator is presented in the above. The method provides a linear predictor:zk+1 = ATzk + BTuk

x̂k = CTzk
(18)

where zk = [xk; h(xk)], h(xk) is the lifting function defined in (12), and xk = [ϕ; ϕ̇; β; (̇β); Id]

is the state of dynamics of ship rolling. The nonlinear dynamical model (5) can be repre-
sented as a state space by means of the linear predictor described above.

This session presents the construction of the model predictive controller using the
global linear predictor based on the Koopman operator. The model predictive control opti-
mizes a specific, user-defined objective function at each time step. Generally, the function of
the linear MPC is transformed into a convex quadratic programming problem [35] (QP) to
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be solved quickly. However, nonlinear MPC may cause a nonconvex optimization problem
along with long time consumption and local optimums. The structure of the global linear
predictor-based MPC (GMPC) proposed in this paper is shown in Figure 2. Notice that the
model used for prediction at each time step is provided by the global linear predictor.

Figure 2. Structure of GMPC.

Firstly, the state of the system is being measured at each time step. Then, the lifted
state is acquired by the state lifting function. And the global linear predictor based on
the Koopman operator is engaged in the scrolling optimization. Finally the optimized
control parameters are applied to the plant. The optimization objective function is defined
as follows: 

minui J = (∑
Np−1
i=0 zT

i Qzi + uT
i Rui) + zT

Np
PzNp

subject to


zi+1 = Azi + Bui, i = 0, 1, . . . , Np−1

zNp ∈ X f

ui ∈ U

parameters z0 = [x0; h(x0)]

(19)

where Q ∈ R(n+N)×(n+N), R ∈ Rm×m, P ∈ R(n+N)×(n+N) are weight matrices of the
process state, control and terminal state, respectively. X f is the terminal state constraint set,
and U is the control constraint set.

Since the state vector engaged in the scrolling optimization is lifted to the higher-
dimensional space instead of the original state, leading to its physical significance becoming
unclear. Thus, the actual state xk of the system at each time step is expanded into zk to
specify the value of its weight matrix. The pseudo-code of the GLP-MPC algorithm can be
summarized as Algorithm 2.

Algorithm 2: GLP-MPC

1 for k = 1, 2, . . . do
2 z0 := [x0; h(x0)];
3 Solve the QP problem (19) to obtain the optimal solution U∗

d ;
4 uk = U∗

d ;
5 // Apply the uk to Equation (11);
6 xk+1 = f (xk, uk, wk);
7 end

2.4. Control System Stability Analysis

The proposed GMPC is constructed based on the finite-dimensional Koopman predic-
tor given in (18). To guarantee the stability of the closed-loop control system, a Lyapunov-
based analysis is presented in this subsection.
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Consider the lifted linear prediction model:

zk+1 = ATzk + BTuk (20)

where zk ∈ Rn+N denotes the lifted state vector and uk ∈ Rm is the control input.
The cost function of the proposed GMPC can be written as

J(k) =
Np−1

∑
i=0

(
zT

k+iQzk+i + uT
k+iRuk+i

)
+ zT

k+Np
Pzk+Np (21)

where Q ⪰ 0, R ≻ 0, and P ≻ 0 denote the state weighting matrix, control weighting
matrix, and terminal weighting matrix, respectively.

Assume that:

(A1) The pair (AT , BT) is stabilizable.
(A2) The terminal weighting matrix P satisfies the discrete-time algebraic Riccati equation.
(A3) The optimization problem is feasible at the initial sampling instant.

Under these assumptions, define the Lyapunov candidate function as the optimal
value function of the MPC problem:

V(zk) = J∗(zk) (22)

where J∗(zk) denotes the optimal cost obtained by solving the MPC optimization problem
at time instant k.

