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Abstract

We introduce a workflow to identify oligomeric structures that are recorded with single-
molecule localization microscopy (SMLM) under cryogenic conditions. Typically, these
oligomers are assumed to consist of protomers arranged as equilateral two-dimensional
polygons and every protomer is labeled with a dye molecule for visualization. Unlike pre-
vious work, we consider scenarios in which the sample plane has an unknown orientation
relative to the focal plane. Our contribution is a high-precision plane-fitting algorithm to
determine the sample plane, combined with geometrical transformations and two circle-
fitting algorithms to identify the oligomeric structures. Our simulations on synthetic data
demonstrate that the proposed workflow achieves high accuracy in estimating both the
unknown tilted plane and the oligomer size.

Keywords: single-molecule localization microscopy; oligomer; cicle fitting; random variables

1. Introduction
Super-resolution microscopy has advanced rapidly over the past decades, overcoming

the diffraction limit of conventional light microscopy [1]. A prominent technique in this
field is single-molecule localization microscopy (SMLM) [2–5], which relies on the precise
detection and localization of individual fluorescent emitters. However, acquiring localiza-
tions in SMLM typically requires the collection of hundreds to thousands of frames over
several minutes to hours, posing significant challenges for maintaining sample stability
while preserving the ultrastructure [6]. Cryo-fixation [7] has proven effective in addressing
these challenges and is fully compatible with SMLM, leading to cryo-SMLM [8–11].

A further advantage of cryogenic conditions is that the fluorophore dipole orientations
remain fixed over time scales of several hours [12]. This stability enables improved dis-
crimination between localizations corresponding to different nearby molecules [13], signifi-
cantly improving the quality of data analysis. However, fixed dipole orientations can also
introduce challenges in determining fluorophore positions. In SMLM, two-dimensional flu-
orophore positions are typically estimated by fitting an isotropic two-dimensional Gaussian
function, as fluorophore dipoles are assumed to be freely rotating at room temperature. This
rotational freedom leads, on average, to an isotropic, Gaussian-like point-spread function
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(PSF). For instance, Rieger and Stallinga [14] propose an analytical formula for calculat-
ing fluorophore positions, which has been shown to be computationally efficient [15,16].
However, in cryo-SMLM, where dipole orientations are fixed, this approach becomes inac-
curate and can introduce significant localization bias [15–17]. To circumvent this limitation,
Hinterer et al. [18] proposed to leverage astigmatic imaging; further using estimates of the
fixed dipole orientations, they achieved unbiased and precise single-molecule localizations
reaching the Cramér-Rao lower bound (CRLB), which is the best performance any unbiased
estimator can theoretically achieve [5,19].

In recent years, the development of cryo-SMLM has enabled geometric analyses
of biological structures at nanometer resolution [10,20,21]. One important aspect is the
determination of oligomer structures based on the localizations of the individual dye
molecules attached to the protomers. For example, Schneider et al. [13] developed a
workflow for estimating the side lengths of simulated oligomeric structures modeled
as equilateral two-dimensional polygons. In their study, they tested their workflow on
perfectly flat sample planes (no tilt), as well as planes with tilts up to 40◦ around the x-axis
(see Figure 1). However, fundamentally, their workflow assumes an ideal orientation of the
sample plane and does not account for potential tilt. In practice, it is essential to investigate
sample planes across a wide range of tilt angles, since these tilts arise at both macroscopic
and microscopic levels. While macroscopic misalignments of the sample stage typically
cause only slight tilts, local molecular structures can exhibit extreme tilt angles. For instance,
membrane-embedded oligomers structurally align with local membrane topology [22].
Constrained by the lipid bilayer, even highly curved regions (e.g., submicroscopic vesicles)
can be locally approximated as tilted planes, ensuring that resident oligomers share an
identical, potentially extreme tilt angle. To address both macroscopic misalignments and
these biologically relevant local tilts, workflows and algorithms explicitly accounting for
tilted sample planes are studied in this paper.

x

y

z

θ

ϕ

Figure 1. Illustration of the sample plane geometry. The z-axis represents the optical axis of the
microscope. The xy-plane is the reference focal plane, which we call an ideal sample plane synony-
mously, meaning it has zero tilt and zero shift. We assume that the protomers are perfectly lying in
the sample plane. Any possible orientation of the sample plane is described by two parameters: the
tilt angle θ around the x-axis and the rotation angle ϕ around the z-axis. To ensure the sample plane
is positioned above the coverslip, an additional translation along the z-axis is applied (omitted in the
figure for visual simplicity). This definition allows us to mathematically represent any sample plane
in space.

The geometry of this sample plane can be parameterized by a tilt angle θ around
the x-axis and a rotation angle ϕ around the z-axis, with θ, ϕ ≥ 0 (see Figure 1). For
identification of the oligomeric structure on this unknown sample plane, we propose two
workflows, the Nominal workflow and the Robust workflow. These workflows consist
of five sequential steps (Table 1), differing mainly in the circle-fitting algorithm: (i) data
preprocessing, (ii) plane-fitting (Algorithm 1) to estimate the sample plane orientation,
(iii) coordinate transformations of the oligomer positions (see Section 5.2.1), (iv) standard
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(Algorithm 2) or robust (Algorithm 3) circle-fitting method to estimate the circumcircle of
the transformed oligomers as well as the side length of it, and (v) data postprocessing.

To distinguish our contributions from the previous work utilized in this manuscript,
we illustrate the overall framework in Figure 2. Specifically, the key innovations of this
paper can be summarized as follows:

1. A unified algebraic framework for fast plane estimation and circle-fitting. We utilize
a non-iterative algebraic framework for both the unknown sample plane estimation
(Algorithm 1) and the subsequent side length estimation via circle-fitting method
(Algorithms 2 and 3). By solving direct eigenvalue problems, this approach yields fast,
high-precision estimators without requiring initial guesses. Furthermore, we extend
this framework to address complex localization noise: the plane-fitting accommodates
anisotropic noise, while the circle-fitting handles correlated noise.

2. Problem-optimized transformations (Section 5.2.1). We propose a series of trans-
formations that decouple the oligomer sizing procedure from the highly uncertain
z-coordinates. By eliminating this dependence, we significantly reduce the overall
structural estimation errors.

Table 1. Summary of the two comprehensive workflows.

Workflow Description

Nominal Workflow
Data preprocessing (Section 4)→ plane-fitting (Algorithm 1)→
Geometric transformations (Section 5.2.1)→ Algebraic circle-fitting
(Algorithm 2)→ Data postprocessing (Section 5.3).

Robust Workflow
Data preprocessing (Section 4)→ plane-fitting (Algorithm 1)→
Geometric transformations (Section 5.2.1)→ Robust algebraic
circle-fitting (Algorithm 3)→ Data postprocessing (Section 5.3).

Generation of
the tilted sample
plane and the

oligomers (Figure 1)

Unbiased
localizations
with CRLB

Plane fitting
algorithm

(Algorithm 1)

3D geometric
transformations

Circle fitting
algorithms

(Algorithm 2, 3)

Estimation of
oligomer side

length

Main Contributions

Figure 2. The proposed framework for identifying oligomeric structures on an unknown tilted sample
plane. The diagram illustrates both the simulation steps generalized from prior work and the main
contributions of this manuscript (dashed box).

Algorithm 1 Algebraic Plane-Fitting Method

1: Input: Estimated protomer positions p̄i,k (Equation (4)); Estimated protomer localization
variance ω̂i,k (Equation (8)); Constraint matrix N (see Appendix A.1).

2: Construct the moment matrix: Construct the data matrix Z using the positions p̄i,k, and
compute the matrix M = 1

nN oligo ZTZ.
3: Estimation of the plane parameters: Solve the equivalent generalized eigenvalue problem

Na = (1/γ)Ma. Derive the generalized eigenvector â corresponding to the largest
positive generalized eigenvalue term (1/γ).

4: Output: Estimated plane parameters â.
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Algorithm 2 Hyperaccurate Algebraic Circle-Fitting Method for Correlated Noise

1: Input: Transformed protomer positions (x̄′i,k, ȳ′i,k)
T ; Estimator of its variance (σ̄′x,i,k, σ̄′y,i,k);

Constraint matrix U (see Appendix A.1).
2: Construct the moment matrix: Construct the data matrix P and compute Q = 1

n PTP.
3: Estimation of the circle parameters: Solve the equivalent generalized eigenvalue problem

U f = (1/λ)Q f . Derive the generalized eigenvector f̂ corresponding to the largest
positive generalized eigenvalue term (1/λ).

4: Output: Estimated circle parameters f̂ .

Algorithm 3 Robust Hyperaccurate Algebraic circle-fitting Method for Correlated Noise

1: Input: Transformed protomer positions (x̄′i,k, ȳ′i,k)
T ; Estimator of its variance (σ̄′x,i,k, σ̄′y,i,k);

Constraint matrix U (see Appendix A.3).
2: Initialization: Reweighting step index t← 1; Weight matrix W (1) ← I.
3: for t = 1, 2, . . . , 20 do
4: Estimation of the circle parameters: Solve the equivalent generalized eigenvalue

problem U f (t) = (1/λ)PTW (t)P f (t). Derive the generalized eigenvector f̂
(t)

corresponding to the largest positive generalized eigenvalue term (1/λ).

5: Compute the residuals: e(t)i = (P f̂
(t)
)i for all i.

6: Update weights: Update w(t+1)
i using Equation (28) to form W (t+1).

