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Abstract: Two extensions of the variational method with explicit energy functionals (EEFs)
with respect to the spin-orbit force were performed. In this method, the energy per nucleon
of nuclear matter is explicitly expressed as a functional of various two-body distribution
functions, starting from realistic nuclear forces. The energy was then minimized by solving
the Euler–Lagrange equation for the distribution functions derived from the EEF. In the
first extension, an EEF of symmetric nuclear matter at zero temperature was constructed
using the two-body central, tensor, and spin-orbit nuclear forces. The energy per nucleon
calculated using the Argonne v8’ two-body nuclear potential was found to be lower than
those calculated using other many-body methods, implying that the energy contribution
caused by the spin-orbit correlation, whose relative orbital angular momentum operator
acts on other correlations, is necessary. In a subsequent extension, the EEF of neutron matter
at zero temperature, including the spin-orbit force, was extended to neutron matter at finite
temperatures using the method by Schmidt and Pandharipande. The thermodynamic
quantities of neutron matter calculated using the Argonne v8’ nuclear potential were found
to be reasonable and self-consistent.

Keywords: nuclear matter; variational method; nuclear force

1. Introduction
The equation of state (EOS) of infinite, uniform nuclear matter is particularly important

in the fields of nuclear physics and astrophysics. The structure of isolated neutron stars is
governed by a cold nuclear matter EOS [1]. The EOS of nuclear matter at finite temperatures
is essential for studying core collapse supernova (CCSN) explosions [2] and binary neutron
star mergers [3].

Theoretical calculations are required to determine the EOS because it is difficult to
complete a nuclear EOS. Specifically, the energy per nucleon of nuclear matter has been
investigated using various quantum many-body techniques, starting from the so-called
modern two-body nuclear potential, which precisely reproduces the experimental two-
nucleon scattering data, and the three-body nuclear potential [4].

A notable example is the nuclear matter EOS by Akmal, Pandharipande, and Raven-
hall (APR) [5], which is frequently cited as a representative example of a nuclear matter
EOS. This EOS is based on the Argonne V18 modern two-body nuclear potential [6] and
Urbana IX three-body nuclear potential [7,8]. Then, the expectation value of the nuclear
Hamiltonian with the Jastrow wave function is expanded into cluster terms [9], which are
partially resummed using the Fermi hypernetted chain method [4]. Finally, the energy per
nucleon is minimized with respect to the correlation functions in the Jastrow wave function.
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The EOS by APR was subsequently extended to nuclear matter at finite temperatures [10]
with the method by Schmidt and Pandharipande [11].

Furthermore, quantum many-body theories have been developed to obtain the exact
solution of the energy eigenvalue problem, starting from a realistic nuclear Hamiltonian.
Such studies include the Green’s function Monte Carlo and auxiliary field diffusion Monte
Carlo (AFDMC) methods [12].

In recent years, nuclear forces based on the chiral effective field theory have also been
actively studied [13], and nuclear EOSs utilizing these forces have also been the subject of
intensive research [14]. However, nuclear forces based on the chiral effective field theory
have relatively large uncertainties in the high-density region, which poses difficulties when
considering their applications to compact stars or CCSNe.

In general, nuclear EOSs applicable to CCSN numerical simulations must cover an
extremely wide range of densities ρB, temperatures T, and proton fractions Yp. It is
difficult to perform quantum many-body calculations for nuclear matter at various values
of (ρB, T, Yp). Consequently, in the early stages of research, nuclear EOSs applicable to
CCSNe were limited to those based on phenomenological theories, such as the EOS by
Lattimer and Swesty [15] and that by Shen et al. [16].

Under these circumstances, we have developed a nuclear EOS applicable to CCSNe
based on realistic nuclear forces [17]. The starting point was the same Hamiltonian and
wave function as in the APR EOS; however, only the lowest-order cluster terms were
retained. Furthermore, the healing distance was incorporated into the correlation functions
in the Jastrow wave function to obtain an EOS close to that of the APR. It is important to
note that both uniform and non-uniform phases must be treated. The non-uniform phase is
calculated by a single-nucleus approximation using the Thomas–Fermi approximation [17]
or a multi-component approximation [18]. The constructed nuclear EOS has been applied
to numerical simulations of CCSNe and binary neutron star mergers. Furthermore, it has
been extended to include hyperon mixing [19] and phase transitions to quark phases at
high densities [20].

However, as mentioned previously, the EOS was constructed using the lowest-order
cluster approximation. To obtain a more reliable EOS, it is necessary to appropriately
incorporate higher-order effects.

Therefore, we investigated a variational method using an explicit energy functional
(EEF) [21]. In this method, the expectation value of the nuclear Hamiltonian for uniform
nuclear matter is expressed as an explicit functional of various two-body distribution
functions. The Euler–Lagrange equations are then derived directly from the EEF and
solved numerically to obtain the fully minimized energy. The expectation value of the
two-body nuclear potential is expressed exactly using the two-body distribution function.
For the kinetic energy caused by the correlation between nucleons, the EEF is constructed
to include the main parts of the cluster terms by temporarily assuming a Jastrow wave
function. Furthermore, an EEF is constructed to guarantee necessary conditions on various
structure functions.

This variational method has been proposed and improved, including extensions of
the theory to treat the two-body tensor force and the three-body nuclear force. This theory
has also been extended to nuclear matter at a finite temperature [22]. Furthermore, in a
previous study [23], we extended the EEF to treat the two-body spin-orbit force for pure
neutron matter (PNM), and the energies obtained with and without the three-body force
were in good agreement with those obtained using the AFDMC method [24].

This paper presents two extensions of the variational method. In Section 2, an exten-
sion of the EEF for symmetric nuclear matter (SNM) is presented to incorporate the two-
body spin-orbit force, and the numerical results are discussed. In Section 3, an extension
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of the EEF for PNM at zero temperature with the two-body central, tensor, and spin-orbit
forces to PNM at a finite temperature by following the method of Schmidt and Pandhari-
pande is presented. Finally, Section 4 provides a summary and our concluding remarks.

2. Explicit Energy Functional of Symmetric Nuclear Matter at
Zero Temperature
2.1. Construction of the Energy Functional Including Spin-Orbit Forces

In this subsection, we construct the explicit energy functional (EEF) of SNM at zero
temperature using spin-orbit forces. We begin with the following Hamiltonian:

H = −
N

∑
i=1

h̄2

2m
∇2

i + ∑
i>j

Vij, (1)

where m is the mass of a nucleon, N is the number of nucleons, and Vij is the potential of
the two-body nuclear force. In this study, we employ the Argonne v8’ potential [25]:

Vij =
1

∑
t=0

1

∑
s=0

[
VCts(rij) + VTt(rij)STij + VSOt(rij)

(
s · Lij

)]
Ptsij, (2)

where t and s denote the two-nucleon total isospin and spin, respectively, and VCts(r),
VTt(r), and VSOt(r) are the central, tensor, and spin-orbit components of the two-body
nuclear potential, respectively. Furthermore, Ptsij is the spin-isospin projection operator,
STij is the tensor operator, s is the two-nucleon spin operator, and Lij is the relative orbital
angular operator for the nucleon pair (i, j).

For the above Hamiltonian, we construct an EEF per nucleon for SNM with a given
nucleon number density ρ. For this purpose, we first introduce the following functions:

Fts(r12) = Ω2 ∑
isospin

∑
spin

∫
Ψ†(x1, x2, . . . , xN)Pts12Ψ†(x1, x2, . . . , xN)dr3dr4 . . . drN , (3)

FTt(r12) = Ω2 ∑
isospin

∑
spin

∫
Ψ†(x1, x2, . . . , xN)ST12Pt112Ψ†(x1, x2, . . . , xN)dr3dr4 . . . drN , (4)

FSOt(r12) = Ω2 ∑
isospin

∑
spin

∫
Ψ†(x1, x2, . . . , xN)(s · L12)Pt112Ψ†(x1, x2, . . . , xN)dr3dr4 . . . drN . (5)

Here , Ω is the volume of the system, and xi is the coordinate of the ith nucleon, including
the space coordinate ri, the spin coordinate, and the isospin coordinate. ∑isospin and ∑spin
represent the sums of the isospin and spin coordinates, respectively.