For the optimal control sequence {u∗
k , u∗

k+1, · · · , u∗
k+Np−1}, a feasible control sequence

at the next sampling instant can be constructed by shifting the optimal sequence forward
and appending the terminal feedback control law. Therefore,

V(zk+1)− V(zk) ≤ −zT
k Qzk − uT

k Ruk. (23)

Since Q ⪰ 0 and R ≻ 0, it follows that:

V(zk+1)− V(zk) ≤ 0. (24)

Thus, the Lyapunov function V(zk) is non-increasing along the closed-loop trajectories.
Moreover,

V(zk+1)− V(zk) = 0 (25)

holds only when
zk = 0, uk = 0. (26)

According to the discrete-time Lyapunov stability theorem, the equilibrium point of
the lifted prediction system is asymptotically stable. Since the original ship roll states are
reconstructed from the lifted states through

x̂k = CTzk, (27)

the asymptotic convergence of zk implies the asymptotic convergence of the original roll
states. Therefore, the proposed GMPC guarantees the closed-loop stability of the ship roll
control system.
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Remark 1. The above stability proof is established in the lifted-state space generated by the Koopman
operator. Since the lifting mapping preserves the dominant dynamical characteristics of the original
nonlinear system and the reconstruction matrix CT is bounded, the stability of the lifted linear system
can be transferred to the original ship roll dynamics. Therefore, the proposed control framework
inherits the computational efficiency of linear MPC while retaining the capability to stabilize the
nonlinear roll motion.

3. Results
3.1. Simulation Setup

In this section, we designed numerical simulations to validate the effectiveness of the
proposed method, and comparative simulations to verify the advancement and innovation
of the system. In detail, to ensure the reliability of the simulation experiment, we made
efforts in two ways. On the one hand, the actual parameters of ship’s the own gyrostabi-
lizer are used as the simulation conditions, and the parameters of the boat made in the
laboratory are used as the simulation carrier parameters. On the other hand, both regular
and irregular long-crested wave environments are simulated and tested. The detailed
parameters of the ship and gyrostabilizer are shown in Table 1. And all parameters are
based on experimental measurements.

Table 1. Hydrodynamics of JH-7500 and parameters of the gyrostabilizer.

System Parameter Value

Ship (JH-7500)

Loa (m) 7.5
Bwl (m) 3.2

∆ (t) 3.7
GM (m) 0.5

Ixx + Jxx (kg · m2) 1655.11
c1 (kg · m2/s) 258.25
c3 (kg · m2/s) 113.74
k1 (kg · m2/s2) 1054.35
k3 (kg · m2/s2) −531.15
k5 (kg · m2/s2) 35.32

Gyrostabilizer

h0 (N · ms) 1000
Jg (kg · m2) 1.57

b1 (kg · m2/s) 29.76
b2 (kg · m2/s2) 0.259

Jm (kg · m2) 2 × 10−4

Cm (kg · m2/s) 10.875
Dm (kg · m2/s) 0.003

Rm (Ω) 0.85
Lm (H) 0.506

Firstly, we conducted numerical simulations under regular wave conditions to verify
the effectiveness of the proposed method under ideal conditions. Wave-induced forces
under regular wave conditions can be calculated as follows:

τ
(r)
wave(t) = ∆GMαr(t) (28)

where αr(t) = δr cos(ωrt), δr, ωr represent the amplitude and frequency of the wave-
induced torque under regular wave conditions, respectively.

In addition, to validate the effectiveness of the proposed method in a real ocean
environment, we computed the response amplitude operator (RAO) for wave-induced
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moments using potential flow theory. The ship model and computational results are shown
in Figure 3.

Figure 3. The ship model and results of wave-induced moment RAO.

According to the above results, the wave-induced moment in beam sea conditions can
be calculated as

τ
(ir)
wave(t) =

Nw

∑
j=1

√
2S(ω)∆ω)Re cos(ωjt + Im + ϵj) (29)

where Nw denotes the number of wave frequencies. ∆ω denotes the difference between two
neighbouring frequencies. ϵj denotes the random initial phase. Re and Im denote the real
and imaginary parts of the wave moment RAO of the ship. ωj denotes the wave frequency
component. S(ω) denotes the wave spectrum. In this paper, the ITTC two-parameter wave
spectrum is used:

S(ω) =
173H2

s
T4

p ω5 exp(
−691
T4

p ω4 ) (30)

where Hs is the significant wave height, Tp is the spectral peak period of the irregular wave,
and ω is the frequency band for simulation. In order to minimize the self-repetition of
irregular waves, ω is sampled from the frequency range [0, 6π/Tp] with unequal intervals.

