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Abstract

We solve the Goldstone-boson-exchange (GBE) relativistic constituent quark model of
light and strange baryons by using the Faddeev approach. The model reproduces the
vacuum mass spectrum of light and strange baryons below 2 GeV reasonably well. To
test the sensitivity of the model to possible medium-induced effects, we vary the masses
of the constituent quarks and the exchange bosons, the confinement strength, and the
quark–meson coupling constant. In a parametric study, we consider a set of power-law
scaling relations for these parameters, including some motivated by constituent quark-
level current algebra relations. We find that the baryon spectrum is most sensitive to the
quark–meson coupling constant, and generally observe a decrease in baryon mass with
decreasing constituent quark mass. We qualitatively estimate the impact of these mass
shifts on ideal-gas baryon yields and yield ratios. Absolute yields can already change
significantly for mass shifts of a few 10 MeV, whereas yield ratios are strongly modified
only when the compared baryons have different constituent quark mass dependence.

Keywords: relativistic potential model; chiral symmetry restoration; crossover phase
transition

PACS: 11.30.Rd; 12.39.Pn; 25.75.Nq; 21.45.+v

1. Introduction
When embedded in a medium at extreme density or temperature, baryons are often

described within a quasiparticle picture in which medium effects are encoded through
medium-dependent masses and chemical potentials. For instance, the saturation properties
of nuclear matter imply an effective or screened nucleon mass M∗

N due to a large attractive
scalar self-energy Σs [1]. Already at saturation density n0 ≈ 0.15 fm−3, it is significantly
reduced in comparison to the vacuum nucleon mass MN . Typical relativistic mean-field
(RMF) and covariant density-functional approaches give a reduced Dirac mass at saturation
of order M∗

N,0 ≈ (0.55 − 0.70)MN [2,3]; see also [4] for a review of dense matter equations
of state based on RMF models. Relativistic mean-field and nucleon potential models
essentially tie this effective mass reduction to meson exchange between nucleons. More
fundamentally, the constituent quark mass scale underlying the low-energy baryon mass
spectrum in QCD is associated with chiral symmetry breaking [5]. Consequently, a partial
restoration of chiral symmetry in hot or dense matter is expected to modify in-medium
hadron properties, including the baryon spectrum [6,7]. In the following, we use the term
in-medium mass in an effective sense. It denotes a generally model-dependent quasiparticle
mass parameter that encodes medium effects, including interactions with the surrounding
medium and changes in the dynamical quark mass scale associated with partial chiral
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symmetry restoration. It should therefore not be confused with a directly observable
vacuum mass or with a bare mass parameter of QCD.

The connection between dynamical chiral symmetry breaking (DχSB) and hadron masses
is particularly relevant near the QCD crossover temperature, TQCD ≈ (155± 5) MeV [8],
where lattice QCD and Dyson–Schwinger studies indicate a smooth crossover from hadron-
dominated and deconfined quark–gluon degrees of freedom accompanied by a chiral
transition, signaled by pronounced susceptibility peaks in close vicinity to TQCD [9–11].

Hadron-resonance gas (HRG) models are commonly used to interpret thermodynamic
observables in terms of an ensemble of thermal, (nearly) non-interacting hadrons with
constant vacuum hadron masses [12]. While this is a useful and successful approximation,
it is still a model assumption. If the dynamical mass of the constituent quarks changes
significantly, we expect a change in the hadron spectrum as well.

A self-consistent computation of the full baryon spectrum from QCD remains difficult.
Relativistic mean-field models describe medium effects in terms of baryonic self-energies,
motivated by meson exchanges which induce large vector and scalar mean fields. Although
attempts to account for medium-dependent baryon masses exist (e.g., in a mean-field
approach [13]), thermodynamic models often prescribe the baryon spectrum rather than
deriving it as three-quark bound states with underlying chiral dynamics [14]. Complemen-
tary phase-shift approaches reduce the dependence on an assumed resonance spectrum by
encoding interactions through scattering information [15].

In this work, instead of aiming at a full thermodynamic description of three-quark
bound states, we address the more limited question of how the baryon spectrum reacts to
changes in the dynamical constituent quark mass scale in the quark sector. To do so, we
solve the relativistic Faddeev equations within a potential model [16–18] that reproduces
the vacuum spectrum of light and strange baryons below 2 GeV. In vacuum, this Goldstone-
boson-exchange chiral quark model [19–22] reproduces the correct level ordering for the
light and strange baryons without requiring different sets of parameters for each spectrum.
Sections 2–4 review the model and provide the vacuum parameterization.

To estimate a possible medium-induced response of the baryon spectrum, we vary
the constituent quark masses as effective model parameters. This keeps the interaction
structure fixed but at the same time enables us to investigate the role of the dynamical mass
scale. To account for the medium dependence of the underlying potential itself, we perform
a systematic parameter study in which we employ different scaling relations between quark
masses and the exchange boson masses, meson–quark couplings, and confinement strength.
We do so to identify which model pieces affect the baryon spectrum most strongly. As a
general trend, we find that most of the considered parameterizations predict decreasing
baryon masses with decreasing constituent quark masses. The strongest sensitivity arises
from the scaling of the quark–meson coupling and the confinement strength. The scaling
relations are introduced in Section 5; their effect on the baryon spectrum is discussed
in Section 6.