Furthermore, we introduce the auxiliary functions—the intrinsically central distribu-
tion functions FCts(r), dressed tensor correlation functions gTt(r), and dressed spin-orbit
correlation functions gSOt(r)—which are defined as the solutions of the following equations:

Fts(r) = FCts(r) + 8s[gTt(r)]
2FFts(r) +

2
3

s[gSOt(r)]
2FqFts(r), (6)

FTt(r) = 16
[√

FCt1(r)FFt1(r)gTt(r)− [gTt(r)]
2FFt1(r)

]
− 2

3
[gSOt(r)]

2FqFt1(r), (7)

FSOt(r) = −24[gTt(r)]
2FFt1(r) +

4
3

[√
FCt1(r)
FFt1(r)

gTt(r)−
[gTt(r)]

2

4
− gTt(r)gSOt(r)

]
FqFt1(r). (8)

Here, FFts(r) is Fts(r) in the case of the non-interacting Fermi gas and is given by

FFts(r) =
(2t + 1)(2s + 1)

16

{
1 − (−1)t+s[l(kFr)]2

}
, (9)
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with l(x) = 3j1(x)/x being the Slater function. Furthermore, FqFts(r) is given by

FqFts(r12) = Ω2 ∑
isospin

∑
spin

∫
Φ†

F(x1, x2, . . . , xN)|L12|2Pts12ΦF(x1, x2, . . . , xN)dr3dr4 . . . drN

=
(2t + 1)(2s + 1)

16

[
(kFr12)

2

5
+ (−1)t+s9j2(kFr12)

j1(kFr12)

kFr12

]
, (10)

where ΦF(x1, x2, . . . , xN) is the wave function of the non-interacting Fermi gas.
In addition, the following structure functions are necessary to construct the EEF:

Sc1(k) =
1
N

〈∣∣∣∣∣ N

∑
i=1

exp(ik · ri)

∣∣∣∣∣
2〉

= 1 + S11(k) + S10(k) + S01(k) + S00(k) ≥ 0, (11)

Sc2(k) =
1

3N

〈∣∣∣∣∣ N

∑
i=1

σiexp(ik · ri)

∣∣∣∣∣
2〉

= 1 +
S11(k)

3
− S10(k) +

S01(k)
3

− S00(k) ≥ 0, (12)

Sc3(k) =
1

3N

〈∣∣∣∣∣ N

∑
i=1

τiexp(ik · ri)

∣∣∣∣∣
2〉

= 1 +
S11(k)

3
+

S10(k)
3

− S01(k)− S00(k) ≥ 0, (13)

Sc4(k) =
1

9N

〈∣∣∣∣∣ N

∑
i=1

τiσiexp(ik · ri)

∣∣∣∣∣
2〉

= 1 +
S11(k)

9
− S10(k)

3
− S01(k)

3
+ S00(k) ≥ 0. (14)

Here, Sts(k) represents the Fourier transforms of Fts(r), given by

Sts(k) = 4πρ
∫ ∞

0
[Fts(r)− Fts(∞)]j0(kr)r2dr. (15)

In addition, ScTn(k) are given by

ScT1(k) =
1

Nk2

〈∣∣∣∣∣ N

∑
i=1

(σi · k)exp(ik · ri)

∣∣∣∣∣
2〉

= Sc2(k)−
ST1(k)

3
− ST0(k)

3
≥ 0, (16)

ScT2(k) =
1

2Nk2

〈∣∣∣∣∣ N

∑
i=1

(σi × k)exp(ik · ri)

∣∣∣∣∣
2〉

= Sc2(k) +
ST1(k)

6
+

ST0(k)
6

≥ 0, (17)

ScT3(k) =
1

Nk2

〈∣∣∣∣∣ N

∑
i=1

τi(σi · k)exp(ik · ri)

∣∣∣∣∣
2〉

= Sc4(k)−
ST1(k)

9
+

ST0(k)
3

≥ 0, (18)

ScT4(k) =
1

2Nk2

〈∣∣∣∣∣ N

∑
i=1

τi(σi × k)exp(ik · ri)

∣∣∣∣∣
2〉

= Sc4(k) +
ST1(k)

18
− ST0(k)

6
≥ 0, (19)

with STt(k) being

STt(k) = 4πρ
∫ ∞

0
FTt(r)j2(kr)r2dr. (20)

The following structure functions are also necessary:

SSOt(k) = 4πρ
∫ ∞

0
FSOt(r)

j1(kr)
kFr

r2dr. (21)

Using these distribution functions and structure functions, we express the energy per
nucleon of SNM at zero temperature as follows:

E
N

=
3
5

EF +
EV

N
+

ETF

N
+

ETS

N
+

ETN

N
. (22)
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Here, EF = h̄2k2
F/2m is the Fermi energy, and kF =

(
3π2ρ

/
2)1/3 is the Fermi wave number.

The second term on the right-hand side of Equation (22) is the potential energy, which is
expressed as follows:

EV

N
= 2πρ

∫ ∞

0

1

∑
t=0

[
1

∑
s=0

Fts(r)VCts(r) + FTt(r)VTt(r) + FSOt(r)VSOt(r)

]
r2dr. (23)

This is the exact expression for the potential energy expectation value. The remaining
terms on the right-hand side of Equation (22) represent the kinetic energy caused by
the correlation between nucleons. In particular, the third term on the right-hand side of
Equation (22), ETF/N, is expressed using the auxiliary functions FCts(r), gTt(r), and gSOt(r):

ETF

N
=

πh̄2ρ

2m

∫ ∞

0

1

∑
t=0

1

∑
s=0

FCts(r)
[

1
FCts(r)

dFCts(r)
dr

− 1
FFts(r)

dFFts(r)
dr

]2

r2dr

+
2πh̄2ρ

m

∫ ∞

0

1

∑
t=0

[
8

{[
dgTt(r)

dr

]2

+
6
r2 [gTt(r)]2

}
FFts(r)

+
2
3

[
dgSOt(r)

dr

]2

FqFt1(r)

]
r2dr. (24)

In contrast, the next term, ETS/N, is expressed with the structure functions

ETS

N
= − h̄2

16π2mρ

∫ ∞

0
∑

n=1,3
n
[Scn(k)− 3 + 2ScF(k)][Scn(k)− ScF(k)]2

Scn(k)/ScF(k)
k4dk

− h̄2

16π2mρ

∫ ∞

0

4

∑
n=1

wn
[ScTn(k)− 3 + 2ScF(k)][ScTn(k)− ScF(k)]2

ScTn(k)/ScF(k)
k4dk

− h̄2

16π2mρ

∫ ∞

0
∑

n=1,3

15
2

n
[Scn(k)− SSOF(k)]

Scn(k)/ScF(k)
[TSOn(k)]2k4dk

− h̄2

16π2mρ

∫ ∞

0
∑

n=2,4

15
2

wn
[ScTn(k)− SSOF(k)]

ScTn(k)/ScF(k)
[TSOn(k)]2k4dk. (25)

Here, ScF(k) is the structure function of the non-interacting Fermi gas, which is given by

ScF(k) =

 3k
4kF

− 1
16

(
k

kF

)3
for k ≤ 2kF

1 for k ≥ 2kF.
(26)

Furthermore, SSOF(k) in Equation (25) is given by

SSOF(k) =
5
3

ScF(k)−
5
3
− 25

12
Sl1(k) +

25
3

SFa(k) +
5
3

SFb(k) (27)

with

Sl1(k) = 4πρ
∫ ∞

0

[
dl(kFr)

dr
1
kF

]2 j1(kr)
kr

r2dr, (28)

SFa(k) = 4πρ
∫ ∞

0

dl(kFr)
dr

[
d2l(kFr)

dr2 − 1
r

dl(kFr)
dr

]
1
k2

F

j2(kr)
kr

1
k

r2dr, (29)

and

SFb = 4πρ
∫ ∞

0
l(kFr)

dl(kFr)
dr

j1(kr)
1
k

r2dr. (30)



Particles 2025, 8, 11 6 of 25

In addition, we have

TSOn(k) =

SSO1(k) + SSO0(k) n = 1, 2
1
3 SSO1(k)− SSO0(k) n = 3, 4,

(31)

and (w1, w2, w3, w4) = (1, 2, 3, 6). The explicit functional form of the last term on the
right-hand side of Equation (22), ETN/N, is presented in Appendix A.