More importantly, in order to enhance the credibility of the simulation and further
verify the effectiveness of the method, we carried out simulations in a beam sea environment
with regular and irregular waves. Furthermore, wave parameters were based on typical
sea conditions in the North Atlantic [36], as shown in Table 2.

Table 2. Sea condition parameters.

Case Type Hs (m) δr (deg) Tp (s)

1 Regular wave - 4 10
2 Irregular wave 0.25 - 4.75
3 Irregular wave 0.68 - 6.34
4 Irregular wave 1.12 - 7.92
5 Irregular wave 2.30 - 9.90
6 Irregular wave 3.10 - 11.88

The simulation results for the effects of wave-induced moments on the ship’s roll axis
in beam seas are shown in Figure 4.
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Figure 4. Wave-induced torques under the various sea state parameters shown in Table 2.

Under the above conditions, we designed two simulations:

(1) Linear prediction simulation. The effectiveness of the global linear predictor is verified
by comparison with the classical linear prediction algorithm (Algorithm 1).

(2) Controller comparative simulation. In different wave environments, the control
stability and accuracy of the proposed system (Algorithm 2) and the other two classical
systems are verified by comparing the three performance indicators.

The abbreviations of the proposed method and other compared methods are listed
in Table 3.

Table 3. Abbreviations of methods.

Abbreviations Details

LLP Local linear predictor based on Taylor series.
GLP Global linear predictor based on the Koopman operator.

LMPC Model predictive control based on the local linear predictor.
NMPC Model predictive control based on the nonlinear predictor.
GMPC Model predictive control based on the global linear predictor.

3.2. Linear Predict Simulation

In order to evaluate the effectiveness of the proposed method on system state predic-
tions, we compare its prediction properties with LLP, which is commonly used. Firstly,
we construct training datasets and testing datasets under different parameter settings
as follows:

• Training: The sampling interval of the training data is set to 0.01 s, step stride is 100,
and the sampling period is 10 s. The control data is generated by a sine wave with an
amplitude ranging from [1, 10] and a period ranging from [0.35 s, 1.55 s]. The moment
applied to the roll axis of the ship, which is calculated using this control data, covers
the range of waves-induced moments for the six typical sea conditions shown in
Table 2. The state data are obtained from Equation (5) with random initial values.

• Testing: The sampling interval of testing data is set to 0.01 s, step stride is 300, and the
sampling period is 3 s. The settings of other parameters are consistent with those of
the training phase. Notably, to simulate sensor noise, we added normally distributed
noise with standard deviations of [0.02, 0.01, 0.02, 0.01, 0.05] to the testing set during
the prediction phase.

In order to verify the sensitivity of various lifting functions to the performance of the
predictor, we conducted numerical simulations using Gaussian, polynomial, trigonometric,
and mixed observers, respectively. We define the original state variables of the system as
x = [ϕ, ϕ̇, β, β̇, Id]. The lifting functions are expressed as follows:
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hGi = exp(
−||xk − rbi ||

2
2

2
) (31)

hPi =
n

∏
j=1

x
ffij
j (32)

hTi = sin(kT
ij x) (33)

hMi = [x, hGi , hPi , hTi ]
T (34)

where hGi , hPi , hTi , hMi represent the i-th (i = 1 : N) Gaussian observer, polynomial observer,
trigonometric observer, and mixed observer, respectively. rbi

denotes the center of the kernel
function for the i-th lifting function. αij denotes the power-index vector of the j-th (j = 1 : 5)
primitive state in the i-th lifting function. kij denotes the periodicity feature of the j-th
primitive state in the i-th lifting function.

In addition, the state lifting dimension is also one of the important parameters of GLP,
as it directly affects the predictor’s sensitivity to a nonlinear dynamical system. As is well
known, the average RMSE between the predicted state and the true state can effectively
be used to characterize the accuracy of the linear predictor. Therefore, we conducted
ablation simulation experiments to test the state RMSE performance of system prediction
under different parameter settings. The parameter range of the state lifting dimension
was set from 10 to 100, with unequal interval sampling. We ran 100 experiments for
each parameter and recorded the average RMSE of the repeated simulation experiments,
as shown in Table 4.