7: if ∑i |w
(t+1)
i − w(t)

i | < 10−3 then
8: break
9: end if

10: end for
11: Output: Estimated circle parameters f̂

(t)
.

2. Results
In this section, we evaluate our proposed Nominal workflow and Robust workflow

(summarized in Table 1) across four sets of simulations (Simulations I–IV, detailed in
Table 2). Table 3 summarizes the main notations used throughout this chapter. These
simulations explore various experimental settings, including small and large unknown
tilt and rotation angles of the sample plane (Figure 1), varying maximum photon counts
(Equation (1), with the detected photon counts Neff defined in Equation (2)), and different
oligomer configurations. Specifically within Simulation I, we also test a baseline case with
a zero-tilt sample plane, which is consistent with the simulation setup used in [13]. The
detailed simulation and evaluation steps are as follows. In each simulation, we generate
N oligo = 5000 well-separated oligomers with the same degree of oligomerization and side
length on the sample plane, which is generalized from the code in [13]. For each oligomer
k (k ∈ {1, . . . ,N oligo}), we number the protomers by index i (where i ∈ {1, . . . , n}, see
Section 5). For each protomer, the corresponding localizations are evaluated using the
software in [23]. We then assume that the localizations are accurately assigned based on the
distinct dipole orientations of the fluorophore labels (see Section 4.5). To obtain an estimated
position for each protomer, we average the corresponding localizations (Equation (4)).
Using all estimated protomer positions within each simulation, we fit the tilted and rotated
sample plane using our proposed algebraic plane-fitting method (Algorithm 1). Next,
based on the problem-optimized transformations (Section 5.2.1), we estimate the original
side length of the oligomer by applying our proposed circle-fitting methods (Algorithm 2 or
Algorithm 3) to the oligomer positions after transformation. Depending on the chosen circle-
fitting method, this process is referred to as the Nominal workflow or the Robust workflow.
Finally, to obtain a representative side length for each simulation, we compute the mean,
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median, and weighted mean. The weighted mean estimator [24] is introduced specifically
to downweight the side lengths obtained from oligomers with large localization errors.
For each oligomer, we use the inverse of its post-transformation localization variance, i.e.,
1/(σ̄′max,k)

2, as a weight, where σ̄′max,k is defined in Equation (19). We now apply these
established workflows and estimators to evaluate each simulation. The specific settings
and results for each simulation are presented in the subsequent subsections.

Table 2. Ground-truth settings for the four sets of simulations (Simulations I–IV). The rows correspond
to different simulation conditions: Simulation I varies the tilt and rotation angles; Simulation II varies
the ground-truth side lengths; Simulation III varies the oligomerization state with a fixed radius;
and Simulation IV varies the oligomerization state with a fixed side length. N oligo = 5000 for all
simulations.

Simulation Results ϕ, θ (◦) Nmax Oligomerization True Side Length L∗ (nm)

I
Figure 3 0, 0

5× 106 4 510, 10

Table 4 20, 20
30, 30

II Figure 4 10, 10
5× 105, 5× 106 4 {1, 2,. . . , 10}20, 20

III Figure 5 10, 10
5× 105, 5× 106 n = {3, 4, . . . , 8} 8 sin

(
π
n
)

20, 20

IV Figure 5 10, 10
5× 105, 5× 106 n = {3, 4, . . . , 8} 520, 20

Table 3. List of key symbols and their descriptions used in the Results section.

Symbol Description Remarks

N oligo Number of oligomers in one simulation 5000 for each simulation
n Oligomerizarion, number of protomers in one oligomer n ∈ {3, . . . , 8}
Nmax Theoretical maximum number of detected photons (Equation (1)) 5× 105, 5× 106

θ, ϕ Tilt and rotation angle of the sample plane See Figure 1
θ̂, ϕ̂ Estimated tilt, rotation of the sample plane See Equation (15)
L∗ True side length of the oligomer Few nanometers
r∗ True circumscribed radius of the oligomer r∗ = L∗/(2 sin(π/n))

θ = ϕ = 0◦ θ = ϕ = 10◦ θ = ϕ = 20◦ θ = ϕ = 30◦
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Figure 3. Histograms of estimated tetramer side lengths in Simulation I (Section 2.1). The display
range is 3.975 nm–6.025 nm (bin width: 0.05 nm), with outliers accumulated in the edge bins. The
top and bottom rows correspond to the side length estimates by the Nominal workflow and the
Robust workflow, respectively. Vertical lines indicate the weighted mean (solid magenta), mean
(long-dashed green), and median (short-dashed blue) of the estimated side lengths for one simulation.
Notably, the weighted mean estimator yields the most accurate results across all cases. Additionally,
the Nominal workflow shows comparable performance to the Robust workflow, due to the precise
localization enabled by the high photon count.
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Figure 4. Relative error of reconstructed tetramer side lengths in Simulations II (Section 2.2). (a): with
tilt and rotation angle θ = ϕ =10◦. (b): with tilt and rotation angle θ = ϕ =20◦. The Ground-truth
side lengths L∗ are varied from 1 nm to 10 nm. The results indicate that estimation precision improves
as the side length increases. As expected, the weighted mean estimator consistently yields the highest
accuracy.
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Figure 5. Relative error in side length estimation using the Robust workflow in Simulations III and IV
(Sections 2.3 and 2.4). (a) fixed radius r∗ = 4 nm, θ = ϕ =10◦; (b) fixed radius r∗ = 4 nm, θ = ϕ =20◦;
(c) fixed side length L∗ = 5 nm, θ = ϕ =10◦; (d) fixed side length L∗ = 5 nm, θ = ϕ =20◦. The degree
of oligomerization varies from 3 to 8.
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2.1. Simulation I: Varying Tilt and Rotation of the Sample Plane

We consider tilt and rotation angles of the sample plane increasing from θ = ϕ = 0◦

to 10◦, 20◦, and 30◦, where the case of θ = 0◦ represents the zero tilt situation introduced
in [13]. While small sample tilts (≤ 10◦) are common in practice, larger tilts are simulated to
test the limits of our workflow. For this simulation set, we fix the maximum photon count
at Nmax = 5× 106, the oligomerization state at n = 4, and the ground-truth side length at
L∗ = 5 nm. We apply our proposed workflows for sizing oligomers and present the results
in this part. Additionally, we compare our approach with the workflow in [13]. Since it
is not directly applicable to our setting, we apply the necessary adaptations to enable the
comparison. The detailed comparison results are therefore provided inAppendix A.5.

Figure 3 shows the histograms of the side lengths estimated by our proposed work-
flows. The peaks align with the ground-truth side length of 5 nm. We also summarize the
results obtained by our workflows in Table 4, including the estimated sample plane and
the mean, median, and weighted mean estimator of the reconstructed side lengths.

Table 4. Estimated data for Simulation I. The first column shows the ground truth tilt and rotation of
the simulated sample plane. Columns 3–6 show the tilt and rotation angles of the fitted plane, and
the mean, median, and weighted mean of the estimated side length obtained using our two proposed
workflows. Note that for θ̂ ≈ 0◦, the fitted sample plane is fully characterized by the tilt angle θ̂ alone,
making the estimation of ϕ̂ unidentifiable.

θ/ϕ (◦) Workflow θ̂/ϕ̂ (◦) Mean (nm) Median (nm) W-Mean (nm)

0/0 Nominal workflow 0.0001/- 5.0033 5.0021 5.0017
Robust workflow 5.0032 5.0021 5.0017

10/10 Nominal workflow 10.0000/10.0002 5.0088 5.0041 5.0024
Robust workflow 5.0090 5.0041 5.0024

20/20 Nominal workflow 20.0000/20.0001 5.0235 5.0087 5.0038
Robust workflow 5.0229 5.0087 5.0037

30/30 Nominal workflow 30.0000/30.0000 5.0307 5.0139 5.0065
Robust workflow 5.0300 5.0139 5.0064

As shown in Table 4, the plane-fitting (Algorithm 1) achieves high precision regardless
of the tilt and rotation angles. However, larger tilt angles degrade the accuracy of the
circle-fitting reconstruction, as shown in the histograms. Comparing the mean, median,
and weighted mean estimates, we observe that the weighted mean is the best estimator
for both of our proposed workflows. Furthermore, the Robust workflow shows slightly
better performance than the Nominal workflow. This improvement is due to the robust
circle-fitting algorithm’s downweighting of outliers (Algorithm 3). Even at critically low
photon counts, the Robust workflow is still accurate, which is considered our preferred
model. For instance, at Nmax = 1× 105 (θ = ϕ = 10◦), it estimates the side length at
5.0732 nm, whereas the Nominal workflow only achieves 5.0872 nm. As a stress test to
evaluate the maximum capacity of our plane-fitting method (Algorithm 1), we simulate
extreme tilts of 40◦, 50◦, and 60◦. Our algorithm successfully recovers these angles with
remarkable precision, estimating 40.0000◦, 49.9999◦, and 60.0000◦, respectively. Due to
space constraints, the corresponding histograms are not included in the manuscript.

In the following simulations, we use Nmax = 5× 105 and Nmax = 5× 106 to represent
cases with both reasonably larger and smaller localization errors. To improve the robustness
and get a better estimation accuracy, we always employ the Robust workflow for the
following estimates.
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2.2. Simulation II: Varying Ground-Truth Side Lengths

We consider varying the ground-truth side lengths of the oligomers L∗ from 1 nm to
10 nm in this set of simulations. To compare the estimation precision, we first define the
relative error of the reconstructed side length for the k-th oligomer as µk = (L̂k − L∗)/L∗,
where k ∈ {1, . . . ,N oligo}. We then compare the variability of the median relative error
and the weighted mean relative error using 95 % bootstrap percentile confidence intervals
estimated via a nonparametric bootstrap with 1000 resamples. We conduct this simulation
under two tilt and rotation angles (θ = ϕ = 10◦ and 20◦), and two different numbers of
photons (Nmax = 5× 105 and 5× 106).