While different variations in scaling schemes show quantitatively significant variations
with respect to the constituent quark mass dependence and certainly probe the limits of
applicability of our model, the qualitative trend is a reduction in the baryon mass with
decreasing constituent quark mass. In Section 7, we illustrate how the resulting baryon
mass shifts may affect particle yields and yield ratios in comparison to a model with
constant, medium-independent, vacuum baryon masses. Here, we focus on representative
cases to illustrate the central qualitative behavior, rather than presenting scheme-by-scheme
analyses. Mainly, differences in yield ratios are expected only for baryons with different
constituent quark mass dependence, whereas the actual yields will always differ from the
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vacuum mass yields exponentially with the mass defect. The main results of the paper are
summarized in Section 8.

2. Goldstone-Boson-Exchange Model for Baryons
We consider a three-particle Hamiltonian

H = H(0) + v1 + v2 + v3, (1)

where H(0) is the kinetic energy operator and vα, with α = 1, 2, 3, are the mutual interactions
of the quarks. We represent this through the usual configuration-space Jacobi coordinates:
e.g., ξ1 is the coordinate between particles 2 and 3 and η1 is the coordinate between the
center of mass of the pair (2, 3) and particle 1.

The kinetic energy operator is given in the relativistic form

H(0) =
3

∑
i=1

√
k2

i + m2
i , (2)

where mi is the quark masses and ki is the three momenta of the quarks in the rest frame,
where the total three-momentum P = ∑3

i=1 ki = 0.
The quark–quark interaction is a long-range confinement potential plus a Goldstone-

boson-exchange short-range hyperfine interaction [17,19–22]

vα = V(conf)
α + V(hf)

α , (3)

where the confinement potential has the linear form

V(conf)
α = V0 + Cξα . (4)

The hyperfine potential consists of the pseudo-scalar meson exchanges for the octet

V(hf)
α (ξα) =

3

∑
F=1

Vπ(ξα)λ
F
βλF

γ σβ · σγ

+
7

∑
F=4

VK(ξα)λ
F
βλF

γ σβ · σγ

+Vη8(ξα)λ
8
βλ8

γ σβ · σγ, (5)

and for the singlet

V(hf)
α (ξα) =

2
3

Vη0(ξα) σβ · σγ, (6)

where σ and λF are the quark spin and flavor matrices, respectively.
So, in an angular momentum basis, we get a flavor-dependent quark–quark interaction

between light quarks

Vu(d)−u(d)
α =

{
pu(d)−u(d)

α VπTα +
1
3

Vη8 +
2
3

Vη0

}
Σα, (7)

between light and strange quarks

Vu(d)−s
α =

{
2pu(d)−s

α VK − 2
3

Vη8 +
2
3

Vη0

}
Σα, (8)
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and between strange quarks

Vs−s
α =

{
4
3

Vη8 +
2
3

Vη0

}
Σα. (9)

The quarks are spin-1/2 particles and the isospin of the light quarks is 1/2, while the
isospin of the strange quark equals 0. Therefore, the symmetry coefficients are

pu(d)−u(d)
α = (−1)lα+sα+τα−2 (10)

and
pu(d)−s

α = (−1)lα+sα−1, (11)

and the Tα and Σα isospin–isospin and spin–spin factors are given by

Tα = 2τα(τα + 1)− 3 (12)

and
Σα = 2sα(sα + 1)− 3, (13)

respectively.

3. Faddeev Approach to Three-Quark Problems
The Faddeev approach is exceptionally well suited for three-quark problems. It

can take into account the short-range correlations, the confinement asymptotics, and the
possible exchange symmetry of particles. To accomplish this, we split the quark–quark
potential into confining and non-confining terms

vα = v(c)α + v(s)α , (14)

where c and s stand for confining and short-range, respectively [16–18]. Then the
Schrödinger equation takes the form

H|Ψ⟩ = (H(c) + v(s)1 + v(s)2 + v(s)3 )|Ψ⟩ = E|Ψ⟩ , (15)

with
H(c) = H(0) + v(c)1 + v(c)2 + v(c)3 . (16)

The Faddeev method amounts to splitting the wave function |Ψ⟩ naturally into three
components

|Ψ⟩ = |ψ1⟩+ |ψ2⟩+ |ψ3⟩ . (17)

The Faddeev components satisfy the equation

|ψα⟩ = G(c)
α (E)v(s)α (|ψβ⟩+ |ψγ⟩), α = 1, 2, 3, (18)

where the channel Green’s operators are given by

G(c)
α (E) = (E − H(c) − v(s)α )−1. (19)

We need to introduce the appropriate orbital angular momentum basis. The orbital
angular momenta associated with coordinates ξα and ηα are denoted by lα and λα, re-
spectively, and they are coupled to the total orbital angular momentum L. The spin of
particles β and γ, and Sβ and Sγ, respectively, are coupled to sα, which is with the spin
of particles α and Sα coupled to the total spin S. Similarly, the isospins of particles β and
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γ, and tβ and tγ, respectively, are coupled to τα, which is with the isospin of particles α

and tα coupled to the total isospin T. The angular momentum L and spin S are coupled
to total angular momentum J. So, we adopted LS coupling, which is appropriate if the
quark–quark interaction does not have tensor terms.