Table 4. Comparison of predictions for different lifting dimensions.

Lifting Dimension
Average RMSE (%)

GLP (Ours) LLP

Gaussian Polynomial Trigonometric Mixed -

N = 10 4.90 7.67 5.15 6.42 18.02
N = 30 4.65 8.05 4.76 6.33 19.35
N = 50 4.11 7.13 4.96 5.84 18.27

N = 100 3.10 6.69 3.98 6.13 18.66

It can be observed from Table 4 that the prediction performance of all GLP-based
predictors is significantly superior to that of LLP under all tested parameter settings.
Regardless of the lifting dimension, the average RMSE of the four lifting-function configu-
rations remains substantially lower than that of LLP, demonstrating the effectiveness of the
proposed lifting-based linear prediction framework in capturing the nonlinear dynamics
of the roll stabilization system. Furthermore, as the lifting dimension N increases, the av-
erage prediction RMSE generally exhibits a decreasing trend, although the reduction is
not strictly monotonic for every lifting function. This indicates that a larger lifted state
space provides richer observable information and enables the predictor to characterize the
underlying nonlinear dynamics more accurately.

Comparing different lifting functions, the Gaussian observer consistently achieves the
best prediction accuracy among all tested configurations. Its average RMSE decreases from
4.90% at N = 10 to 3.10% at N = 100, indicating that Gaussian radial basis functions possess
strong local approximation capability for nonlinear roll dynamics. The trigonometric
observer provides the second-best performance, suggesting that periodic basis functions
are effective in describing the oscillatory characteristics of ship roll motion. Although the
polynomial observer can partially capture the nonlinear restoring moments of the system,
its prediction accuracy is inferior to Gaussian and trigonometric observers, especially at
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lower lifting dimensions. The mixed observer combines multiple basis-function types and
achieves stable prediction performance over different lifting dimensions, but its accuracy
does not surpass that of the Gaussian observer in the considered case. Based on the above
results, in the subsequent numerical simulation phase, we selected the Gaussian observer
as the lifting function. Simultaneously, the state lifting dimension was set to 100.

Furthermore, we conduct a comparison experiment between the proposed algorithm
and the commonly used LLP. We select the ship rolling angle error (ϕe), rolling angular ve-
locity error (ϕ̇e), gyro precession angle error (βe), precession angular velocity error (β̇e) and
motor current error (Ide) for estimating accuracy comparison parameters. The simulation
experiment results are shown in Figure 5.
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Figure 5. The results of state prediction of accuracy estimated by different models ((a) ship rolling
angle error., (b) ship rolling angular velocity error, (c) gyro precession angle error, (d) gyro precession
angular velocity error, (e) motor current error).

As can be seen from the figure, the prediction error of the GLP algorithm is lower
than that of the LLP algorithm for all five state variable estimates, which indicates that
the prediction results of the GLP algorithm are closer to the true values. This is because
the LLP algorithm typically expands linearly around the system’s equilibrium point and
ignores higher-order subterms, which cannot accurately represent the system behavior
when the system deviates from the equilibrium point, while the GLP algorithm achieves
accurate modeling of nonlinear systems through the behavioral data of the nonlinear
system in all state spaces, and thus can characterize the system more accurately. Therefore,
the algorithm’s state estimation results perform better regardless of the system’s arbitrary
position in the state space.
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3.3. Controller Comparative Simulation Experiment

In order to further evaluate the accuracy of the proposed algorithm in ship rolling
control, we constructed a GMPC controller using the GLP algorithm (see Algorithm 2
and Figure 2 for details), and carried out control simulations in beam sea environments
(including regular and irregular waves), respectively.

η =
ϕN − ϕP

ϕN
× 100% (35)

where ϕN denotes the standard deviation of the ship’s free rolling (without gyrosta-
bilizers) angle and ϕP denotes the standard deviation of the ship’s rolling angle with
controlled gyrostabilizers.

In addition, we constructed LMPC and NMPC for comparison simulations under the
same control parameters to verify the advantages of GMPC in terms of control accuracy
and real-time performance. Both GMPC and LMPC are solved by the open source quadratic
programming tool in MATLAB 2024a, while NMPC is solved using the CASAdi toolkit [37].
The controller parameter settings are shown in Table 5.