Figure 4 shows the results estimated by the Robust workflow. The positive and
negative values represent overestimation and underestimation, respectively. We observe
that the weighted mean estimator still achieves lower relative errors than the median
estimator, and estimates from simulations with a higher photon count, i.e., 5× 106, are
more accurate than those with a lower photon count, 5× 105, due to the higher localization
precision. As the ground-truth side length increases, we observe that the relative error of
the estimated side length decreases, since a larger ground-truth side length reduces the
impact of localization uncertainties.

2.3. Simulation III: Varying Oligomerization with Fixed Radius

We vary the oligomerization n (n = 3, . . . , 8) with the circumscribed radius of the
oligomer fixed at r∗ = 4 nm. The ground-truth side length is thus given as L∗ = 2r∗ sin

(
π
n
)
.

The simulations are carried out for two different photon numbers, Nmax = 5× 105 and
5× 106, and two different tilt and rotation angles of the sample plane, θ = ϕ = 10◦ and
θ = ϕ = 20◦.

The estimates by the Robust workflow are shown in the first row of Figure 5. As the
degree of oligomerization n increases, more vertices are available for fitting, which compen-
sates for the potential instability caused by the decreasing side length. Consequently, the
relative error exhibits a general downward trend, indicating that higher oligomerization
states yield more accurate estimates.

2.4. Simulation IV: Varying Oligomerization with Fixed Side Length

Similar to Simulation III, we vary the oligomerization n (n = 3, . . . , 8), but with a
fixed side length of the oligomer L∗ at 5 nm. The simulations are again carried out for two
different photon numbers, Nmax = 5× 105 and 5× 106, and two different tilt and rotation
angles of the sample plane, θ = ϕ = 10◦ and θ = ϕ = 20◦. The estimates obtained by the
Robust workflow are shown in the second row of Figure 5. Since the side length is fixed
in this case, the overall oligomer size increases with increasing oligomerization, thereby
reducing the impact of localization errors on the side length estimation. Consequently, the
estimates obtained here are more accurate than those from Simulation III.

3. Discussion
In practical cryo-SMLM experiments, the sample plane can be slightly tilted, and its

exact orientation remains unknown. However, existing methods typically assume perfect
alignment with the focal plane, which can lead to geometric estimation errors. Our pro-
posed workflows accurately resolve oligomeric structures under these general conditions,
as demonstrated in Section 2. Building upon these results and our theoretical foundations
(Sections 4 and 5), we highlight the following key points regarding the advantages and
underlying assumptions of our framework:

1. Generalized geometric modeling. Unlike the restricted sample plane settings in
previous work [13], our formulation of the sample plane can represent any plane in
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three-dimensional space (Figure 1), regardless of whether it is tilted or parallel relative
to the focal plane. Importantly, we do not require prior knowledge of this sample
plane; instead, it is directly estimated by our plane-fitting algorithm (Algorithm 1).

2. Simulation with realistic experimental artifacts. In contrast to the simplified model
used in previous work [13], our simulations incorporate highly realistic physical
conditions. We employ a rigorous vectorial PSF model that inherently includes Poisson
shot noise and anisotropic localization errors, representing the primary artifacts and
localization challenges encountered in real cryo-SMLM.

3. Generalization of the estimating method to account for anisotropic and correlated
noise. To achieve precise localization, we employ the unbiased estimator from [18],
which inherently introduces anisotropic localization errors, complicating our esti-
mation methods. To address this, we explicitly design our plane-fitting method to
accommodate such noise and derive a high-precision sample-plane estimation. For the
circle-fitting, although the subsequent transformation step (Section 5.2.1) eliminates
the impact of significant z-localization errors, it inevitably correlates the x- and y-
localization errors. To overcome this, our circle-fitting algorithms (Algorithms 2 and 3)
are generalized to operate under such correlated noise.

4. Practicality of the physical assumptions. We assume that the degree of oligomerization
can, in principle, be inferred from SMLM data by identifying the maximum number
of localization clusters per oligomer. We also assume full labeling of the oligomers.
To account for incomplete labeling in realistic systems, any incompletely labeled
oligomers are filtered out prior to analysis. This filtering step is universally applicable
and conceptually analogous to standard single-particle cryo-EM workflows, where a
substantial portion of the recorded data is routinely discarded before reconstruction.
Additionally, we assume that localizations can be accurately assigned to specific
molecules by leveraging the measured dipole polarization. These physical priors
allow us to effectively filter the oligomers, retaining only those with the correct
number of localization clusters for subsequent estimations.

5. Algorithmic robustness to extreme tilts. In practical scenarios, small sample plane tilts
(≤ 10◦) typically correspond to common macroscopic stage misalignments. However,
the larger angles simulated in our study (up to 30◦) serve as a stress test, making the
workflow well-suited for severe local inclinations found at the microscopic level in
biological structures [22].

4. Data Generation and Preprocessing
In this section, we describe the data generation and preprocessing steps used to

prepare for the structural estimation. We first introduce the oligomer structure, sample
plane orientation, fluorophore photophysics, and the simulation of localization errors. We
then present the preprocessing steps, including the identification of oligomeric structures
and the assignment of localizations to individual molecules. These procedures mainly
follow the methodologies introduced in [13,18].

4.1. Sample Plane and Oligomer Geometry

In the first step of our simulations, we utilize the source code provided in [13] to
generate N oligo oligomers on the reference xy-plane (which represents an ideal sample
plane with zero tilt). These oligomers (n-mers, where n ∈ {3, 4, 5, 6, 7, 8}, corresponding to
tri- through octamers) are modeled as regular polygons with fixed side lengths and random
in-plane orientations. Subsequently, to simulate the actual orientation of the sample plane
in this paper, we tilt and rotate this reference plane by θ and ϕ degrees, respectively, with
θ, ϕ ≥ 0, as illustrated in Figure 1. Finally, an additional translation along the z-axis is
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applied to make the entire sample plane above the coverslip. Correspondingly, we set the
focal plane of the simulated microscope to the center of the sample plane by assigning the
nominal defocus value to the mean z-coordinate of all oligomers in one simulation.

4.2. Fluorophore Photophysics and Excitation Model

At the molecular level, we assume that each protomer within the oligomer is labeled
with exactly one fluorophore. To account for imaging under cryogenic conditions, a fixed
dipole orientation is assigned to each fluorophore, which is independently and randomly
generated for each molecule. The photophysical dynamics of these fluorophores incorporate
realistic blinking characteristics [25], where the switching between bright and dark states
follows a log-normal distribution in time [26].

During the imaging process, the fluorophores are alternately excited using differently
polarized light. Since the absorption probability depends on the fluorophore’s dipole orien-
tation, the detected numbers of emitted photons, Nx and Ny, corresponding to excitation
light polarized along the x- and y-axes respectively, are modeled as

Nx = Nmax sin2(ϑ) cos2(φ),

Ny = Nmax sin2(ϑ) sin2(φ).
(1)

Here, ϑ and φ are the inclination and azimuth angles of the fluorophore’s dipole rela-
tive to the z- and x-axis, respectively (see Figure 6). Nmax represents the maximum possible
number of detected photons, achieved when the dipole is parallel to the polarization vector
of the excitation light. Then the total number of detected photons Neff is given as,

Neff = Nx + Ny = Nmax sin2(ϑ), (2)

in which we implicitly apply Poisson shot noise to the detected number of photons to
model signal fluctuations. In particular, for ϑ = 0, the dipole orientation is orthogonal to
the excitation polarizations, resulting in no detected photons. In contrast, if ϑ = π/2, the
maximum number of photons is detected.

x

y

z

di
po
le

φ

ϑ

Figure 6. Illustrative dipole orientation.

4.3. Simulation of Localizations

Following the methodology in [18], the ground-truth coordinates are first uni-
formly generated within the central pixel of a 17 × 17 ROI (108 nm/pixel) and a
±500 nm axial range. We then calculate the Cramér-Rao bound using a vectorial PSF
model ([18], Equation (3)), which is computationally implemented via the interactive simu-
lation software developed by Schneider et al. [23]. As noted in Equation (2), this bound
implicitly includes signal fluctuations due to Poisson shot noise. Finally, we simulate
localizations of each protomer by adding these zero-mean, Cramér-Rao bound errors to
the corresponding ground-truth coordinates. Due to the nature of the vectorial PSF model,
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the resulting localization errors are inherently anisotropic. This characteristic introduces
specific difficulties for the plane-fitting analysis discussed in Section 5.

4.4. Identification of Individual Oligomeric Structures

We assume that individual oligomers are well separated from one another, so that local-
izations can unambiguously be assigned to the correct oligomer based on spatial clustering.

4.5. Assignment of Localizations to Specific Molecules

We assume that the oligomers are fully labeled, meaning each protomer is attached
to exactly one fluorophore molecule. Additionally, we assume perfectly rigid dipoles.
Experimental work on cryo-SMLM has demonstrated the stability of time-traces of the
recorded single-molecule intensities, indicating the stability of the dipole orientations over
the whole duration of the experiment [10,20]. To correctly assign these localizations to
their respective protomers, we utilize the measured dipole polarizations [7,10]. Following a
clustering preprocessing step analogous to [13], we retain only well-resolved oligomers that
form exactly n distinct intensity clusters. For these oligomers, we further assume perfect
localization assignment to individual molecules and use them for subsequent analysis.