A further advantage of the Faddeev method is that the identity of particles greatly
simplifies the equations. If particles β and γ are identical, the wave function Ψ must be
symmetric with respect to the exchange of these particles. We denote Pα as the operator
that exchanges particles β and γ. Then

Pα|Ψ⟩ = pα|Ψ⟩ (20)

where
pα = (−1)lα+sα−Sβ−Sγ+τα−tβ−tγ , (21)

if particles carry spin and isospin.
Putting everything together and assuming that particles 2 and 3 are identical, the three-

component Faddeev equations simplify to(
|ψ1⟩
|ψ2⟩

)
=

(
0 2G(c)

1 v(s)1

G(c)
2 v(s)2 G(c)

2 v(s)2 p1P1

)(
|ψ1⟩
|ψ2⟩

)
. (22)

If all three particles are identical, Equation (22) gets further reduced to one single
equation

|ψ1⟩ = 2G(c)
1 v(s)1 P123|ψ1⟩, (23)

where P123 = P12P23 is the operator for cyclic permutation of all three particles P123|ψ1⟩ = |ψ2⟩.

4. Results for Light and Strange Baryons
In the GBE model, the spatial part of the potential is given as a sum of two Yukawa

potentials

Vγ =
g2

γ

4π

1
12mimj

[
µ2

γ

exp(−µγrij)

rij
− Λ2

γ

exp(−Λγrij)

rij

]
, (24)

where γ stands for the exchange mesons π, K, η, and η′. The Λγ term is assumed to have a
linear dependence on meson masses

Λγ = Λ0 + κµγ, (25)

with Λ0 and κ fitted parameters. In this model, the masses of the constituent quarks and
exchange mesons are fixed parameters in the vacuum calculation, mu = md = 340 MeV,
ms = 500 MeV, µπ = 139 MeV, µK = 494 MeV, µη = 547 MeV, µη′ = 958 MeV, and the
meson octet–quark coupling constant g2

8/4π = 0.67. The other vacuum parameters were
obtained by fitting the model to the experimental baryon spectrum and excellent agree-
ment was found with V0 = −416 MeV, C = 2.33 fm−2, Λ0 = 2.86 fm−1, κ = 0.81, and
(g0/g8)

2 = 1.34.
If H(c) in Equation (16) has bound states, we may get non-vanishing Faddeev com-

ponents from a vanishing total wave function. These are spurious states. To avoid them,
we should push the possible bound states of H(c) out of the spectrum of physical interest.
We take

v(c) = V(con f ) + a0 exp(−(r/r0)
2) (26)

and
v(s) = V(h f ) − a0 exp(−(r/r0)

2), (27)
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with a0 = 3 fm−1 and r0 = 1 fm. With this choice of parameters, we guarantee the absence
of spurious solutions in the energy range below ≈ 2 GeV.

5. In-Medium Scaling of Model Parameters
This study investigates how strongly the constituent quark model responds to param-

eter changes that could arise from a medium dependence, i.e., due to finite temperature
and/or density effects. In the GBE model, a single interaction potential naturally handles
the different masses of the light and strange quarks. This mass dependence is a promising
entry point for exploring medium effects that vary the constituent quark masses. To narrow
our scope, we make a series of simplifying assumptions:

1. We assume that all model parameters vary as a function of temperature T and chemical
potential µ only through their dependence on the light quark mass gap Σ∗

m∗
q = m0

q + Σ∗, (28)

where Σ∗ tends from its vacuum value Σ = mq − m0
q to zero. In an analogy to a

Nambu–Jona-Lasino (NJL) model [23–25], we associate the mass gap directly with the
light quark mean-field condensate Σ∗ ∝ ⟨q̄q⟩∗.

2. We take the strange quarks to vary as

m∗
s = m0

s + αΣ∗, (29)

where α ≈ 1.2 is set to match the vacuum constituent mass and the current mass of the
strange quark. This is a deliberate oversimplification that, while masking underlying
dynamics, makes simple scaling relations tractable.

3. We hold constant as a function of Σ∗ several model parameters: g0/g8, the ratio
between the singlet and octet couplings; Λ0 and κ, which control the meson mass-
dependent smearing of the delta function; and V0, the offset energy. Section 6 discusses
the effect of lifting these assumptions.