Table 5. Controller parameters.

Parameters LMPC NMPC GMPC
Sampling time 0.01 s

Simulation time 60 s (6000 steps)
Prediction horizon 3 steps
Weight matrix Q diag(10, 0, 0, 0, 3) diag(10, 0, 0, 0, 3, 0, . . . , 0)
Weight matrix R 0.05
Weight matrix P diag(10, 0, 0, 0, 3) diag(10, 0, 0, 0, 3, 0, . . . , 0)

Notice that the parameters of the four controllers in Table 5 are the same except for the
weight matrices Q and P. Since the state vector used for rolling optimization in GMPC is
concatenated by the original state vector x ∈ R5, the lifted state vector h(x) ∈ R100, and the
control vector u ∈ R1 (see (13) for details). Therefore, the dimension of the state vector is
set to be 106 (i.e., (5 + 100 + 1)), which is different from the other two controllers. In order
to maintain maximum consistency of the parameters, we set the parameters related to the
original system state (the first 5) in the Q and P weight matrices of the GMPC to the same
values as those used in the other two controllers.

With the above parameter settings, the simulations were carried out under the six
wave environments (including regular and irregular waves) shown in Table 2. Where the
regular wave represents the ideal wave environment, while the irregular wave represents
the real sea conditions. We chose the moment error (Me), the gyro precession angular
velocity (β̇), and the ship roll angle (ϕ) to characterize the accuracy of the controller. Here,
Me represents the absolute value of the difference between the wave excitation moment and
the gyro stabilizing moment. Hence, its periodic characteristics will be distinct from those
of other curves in the figure. These parameters can characterize the control robustness of the
system in different environments, and lower torque error, larger gyro precession angular
velocity, and smaller ship roll angle indicate stronger resistance to wave interference and
higher stability of the system. The simulation results in the regular wave environment are
shown in Figure 6.
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Figure 6. Stability control results under regular waves ((a) wave excitation moment, (b) gyro
precession angular velocity, (c) torque error, (d) ship rolling angle).

As can be seen in Figure 6, when the ship without gyrostabilizers is operating in
a regular wave environment, the ship’s free rolling angle can be up to 4 degrees (black
solid line in Figure 6d). And with the controller, the torque error is reduced, the gyro
precession angular velocity is increased, and the system stability is improved. The gyro
precession angular velocity is positively correlated with its output stabilizing torque (see (2)
for details), its increase improves the system’s ability to resist wave disturbances and thus
reduces the torque error. The rolling angle of the ship is obviously reduced (Figure 6d),
which indicates that the stabilizing torque generated by the gyrostabilizer cancels out part
of the system disturbance. Consequently, the actual disturbance to the ship is smaller than
that of the ambient wave disturbance, and the ship’s motion is smoother.

Moreover, It can be seen from Figure 6a that the control moments generated by the
three controllers exhibit the same shape and trend as the wave-induced moment, yet the
moment generated by the GMPC is closer to the wave-induced moment. This is also evident
in Figure 6b, where the GMPC exhibits a smaller moment error of less than 5 Nm. This is
primarily because, under the influence of the GMPC, the gyro produced a higher precession
angular velocity (Figure 6c). This indicates that the gyrostabilizer based on the GMPC
algorithm has better efficacy and ship motion stability. As can be seen from Figure 6d,
the rolling angle of the ship of GMPC controller fluctuates around 0 degrees with small
amplitudes, the gyrostabilizer produces accurate stabilizing torque, and the ship realizes
small amplitude rolling motion in a regular wave environment. From the combined results
in Figure 6, it is clear that the GLP proposed in Algorithm 1 does provide accurate state
predictions for the controller. Although the physical significance of the system states that
are mapped into the higher-dimensional space is not clear, these results confirm that the
proposed algorithm’s mapping relationship from the lower-dimensional nonlinear space to
the higher-dimensional linear space is correct.

We verified the control accuracy in irregular wave environments that are closer to
the real sea conditions. The parameters of the irregular wave environments are shown as
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Case 2 to Case 6 in Table 2, which represents typical sea conditions from Level I and Level
V, respectively.