The EEF given in Equation (22) is constructed so as to satisfy the following conditions:
(1) The energy per nucleon E/N for SNM is expressed as an explicit functional of

Fcts(r), gTt(r), and gSOt(r) such that the Euler–Lagrange equations are derived directly
from the EEF through the variational procedure.

(2) The two-body potential energy per nucleon, EV/N, is expressed exactly.
(3) To express the kinetic energy caused by the correlation between nucleons, we

temporarily assume the following Jastrow-type wave function:

Ψ(x1, . . . , xN) = Sym

[
∏
i<j

fij

]
ΦF(x1, . . . , xN). (32)

Here, Sym[] on the right-hand side of Equation (32) is a symmetrizer with respect to the
order of the factors in the product, and fij is the correlation function between the (i, j)
nucleon pair, given by

fij =
1

∑
t=0

1

∑
s=0

[
fCts(rij) + s fTt(rij)STij + s fSOt(rij)(s · Lij)

]
Ptsij. (33)

Subsequently, the expectation value of the two-body Hamiltonian H with the Jastrow
wave function Ψ(x1, . . . , xN) is expanded into cluster terms [9]. Using the cluster terms,
the kinetic energy expression derived from the correlations is constructed as follows:

(3a) The two-body cluster terms are included exactly. This is the reason why the auxil-
iary functions FCts(r), gTt(r), and gSOt(r) are introduced. When we impose the two-body
cluster approximations of FCts(r), gTt(r), and gSOt(r) as [ fCts(r)]

2FFts(r), fTt(r), and fSOt(r),
respectively, ETF/N is reduced to a two-body cluster expression for the kinetic energy
caused by the correlation between nucleons, and the right-hand sides of Equations (6)–(8)
are reduced to the two-body cluster approximations of Fts(r), FTt(r), and FSOt(r), respec-
tively. Note that ETF/N includes the three-body cluster and higher-order cluster terms
because the auxiliary functions, originally defined as the solutions to Equations (6)–(8), also
include higher-order cluster terms.

(3b) ETF/N is found to be insufficient for representing the main part of the three-body
cluster terms caused by the correlations (i.e., the three-body cluster direct terms that are
the lowest (third) order in the correlation hij = fij − 1). In the case of PNM with central
correlations only, the corresponding three-body cluster direct lowest-order terms are shown
in Equation (3.11) in [21], and to incorporate these cluster terms, Equation (3.17) was
proposed in [21].

In the case of SNM including the tensor and spin-orbit potentials, the corresponding
three-body cluster terms are much more complicated. In particular, the spin-orbit correla-
tion function fSOt(rij)(s · Lij) is introduced to describe the correlation between nucleons
caused by the nuclear spin-orbit force involving the gradient operator, and it operates on
the other correlation functions to generate complicated cluster terms. In this study, for
simplicity, we employ an approximation in which the gradient operator Lij involved in fij

operates only on the one-body component of the wave function ΦF(x1, . . . , xN). In other
words, the contribution of Lij in fij operating on f jk is ignored.
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(3c) Furthermore, we include the lowest-order two-particle exchange three-body
cluster terms. In the case of PNM with a central force, the corresponding cluster terms are
the part of Equation (3.18) in [21] which is proportional to [l(r23)]

2. Then, the three-body
cluster terms which should be added to ETF/N are expressed in Equation (25), with the
denominators in the integrands set to zero.

(3d) Moreover, we include the three-body cluster nodal diagrams (separable diagrams)
which are of the lowest order (fourth order) in hij. As pointed out in [22], where the central
and tensor components of the two-body nuclear potential are considered for SNM, the
contributions of the nodal diagrams are significant. Furthermore, even for PNM with
central, tensor, and spin-orbit forces, the nodal diagrams play a crucial role, as reported
in [23]. In the current EEF, ETN/N represents the contribution of the corresponding nodal
diagrams.

(4) Finally, we introduce the denominators in the integrands of ETS/N in Equation (25)
(i.e., Scn(k)/ScF(k) and ScTn(k)/ScF(k)) for the following two reasons.

(4a) Without denominators, ETS/N is a harmful term which approaches negative
infinity through the variational procedure. The true EEF must exclude these harmful terms.
Therefore, we introduce denominators which transform ETS/N without the denominators
into harmless terms, ensuring their finiteness through a variational procedure.

(4b) The introduction of the denominators Scn(k)/ScF(k) or ScTn(k)/ScF(k) into ETS/N
guarantees inequalities for the structure functions shown in Equations (11)–(19). As shown
in the inequalities, the exact structure functions Scn(k) and ScTn(k) must be nonnegative,
and the true EEF is expected to guarantee the inequalities for the structure functions.
In fact, when Scn(k) or ScTn(k) approaches zero from the positive side, ETS/N becomes
positively large, which is not preferable for minimizing the total energy. Therefore, the
structure functions remain positive because of the denominators. Note that the contribution
of the denominators corresponds to the fourth- and higher-order cluster terms, and the
introduction of the denominators in ETS/N does not affect the three-body cluster terms
considered in (3b) and (3c). In fact, for the simplest case of uniform fermion systems,
the EEF with the denominator is derived directly through the Fermi hypernetted chain
method [4].

As explained in the Introduction, we constructed the EEF for PNM with the two-body
central, tensor, and spin-orbit potentials in [23]. The obtained results are in good agreement
with the results of the AFDMC calculations. Therefore, in this study, we construct the
EEF for SNM with central, tensor, and spin-orbit potentials in a similar manner. The only
difference is that in [23], we included a part of the three-body cluster terms where Lij in fij

acts on f jk.

2.2. Results for Symmetric Nuclear Matter with the Argonne v8’ Potential

This subsection shows the numerical results for the energy per nucleon of SNM with
the Argonne v8’ potential. The Euler–Lagrange equations for FCts(r), gTt(r), and gSOt(r)
are derived from the EEF (Equation (22)) through the variational procedure and then solved
numerically for various densities ρ to obtain the E/N.

Figure 1 shows the energy per nucleon of SNM with the Argonne v8’ potential as a
function of ρ. The result with the EEF given in Equation (22) is indicated by red circles. We
note that the calculated saturation point deviated from the empirical saturation point [26]
because the higher-order components in the two-body nuclear force and the three-body
nuclear force were not considered in the current calculations.
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Figure 1. Energy per nucleon of SNM with the Argonne v8’ potential as a function of the density ρ.
The results obtained with the BHF, SCGF, BBG, and FHNC methods are also shown in black, dark
green, purple, and light green lines, respectively. The open red circles represent the solutions where
the Mayer condition was violated, while the filled red circles represent the case where the Mayer
condition was satisfied. The open blue squares represent the case using the Argonne v6’ potential.
The small red square represents the empirical saturation point [26].

In Figure 1, the filled circles satisfy the Mayer condition, which is expressed as
Sc1(0) = 0, while the open circles violate the Mayer condition. Since the Mayer condition
represents the nucleon number conservation, the violation of the Mayer condition would
imply the formation of nucleon clusters. Therefore, it is reasonable that the Mayer condition
is violated at densities lower than the calculated saturation density where the uniform
distribution becomes unstable. At higher densities, on the other hand, the Mayer condition
is automatically satisfied, which is also reasonable.