5. Mathematical Formulation and Estimation Algorithms
In this section, we define the mathematical models for the oligomeric structures and

their localizations. We then introduce our plane-fitting method (Algorithm 1) to estimate
the tilted sample plane. Subsequently, the coordinate transformations (Section 5.2.1) and
two circle-fitting methods (Algorithms 2 and 3) are presented to determine the oligomer
side lengths. Next, we provide two strategies for postprocessing the reconstructed side
lengths (Section 5.3).

First, we establish the mathematical notations used for the subsequent analysis. We
distinguish between oligomers, their protomers, and the associated localizations using the
following indices: (i) Oligomers, k ∈ {1, . . . ,N oligo}, representing the discrete complexes
distributed on the sample plane; (ii) Protomers, i ∈ {1, . . . , n} within each oligomer, with
ground-truth positions p∗i,k = (x∗i,k, y∗i,k, z∗i,k)

T lying on the sample plane; and (iii) Localiza-
tions, j ∈ {1, . . . , mi,k} for each protomer, denoted by

bj
i,k =


xj

i,k

yj
i,k

zj
i,k

.

Since these localizations deviate from the ground-truth positions p∗i,k due to measure-
ment uncertainties, this relation can be expressed as:

bj
i,k = p∗i,k + ej

i,k, (3)

where ej
i,k = (ξ

j
i,k, η

j
i,k, ϵ

j
i,k)

T is an independent and identically distributed (i.i.d.) zero-mean

Gaussian random vector. Specifically, ej
i,k ∼ N

(
0, diag((σi,k)

2)
)
, with the variance vector

given by (σi,k)
2 = ((σx,i,k)

2, (σy,i,k)
2, (σz,i,k)

2)T .
As the localizations can be correctly assigned to their respective protomers (see

Section 4.5), we can obtain an estimate for the protomer position by computing the center
of mass of the corresponding random localizations, defined as

p̄i,k :=
1

mi,k

mi,k

∑
j=1

bj
i,k = p∗i,k + ēi,k, (4)
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where the protomer position error ēi,k is given by

ēi,k = (ξ̄i,k, η̄i,k, ϵ̄i,k)
T :=

(
1

mi,k

mi,k

∑
j=1

ξ
j
i,k,

1
mi,k

mi,k

∑
j=1

η
j
i,k,

1
mi,k

mi,k

∑
j=1

ϵ
j
i,k

)T

. (5)

From which, we can easily verify that E(ēi,k) = 0, and the variance for ēi,k, which is
also the variance for protomer position, is given by,

E
[
(ēi,k)

2] = (σi,k)
2

mi,k
=

(
σ2

x,i,k

mi,k
,

σ2
y,i,k

mi,k
,

σ2
z,i,k

mi,k

)T

. (6)

Consequently, ēi,k follows a zero-mean normal distribution with independent compo-

nents, denoted as ēi,k ∼ N
(

0, diag
( (σi,k)

2

mi,k

))
.

Next, we connect our mathematical formulas with the localization simulations de-
scribed in Section 4.3. From these simulations, the localization bj

i,k and its corresponding

standard deviation vector sj
i,k = (sj

x,i,k, sj
y,i,k, sj

z,i,k)
T are provided as known inputs. Incorpo-

rating these given values, we will construct a variance estimator for protomer position p̄i,k.
Let (σ̂i,k)

2 = ((σ̂x,i,k)
2, (σ̂y,i,k)

2, (σ̂z,i,k)
2)T denote the estimator for the localization vari-

ance (σi,k)
2. This estimator can be computed by averaging the given sample variances, i.e.,

(σ̂i,k)
2 =

1
mi,k

mi,k

∑
j=1

(
(sj

x,i,k)
2, (sj

y,i,k)
2, (sj

z,i,k)
2
)T

. (7)

Ultimately, let ω̂i,k = (ω̂x,i,k, ω̂y,i,k, ω̂z,i,k)
T denote the variance estimator for protomer

position p̄i,k, by substituting σ̂2
i,k from Equation (7) into Equation (6), we derive ω̂i,k as,

ω̂i,k =
1

mi,k
σ̂2

i,k =
1

(mi,k)2

mi,k

∑
j=1

(
(sj

x,i,k)
2, (sj

y,i,k)
2, (sj

z,i,k)
2
)T

. (8)

In the next subsection, we base on the estimated protomer positions p̄i,k =

(x̄i,k, ȳi,k, z̄i,k)
T and their corresponding position errors ēi,k ∼ N (0, diag(ω̂i,k)) to estimate

the tilted sample plane.

5.1. Estimation of the Tilted Sample Plane

We aim to estimate the parameter vector â = [Â, B̂, Ĉ, D̂]T that defines the tilted sample
plane Âz + B̂x + Ĉy + D̂ = 0. We can derive â by minimizing the mean squared algebraic
error between the protomers and the plane. Defining the variable vector a = [A, B, C, D]T ,
this least square optimization is formulated as

â = argmin
a

1
nN oligo

n

∑
i=1

N oligo

∑
k=1

(Az̄i,k + Bx̄i,k + Cȳi,k + D)2 = argmin
a

aT Ma, (9)

where M ∈ R4×4 is defined as M = 1
nN oligo ZTZ, and the data matrix Z ∈ RnN oligo×4 is

given by

Z :=



z̄1,1 x̄1,1 ȳ1,1 1
...

...
...

...
z̄n,1 x̄n,1 ȳn,1 1

...
...

...
...

z̄
n,N oligo x̄

n,N oligo ȳ
n,N oligo 1


. (10)
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The typical values of n and N oligo used in our simulations are summarized in Table 3.
To avoid the trivial solution [0, 0, 0, 0]T and derive a certain bias accuracy of the algebraic
estimator, people usually impose a constraint aT Na = 1 on the minimization problem,
where N ∈ R4×4 is the constraint matrix to be designed accordingly. By incorporating the
constraint using a Lagrange multiplier γ, we formulate the min-max problem:

argmin
a

max
γ

[
aT Ma + γ(1− aT Na)

]
. (11)

The optimal parameter vector â is obtained when a and γ satisfy the optimality
conditions: Ma = γNa and aT Na− 1 = 0. By multiplying both sides of the first condition
by aT and substituting the constraint, we derive

γ = aT Ma. (12)

Thus, the problem (11) is equivalent to finding the smallest positive generalized
eigenvalue γ and its corresponding generalized eigenvector â by solving the equation

Ma = γNa. (13)

Similar to the error analysis routine introduced in [27,28], we apply the matrix pertur-
bation method [29] to Equation (13) to construct a constraint matrix N. As demonstrated in
Appendix A.1, this constraint matrix ensures that the plane parameter â remains unbiased
up to the second order of the error.

Computationally, however, the constraint matrix N is typically not positive defi-
nite (which also holds true for the matrix provided in Appendix A.1), directly solving
Equation (13) for the smallest positive generalized eigenvalue can be numerically unstable.
To circumvent this, we reformulate it into the following equivalent generalized eigen-
value problem:

Na = (1/γ)Ma. (14)

In the presence of noise, the data matrix M is strictly positive definite and γ ̸= 0,
ensuring the solvability of this problem. This allows us to find the generalized eigenvector â
corresponding to the largest positive eigenvalue term (1/γ), which significantly improves
the numerical stability of the algorithm. We then summarize the algebraic plane-fitting
method in Algorithm 1.

Ultimately, using the algebraic plane-fitting method described in Algorithm 1, we
obtain the parameter vector â = [Â, B̂, Ĉ, D̂]T of the sample plane, which defines the plane
equation Âz + B̂x + Ĉy + D̂ = 0. Subsequently, by analyzing the geometric orientation of
the sample plane’s normal vector (B̂, Ĉ, Â)T , the estimated tilt angle θ̂ and rotation angle ϕ̂

can be derived as follows:

θ̂ = arccos

(
Â√

B̂2 + Ĉ2 + Â2

)
, ϕ̂ = arccos

(
Ĉ√

B̂2 + Ĉ2

)
. (15)

To simplify subsequent analysis, we treat the estimated θ̂ and ϕ̂ as fixed, deterministic
real numbers.

5.2. Sizing the Oligomers with Circle-Fitting Algorithms

To estimate the size of the oligomer, we estimate its side length by calculating the
radius of the circumscribed circle. For this calculation, we use a two-dimensional projection
approach, rather than estimating oligomer size directly on the tilted sample plane. This
is because the localization error along the z-axis in SMLM is typically much larger than
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the errors in the x- and y- directions. To circumvent the big z-direction uncertainty in
the circle-fitting procedure, we first project the estimated protomer positions p̄i,k onto the
xy-plane. However, this projection distorts the actual size and shape of the oligomers.
To correct this geometric distortion, we apply a sequence of coordinate transformations
to the projected points. As detailed in the following subsection, these transformations
use the estimated angles θ̂ and ϕ̂ of the sample plane to restore the true geometry of the
oligomer. This ensures that the circumscribed circle of the transformed two-dimensional
points matches its true size on the sample plane, allowing us to compute the original
oligomer’s side length.

5.2.1. Transformations of the Localizations and the Localization Errors

We begin by projecting the protomer positions p̄i,k = (x̄i,k, ȳi,k, z̄i,k)
T onto the xy-plane.