Figure 7a shows the wave-induced moment and control moment under irregular
wave conditions (Case 4). Compared to regular wave conditions, the amplitude and
frequency of the wave disturbance moment vary over time under irregular wave conditions.
Nevertheless, the gyro-stabilizing moment of the GMPC remains close to the wave-induced
moment. In Case 4, the error between the gyro stabilization moments of NMPC and LMPC
and the wave disturbance moments increases, exceeding 150 Nm. While the algorithm in
this paper maintains global robustness, as shown in the local magnification of Figure 7c,
the GMPC-controlled gyrostabilizer generates a larger precession angular velocity, thereby
producing a larger stabilization moment. Even during the period of most severe disturbance
(40–42 s), the GMPC is still able to maintain control accuracy. Furthermore, Figure 7d reports
the ship’s roll angle under irregular wave disturbances, showing that the GMPC exhibits a
much smaller roll angle amplitude and consistently maintains a high stabilization efficiency.
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Figure 7. Stability control results under irregular waves in Case 4 ((a) wave excitation moment,
(b) gyro precession angular velocity, (c) torque error, (d) ship rolling angle).

Furthermore, to analyze the robustness of the proposed method, we conducted multi-
ple numerical simulations over a wider range of wave parameters and used the response
amplitude operator to characterize the rolling behavior of uncontrolled and controlled
ships under various irregular wave conditions. The results are shown in Figure 8.

Figure 8 presents the roll responses of the ship under five regular-wave conditions with
different wave parameters. It can be clearly observed that the roll motion of the uncontrolled
ship increases significantly as the sea state becomes more severe. Specifically, the rolling
RAO rises continuously from Sea State 1 to Sea State 5, indicating that stronger wave
excitation introduces larger external disturbance moments to the vessel. Such excessive roll
motion not only degrades mission performance but also poses a serious threat to navigation
safety and onboard operational reliability.
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Figure 8. Rolling RAO results from Case 2 to Case 6.

When the control systems are activated, all three controllers effectively suppress the
roll motion to different extents. Compared with the uncontrolled case, the TMPC, NMPC,
and GMPC controllers all achieve considerable reductions in rolling amplitude under every
sea-state condition, demonstrating their capability to mitigate wave-induced disturbances.
More importantly, even under the harshest sea conditions, the controlled roll angles remain
below 5 deg, indicating that the active stabilization system can maintain satisfactory roll
performance throughout the entire operating range considered in this study.

A further comparison among the three control strategies reveals that the proposed
GMPC consistently achieves the lowest rolling RAO under all wave conditions. As the
wave intensity increases, the superiority of GMPC becomes increasingly evident. This result
indicates that the Koopman-based predictor can capture the nonlinear roll dynamics more
accurately than the linear predictor employed by TMPC, while simultaneously avoiding the
high computational burden associated with the nonlinear optimization process of NMPC.
Consequently, the GMPC controller generates more effective control actions and provides
superior roll attenuation performance across a wide range of sea states.

Overall, the results demonstrate that the proposed GMPC not only preserves the
robustness of model predictive control under varying wave environments but also achieves
the best roll reduction performance among the considered control strategies. Therefore, it
provides an effective solution for ship roll stabilization in both moderate and severe sea con-
ditions.Moreover, the performance gap between GMPC and the other controllers becomes
more pronounced as the sea state increases, suggesting that the proposed Koopman-based
predictor possesses stronger disturbance-rejection capability and better adaptability to
highly nonlinear roll dynamics under severe wave conditions.

Finally, we conducted a comprehensive and systematic simulation. Ship motion and
computational time consumption in the six wave environments are recorded in Table 6,
where the data are the average numerical results of 10 repeated simulations with random
wave slices and random state initial values. As can be seen, under different wave envi-
ronments, compared with the free rolling motion of the ship, the amplitude and standard
deviation of the ship’s rolling angle based on the three control methods are reduced to
different degrees, and the stability of the ship’s motion is improved. In particular, the am-
plitude and standard deviation of the ship’s roll angle under GMPC are significantly lower
than those of the remaining two, and the control efficiency is significantly improved.
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Table 6. System control properties.