The blue circles with the dashed curve in Figure 1 represent the energy per nucleon
without ETN/N. The nodal diagrams show an increase in energy. In contrast, the blue
circles with the solid curve represent the energy per nucleon without the lowest-order two-
particle exchange three-body cluster terms, which include the spin-orbit correlation function
fSOt(r) (i.e., the EEF with SSOF(k) in ETS/N replaced by 3 − 2ScF(k)). The lowest-order
two-particle exchange three-body cluster terms which include the spin-orbit correlation
function slightly lowered the total energy per nucleon.

The energies per nucleon of SNM with the Argonne v8’ potential calculated via the
Brueckner–Hartree–Fock (BHF), self-consistent Green’s function (SCGF), Brueckner–Bethe–
Goldstone (BBG) [27], and Fermi hypernetted chain (FHNC) methods [28] are also shown in
Figure 1. To the best of our knowledge, results with the AFDMC method are not available.
However, our results were lower than these results. This discrepancy can be attributed to
the absence of three-body cluster terms where Lij in the spin-orbit operator fSOt(rij)(s · Lij)

operates on another correlation f jk, as mentioned above. Therefore, inclusion of the cluster
terms of this type is urgently required.

Here we note that in the case of the BHF method, the medium effect plays an important
role in the saturation, while in the case of the variational method, the higher-order cluster
terms are inevitable for reliable results, although the relation between them is rather
complicated [4]. In any case, since it is known that the lowest-order cluster variational
method is insufficient without any constraints, the inclusion of the various appropriate
higher-order cluster terms in the EEF is inevitable to obtain reliable numerical results. It
should also be noted that there are no technical difficulties in numerical calculations up to
a high density of 1 fm−3. This is one of the advantages of the present variational method.
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Finally, the blue open squares in Figure 1 show the energy per nucleon of SNM
obtained through the EEF variational method with the Argonne v6’ potential [29]. Here,
the Argonne v6’ potential consists of the two-body central and tensor components [30].
Although these components are not equal to those of the Argonne v8’ potential, it can be
seen that the two-body spin-orbit force significantly lowers the E/N of SNM, which is
qualitatively consistent with other many-body calculations [27]. For a more quantitative
discussion, the inclusion of the above-mentioned kinetic energy caused by the correlations
is necessary.

The spin-isospin-dependent radial distribution functions, Fts(r), are shown in Figure 2
for ρ = 0.08, 0.56, and 0.96 fm−3, respectively. The Fts(r) values are close to zero at small
values of r, owing to the repulsive core of the nuclear potential. As r increases, the even-
state distribution functions F10(r) and F01(r) have peaks near r ∼ 1 fm caused by the
attraction of the even-state nuclear force, contrary to the case of the odd-state functions
F11(r) and F00(r), where the attraction is weak.

Figure 2. Spin-isospin-dependent radial distribution functions Fts(r) as functions of the distance
between nucleons r at ρ = 0.08, 0.56, and 0.96 fm−3.

It should be noted that the bump of F11(r) near r ∼ 3 fm at ρ = 0.08 fm−3 in Figure 2
is caused by the healing distance. In the current numerical calculations, the solutions to
the Euler–Lagrange equations do not converge at some densities without any constraints,
and in order to obtain the converged solutions, we introduced the healing distance rh such
that at r = rh, the auxiliary functions FCts(r), gTt(r), and gSOt(r) reduce to their asymptotic
values FCts(∞) = (2s + 1)(2t + 1)/16 and gTt(∞) = gSOt(∞) = 0 , respectively. In this
study, the healing distance was chosen to be rh = 5 fm. On the other hand, Fts(r) at ρ = 0.56
and 0.96 fm−3 are similar to each other because they are at the densities higher than the
saturation density where the uniform distribution is stable. The amplitudes of F10(r) and
F01(r) at ρ = 0.56 fm−3 near r ∼ 1 fm are slightly larger than those at ρ = 0.96 fm−3 because
the mean distance between nucleons decreases with an increasing density.

The tensor distribution functions FTt(r) and the spin-orbit distribution functions
FSOt(r) are shown in Figure 3 at ρ = 0.08, 0.56, and 0.96 fm−3. The signs of FT1(r) and
FT0(r) are opposite to each other and are determined by the relative phase between fCt1(r)
and fTt(r). The extremely large peak of FT0(r) can also be observed near r ∼1 fm at
ρ = 0.08 fm−3, which is caused by the violation of the Mayer condition (i.e., the formation
of deuteron clusters at low densities).
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Figure 3. Isospin-dependent tensor distribution functions FTt(r) and spin-orbit distribution functions
FSOt(r) as functions of the distance between nucleons r at ρ = 0.08, 0.56, and 0.96 fm−3.

It should be noted that the present results do not necessarily imply that the deuteron
clusters are actually formed; the formation of clusters heavier than deuterons, such as α

clusters, is expected in a more realistic case [31]. The present calculations emphasize the
formation of deuteron clusters because the Hamiltonian and the many-body method are
not suitable for describing the formation of heavier clusters.

Similar to FTt(r), the signs of FSOt(r) are governed by the phases of fSOt(r) relative
to fCt1(r). Furthermore, as in the case of Fts(r), FTt(r), and FSOt(r) at ρ = 0.56 fm−3 and
those at ρ = 0.96 fm−3, they are close to each other, but the amplitudes of the functions at
ρ = 0.56 fm−3 are slightly larger for the same reasons given above for F10(r) and F01(r).
Here, we note that the introduction of the healing distance affects E/N only slightly. E/N
is governed by the explicit form of the energy expression.

Figure 4 shows the structure functions Scn(k)(n = 1 ∼ 4) at various densities. As
mentioned previously, the Mayer condition Sc1(0) = 0 is violated at relatively low densities.
Conversely, as the density increases, Sc1(0) approaches zero, thereby satisfying the Mayer
condition. In contrast to Sc1(k), Scn(k) with n = 2, 3, 4 converge to zero as k approaches
zero. Additionally, at a given density ρ, the differences between Scn(k) with n = 2, 3, 4 are
not remarkable.

Figure 4. Structure functions Scn(k) as functions of the wave number k at various densities ρ.

The tensor structure functions ScTn(k) are shown in Figure 5. Among these, ScT3(k) is
related to pion condensation. In fact, ScT3(k) corresponds to the sum of the isovector spin-
longitudinal response given in Equation (5.3) in [32], and the peak of ScT3(k) is a signature
of neutral-pion condensation because it minimizes the mean energy of the response (5.10)
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in [32]. The pion-condensed phase is established when the energy vanishes. As shown in
Figure 5, no substantial peaks were observed in ScT3(k), implying that pion condensation
did not occur in the current calculation. This result is reasonable since the three-body
nuclear potential was not taken into account in the current calculations; In the case of the
Fermi hypernetted chain method, pion condensation did not occur for SNM without the
three-body nuclear force, as reported in [32]. Our results agree with these results.

Figure 5. Tensor structure functions ScTn(k) as functions of the wave number k.

Finally, through the procedure of the numerical studies reported above, it was found
that E/N for neutron matter with the Argonne v8’ potential given in [23] was inaccurate;
the details are provided in Appendix B.

3. Explicit Energy Functional of Pure Neutron Matter at a Finite Temperature
3.1. Construction of the Energy Functional at a Finite Temperature

In this subsection, we report on an extension of our variational theory to nuclear
matter at a finite temperature. In the following, we consider PNM, and the Hamiltonian is
chosen to be the same as that given in Equation (1). As reported in previous studies, we
employed the variational method proposed by Schmidt and Pandharipande [11]. In this
method, the free energy per nucleon F/N of PNM at a temperature T is given by

F
N

=
ET0

N
− T

S0

N
, (34)

where ET0/N and S0/N are the approximate internal energy and approximate entropy per
nucleon, respectively.