The projected coordinates in the xy-plane can thus be written as (x̄i,k, ȳi,k)
T , along with

the projected localization error (ξ̄i,k, η̄i,k)
T . Next, we rotate the projected 2-dimensional

coordinates and the associated localization errors by ϕ̂ degrees around the z-axis, following
the left-hand rule, and subsequently scale the y-coordinates of both rotated coordinates
and rotated y-localization errors by the factor 1/ cos θ̂, where ϕ̂ and θ̂ are the estimated
rotation and tilt angle of the sample plane given in Equation (15). Using a simple, noise-free
hexagon as an example, Figure 7 demonstrates that the proposed transformations can
accurately restore the structure to its original size.

x

y

z

p̄i,k

Project to
xy-plane

x

y

Rotate ϕ̂ degrees
around z axis

(Left-hand rule)

x

y

Scale y
coordinates
by 1/ cos θ̂

x

y

Figure 7. Restoration of a noise-free regular hexagonal structure from a tilted sample plane. The
proposed transformations correct the geometric distortion caused by the plane’s tilt and rotation,
restoring the regular hexagon’s original size.

Applying these transformations yields the 2-dimensional coordinates and the corre-
sponding position errors,

(x̄′i,k, ȳ′i,k)
T = L̂ · R̂ · (x̄i,k, ȳi,k)

T , (ξ̄ ′ i,k, η̄′i,k)
T = L̂ · R̂ · (ξ̄i,k, η̄i,k)

T , (16)

where R̂ and L̂ denote the two-dimensional rotation and scaling matrices, respectively,
defined as:

R̂ =

[
cos ϕ̂ sin ϕ̂

− sin ϕ̂ cos ϕ̂

]
, L̂ =

[
1 0
0 1

cos θ̂

]
, (17)

with the tilt and rotation angles ϕ̂ and θ̂ derived in the plane-fitting (Equation (15)).
To quantify the uncertainty of these transformed coordinates, let σ̄′i,k = (σ̄′x,i,k, σ̄′y,i,k)

T

denote the standard deviation vector of the transformed protomer position error (ξ̄ ′i,k, η̄′i,k)
T .

Based on the linear transformations in Equation (16), these standard deviation components
are calculated as:

σ̄′x,i,k =
√

ω̂x,i,k cos2 ϕ̂ + ω̂y,i,k sin2 ϕ̂, σ̄′y,i,k =

√
ω̂x,i,k

(
sin ϕ̂

cos θ̂

)2

+ ω̂y,i,k

(
cos ϕ̂

cos θ̂

)2

, (18)
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where ω̂i,k = (ω̂x,i,k, ω̂y,i,k)
T represents the variance of the original protomer position errors

on the tilted sample plane introduced in Equation (8).
Furthermore, to bound the localization error for each oligomer k, we define its maxi-

mum standard deviation across all protomers and spatial dimensions as,

σ̄′max,k = max
1≤i≤n

{σ̄′x,i,k, σ̄′y,i,k}. (19)

This upper bound σ̄′max,k is an important parameter for our subsequent analysis of the
circle-fitting algorithm, and is also essential for formulating the weighted mean estimator
introduced in Section 2 to downweight side length estimates with large standard deviations.

5.2.2. Estimation of the Oligomer Side Length

In this subsection, we utilize the transformed protomer positions (x̄′i,k, ȳ′i,k)
T and their

associated localization errors (ξ̄ ′i,k, η̄′i,k)
T to estimate the circumcircle radius r̂k for each

oligomer k. Once r̂k is estimated, the side length of the k-th oligomer can be calculated
using the geometric relation:

L̂k = 2r̂k sin
(π

n

)
, (20)

where n is the oligomerization.
However, estimating the circumcircle radius requires careful handling of the localiza-

tion error. As a result of the coordinate transformations in Section 5.2.1, the error variables
ξ̄ ′i,k and η̄′i,k are no longer independent. This correlation renders the standard geometric
circle-fitting algorithm [28] used in previous work [13] not perfectly suited. To overcome
this limitation, we employ the algebraic circle-fitting method.

Algebraic circle-fitting methods are widely used in practice. Unlike the geometric
circle-fitting method, which iteratively minimizes the non-linear distance from the data
points to the circle, algebraic circle-fitting methods minimize the sum of squared algebraic
distances. This approach transforms the complex non-linear optimization problem into a
fast, closed-form quadratic problem. Taking our case, for example, for each oligomer k, one
has to minimize the following algebraic distance:

argmin
F,G,H,K

1
n

n

∑
i=1

(
Ft̄′i,k + Gx̄′i,k + Hȳ′i,k + K

)2
= argmin

f
f TQ f , (21)

where t̄′i,k = (x̄′i,k)
2 + (ȳ′i,k)

2, f = [F, G, H, K]T , Q ∈ R4×4 is defined as Q = 1
n PTP, and the

data matrix P ∈ Rn×4 is defined as,

P def
=


t̄′1,k x̄′1,k ȳ′1,k 1

...
...

...
...

t̄′n,k x̄′n,k ȳ′n,k 1

. (22)

The relation between the estimator f = [F, G, H, K]T and the circumcircle parameters
(center (a, b) and radius r) is given by:

a = − G
2F

, b = − H
2F

, r =

√
G2 + H2 − 4FK

4F2 . (23)

All algebraic circle-fitting methods minimize the same objective function (21), subject
to a constraint of the form f TU f = 1 to avoid the trivial solution f = 0. By incorpo-
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rating the constraint using the Lagrange multiplier, we derive the matrix form of the
objective function:

argmin
f

max
λ

[
f TQ f + λ(1− f TU f )

]
. (24)

In solving min-max problem (24), different choices of the constraint matrix U distin-
guish methods such as the Kåsa [30–32], Pratt [33], Taubin [34], and hyperaccurate fits [32],
ultimately resulting in different orders of estimator bias. A detailed summary of these
constraint matrices can be found in [32]. As also introduced in [32], if the position noise
of the transformed protomers (ξ̄ ′ i,k, η̄′i,k)

T is i.i.d. with zero mean and variance σ2 across
all spatial directions and protomers, the bias of the estimator f̂ derived by all algebraic
circle-fitting methods can be written to,

E( f̂ − f ) = O(σ2) +O
(

σ2

n

)
+O(σ4) + · · · , (25)

where O(σ2) is called the essential error. By designing a specific constraint matrix U that
eliminates the essential error for solving problem (24), the hyperaccurate fit is achieved.
Consequently, the proposed method outperforms both standard algebraic approaches (e.g.,
the Kåsa, Pratt, and Taubin fits) and conventional geometric circle-fitting methods [32].

In fact, our plane-fitting method (Algorithm 1) discussed earlier is also based on this
algebraic framework. Most importantly, this framework is well-suited for handling the
correlated noise present in our case. Although this correlation alters the formulation of the
estimator bias, the second-order error can be expressed as O

(
(σ̄′max,k)

2
)
+O

(
(σ̄′max,k)

2/n
)

.

Here, the first term represents the essential error, and (σ̄′max,k)
2 is the maximum variance

for each oligomer defined in Equation (19).
To derive a high-precision estimator f under correlated noise, we propose constraint

matrices U and U, which eliminate the essential error and the entire second-order error
of the estimator, respectively (see Appendix A.3 for detailed derivations). Notably, when
the noise variables ξ̄ ′i,k and η̄′i,k are i.i.d, our derived constraint matrices U and U reduce
to the standard constraint matrices proposed in [28] and [35], respectively. After deriving
the constraint matrices, it remained to solve the min-max problem (24). Parallel to both the
theoretical analysis in [36] and our plane-fitting problem (11), the circle-fitting problem (24)
is equivalent to finding the eigenvector f̂ associated with the smallest positive eigenvalue
λ of the generalized eigenvalue problem Q f = λU f or Q f = λU f .

Though we provide an explicit theoretical derivation for U to eliminate the second-
order bias, we observe that utilizing this matrix introduces numerical instability compared
to using U. Consequently, we employ the constraint matrix U in this paper to ensure
stability and eliminate the essential bias for the side length estimations. On the other
hand, since directly solving Q f = λU f for the smallest positive eigenvalue is often ill-
conditioned, we stabilize it exactly as in Equation (14), yielding the equivalent formulation:

U f = (1/λ)Q f . (26)

We then compute the eigenvector f̂ corresponding to the largest positive eigenvalue (1/λ)

of Equation (26). Eventually, the complete algebraic circle-fitting method for correlated
noise is summarized in Algorithm 2.

5.2.3. A Strategy for Improving the Robustness of the Circle-Fitting Method

The circle-fitting procedure for oligomers is performed with n data points, where n
is typically small (see Table 3). Consequently, the fitting algorithm is sensitive to outlier
positions. To circumvent this limitation, the traditional squared-error objective is replaced
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with a robust penalty function that bounds the influence of large residuals [37,38]. The
robust M-estimator is then obtained by minimizing this robust objective function. Recently,
ref. [39] applied the Black-Rangarajan duality [40,41] to reformulate this robust objective
function into a weighted least-squares problem, where the weights are directly incorpo-
rated into the algebraic matrices and efficiently solved by the hyperaccurate method [28].
Motivated by this approach, we apply the M-estimation framework to our circle-fitting
problem (21). Subsequently, by using the Black-Rangarajan duality and introducing a
Lagrange multiplier to enforce the algebraic constraint, the robust optimization problem is
equivalently written as the following min-max formulation:

argmin
f

max
λ

[
1
n

f TPTWP f + λ(1− f TU f )
]

, (27)

where P is the data matrix defined in Equation (22), U is the constraint matrix designed
for reaching a specific bias given in Appendix A.3, and W is a diagonal weight matrix
derived from the Black-Rangarajan duality to enforce the M-estimation, with its explicit
form given later.