The meson–quark–quark couplings g∗γ, exchange boson masses µ∗
γ, and the linear

coefficients of confinement C∗ are taken to scale in medium as power laws of Σ∗:

gγ → g∗γ ∝ (Σ∗)νg (30)

µγ → µ∗
γ ∝ (Σ∗)νµ (31)

C → C∗ ∝ (Σ∗)νc . (32)

We calculate the baryon spectra as a function of Σ∗ for different choices of scaling exponents
νg, νµ, and νc.

We organize our study into different ‘schemes’ which determine νg and νµ, while νc is
handled separately (Table 1). For each scaling scheme, we consider νc = 1 and νc = 0. The
former is motivated by the expectation that confinement weakens with chiral restoration.
The latter neglects the weakening of confinement.

Table 1. Scaling schemes used in this study. The table shows the scaling of the coupling constants
g∗γ ∝ (Σ∗)νg and meson masses µ∗

γ ∝ (Σ∗)νµ for each scheme. Schemes C–F are determined by the
scaling of the pion decay constant f ∗π ∝ (Σ∗)a, while schemes O–B are not.

O A B C D E F

νg 0 3/2 1 1 2/3 1/2 0
νµ 0 0 1 1/2 1/6 0 −1/2
a – – – 0 1/3 1/2 1
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The first three scaling schemes are chosen to provide a baseline and to isolate the
effects of varying g∗γ and µ∗

γ from each other. Scheme O does not scale the couplings or
meson masses. Scheme A approximately scales the interaction potential linearly Vγ ∝ Σ∗.
Scheme B scales both the coupling constants and meson masses linearly.

In schemes C–F, we constrain the couplings g∗γ and exchange boson masses µ∗
γ to vary

based on a single dependence on the behavior of the pion decay constant f ∗π . The scaling
relations in these schemes are inspired by Brown–Rho scaling [26–28]. We work with the
approximations that the Gell-Mann–Oakes–Renner relation [29]

(µ∗
π)

2( f ∗π)
2 = −2m0

q⟨q̄q⟩∗ + O
(
(m0

q)
2
)

(33)

and the constituent quark-level Goldberger–Treiman relation

g∗πqq f ∗π = m∗
q gQ

A (34)

hold for in-medium values far from chiral restoration, and take the axial charge of the
constituent quark to be gQ

A = 1.0. These approximations hold when working at the tree
level and in a mean-field approximation, and are consistent, for example, with a two-flavor
NJL model [30].

We make the Ansatz that the pion decay constant varies with the quark condensate in
a power-law relationship

f ∗π ∝ (⟨q̄q⟩∗)a. (35)

In the different parameterization schemes C–F, we explore different Ansätze for the value
of the exponent a. Approximating m∗

q ∝ ⟨q̄q⟩∗ sets the pion–quark–quark coupling and
pion mass to vary with the quark condensate as

g∗πqq ∝ (⟨q̄q⟩∗)1−a (36)

µ∗
π ∝ (⟨q̄q⟩∗)1/2−a. (37)

Finally, for simplicity and tractability, we make the Ansatz that these scaling relations
can be extended to each coupling constant and meson mass equivalently:

g∗γ ∝ (Σ∗)1−a

µ∗
γ ∝ (Σ∗)1/2−a.

(38)

An alternative choice of extending the scaling only to the octet mesons and not the singlet
η′ will be discussed in Section 6. Schemes C–F explore a = 0, 1/3, 1/2, and 1.

The GBE constituent quark model should not be expected to hold at large devi-
ations from vacuum. At higher energy scales, gluon degrees of freedom become in-
creasingly important at mediating interactions between quarks, which is neglected in
the GBE potential. Additionally, the scaling relations were motivated by current alge-
bra relations (Equations (33) and (34)), which neglect contributions of orders (µ∗

π/2m∗
q)

2

and m0
q/m∗

q [30]. As such, we restrict our calculation to the regime Σ − Σ∗ < 100 MeV,
corresponding to a constituent light quark mass m∗

q > 240 MeV.

6. Results and Discussion
For schemes A–F, the lowest-lying states in each family are plotted in Figure 1 for

νc = 0 and Figure 2 for νc = 1. Figure 3 shows the behavior when only the constituent
quark masses are scaled. For Scheme D, all calculated states from the N, ∆, Λ, Σ, Ξ, and Ω
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families are plotted in Figure 4. We observe a decreasing baryon mass as constituent quark
mass decreases for nearly all baryons across considered scaling schemes. The dominant
effect on the baryon spectra comes from the scaling of the couplings g∗γ. The scaling of the
confinement parameter C∗ has a smaller but noticeable effect, and the scaling of the meson
masses µ∗

γ has a minimal effect.
The effect of scaling g∗γ can be understood by inspecting the leading prefactor of the

potential (Equation (24)), Vγ ∝ (g∗γ/m∗
q)

2. When g∗γ scales faster than m∗
q , as occurs in

scheme A, the total strength of the hyperfine interaction decreases as chiral symmetry
is restored. However, if g∗γ scales slower than m∗

q , the opposite occurs, as is the case in
schemes D–F.