To construct the approximate internal energy ET0/N using the method by Schmidt
and Pandharipande, the energy per nucleon of PNM at zero temperature is first obtained as
the expectation value of H/N with the Jastrow wave function Ψ(x1, . . . , xN) for PNM; that
is, ⟨Ψ|H|Ψ⟩/⟨Ψ|Ψ⟩. In general, ⟨Ψ|H|Ψ⟩/⟨Ψ|Ψ⟩ is then cluster-expanded, typically using
the Fermi hypernetted chain technique to obtain the energy per neutron of PNM EJ/N,
which includes the Slater function l(kFnr) with kFn = (3π2ρ)1/3. In the method proposed
by Schmidt and Pandharipande, the one-body kinetic energy 3/5EF in EJ/N is replaced by

ET1

N
=

1
π2ρ

∫ ∞

0
n(k)

h̄2k2

2m
k2dk. (35)
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In addition, the Slater functions appeared in EJ/N are replaced by

l(r, T) =
1

π2ρ

∫ ∞

0
n(k)j0(kr)k2dk (36)

to obtain the approximate internal energy ET0/N, where n(k) is the averaged occupation
probability of quasi-neutron states:

n(k) =
{

1 + exp
[

ε(k)− µ0

kBT

]}−1

. (37)

In Equation (37), ε(k) = h̄2k2/(2m∗) denotes the quasi-neutron energy, and m∗ denotes the
quasi-neutron effective mass. In addition, µ0 in Equation (37) is determined to satisfy the
following normalization condition:

ρ =
1

π2

∫ ∞

0
n(k)k2dk. (38)

Furthermore, the approximate entropy per neutron S0/N is given by

S0

N
= − kB

πρ

∫ ∞

0
{[1 − n(k)] ln[1 − n(k)] + n(k) ln n(k)}k2dk, (39)

Subsequently, the total free energy F/N is minimized with respect to the effective mass m∗.
This method was originally based on Landau’s Fermi liquid theory at low tempera-

tures and was validated by Mukherjee and Pandharipande [33] using the correlated basis
function method. This method has also been used to extend the nuclear EOS by APR
to nuclear matter at finite temperatures [10]. Consequently, we employ the method of
Schmidt and Pandharipande [11] to extend our variational method to nuclear matter at
finite temperatures.

Note that in our method, not all Slater functions are shown explicitly in E/N for PNM.
The EEF constructed using our variational method for PNM is analogous to Equation (22),
expressed with Fs(r), FT(r), and FSO(r) or, more precisely, the auxiliary functions FCs(r),
gT(r), and gSO(r), as for SNM (Equations (6)–(8)). They are originally defined using the
general wave function Ψ(x1, . . . , xN) rather than the Jastrow wave function, which is similar
to the case of SNM (Equations (3)–(5)). Because the part of the EEF expressed with auxiliary
functions includes the Slater functions only implicitly, the Schmidt and Pandharipande
method cannot be directly applied to our variational method.

Therefore, in our variational method, we minimize the free energy per neutron with
respect to not only the neutron effective mass but also the correlation between neutrons.
In other words, the free energy per neutron is minimized with respect to the two-body
distribution functions and the effective mass.

In other words, we start with the EEF of PNM at zero temperature, which is expressed
by Fs(r), FT(r), and FSO(r) or, more precisely, the auxiliary functions FCs(r), gT(r), and
gSO(r). Furthermore, the EEF includes FFs(r) and FqFs(r), which correspond to FFts(r) and
FqFts(r) for SNM given by Equations (9) and (10), respectively. Because FFs(r) and FqFs(r)
correspond to the following neutron occupation probability n0(k) = Θ(kF − k), we replace
n0(k) with n(k), given by Equation (37), to define the functions at finite temperatures
FFs(r, T) and FqFs(r, T). In addition, Fs(r), FT(r), and FSO(r) appearing in E/N are replaced
by the corresponding functions at finite temperatures Fs(r, T), FT(r, T), and FSO(r.T). Cor-
respondingly, the auxiliary functions at finite temperatures FCs(r, T), gT(r, T), and gSO(r, T)
are introduced, as in the zero-temperature case. Furthermore, the structure functions at
finite temperatures Scn(k, T) and ScTn(k, T) are defined using the Fourier transforms of



Particles 2025, 8, 11 13 of 25

Fs(r, T), FT(r, T), and FSO(r.T), as in the case at zero temperature. Finally, the one-body
kinetic energy 3/5EF is replaced by ET1/N as shown in Equation (35).

Thus, E/N at zero temperature is rewritten as the approximate internal energy per
neutron ET0/N, whose explicit expression is given in Appendix C. Using this ET0/N,
the free energy per neutron F/N is given by Equation (34) with S0/N as expressed in
Equation (39). Then, for a given ρ and T, F/N is minimized with respect to FCs(r, T),
gT(r, T), gSO(r, T), and m∗; that is, for a fixed value of m∗, the Euler–Lagrange equations
for FCs(r, T), gT(r, T), and gSO(r, T) are solved numerically, and then the obtained F/N is
minimized with respect to m∗. As mentioned in the Introduction, in [22], we extended the
EEF at zero temperature with the central and tensor forces to the finite-temperatures case
and obtained reasonable results. In this study, we perform a similar extension for PNM
including the spin-orbit force.

Here, we note that, for simplicity, in the two-particle exchange three-body cluster
terms, the T dependence is considered only partially, the details of which are explained in
Appendix C (Sl1(k), SFa(k), and SFb(k) in Equations (A52)–(A54)).

3.2. Results for Pure Neutron Matter with the Argonne v8’ Potential

In this subsection, we discuss the numerical results of the thermodynamic quantities and
related functions for PNM interacting through the Argonne v8’ potential using our variational
method. Figure 6 shows the free energy per neutron F/N of PNM as a function of the
neutron number density ρ. Overall, F/N showed reasonable behavior; as T increased, F/N
decreased. It should be noted that in the present numerical calculations, we introduced the
healing distance as in the case of SNM at zero temperature; otherwise, the solutions for the
Euler–Lagrange equations at low densities or high temperatures diverged, violating the Mayer
condition. In other words, we imposed that FCs(r, T) = Fs(∞), gT(r, T) = gSO(r, T) = 0 at
r ≥ rh, where rh was chosen to be 5 fm, as in the case of SNM.

Figure 6. Free energies per neutron F/N of PNM as a function of the neutron number density ρ

with the Argonne v8’ potential. The black, blue, green, and red lines represent T = 0, 10, 20, and
30 MeV, respectively.

Figure 7 shows the approximate entropy per neutron S0/N of PNM as a function of
the neutron number density ρ. The behavior of S0/N was reasonable; it increased with
the temperature T and decreased with increasing ρ values. The entropy per neutron S/N,
derived from the free energy per neutron F/N, is also shown in this figure. Here, S/N is
given by

S
N

= − ∂

∂T

(
F
N

)
ρ

. (40)
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As can be seen in this figure, the S/N value obtained by the thermodynamic relation was in
excellent agreement with the approximated S0/N, thereby indicating the self-consistency of
the current calculation.

Figure 7. Approximate entropies per neutron S0/N of PNM as a function of the neutron number
density ρ with the Argonne v8’ potential. Entropies per neutron S/N derived from the free energy
per neutron F/N by the thermodynamic relation are also shown. Solid lines represent the entropies,
while dashed lines represent the approximated entropies. The black, blue, and red lines represent the
cases of T = 10, 20, and 30 MeV, respectively.

Figure 8 shows the approximate internal energy per neutron ET0/N as a function of
the neutron number density ρ. The behavior of ET0/N was also reasonable; that is, as T
increased, ET0/N increased from E/N at zero temperature. Furthermore, ET0/N increased
to a greater extent at lower densities. The internal energy per neutron ET/N, derived from
F/N, is shown in this figure. The ET/N value obtained by the thermodynamic relation was
also in excellent agreement with the approximated ET0/N because of the self-consistency
of S/N (ET0/N = F/N + TS0/N and ET/N = F/N + TS/N).