To efficiently solve the robust min-max problem (27), we employ an iteratively
reweighted least squares scheme that alternates between estimating the circle parame-
ters and updating the weights. Specifically, at the t-th reweighting step, we first fix the
weight matrix W (t) = Diag(w(t)

1 , w(t)
2 , . . . , w(t)

n ). Problem (27) then reduces to the gen-
eralized eigenvalue problem PTW (t)P f = λU f , which is solved to obtain the updated
parameter vector f (t). Subsequently, we evaluate the current residuals e(t)i = (P f (t))i. To

downweight the influence of outliers for the next step, the weights are updated to w(t+1)
i

using the Huber [38] influence function, i.e.,

w(t+1)
i =

1 if |e(t)i | ≤ c(t),

c(t)/|e(t)i | if |e(t)i | > c(t),
(28)

where the threshold c(t) is empirically chosen as 1.4826×Median1≤i≤n(|e
(t)
i |). This update

continues until convergence or the stopping criterion is met.
To ensure the derived estimator is free of essential bias, we design the constraint matrix

U for the generalized eigenvalue problem PTW (t)P f = λU f in Appendix A.3. Compared
to the work in [39], we consider correlated noise in our case, which introduces additional
challenges in deriving the constraint matrix U. Furthermore, this robust framework en-
compasses the general circle-fitting problem (24) as a special case of problem (27) simply
by setting W = I. Finally, the complete robust hyperaccurate algebraic circle-fitting for
correlated noise is summarized in Algorithm 3, where the generalized eigenvalue prob-
lem is reformulated and solved for the largest positive eigenvalue term (1/λ) to ensure
numerical stability.

5.3. Postprocessing of the Reconstructed Side Length

To ensure the reliability of the reconstructed oligomeric structures, we apply
two postprocessing strategies to the results obtained from our circle-fitting algorithms
(Algorithms 2 and 3).

Firstly, based on the prior knowledge that the physical size of the oligomers is typically
on the order of a few nanometers [42], we restrict the estimated side length to a physically
meaningful range of 0 nm to 100 nm. This threshold filters out extreme and unphysical
estimates while maintaining a wide enough range to test our algorithms.
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Secondly, we enforce a geometric constraint on the fitted circumcircle of the oligomer.
Since the oligomeric structure is modeled as a regular polygon (see Section 4.1), the pro-
tomer positions should be distributed across the entire fitted circle rather than clustered
along a short arc, even in the presence of localization errors. To enforce this condition,
we sequentially evaluate the positive eigenvalues of the generalized eigenvalue problems
in Algorithms 2 and 3 in descending order, selecting the first one whose corresponding
eigenvector yields a valid center. If none of the positive eigenvalues satisfy this condition,
the oligomer is considered invalid and is discarded.

6. Summary of the Workflow
To summarize, by integrating data preprocessing, the plane-fitting method, geometric

transformations, the circle-fitting algorithms, and postprocessing strategies, we establish
two comprehensive workflows for determining oligomeric structures: the Nominal work-
flow and the Robust workflow. The difference between them lies in the choice of the circle-
fitting algorithm: the Nominal workflow employs the circle-fitting method (Algorithm 2),
whereas the Robust workflow employs the robust circle-fitting method (Algorithm 3).
Table 1 summarizes these workflows, which are designed for unknown sample planes with
arbitrary tilt or rotation relative to the focal plane.
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Appendix A
We introduce here the error analysis for designing the constraint matrices for the plane-

fitting problem (11) and the robust circle-fitting problem (27), alongside a comparison of
our estimation results with the prior work in [13]. Given that both problems are based on
the same algebraic fitting framework, we provide a detailed analysis of the plane-fitting
problem (11) and a more concise analysis of the robust circle-fitting problem (27).

Appendix A.1. Error Analysis for Designing the Constraint Matrix N for Plane-Fitting
Problem (11)

We analyze the plane-fitting problem (11) in detail to design the corresponding con-
straint matrix. Specifically, the fitting is performed based on all estimated protomer posi-
tions p̄i,k = (x̄i,k, ȳi,k, z̄i,k)

T , with the position errors ēi,k ∼ N (0, diag(ω̂i,k)), where ω̂i,k is
defined in Equation (8). To evaluate the impact of these errors rigorously, we apply the
matrix perturbation method [29] within a high-order error analysis framework [27,28].

Recall the min-max plane-fitting problem (Equation (11)):

argmin
a

max
γ

[
aT Ma + γ(1− aT Na)

]
. (A1)

The optimal parameter vector â is obtained when a and γ satisfy the optimality
conditions: Ma = γNa and aT Na− 1 = 0. By multiplying both sides of the first condition
by aT and substituting the constraint, we derive Equation (12):

γ = aT Ma. (A2)

Thus, the problem (11) is equivalent to finding the smallest positive generalized
eigenvalue γ and its corresponding generalized eigenvector â by solving the Equation (13):

Ma = γNa. (A3)

We then define the maximum standard deviation across all protomers and oligomers
along all spatial directions as,

σ̂max = max
1≤k≤N oligo, 1≤i≤n

{√
ω̂x,i,k,

√
ω̂y,i,k,

√
ω̂z,i,k

}
,

where ω̂x,i,k, ω̂y,i,k and ω̂z,i,k are the components of ω̂i,k, defined in Equation (8). Then we
use the matrix perturbation method and expand all data-dependent quantities (â, M, and
N) in terms of the noise level as,

â = a0 + a1 + a2 +O((σ̂max)
3),

M = M0 + M1 + M2 +O((σ̂max)
3)

= (nN oligo)−1
(

ZT
0 Z0 + (ZT

0 Z1 + ZT
1 Z0) + (ZT

0 Z2 + ZT
2 Z0 + ZT

1 Z1)
)
+O((σ̂max)

3),

N = N0 + N1 + N2 +O((σ̂max)
3),

(A4)

where

Z0 =


z∗1,1 x∗1,1 y∗1,1 1

...
...

...
...

z∗
n,N oligo x∗

n,N oligo y∗
n,N oligo 1

, Z1 =


ϵ̄1,1 ξ̄1,1 η̄1,1 0

...
...

...
...

ϵ̄
n,N oligo ξ̄

n,N oligo η̄
n,N oligo 0

, Z2 = 0,
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with (x∗i,k, y∗i,k, z∗i,k) being the ground-truth protomer position, and (ξ̄i,k, η̄i,k, ϵ̄i,k)
T being

the protomer position error defined in Equation (5). The variables with the subscript (·)0

represent the ground-truth quantities (zero-th order perturbation terms), while those with
(·)1 and (·)2 represent the first-order and the second-order perturbation terms, respectively.
The remainder term O((σ̂max)3) represents a random variable R such that (σ̂max)−3R is
bounded in probability.

With these preparations, we first analyze the variance of the plane estimator â. Since
the ground-truth data points lie on the ground-truth tilted sample plane, it follows that

Z0a0 = 0 and M0a0 = 0. (A5)

Thus, we can analyze the perturbation behavior of the Lagrange parameter γ in the
problem (11) as follows:

γ = âT Mâ = aT
0 M0a0 + aT

0 M1a0 + aT
1 M0a0 + aT

0 M0a1 +O((σ̂max)
2)

= 0 + (nN oligo)−1aT
0 (ZT

0 Z1 + ZT
1 Z0)a0 + 0 + (nN oligo)−1aT

0 ZT
0 Z0a1 +O((σ̂max)

2)

= 0 +O((σ̂max)
2),

(A6)
where the first equality is from relation (12) and the third and forth equality is based on
relation (A5). As shown in Equation (A6), both the zero-th and first-order terms in the
perturbation expansion of γ vanish, indicating that γ is a second-order quantity with
respect to the noise level, i.e., γ = γ2 +O((σ̂max)3).

Next, we substitute the perturbation expansions into the generalized eigenvalue
problem (13) and match terms of the same order. Since γ lacks zeroth- and first-order terms,
these components vanish completely on the right-hand side of expansions of Equation (13).
Thus, setting the zeroth- and first-order terms of Ma to zero yields:

M0a0 = 0,

M1a0 + M0a1 = 0.
(A7)

Subsequently,
M0a1 = −M1a0 = −(nN oligo)−1(ZT

0 Z1 + ZT
1 Z0)a0

= −(nN oligo)−1ZT
0 Z1a0,

(A8)

where we expand M1 as in Equation (A4) and use the relations (A5). Then, we derive the
formula for a1 as follows:

a1 = −M−0 M1a0 = −(nN oligo)−1M−0 ZT
0 Z1a0, (A9)

where M−0 is the Moore–Penrose inverse. Thus, the first order bias of the plane estimator
â is

E(a1) = −(nN oligo)−1M−0 ZT
0 E(Z1)a0 = 0. (A10)

We also observe that a1 is independent of the constraint matrix N. Consequently, the
dominant term of the estimator variance is given by

Var(â) ≈ E(a1aT
1 ) = (nN oligo)−2M−0 E(ZT

0 Z1a0aT
0 ZT

1 Z0)(M−0 )
T , (A11)

which is also independent of N.
Next, we examine the bias behavior with respect to different N. Again, we expand

both sides of the eigenvalue problem (13), and match the second order of the errors,