Controller Case Rolling
Standard (deg)

Control
Efficiency (%)

Time Cost on
Each Step (ms)

uncontrolled

1 3.80 - -
2 2.22 - -
3 5.28 - -
4 7.00 - -
5 11.40 - -
6 12.71 - -

LMPC

1 0.37 90.06 0.41
2 0.34 84.73 0.48
3 0.71 86.56 0.45
4 0.99 85.82 0.47
5 1.76 84.59 0.51
6 2.01 84.19 0.48

NMPC

1 0.94 75.17 19.85
2 0.71 67.75 21.40
3 1.60 69.82 25.26
4 2.16 69.13 20.63
5 3.82 66.59 20.06
6 4.48 64.73 19.96

GMPC

1 0.31 91.75 0.38
2 0.21 90.54 0.40
3 0.48 90.90 0.45
4 0.71 89.85 0.34
5 1.01 91.14 0.44
6 1.26 90.08 0.45

Table 6 summarizes the roll stabilization performance and computational efficiency of
different controllers under six wave conditions. The reported values are the average results
of 10 independent simulations with randomly selected wave segments and random initial
states. To further evaluate the practical applicability of the controllers, measurement noise
was introduced into the feedback states during the simulations.

It can be observed that all three control strategies significantly reduce the roll motion
compared with the uncontrolled case. As the wave environment becomes more severe,
the rolling standard deviation of the uncontrolled ship increases continuously from 3.80 deg
in Case 1 to 12.71 deg in Case 6, indicating that stronger wave disturbances lead to larger
roll motions and deteriorate ship stability. After the controllers are activated, the rolling
standard deviations are substantially reduced under all sea conditions, demonstrating the
effectiveness of active roll stabilization.

From the perspective of control efficiency, the proposed GMPC consistently achieves
the best performance among all considered methods. In the regular-wave environment
(Case 1), GMPC attains a roll reduction efficiency of 91.75%, which is higher than that
of LMPC (90.06%) and significantly higher than that of NMPC (75.17%). More impor-
tantly, when transitioning from the regular-wave condition to the irregular-wave con-
ditions (Cases 2–Case 6), the control efficiencies of LMPC and NMPC exhibit noticeable
degradation. This phenomenon can be attributed to the combined influence of irregular
environmental disturbances and measurement noise, which introduces larger prediction
errors and reduces control accuracy. In contrast, the proposed GMPC maintains a control
efficiency of approximately 90% across all irregular-wave conditions, indicating strong
robustness against both wave uncertainty and sensor noise.
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The computational results further highlight the advantages of GMPC for real-time
implementation. The average computational cost of GMPC remains below 0.5 ms per
control step for all test cases, which is comparable to that of LMPC and significantly lower
than that of NMPC. Specifically, the average computation time of NMPC exceeds 20 ms in
all scenarios, whereas the control sampling interval adopted in this study is only 10 ms.
Consequently, the nonlinear optimization problem cannot be solved within a single control
cycle, resulting in delayed control actions and degraded stabilization performance. This
explains why NMPC achieves lower control efficiency despite explicitly considering the
nonlinear dynamics of the system.

In contrast, by transforming the nonlinear roll dynamics into a lifted linear prediction
model through the Koopman operator, GMPC preserves the computational efficiency of
linear MPC while retaining the capability to characterize nonlinear system behavior. There-
fore, the proposed method simultaneously achieves superior roll suppression performance,
strong robustness to disturbances and measurement noise, and real-time computational
capability, making it particularly suitable for practical ship roll stabilization applications.

In summary, the GMPC algorithm provides effective state estimation and real-time
performance, which meets the requirements of practical applications.

4. Discussion
4.1. Influence of Koopman Lifting Parameters

The prediction performance of the proposed GMPC framework is closely related
to the design of the Koopman lifting space. Therefore, the effects of both lifting func-
tions and lifting dimensions were systematically investigated. The results indicate that all
Koopman-based predictors achieve substantially lower prediction errors than the conven-
tional linear predictor, confirming the effectiveness of lifting nonlinear dynamics into a
higher-dimensional observable space.