Figure 8. Approximate internal energy per neutron ET0/N of PNM as a function of the neutron
number density ρ with the Argonne v8’ potential. The internal energy per neutron ET/N, derived
from the free energy per neutron F/N by the thermodynamic relation, is also shown. The solid lines
represent the internal energies, while the dashed lines represent the approximated internal energies.
The black, blue, and red lines represent the cases of T = 10, 20, and 30 MeV, respectively.

Figure 9 shows the effective masses of a neutron normalized by the bare neutron mass
as a function of the neutron number density ρ. At relatively low densities, reasonable
behavior was observed; that is, m∗ decreased as ρ increased. Furthermore, m∗ approached
the value of the bare neutron mass m as T increased. However, as the density increased,
m∗ reached a minimum value and then increased. This behavior is inconsistent with the
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standard results for the nucleon effective mass in nuclear matter with the two-body force,
which typically decreases monotonically with the density [34,35]. This implies that as the
density increases, it may no longer be appropriate to consider m∗ as the effective neutron
mass. The physical interpretation of m∗ is left for future work.

Figure 9. Neutron effective masses normalized by the bare neutron mass as a function of the
neutron number density ρ. The blue, green, and red lines represent the results at T = 10, 20, and
30 MeV, respectively.

Figure 10 shows spin-dependent radial distribution functions Fs(r, T)(s = 0, 1) at
temperatures T = 0 and 30 MeV and densities ρ = 0.08 and 0.6 fm−3. In the singlet even
channel, starting from a small value near the origin, owing to the nuclear repulsive core,
F0(r, T) peaked as r increased, owing to the nuclear attractive force, and then converged to
F0(∞, T) = 1/4. At a density of ρ = 0.6 fm−3, the T dependence was not strong because of
the short mean distance between neutrons. However, at ρ = 0.08 fm−3, with a longer mean
distance, the amplitudes of F0(r, T) became larger. For the triplet odd channel, F1(r, T) had
no peaks because the attractive component was absent in the nuclear force. The bumps on
F1(r, T) at ρ = 0.08 fm−3 correspond to the tendency to violate the Mayer condition. This
tendency was emphasized at the finite temperature of T = 30 MeV.

Figure 10. Spin-dependent radial distribution functions Fs(r, T) for PNM at zero (T = 0 MeV) and
finite temperatures (T = 30 MeV). The results at ρ = 0.08 fm−3 and ρ = 0.6 fm−3 are shown.

Figure 11 shows the tensor distribution functions FT(r, T) and spin-orbit distribution
functions FSO(r, T) at temperatures T = 0 and 30 MeV and densities ρ = 0.08 and 0.6 fm−3.
As mentioned in the context of SNM, the signs of FT(r, T) and FSO(r, T) were determined
by the phases of the tensor and spin-orbit correlations relative to the central correlations
between neutrons, respectively. At the density ρ = 0.6 fm−3, the peaks of FT(r, T) and
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FSO(r, T) were at r ∼ 1 fm, whose T dependence was not so strong. On the other hand,
for ρ = 0.08 fm−3, the average distance between neutrons increased, and the amplitude of
FT(r, T) increased with the temperature, as in the case of Fs(r, T).

Figure 11. Tensor distribution functions FT(r, T) and spin-orbit distribution functions FSO(r, T) for
PNM at zero (T = 0 MeV) and finite temperatures (T = 30 MeV). The results at ρ = 0.08 and
ρ = 0.6 fm−3 are shown.

Figure 12 shows structure functions Scn(k, T) at temperatures T = 0 and 30 MeV with
densities ρ = 0.08 and 0.6 fm−3. At a density ρ = 0.08 fm−3, the Mayer condition was
largely violated even at zero temperature, which may be related to the S-wave pairing
instability [36], since the phase transition of PNM to a superfluid is expected at subnuclear
densities. To confirm this consideration, it will be necessary to extend our variational
method to treat the pairing phase, which will be a future problem. At T = 30 MeV, the
violation of the Mayer condition increased. At the density ρ = 0.6 fm−3, a slight violation
of the Mayer condition remained for both the zero-temperature and finite-temperature
cases. This was mainly due to the introduction of the healing distance.

Figure 12. Structure functions Scn(k, T) for PNM at zero (T = 0 MeV) and finite temperatures
(T = 30 MeV). The results at ρ = 0.08 fm−3, and ρ = 0.6 fm−3 are shown.

Figure 13 shows tensor structure functions ScTn(k, T) at temperatures T = 0 and
30 MeV with densities ρ = 0.08 and 0.6 fm−3. In contrast to Sc1(k), there was no enhance-
ment near the origin. It is noted that at ρ = 0.08 fm−3 and T = 30 MeV, the values of
ScT1(k, T) and ScT2(k, T) were identical at the origin because Sc2(k, T) had the same value
at the origin. As shown in Equations (A44) and (A45), ScT1(k, T) and ScT2(k, T) differed
from Sc2(k, T) in ST(k, T), which vanished at the origin.
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Figure 13. Structure functions ScTn(k, T) for PNM at zero (T = 0 MeV) and finite temperatures
(T = 30 MeV). The results at ρ = 0.08 fm−3 and ρ = 0.6 fm−3 are shown.

4. Summary and Concluding Remarks
In this study, we extended the variational method with an explicit energy functional

(EEF) in two aspects. First, we considered the spin-orbit component of the nuclear force to
construct an EEF for SNM at zero temperature and calculated the energy per nucleon of
SNM using the Argonne v8’ two-body nuclear potential. The spin-orbit forces significantly
lowered the energy per nucleon of SNM, which is consistent with the results when using
other many-body techniques. It was also observed that the energies obtained with our
variational method tended to be lower than those obtained with other quantum many-
body methods, mainly because of the absence of the effect of the relative orbital angular
momentum operator Lij in the spin-orbit correlation function fSOt(rij)(s · Lij) acting on
other correlation functions f jk. Consequently, the inclusion of these effects in the EEF is a
crucial issue to be studied in the future.

Second, we extended the EEF for PNM at zero temperature, including the spin-orbit
force to PNM at finite temperatures, using the method by Schmidt and Pandharipande.
With the Argonne v8’ potential as the two-body nuclear force, the calculated free energy
per neutron exhibited reasonable behavior as a function of the density and temperature. In
addition, thermodynamic self-consistency was validated.

Here, we note that the effect of the spin-orbit force on E/N of PNM depends on the
many-body techniques employed. Specifically, the spin-orbit contribution was rather weak
in the SCGF, FHNC, and AFDMC methods, while it significantly reduced the energy in the
BHF method [37]. In the present variational method, at zero temperature, the E/N of PNM
with the Argonne v8’ potential and that with the Argonne v6’ potential [22] were close to
each other, as seen in Figure A1; The spin-orbit force slightly decreased the energy at low
densities but increased it at higher densities. Therefore, the effect of the spin-orbit force is
expected to be less pronounced even for hot PNM, although detailed studies are left for
future work.

Furthermore, ensuring the Mayer’s condition is important. In the present study, we
imposed the Mayer’s condition by introducing a healing distance. However, this method
is not appropriate because, for example, a bump of Sc2(k) at k ∼ 2 fm−1 was found to be
exaggerated by the introduction of the healing distance. Therefore, a more sophisticated
approach is desirable to guarantee the Mayer’s condition.