The less prominent effect produced by scaling the meson mass µ∗
γ can be understood

as follows. In the GBE potential (Equation (24)), the coupling gγ enters solely as a quadratic
prefactor. Tuning this coupling increases or decreases the total strength of the GBE interac-
tion. In the first Yukawa term, the meson mass µ∗

γ similarly enters as a quadratic prefactor,
but it also appears in the exponential term, controlling the range of the interaction. Tuning
µ∗

γ down simultaneously makes the interaction weaker and lengthens its range, producing
counteracting effects on the baryon spectra. In the second Yukawa term, Λγ scales linearly
but not proportionally to the meson mass, so the effect of meson mass scaling is further
muted compared to the effect of scaling the coupling.

0

250

500

750

1000

1250

1500

1750

2000
g = 3/2,  = 0,  c = 0

Scheme A
g = 1,  = 1,  c = 0

Scheme B
g = 1,  = 1/2,  c = 0

Scheme C
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g = 0,  = 1/2,  c = 0
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*  (MeV)

M
*  

(M
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)

Nucleon (1232) (1116) (1193) (1318)

Figure 1. Comparison of schemes A–F. Baryon spectra as a function of Σ − Σ∗, with the linear
confinement term not scaled (νc = 0). The lowest-lying state of each baryon family is plotted.

For schemes E and F, we observe a breakdown of the model occurring at relatively
small deviations from vacuum, marked by several baryon states reaching negative energies,
a nonphysical result.

To investigate whether this behavior is caused by the assumptions made in Section 5,
we test a few simple alternate assumptions for the in-medium scaling of the offset energy
V0, delta function smearing Λγ, singlet meson mass µη′ , and singlet coupling g0. Table 2
shows the effect these alternative assumptions have upon the pathology. While these
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alternatives do affect the pathology, none remove it, indicating this behavior is not solely
an artifact of these choices.

0

250

500

750

1000

1250

1500

1750

2000
g = 3/2,  = 0,  c = 1

Scheme A
g = 1,  = 1,  c = 1

Scheme B
g = 1,  = 1/2,  c = 1

Scheme C

0 20 40 60 80 100
0

250

500

750

1000

1250

1500

1750

2000
g = 2/3,  = 1/6,  c = 1

Scheme D

0 20 40 60 80 100

g = 1/2,  = 0,  c = 1
Scheme E

0 20 40 60 80 100

g = 0,  = 1/2,  c = 1
Scheme F

*  (MeV)

M
*  

(M
eV
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Figure 2. Comparison of schemes A–F. Baryon spectra as a function of Σ − Σ∗, with the linear
confinement term scaled linearly (νc = 1). The lowest-lying state of each baryon family is plotted.
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Figure 3. Baryon spectra as a function of Σ − Σ∗ for baseline scheme O, which keeps all model
parameters constant besides the constituent quark masses. The lowest-lying state of each baryon
family is plotted.
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Figure 4. All calculated baryons masses shown as a function of Σ − Σ∗ for scheme D (νg = 2/3,
νµ = 1/6, νc = 0). Plotted baryons listed by family in ascending order of calculated vacuum
mass: (N): Nucleon (solid teal), N(1440) (dashed orange), N(1535) − N(1520) (dotted purple),
N(1650)− N(1700)− N(1675) (dash-dot magenta), N(1680)− N(1720) (solid olive green), N(1710)
(dashed gold); (∆): ∆(1232) (solid teal), ∆(1620) − ∆(1700) (dashed orange), ∆(1600) (dotted
purple); (Λ): Λ(1116) (solid teal), Λ(1405) − Λ(1520) (dashed orange), Λ(1600) (dotted purple),
Λ(1670)− Λ(1690) (dash-dot magenta), Λ(1800)− Λ(1830) (solid olive green), Λ(1810) (dashed
gold); (Σ): Σ(1193) (solid teal), Σ(1385) (dashed orange), Σ(1660) (dotted purple), Σ[1560]− Σ(1670)
(dash-dot magenta), Σ[1620]− Σ[1775]− Σ[1940] (solid olive green), Σ(1750) (dashed gold), Σ[1690]
(dotted brown), Σ(1880) (dash-dot gray); (Ξ): Ξ(1318) (solid teal), Ξ(1530) (dashed orange), Ξ(1820)
(dotted purple), Ξ[1690] (dash-dot magenta), Ξ[1950] (solid olive green); (Ω): Ω (solid teal). States
that are degenerate in the model are listed together.

Table 2. Alternative scaling choices and their effect on onset of model breakdown, marked by the
last point where the nucleon mass M∗

N is positive. The five studied cases: 1. Scaling Vcon f ,∗ ∝ (Σ∗)νc ,
achieved by scaling the parameter V∗

0 ∝ (Σ∗)νc . 2. Scaling Λ∗
γ ∝ (Σ∗)νµ , achieved by scaling the

parameter Λ∗
0 ∝ (Σ∗)νµ . 3. Holding Λ∗

γ constant, achieved by scaling the parameter κ∗ ∝ (Σ∗)−νµ .
4. Holding µ∗

η′ constant, instead of scaling it with the octet meson masses. 5. Holding g∗0 constant,
instead of scaling it with the octet couplings. In each case, the modification is applied to scheme F
(νc = 1), except for the final case, in which it is applied to scheme E (νc = 1).