Among the tested lifting functions, the Gaussian observer consistently provides the
lowest prediction RMSE, while the polynomial and trigonometric observers exhibit slightly
inferior performance. This result suggests that Gaussian basis functions possess stronger
local approximation capability for the nonlinear roll dynamics considered in this study.
Furthermore, the average prediction RMSE generally decreases as the lifting dimension
increases, indicating that a richer observable space can capture more nonlinear dynamical
characteristics. However, the performance improvement gradually diminishes at higher
lifting dimensions, while the computational complexity continues to increase. Therefore,
a moderate lifting dimension is preferred to balance prediction accuracy and computa-
tional efficiency.

4.2. Robustness Under Wave Disturbances and Measurement Noise

The simulation results under both regular and irregular wave conditions demonstrate
the robustness of the proposed controller. As the sea state becomes more severe, the roll
motion of the uncontrolled ship increases significantly, highlighting the necessity of active
roll stabilization. Under all tested conditions, the three MPC-based controllers effectively
suppress the roll response and maintain the roll angle within an acceptable range.

To further evaluate practical applicability, measurement noise was introduced into
the feedback states. Under the combined influence of environmental uncertainty and
sensor noise, both LMPC and NMPC exhibit noticeable reductions in control efficiency,
particularly in irregular-wave environments. In contrast, GMPC maintains approximately
90% roll reduction efficiency across all test cases. This observation indicates that the
Koopman predictor retains sufficient prediction accuracy even in the presence of noisy
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measurements and uncertain disturbances, thereby providing enhanced robustness for
practical marine applications.

4.3. Control Effectiveness and Real-Time Capability

Compared with LMPC and NMPC, the proposed GMPC achieves superior roll sta-
bilization performance while maintaining extremely low computational cost. The results
show that GMPC consistently produces the lowest roll standard deviation and the highest
control efficiency under all considered sea states.

An important observation is that the average computation time of NMPC exceeds
20 ms per control step, whereas the sampling interval adopted in this study is only 10 ms.
Consequently, the nonlinear optimization cannot be completed within a single control cycle,
leading to delayed control actions and degraded control performance. Although NMPC
explicitly considers nonlinear system dynamics, its computational burden limits its practical
applicability for real-time implementation.

By contrast, GMPC requires less than 0.5 ms per control step, which is comparable to
LMPC while achieving significantly better roll suppression performance. This advantage
originates from the Koopman-based lifting strategy, which transforms the nonlinear predic-
tion problem into a linear MPC framework. Therefore, the proposed method successfully
combines the computational efficiency of LMPC with the nonlinear representation capabil-
ity of NMPC, making it particularly suitable for real-time ship roll stabilization systems.

4.4. Limitations and Future Work

Although the proposed GMPC framework demonstrates promising performance, sev-
eral limitations remain. First, the Koopman operator is identified offline using simulation-
generated datasets, and its prediction accuracy depends on the quality and coverage of the
training data. Second, the present study focuses on roll stabilization and does not explicitly
consider the coupling effects among the six degrees of freedom of ship motion. Finally,
all validations are conducted through numerical simulations. Future work will focus
on adaptive Koopman learning, six-degree-of-freedom motion control, and experimental
verification through hardware-in-the-loop and physical model tests.

5. Conclusions
This paper proposed a Gaussian lifting-based model predictive control framework for

ship roll stabilization. By employing the Koopman operator, nonlinear roll dynamics were
transformed into a lifted linear state-space representation, enabling efficient prediction
and control within a linear MPC framework. A Lyapunov-based analysis was provided to
guarantee the stability of the closed-loop system.

Comprehensive simulations under regular and irregular wave conditions demon-
strated that the proposed GMPC achieves superior roll reduction performance, stronger
robustness to environmental disturbances and measurement noise, and significantly lower
computational cost than both LMPC and NMPC. In particular, the average computation
time remained below 0.5 ms per control step while maintaining approximately 90% roll
reduction efficiency across all tested sea states. These results indicate that the proposed
method provides an effective and computationally efficient solution for real-time ship roll
stabilization. Future work will focus on adaptive Koopman learning and experimental
validation in realistic marine environments.
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