After refining the EEF for PNM and SNM at zero and finite temperatures with the
spin-orbit force, we will next include the |Lij|2 and (s · Lij)

2 parts of the two-body nuclear
force as given in the Argonne v18 potential, and then we will take into account the three-
body nuclear force, such as the Urbana IX potential. At this stage, the total energy per
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nucleon of SNM at zero temperature must reproduce the empirical saturation point [26].
Finally, the extension of this theory to asymmetric nuclear matter [38] is an important step
toward its application to CCSNe.
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Appendix A. Energy Expression of Nodal Diagrams in EEF for Symmetric
Nuclear Matter at Zero Temperature

In this appendix, we present the explicit functional form of the ETN/N on the right-
hand side of Equation (22); in other words, we have

ETN

N
=

h̄2

2m

6

∑
n=1

cnanbn. (A1)

Here, an and bn are expressed as follows:

a1 = 4πρ
∫ ∞

0


[

dGI
C(r)
dr

]2

+ 8GI
C(r)

r2dr, (A2)

b1 = 4πρ
∫ ∞

0

[{[
GI

C(r)
]2

+ 8
[

gI
T(r)

]2
+

1
15

[
gI

SO(r)
]2
(kFr)2

}
+3

{[
GII

C(r)
]2

+ 8
[

gII
T(r)

]2
+

1
15

[
gII

SO(r)
]2
(kFr)2

}]
r2dr, (A3)

a2 = 4πρ
∫ ∞

0


[

dGII
C(r)
dr

]2

+ 8GII
C(r)

r2dr, (A4)

b2 = 4πρ
∫ ∞

0

[{[
GI

C(r)
]2

+ 8
[

gI
T(r)

]2
+

1
15

[
gI

SO(r)
]2
(kFr)2

}
+2

{[
GII

C(r)
]2

+ 8
[

gII
T(r)

]2
+

1
6

[
gII

SO(r)
]2
(kFr)2

}]
r2dr, (A5)

a3 = 4πρ
∫ ∞

0

[
dGIII

C (r)
dr

]2

r2dr. (A6)

b3 = 4πρ
∫ ∞

0

{[
GII

C(r)
]2

+ 8
[

gII
T(r)

]2
+

2
15

[
gII

SO(r)
]2
(kFr)2

}
r2dr, (A7)
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a4 = 4πρ
∫ ∞

0

[{
1
3

[
dHC1(r)

dr

]2

+

[
dHC0(r)

dr

]2
}
+ 6GII

T (r)

+
1

10

[
dgII

SO(r)
dr

]2

(kFr)2

r2dr, (A8)

b4 = 4πρ
∫ ∞

0

[
GIII

C (r)
]2

r2dr, (A9)

a5 = 4πρ
∫ ∞

0

[
dgI

SO(r)
dr

]2

(kFr)2r2dr, (A10)

b5 = 4πρ
∫ ∞

0

[{[
GI

C(r)
]2

+ 8
[

gI
T(r)

]2
+

109
1680

[
gI

SO(r)
]2
(kFr)2

}
+3

{[
GII

C(r)
]2

+ 8
[

gII
T(r)

]2
+

109
1680

[
gII

SO(r)
]2
(kFr)2

}]
r2dr, (A11)

a6 = 4πρ
∫ ∞

0

[
dgII

SO(r)
dr

]2

(kFr)2r2dr, (A12)

b6 = 4πρ
∫ [{[

GI
C(r)

]2
+ 8

[
gI

T(r)
]2

+
109

1680

[
gI

SO(r)
]2
(kFr)2

}
+5

{[
GII

C(r)
]2

+ 8
[

gII
T(r)

]2
+

433
2800

[
gII

SO(r)
]2
(kFr)2

}]
r2dr. (A13)

In the above expressions, we have

Gts(r) = FCts(r)− FFts(r), (A14)

GI
C(r) =

1
3

G11(r)− G10(r) +
1
3

G01(r)− G00(r), (A15)

GII
C(r) =

1
9

G11(r)−
1
3

G10(r)−
1
3

G01(r) + G00(r), (A16)

GIII
C (r) =

1
3

G11(r) +
1
3

G10(r)− G01(r)− G00(r), (A17)

HC1(r) =
1
3

G11(r)− G01(r), (A18)

HC0(r) =
1
3

G10(r)− G00(r), (A19)

gI
T(r) =

1
4
(3gT1(r) + gT0(r)), (A20)

gII
T(r) =

1
4
(gT1(r)− gT0(r)), (A21)

GI
T(r) =

[
dgI

T(r)
dr

]2

+
6
r2

[
gI

T(r)
]2

, (A22)

GII
T (r) =

[
dgII

T(r)
dr

]2

+
6
r2

[
gII

T(r)
]2

, (A23)

gI
SO(r) =

1
4
[3gSO1(r) + gSO0(r)], (A24)
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gII
SO(r) =

1
4
[gSO1(r)− gSO0(r)]. (A25)

Finally, cn in Equation (A1) is given by

(c1, c2, c3, c4, c5, c6) =

(
3
4

,
9
4

,
9
4

, 3,
1

20
,

3
20

)
. (A26)

Appendix B. Energy per Neutron of Pure Neutron Matter at Zero
Temperature with the Spin-Orbit Force

The energy per neutron of pure neutron matter at zero temperature with the Argonne
v8’ potential using the EEF variational method reported in [21] was found to be inaccurate
because of errors in the numerical code. Figure A1 shows the improved results using
the Argonne v8’ two-body nuclear potential. Also shown is E/N, which includes the
repulsive part of the Urbana IX three-body nuclear potential [7,8]. These were compared
with the results obtained using the AFDMC method both with and without the Urbana
IX three-body nuclear potential. This correction led to a slight increase in E/N at high
densities with the Argonne v8’ potential only. When the three-body nuclear potential was
considered, the deviation in the results became negligible.

Figure A1. Energy per neutron of PNM with the Argonne v8’ potential as a function of the density
ρ. Also shown is the energy per neutron of PNM with the Argonne v8’ potential and the repulsive
part of the Urbana IX three-body nuclear potential. They were compared with the results using the
AFDMC method. The blue open circles represents the energy per nucleon of PNM with the Argonne
v6’ potential [22].

Appendix C. Approximate Internal Energy Expression for Pure Neutron
Matter at a Finite Temperature

In this appendix, an explicit expression of the approximate internal energy per neutron
ET0/N for PNM is presented:
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ET0
N

=
ET1
N

+ 2πρ
∫ ∞

0

[
1

∑
s=0

Fs(r, T)VC1s(r) + FT(r, T)VT1(r) + FSO(r, T)VSO1(r)

]
r2dr

+
π2h̄2ρ

2m

∫ ∞

0

1

∑
s=0

[
1

FCs(r, T)
dFCs(r, T)

dr
− 1

FFs(r, T)
dFFs(r, T)

dr

]2
FCs(r, T)r2dr

+
2π2h̄2ρ

m

∫ ∞

0

[
8

{[
dgT(r, T)

dr

]2
+

6
r2 [gT(r, T)]2

}
FF1(r, T)

+
2
3

[
dgSO(r, T)

dr

]2
FqF1(r, T)

]
r2dr

− h̄2

16π2mρ

∫ ∞

0

[Sc1(k, T)− Sex(k, T)][Sc1(k, T)− ScF(k, T)]2

Sc1(k, T)/ScF(k, T)
k4dk

− h̄2

16π2mρ

∫ ∞

0

2

∑
n=1

n
[ScTn(k, T)− Sex(k, T)][ScTn(k, T)− ScF(k, T)]2

ScTn(k, T)/ScF
(k, T)k4dk

− h̄2

16π2mρ

∫ ∞

0

15
2
[Sc1(k, T)− SFSO(k, T)][SSO(k, T)]2

Sc1(k, T)/ScF(k, T)
k4dk

− h̄2

16π2mρ

∫ ∞

0

15
2
[ScT2(k, T)− SFSO(k, T)][SSO(k, T)]2

ScT2(k, T)/ScF(k, T)
k4dk

+
h̄2

2m

3

∑
m=1

c(n)m a(n)m b(n)m . (A27)

Here, ET1/N in the first term on the right-hand side of Equation (A27) is given by
Equation (35). In the second term on the right-hand side of Equation (A27), Fs(r, T),
FT(r, T), and FSO(r, T) are the radial distribution functions, tensor distribution functions,
and spin-orbit distribution functions at finite temperatures, respectively, which are defined
as ensemble averages as follows:

Fs(r, T) = ∑
l

[
exp

(
− ENl

kBT

)]
Fsl(r)

[
∑

l
exp

(
− ENl

kBT

)]−1

, (A28)

FT(r, T) = ∑
l

[
exp

(
− ENl

kBT

)]
FTl(r)

[
∑

l
exp

(
− ENl

kBT

)]−1

, (A29)

FSO(r, T) = ∑
l

[
exp

(
− ENl

kBT

)]
FSOl(r)

[
∑

l
exp

(
− ENl

kBT

)]−1

. (A30)

Here, Fsl(r, T), FTl(r, T), and FSOl(r, T) are the radial distribution functions, tensor distribu-
tion functions, and spin-orbit distribution functions with the lth quantum state of PNM;
that is, we have

Fsl(r12) ≡ Ω2 ∑
spin

∫
Ψ†

l (x1, . . . , xN)Ps12Ψl(x1, . . . , xN)dr3 . . . drN , (A31)

FTl(r12) ≡ Ω2 ∑
spin

∫
Ψ†

l (x1, . . . , xN)ST12Ψl(x1, . . . , xN)dr3 . . . drN , (A32)

FSOl(r12) ≡ Ω2 ∑
spin

∫
Ψ†

l (x1, . . . , xN)(L · s)12Ψl(x1, . . . , xN)dr3 . . . drN , (A33)

where Ψl(x1, . . . , xN) is the wave function of the lth quantum state. ENl in Equations (A28)–(A30)
are the energy eigenvalues corresponding to Ψl(x1, . . . , xN). The auxiliary functions—that
is, the intrinsically central distribution functions FCs(r, T), the dressed tensor correlation
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functions gT(r, T), and the dressed spin-orbit correlation functions gSO(r, T) at a finite
temperature—are defined as the solutions of the following equations:

Fs(r, T) = FCs(r, T) + 8s[gT(r, T)]2FFs(r, T) +
2
3

s[gSO(r, T)]2FqFs(r, T), (A34)

FT(r, T) = 16
[√

FC1(r, T)FF1(r, T)gT(r, T)− [gT(r, T)]2FF1(r, T)
]

−2
3
[gSO(r, T)]2FqF1(r, T), (A35)

FSO(r, T) = −24[gT(r, T)]2FF1(r, T) +
4
3

[√
FC1(r, T)
FF1(r, T)

gT(r, T)− [gT(r, T)]2

4

−gT(r, T)gSO(r, T)]FqF1(r, T). (A36)

Here, FFs(r, T) and FqFs(r, T) are given by

FFs(r, T) =
2s + 1

4

[
1 + (−1)sl2(r, T)

]
, (A37)

FqFs(r, T) =
2s + 1

4

[
1
3

Qr2 − (−1)sr2l(r, T)U(r, T)
]

, (A38)

with
l(r, T) =

1
π2ρ

∫ ∞

0
n(k)j0(kr)k2dk, (A39)

Q =
1

π2ρ

∫ ∞

0
n(k)k4dk, (A40)

U(r, T) =
1

π2ρ

∫ ∞

0
n(k)

j1(kr)
kr

k4dk. (A41)

In Equations (A39)–(A41), n(k) is the averaged occupation probability of single quasi-
neutron states, given by Equation (37).

The fifth through eighth terms on the right-hand side of Equation (A27) are expressed
using structure functions at finite temperatures, which are defined as follows:

Sc1(k, T) ≡ 1
N

〈∣∣∣∣∣ N

∑
i=1

exp(ik · ri)

∣∣∣∣∣
2〉

T

= 1 + S1(k, T) + S0(k, T) ≥ 0, (A42)

Sc2(k, T) ≡ 1
3N

〈∣∣∣∣∣ N

∑
i=1

σi exp(ik · ri)

∣∣∣∣∣
2〉

T

= 1 +
1
3

S1(k, T)− S0(k, T) ≥ 0 (A43)

ScT1(k, T) ≡ 1
Nk2

〈∣∣∣∣∣ N

∑
i=1

(σi · k) exp(ik · ri)

∣∣∣∣∣
2〉

T

= Sc2(k, T)− 1
3

ST(k, T) ≥ 0, (A44)

ScT2(k, T) ≡ 1
2Nk2

〈∣∣∣∣∣ N

∑
i=1

(σi × k) exp(ik · ri)

∣∣∣∣∣
2〉

T

= Sc2(k, T) +
1
6

ST(k, T) ≥ 0. (A45)

Here, the parentheses with subscript T in the above equations represent the ensemble
averages at temperature T, and

Ss(k, T) = 4πρ
∫ ∞

0
[Fs(r, T)− Fs(∞, T)]j0(kr)r2dr, (A46)
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ST(k, T) = 4πρ
∫ ∞

0
FT(r, T)j2(kr)r2dr, (A47)

SSO(k, T) =
4πρ

3
√

3πρ

∫ ∞

0
FSO(r, T)

j1(kr)
r

r2dr. (A48)

Furthermore, Sex(k, T) is given by

Sex(k, T) = 3 − 2ScF(k, T). (A49)

In addition, SFSO(k, T) is given by

SFSO(k, T) =
1
3

ScF(k, T) +
2
3
+

5
3

Sl1(k) +
10
3

SFa(k) +
2
3

SFb(k), (A50)

ScF(k, T) = 1 − 2πρ
∫ ∞

0
[l(r, T)]2 j0(kr)r2dr, (A51)

Sl1(k) = 4πρ
∫ ∞

0
9
[

j2(kFnr)
kFnr

]2 j1(kr)
kr

r2dr, (A52)

SFa(k) = 4πρ
∫ ∞

0
9
[

j2(kFnr)
kFnr

][
j3(kFnr)

kFnr

]
j2(kr)

k2 kFnrdr, (A53)

SFb(k) = 4πρ
∫ ∞

0
9
[

j1(kFnr)
kFnr

][
j2(kFnr)

kFnr

]
j1(kr)

k
kFnr2dr. (A54)

Here, Sl1(k), SFa(k), and SFb(k) are functions related to the two-neutron exchange three-
body cluster terms caused by the spin-orbit correlation at zero temperature. It is noted that,
for simplicity, the T-dependence in Sl1(k), SFa(k), and SFb(k) are ignored in the present
study, and only ScF(k, T), given by Equation (A51), depends on T.

Finally, the quantities given in the last term on the right-hand side of Equation (A27)
are given by

a(n)1 = 4πρ
∫ ∞

0

{[
dGc(r, T)

dr

]2

+ 8GT(r, T)

}
r2dr, (A55)

a(n)2 = 4πρ(3πρ)
2
3

∫ ∞

0

[
dgSO(r, T)

dr

]2

r4dr, (A56)

a(n)3 = 4πρ
∫ ∞

0

[
d2Gc(r, T)

dr2

]
r2dr, (A57)

b(n)1 = 4πρ
∫ ∞

0

{
[Gc(r, T)]2 + 8[gT(r, T)]2 +

1
15

(3πρ)
2
3 [gSO(r, T)]2r2

}
r2dr, (A58)

b(n)2 = 4πρ
∫ ∞

0

{
[Gc(r, T)]2 + 8[gT(r, T)]2 +

109
1680

(3πρ)
2
3 [gSO(r, T)]2r2

}
r2dr, (A59)

b(n)3 = 4πρ
∫ ∞

0
[gSO(r, T)]2r4dr, (A60)

Gc(r, T) =
1
3

FC1(r, T)− FC0(r, T)− 1
3

FF1(r, T) + FF0(r, T), (A61)

GT(r, T) =
[

dgT(r, T)
dr

]2

+
6
r2 [gT(r, T)]2, (A62)

(
c(n)1 , c(n)2 , c(n)3

)
=

(
3
4

,
1

20
,

56
9

)
. (A63)
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