M0a2 + M1a1 + M2a0 = γ2N0a0. (A12)
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By multiplying aT
0 on both sides of Equation (A12) and substituting a1 by Equa-

tion (A9), we derive the expression of γ2 as

γ2 =
aT

0 M0a2 + aT
0
(

M2 −M1M−0 M1
)
a0

aT
0 N0a0

=
aT

0
(

M2 −M1M−0 M1
)
a0

aT
0 N0a0

. (A13)

Substituting the expression of γ2 into Equation (A12), we derive a2 as

a2 = M−0

(
aT

0
(

M2 −M1M−0 M1
)
a0

aT
0 N0a0

N0a0 −
(

M2 −M1M−0 M1
)
a0

)
. (A14)

Thus, the bias to the second order is given by

E(a2) = M−0

(
aT

0 E
(

M2 −M1M−0 M1
)
a0

aT
0 N0a0

N0a0 −E
(

M2 −M1M−0 M1
)
a0

)
. (A15)

Therefore, combining Equation (A10) and Equation (A11), we observe that regardless
of the constraint matrix N, the estimator â remains first-order unbiased with an identical
dominant variance. However, its second-order bias strongly depends on N0. In particular,
if we select

N0 = E
(

M2 −M1M−0 M1
)
, (A16)

then E(a2) = 0, which means the estimator â is unbiased up to second order in the error,
where M0 is the noise-free data term. Then, in the next subsection, based on Equation (A16),
we construct the constraint matrix N by adding noise terms.

Appendix A.2. Expression of a Possible Constraint Matrix N for Plane-Fitting

In this subsection, we provide here a detailed form of the constraint matrix N for the
plane-fitting problem. Based on N0 given in Equation (A16), which is the zeroth-order term
in the perturbation of the constraint matrix N, various realizations of N can be constructed.
Here, we present one possible choice.

First, we expand the expression for N0:

N0 = E
(

M2 −M1M−0 M1
)

=
1

nN oligoE
[

ZT
1 Z1 −

1
nN oligo (ZT

0 Z1 + ZT
1 Z0)M−0 (ZT

0 Z1 + ZT
1 Z0)

]
.

(A17)

Define a vector v∗i,k := [z∗i,k, x∗i,k, y∗i,k, 1]T for i ∈ {1, . . . , n} and k ∈ {1, . . . ,N oligo}, and

matrices H∗,1i,k := [v∗i,k, 0, 0, 0], H∗,2i,k := [0, v∗i,k, 0, 0] and H∗,3i,k := [0, 0, v∗i,k, 0], we can derive
the different components for N0 in Equation (A17) as follows:

• E(ZT
1 Z1) = ∑n

i=1 ∑N
oligo

k=1 Diag[ω̂z,i,k, ω̂x,i,k, ω̂y,i,k, 0].

• Expression of E(M1M−0 M1): Since M1M−0 M1 can be split into 4 terms,

M1M−0 M1 =
1

(nN oligo)2

[
ZT

0 Z1M−0 ZT
0 Z1 + ZT

1 Z0M−0 ZT
0 Z1

+ZT
0 Z1M−0 ZT

1 Z0 + ZT
1 Z0M−0 ZT

1 Z0

]
,

(A18)
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we showcase the derivation for ZT
0 Z1M−0 ZT

0 Z1; the other terms can be treated analo-
gously. Define a matrix sequence (ZT

0 Z1)i,k with index i and k as

(ZT
0 Z1)i,k =


z∗i,k ϵ̄i,k z∗i,k ξ̄i,k z∗i,kη̄i,k 0
x∗i,k ϵ̄i,k x∗i,k ξ̄i,k x∗i,kη̄i,k 0
y∗i,k ϵ̄i,k y∗i,k ξ̄i,k y∗i,kη̄i,k 0

ϵ̄i,k ξ̄i,k η̄i,k 0

, (A19)

thus ZT
0 Z1 = ∑n

i=1 ∑N
oligo

k=1 (ZT
0 Z1)i,k. Furthermore, by the definition of H∗,1i,k , H∗,2i,k and

H∗,3i,k , we have

(ZT
0 Z1)i,k = ϵ̄i,k H∗,1i,k + ξ̄i,k H∗,2i,k + η̄i,k H∗,3i,k . (A20)

Since ϵ̄i,k, ξ̄i,k and η̄i,k are independent and identically distributed random variables,
the expectation of ZT

0 Z1M−0 ZT
0 Z1 can be written as

E(ZT
0 Z1M−0 ZT

0 Z1) = E
(

n

∑
i=1

N oligo

∑
k=1

(ZT
0 Z1)i,k M−0

n

∑
i=1

N oligo

∑
k=1

(ZT
0 Z1)i,k

)

=
n

∑
i=1

N oligo

∑
k=1

E
(
(ZT

0 Z1)i,k M−0 (ZT
0 Z1)i,k

)
=

n

∑
i=1

N oligo

∑
k=1

[
ω̂z,i,k H∗,1i,k M−0 H∗,1i,k + ω̂x,i,k H∗,2i,k M−0 H∗,2i,k + ω̂y,i,k H∗,3i,k M−0 H∗,3i,k

]
.

(A21)

Thus,

E(M1M−p M1) =
1

(nN oligo)2

n

∑
i=1

N oligo

∑
k=1

[
ω̂z,i,kS(H∗,1i,k )M−0 S(H∗,1i,k ) + ω̂x,i,kS(H∗,2i,k )M−0 S(H∗,2i,k )

+ ω̂y,i,kS(H∗,3i,k )M−0 S(H∗,3i,k )
]
,

(A22)

where S(·) = ((·) + (·)T) is the symmetrization operator.

In summary, the expression of N0 is given as

N0 =
1

(nN oligo)2

n

∑
i=1

N oligo

∑
k=1

[
ω̂z,i,kS(H∗,1i,k )M−0 S(H∗,1i,k ) + ω̂x,i,kS(H∗,2i,k )M−0 S(H∗,2i,k )

+ ω̂y,i,kS(H∗,3i,k )M−0 S(H∗,3i,k )
]
+

1
nN oligo

n

∑
i=1

N oligo

∑
k=1

Diag[ω̂z,i,k, ω̂x,i,k, ω̂y,i,k, 0].

(A23)

Then, by plugging the estimates of ω̂i,k defined in Equation (8) into Equation (A23),
and replacing the ground-truth vector v∗i,k in H∗,1i,k , H∗,2i,k and H∗,3i,k by noisy data =

[z̄i,k, x̄i,k, ȳi,k, 1]T , we derive one possible constraint matrix N for the plane-fitting prob-
lem (11) that ensures the estimator â remains bias-free up to second order in the error.

Since we typically simulate a lot of oligomers in the sample plane, the term 1/(nN oligo)

will dominate over 1/(nN oligo)2. By neglecting the term 1/(nN oligo)2 in Equation (A23)
and substituting the estimates ω̂i,k from Equation (8), we derive one simplified possible N
for the plane-fitting problem (11) as

N ≃ 1
nN oligo

n

∑
i=1

N oligo

∑
k=1

1
(mi,k)2

mi,k

∑
j=1

Diag[(sj
z,i,k)

2, (sj
x,i,k)

2, (sj
y,i,k)

2, 0]. (A24)
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Finally, we derive a constraint matrix given in Equation (A23), together with a simpli-
fied one in Equation (A24), which eliminates the second-order error of the plane estimator â.

Appendix A.3. Error Analysis for Designing the Constraint Matrix U for (Robust) Circle-Fitting
Problem (27)

Analogous to the plane-fitting analysis in Section A.1, we now evaluate the robust
circle-fitting problem (27). Specifically, the fitting is performed based on the transformed
protomer positions (x̄′i,k, ȳ′i,k)

T , with the transformed position errors (ξ̄ ′ i,k, η̄′i,k)
T defined in

Section 5.2.1.
Since the standard circle-fitting problem (24) follows as a special case with W = I, we

directly analyze the robust formulation. Specifically, we recall the robust circle-fitting problem:
(Equation (27)):

argmin
f

max
λ

[
1
n

f TPTWP f + λ(1− f TU f )
]

, (A25)

where P is the data matrix defined in Equation (22), U is the constraint matrix to be
designed later, and W is a diagonal weight matrix. By analyzing the optimality condition
of problem (27), solving this min-max problem is equivalent to solving the generalized
eigenvalue problem PTWP f = λ U f .

Then, we use the matrix perturbation method and expand all data-dependent quanti-
ties ( f̂ , Q, and U) in terms of the noise level as,

f̂ = f 0 + f 1 + f 2 +O((σ̄
′
max,k)

3),

Q = Q0 + Q1 + Q2 +O((σ̄′max,k)
3)

= n−1
(

PT
0 WP0 + (PT

0 WP1 + PT
1 WP0) + (PT

0 WP2 + PT
2 WP0 + PT

1 WP1)
)
+O((σ̄′max,k)

3),

U = U0 + U1 + U2 +O((σ̄′max,k)
3),

where σ̄′max,k is the maximum standard deviation across all protomers and spatial dimen-
sions in one transformed oligomer, defined in Equation (19). The expansion of the data
matrix P is given as,

P0 =


(x∗′1,k)

2 + (y∗′1,k)
2 x∗′1,k y∗′1,k 1

...
...

...
...

(x∗′n,k)
2 + (y∗′n,k)

2 x∗′n,k y∗′n,k 1

, P1 =


2x∗′1,k ξ̄ ′1,k + 2y∗′1,kη̄′1,k ξ̄ ′1,k η̄′1,k 0

...
...