Case Onset of Breakdown, Σ − Σ∗

Vcon f ,∗ is scaled 59 → 64 MeV
Λ∗

γ is scaled 59 → 45 MeV
Λ∗

γ held constant 59 → 50 MeV
µ∗

η′ held constant 59 → 59 MeV
g∗0 held constant 113 → 131 MeV

Two other possible causes of the pathology are the initial assumption that the con-
stituent quark model can be extended to medium in this manner and the choice of scaling
scheme. The minimal effect that meson mass scaling has on the baryon spectra implies
that the pathology is a result of the relative scaling of g∗γ and m∗

q , and in particular does
not depend on the current algebra relations motivating schemes C–F. We can attribute the
pathology to an excessively strong hyperfine contribution, consistent with the fact that the
breakdown becomes more prominent for smaller values of νg where g∗γ/m∗

q grows more
rapidly. Thus, our result can be considered as evidence against certain scaling relations for
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g∗πqq holding at small deviations from vacuum, as a bound on the region of validity of an
ad hoc extension of the constituent quark model to medium, or both.

An interesting point of comparison is to Brown–Rho scaling, which proposes that the
nucleon mass varies linearly with the pion decay constant

f ∗π
fπ

≈
M∗

N
MN

. (39)

Different scaling relations between the pion decay constant and the quark condensate

f ∗π
fπ

≈
(
⟨q̄q⟩∗
⟨q̄q⟩

)a
(40)

have appeared in the Brown–Rho literature. Early work suggested the scaling exponent to
be a = 1/3 [26]. Later, scaling with a = 1/2 [27], which maintains a constant pion mass,
and a = 1 [31], Nambu scaling, were explored. In schemes C–F, we make a matching
Ansatz (Equation (35)) for the scaling of the pion decay constant. In our calculation, this
Ansatz fixes the scaling relations for g∗γ and µ∗

γ, with which we calculate M∗
N . This gives us

a natural point of comparison between the in-medium nucleon mass that we calculate and
the mass predicted by Brown–Rho scaling. This comparison is shown in Figure 5, where we
have also included the a = 0 case as a baseline. We observe the nucleon mass decreasing
faster for larger values of the scaling exponent a, as would be expected. However, in each
scheme, the calculated change in the nucleon mass is greater than these scaling relations
would predict (

M∗
N

MN

)
calc

≲
(

Σ∗

Σ

)a
. (41)

0 20 40 60 80 100
*  (MeV)

0

200

400

600

800

M
* N
 (M

eV
)

Scheme C, a = 0
Scheme D, a = 1/3
Scheme E, a = 1/2
Scheme F, a = 1

Figure 5. Comparison of the calculated nucleon mass M∗
N,calc (solid lines) and the nucleon mass

obtained from scaling relations, Equations (39) and (40), given by M∗
N,scale = MN × (Σ∗/Σ)a (dashed

lines). Results are shown for schemes C–F, with νc = 0.
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7. Sensitivity of Ideal-Gas Estimates to Baryon Mass Defects
The main focus of this work is the study of medium-motivated changes in the hadron

spectrum as outlined in the previous sections. In this last section, we illustrate how sensitive
particle yields and yield ratios can be to baryon mass shifts of the size generated in the
model study above. In this context, it is important to us to emphasize that we add this
section for illustration of possible effects without the intent to offer a full, self-consistent
thermodynamic model.

As a preliminary exploration of the thermodynamic implications of this calculation,
we note the elementary consequence of a mass shift on an ideal gas. The HRG model, in its
traditional form, assumes a non-interacting relativistic gas of hadrons, with each species
having constant mass M at all temperatures and chemical potentials. We take this as a
guide and make the trial assumption that at some temperature this system can still be
described as an ideal gas, but with a shifted effective mass M∗.

For baryons, their relatively large mass motivates the taking of non-relativistic p ≪ M
and Boltzmann nλ3

TH ≪ 1 limits. At zero chemical potential (µ = 0) for a single species
ideal gas, the ratio of shifted to unshifted pressure and of shifted to unshifted density is,
to first order,

PM∗

PM
≈
(

M∗

M

)3/2
exp

(
M − M∗

T

)
. (42)

In order to quantify the effect of dynamically reduced baryon masses, we introduce
the dimensionless quantity

η =
M − M∗

T
. (43)

For small values of η, an expansion results in

ln
PM∗

PM
= η +

3
2

ln
(

1 − η
T
M

)
≈ η

(
1 − 3T

2M

)
. (44)

Since η is positive, for masses

M >
3
2

T (45)

we expect an increase in the ideal-gas pressure. At a crossover temperature of Tc = 155 MeV,
this condition is satisfied for all known baryons. Further, this enables us to estimate what
value of η would result in negligible changes ε in the pressure, viz.∣∣∣∣PM∗

PM
− 1
∣∣∣∣ ≲ ε. (46)

We obtain approximately

η ≲
ln(1 + ε)

1 − 3T
2M

. (47)

For the neutron at T = 155 MeV, we find that the ideal-gas pressure changes less
than (5, 10, 20)% if the difference between vacuum and in-medium mass is less than
(10, 20, 37) MeV. The changes in pressure at fixed η are more pronounced for heavier
baryons. In general, the effect in the baryonic sector seems negligible only for η ≪ 0.1,
which, near the expected crossover temperature Tc ≈ 155 MeV, corresponds to mass shifts
of the order 10–20 MeV or less.

This rough approximation neglects any self-consistent thermodynamic picture and
any interactions between hadrons. Accordingly, we do not imply that replacing M → M∗

is sufficient to provide a thermodynamically consistent or necessarily phenomenologically
improved HRG equation of state. As Ref. [13] indicates, quasiparticle mass shifts alone do
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not necessarily improve the thermodynamic consistency of the HRG model with lattice
QCD and heavy-ion data. In most relevant cases, this shifted-mass ideal gas without
interactions will have a higher pressure than an ideal HRG. It is however known from
RMF models that interaction contributions to the pressure; for instance, those of exchange
mesons tend to counter the pressure increase due to decreasing in-medium masses. The
full impact of medium-dependent quark masses on the thermodynamics of the full baryon
ensemble therefore cannot be determined without specifying the underlying interaction
contributions to the net pressure.

If mass shifts of only a few 10 MeV were inserted into an ideal HRG description, they
would be amplified by exponential Boltzmann factors and produce non-negligible changes
in hadron yields. We illustrate this by approximating the number densities as an ideal
Boltzmann gas with

ni = gi

(
MiT
2π

)3/2
e−

Mi−µi
T . (48)

We expect non-negligible modifications of the nucleon yield, even at moderate differences
between vacuum and in-medium masses, as these differences enter exponentially, viz.

n∗
i

ni
=

(
M∗

i
Mi

)3/2

e
Mi−M∗

i
T . (49)

The yield ratios between different baryons change accordingly as

(
ni/nj

)∗(
ni/nj

) =

(
M∗

i /Mi

M∗
j /Mj

)3/2

e
∆Mi−∆Mj

T . (50)

If ∆Mi = Mi − M∗
i is of the same magnitude as ∆Mj, this relation implies only small

variations in the yield ratios due to cancellations in the exponent which leave the prefactor
as the dominant source of variations.

We illustrate yield variations as described by Equation (49) with scheme D, which
shows only a moderate constituent quark mass dependence (Figure 6). Here, the Σ baryon
with the steepest mass decrease shows the strongest deviations from particle yields as
calculated with constant Σ mass. As Figure 7 shows, deviations are more pronounced
with decreasing temperature. Practically, this can result in a competition of a temperature-
induced yield enhancement with yield stabilization due to reduced baryon mass defects.
As we do not offer an explicit relation for the temperature dependence of the constituent
quark masses, further elaboration on this effect would go beyond the setup of this work.

For yield ratios, the cancellation of mass defects of two different baryons in the
exponential of Equation (49) can lead to minimal deviations from the yield ratios in a
constant mass model. Figure 8 illustrates this with scheme D. At the same time, the figure
shows, by example of Σ and ∆, that mass defects are not guaranteed to cancel and thus can
lead to notable deviations from constant mass yield ratios. In general, however, yield ratios
show smaller deviations than the particle yields themselves. Within our approach, baryons
with mass defects of comparable magnitude will necessarily show similar yield variations
and thus cancellations in yield ratio variations. Considering the small number of parameters
(in-medium masses and scaling parameters) used to encode the in-medium behavior of
an otherwise vacuum-calibrated Hamiltonian, the emergence of species-dependent gaps
is a non-trivial result. Deviations from this general trend would point to medium effects
beyond the presented bound-state parameterization. For instance, the proton–Λ ratio
measured by ALICE exhibits non-trivial behavior with a decreasing yield ratio at increasing
temperature [32]. Such behavior may require to account for medium effects that are not
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captured by folding the thermal environment solely into constituent masses and parameter
scaling of a bound-state Hamiltonian.

As a final note, we illustrate how yields and yield ratios can differ if mass defects are
strongly species-dependent. To do so, we show both quantities for the Σ in scheme F, which
develops a steep drop of the baryon mass at Σ − Σ∗ ≈ 30 MeV. We should not interpret
this parameter region as a quantitative prediction for the physical Σ yield, since the rapid
mass drop signals the breakdown of the constituent quark model. Rather, we perform a
stress test of the ideal-gas estimate; if one baryonic species develops a larger mass defect
than the rest of the spectrum, the cancellation in yield ratios no longer occurs.