...
...

2x∗′n,k ξ̄ ′n,k + 2y∗′n,kη̄′n,k ξ̄ ′n,k η̄′n,k 0

,

P2 =


(ξ̄ ′1,k)

2 + (η̄′1,k)
2 0 0 0

...
...

...
...

(ξ̄ ′n,k)
2 + (η̄′n,k)

2 0 0 0

,

where (x∗′i,k, y∗′i,k)
T = L̂ · R̂ · (x∗i,k, y∗i,k)

T , (ξ̄ ′i,k, η̄′i,k) = L̂ · R̂ · (ξ̄i,k, η̄i,k)
T , with (x∗i,k, y∗i,k) being

the ground-truth x- y- direction protomer position and (ξ̄i,k, η̄i,k)
T being the x- and y-

direction protomer position error defined in Equation (5) and L̂, R̂ being the transformation
matrix defined in Section 5.2.1.

Following a perturbation procedure similar to that in Appendix A.1, we analyze the
optimality condition of problem (27), namely PTWP f = λ U f . This yields the first-order
expansion of the circle parameter f̂ as follows:

f 1 = −n−1(PT
0 WP0)

−Q1 f 0, (A26)

where [·]− is the Moore-Penrose pseudoinverse of the matrix [·]. From Equation (A26), we
can observe that f 1 is independent of the constraint matrix U, and the first-order bias of the
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estimator is zero, i.e., E( f 1) = 0. Furthermore, the dominant term of the estimator variance
is given by

Var( f̂ ) ≈ E( f 1 f T
1 ) = n−2(PT

0 WP0)
−E(PT

0 WP1 f 0 f T
0 PT

1 WP0)(P0WPT
0 )
−. (A27)

which also concludes that the leading term of the variance of the circle estimator f̂ is
independent of the choice of the constraint matrix U.

Next, we examine the second-order bias of the circle estimator f̂ . By setting this bias
to zero, we obtain the constraint matrix

U0 = E
(

Q2 −Q1(P
T
0 WP0)

−Q1

)
. (A28)

Based on the U0, which is the zeroth-order term in the perturbation of the constraint
matrix U, we can construct a constraint matrix U by replacing the ground-truth terms with
their corresponding noisy observations. By using this constraint matrix in the circle-fitting
problem, we obtain an estimator f̂ that is free of second-order bias.

However, in numerical experiments, we observe instability when solving the eigen-
value problem using U to remove the entire second-order bias of f̂ . To improve robustness,
we omit the term E(Q1(P

T
0 WP0)

−Q1), whose magnitude is O
(
(σ̄′max,k)

2/n
)

. Instead, we

only keep the term E(Q2) with a magnitude of O
(
(σ̄′max,k)

2
)

, which is essential bias of the
estimator. Using this simplified constraint matrix U, we obtain the hyperaccurate algebraic
circle-fitting algorithms under correlated noise (Algorithms 2 and 3). Additionally, when
the error variables (ξ̄ ′i,k, η̄′i,k) are independent and share the same standard deviation across
all spatial directions, our method naturally reduces to the algorithm introduced in [35]
when using the constraint matrix U, and to the method in [28] when using U.

Appendix A.4. Possible Constraint U for Algorithms 2 and 3

Expand the constraint matrix U0 = E(Q2), we have

U0 = n−1E
(

PT
0 WP2 + PT

2 WP0 + PT
1 WP1

)
. (A29)

Note that we have two more terms PT
0 WP2, and PT

2 WP0 compared to the expansion
in Equation (A17) in Appendix A.2. This is due to the second-order expansion of the data
term, i.e., P2 being non-zero in this case. Define a vector v∗′i,k := [(x∗′i,k)

2 + (y∗′i,k)
2, x∗′i,k, y∗′i,k, 1]T

for i ∈ {1, . . . , n}, and matrix H∗′,1i,k := [v∗′i,k, 0, 0, 0], where (x∗′i,k, y∗′i,k)
T = L̂ · R̂ · (x∗i,k, y∗i,k)

T .
With these, we can derive different components for U0 in Equation (A29) as follows:

• E(PT
0 WP2 + PT

2 WP0) is given as

E(PT
0 WP2 + PT

2 WP0) =
n

∑
i=1

w(t)
i

[(
E(ξ̄ ′i,k ξ̄ ′i,k) +E(η̄′i,kη̄′i,k)

)
S(H∗′,1i,k )

]
, (A30)

• E(PT
1 WP1) is given as
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E(PT
1 WP1) =

n

∑
i=1

w(t)
i



4(x∗′i,k)
2E(ξ̄ ′i,k ξ̄ ′i,k)

+4(y∗′i,k)
2E(η̄′i,kη̄′i,k)

+8x∗′i,ky∗′i,kE(ξ̄
′
i,kη̄′i,k)

2x∗′i,kE(ξ̄
′
i,k ξ̄ ′i,k)

+2y∗′i,kE(ξ̄
′
i,kη̄′i,k)

2x∗′i,kE(ξ̄
′
i,kη̄′i,k)

+2y∗′i,kE(η̄
′
i,kη̄′i,k)

0

2x∗′i,kE(ξ̄
′
i,k ξ̄ ′i,k)

+2y∗′i,kE(ξ̄
′
i,kη̄′i,k)

E(ξ̄ ′i,k ξ̄ ′i,k) E(ξ̄ ′i,kη̄′i,k) 0

2x∗′i,kE(ξ̄
′
i,kη̄′i,k)

+2y∗′i,kE(η̄
′
i,kη̄′i,k)

E(ξ̄ ′i,kη̄′i,k) E(η̄′i,kη̄′i,k) 0

0 0 0 0



. (A31)

The expectation of the noise terms are given as

E(ξ̄ ′i,kη̄′i,k) =
sin ϕ̂ cos ϕ̂

cos θ̂

(
ω̂x,i,k − ω̂y,i,k

)
,

E(ξ̄ ′i,k ξ̄ ′i,k) = ω̂x,i,k cos2 ϕ̂ + ω̂y,i,k sin2 ϕ̂,

E(η̄′i,kη̄′i,k) =
1

cos2 θ̂

(
ω̂x,i,k sin2 ϕ̂ + ω̂y,i,k cos2 ϕ̂

)
.

(A32)

where the calculation is based on the transformation relation (16), with ϕ̂ and θ̂ representing
the estimated tilt and rotation angles of the sample plane given in Equation (15), and ω̂x,i,k,
ω̂y,i,k, and ω̂z,i,k being the components of ω̂i,k defined in Equation (8).

To derive the constraint matrix U that eliminates the essential bias of the circle es-
timator f̂ from Equation (A29), we first plug the estimates ω̂i,k from Equation (8) into
relation Equation (A32), and substitute the expectations in Equation (A29). Next, we re-
place the ground-truth term [x∗′i,k, y∗′i,k]

T in v∗′i,k and H∗′,1i,k with the noisy data [x̄′i,k, ȳ′i,k]
T in

Equation (A29). Through these steps, we derive a possible matrix U for the circle-fitting
problem (24) and the robust circle-fitting problem (27).

Appendix A.5. Comparison Results with Previous Methods

In this part, we compare our proposed Robust workflow and the workflow in [13].
However, the workflow in [13] is not directly applicable to our setting, because the tilted
sample plane is unknown, and to the author’s knowledge, the geometric circle-fitting
method used in [13] cannot be extended to cases with anisotropic localization precision in
the x- and y- directions. For the purpose of comparison, we approximate the localization
precision of each protomer by averaging the precisions in the x- and y- directions, and then
apply the geometric circle-fitting method directly to the x- and y- positions of the protomers.

The simulation setting follows that of Simulation I in the main text: we simulate
5000 tetramers with a fixed side length L∗ = 5 nm on sample planes tilted and rotated by
0◦, 10◦, 20◦, and 30◦. The photon count is set to Nmax = 5× 106 for all simulations. In our
workflows, we use the weighted mean estimator to select representative estimates, whereas
for the workflow in [13], we use the median estimator, which is considered efficient for
geometric circle-fitting in the study. The comparison results are summarized below. As
shown, when the sample plane is perfectly aligned with the focal plane, the workflow
in [13] performs slightly better. This is due to slight anisotropies in the localization precision,
and the fact that the geometric circle-fitting method extended in [13] eliminates the entire
second-order bias, while our algebraic fitting method only eliminates the essential error
(introduced in Section 5.2.2). However, when the sample plane is tilted relative to the focal
plane, our workflow becomes necessary for high-precision estimations.
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Table A1. Comparison between our proposed workflows (with plane-fitting) and the original
workflow in [13]. The first column shows the ground-truth tilt and rotation of the simulated sample
plane. Columns 3 and 4 show the tilt and rotation angles of the fitted plane, and the chosen estimator
for each workflow.

θ/ϕ (◦) Workflow θ̂/ϕ̂ (◦) Chosen Estimator for Each Workflow (nm)

0/0 Robust workflow 0.0001 / - 5.0017
Workflow in [13] - 4.9994

10/10 Robust workflow 10.0000 / 10.0002 5.0024
Workflow in [13] - 4.9602

20/20 Robust workflow 20.0000 / 20.0001 5.0037
Workflow in [13] - 4.8476

30/30 Robust workflow 30.0000 / 30.0000 5.0064
Workflow in [13] - 4.6676

Appendix A.6. Software

The latest version of the software is available on GitLab at the following link: https:
//gitlab.com/csc1/sizing-oligomers-on-tilted-plane, accessed on 13 May 2026.
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