As seen from Figure 9, both the yield and the yield ratio can deviate by an order of
magnitude from the constant mass expectation. At small and moderate mass defects, the ex-
ponential factor dominates, while at very low baryon masses, the explicit mass-dependent
prefactor in Equations (48) and (49) suppresses the yield and yield ratio estimates. While ex-
plicitly not intended as a predictive study, we use this extreme and model breaking scenario
to demonstrate that the stability of yield ratios, even in domains with moderate mass shifts,
is not generic, but crucially relies on similar mass defects among the compared baryons.

0 20 40 60 80 100
*  (MeV)

1

2

3

4

5

6

7

8

9

n
* i
/n

i

Scheme D, c = 0, T=155MeV
Nucleon

(1232)
(1116)
(1193)
(1318)

Figure 6. Effect of moderate changes in the baryon mass spectrum (illustrated with scheme D,
T = 155 MeV): Relative baryon yields n(M∗

i , T)/n(Mi, T) as approximated by Equation (48) for
different species (labeled in legend) as an estimate of the effect of in-medium vs. vacuum baryon
mass. Notably, small variations in Σ − Σ∗ lead to significant deviations from the vacuum mass yield.
While most baryons show the same yield variation, ∆ and Σ notably deviate.
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Figure 7. Temperature sensitivity of yield deviations from fixed vacuum mass HRG estimates at a
constant mass defect (illustrated with scheme D, Σ−Σ∗ = 99 MeV): At a fixed mass defect, deviations
are larger at lower temperatures, illustrating the explicit 1/T sensitivity of the Boltzmann factor in
n(M∗

i , T)/n(Mi, T). Unlike in this fixed mass comparison, in a consistent model, the mass defect
would correlate with temperature and chemical potential.

0 20 40 60 80 100
*  (MeV)

0.8

1.0

1.2

1.4

1.6

1.8

(n
* i
/n

* N
)/(

n i
/n

N
)

Scheme D, c = 0, T=155MeV
(1232)
(1116)
(1193)
(1318)

Figure 8. Effect of moderate changes in the baryon mass spectrum (illustrated with scheme D,
T = 155 MeV): The baryon yield relative to nucleon yield, viz. n(M∗

i )/n(M∗
N), normalized to the

same relative yield for medium-independent (vacuum) mass, viz. n(Mi)/n(MN). Although the
yields from Figure 6 differ from the vacuum mass result, yield deviations similar to the nucleon yield
result in yield ratios close to one. As in Figure 6, this does not hold for ∆ and Σ. In general, yield
ratios are less affected by medium-shifted baryon masses than particle yields themselves.
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Figure 9. Effect of significant changes in the baryon mass spectrum (illustrated for Σ baryon, scheme F,
T = 155 MeV): (Left panel): Σ yield normalized to constant (vacuum mass) Σ yield. Larger mass
defects result in exponentially increasing yield deviations (see Equation (48)). At very low baryon
masses, the mass dependence of the prefactor in Equation (48) leads to a drop in yield deviations.
(Right panel): While yield ratios are not as affected by mass defects due to cancellations, the yield
ratio of particles with different mass defects can differ significantly from vacuum mass ideal-gas
yield ratios. While our model is not reliable beyond the peak in both panels, the figure illustrates that
strongly species-dependent mass defects can produce notable yield and yield ratio deviations from
the ideal-gas behavior with constant baryon masses.

8. Conclusions
We have studied the sensitivity of the light and strange baryon spectrum to medium-

motivated changes in the parameters of a GBE relativistic constituent quark model. The
three-quark bound-state problem was solved using a Faddeev approach, with a vacuum
parameterization that reproduces the light and strange baryon spectrum reasonably well
below about 2 GeV. To approximate the effect of chiral symmetry restoration in the quark
sector, we accounted for possible scalings of the quark–meson coupling, exchange meson
masses, and confinement strength.

Across most scaling schemes, the baryon masses decrease with decreasing constituent
quark mass. The strongest sensitivity comes from the scaling of the quark–meson coupling.
Changes in the confinement strength have a visible but smaller effect. Scaling the exchange
meson masses has comparatively little impact.

We observe that some scaling choices drive the spectrum into nonphysical negative-
energy states. This could indicate either a domain of non-applicability of the model itself
or of the chosen scaling relations. The calculated nucleon masses generally drop faster
than suggested by Brown–Rho-type scaling. It seems worthwhile to investigate whether
a more sophisticated treatment, such as proper handling of strange quark condensate,
different in-medium handling of the delta function in the GBE potential, or alternative
scaling choices, could remove the pathological behavior or match Brown–Rho scaling. As
an illustration of possible consequences, we estimated the effect of changes in the mass
spectrum on particle yields and compared them to ideal-gas baryon yields. Even mass
shifts of a few tens of MeV change absolute yields notably. The effect on yield ratios is less
pronounced unless the shifts are strongly species-dependent. Overall, this work should be
understood as a sensitivity study which shows that medium-dependent baryon spectra can
respond strongly to implied scaling laws. A self-consistent connection to thermodynamics
and a full in-medium hadron-resonance gas treatment remain natural next steps.
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