
����������
�������

Citation: Guerrero, J.; Losada, M.A.;

Lopez, A.; Mateo, J.; Richards, D.;

Antoniades, N.; Jiang, X.;

Madamopoulos, N. Novel

Measurement-Based Efficient

Computational Approach to

Modeling Optical Power

Transmission in Step-Index Polymer

Optical Fiber. Photonics 2022, 9, 260.

https://doi.org/10.3390/

photonics9040260

Received: 15 March 2022

Accepted: 10 April 2022

Published: 14 April 2022

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

photonics
hv

Article

Novel Measurement-Based Efficient Computational Approach
to Modeling Optical Power Transmission in Step-Index
Polymer Optical Fiber
Jorge Guerrero 1,2,* , M. Angeles Losada 3 , Alicia Lopez 3 , Javier Mateo 3, Dwight Richards 1, N. Antoniades 1,
Xin Jiang 1 and Nicholas Madamopoulos 2

1 Department of Engineering and Environmental Science, College of Staten Island, CUNY, 2800 Victory Blvd.,
Staten Island, NY 10314, USA; dwight.richards@csi.cuny.edu (D.R.); neo.antoniades@csi.cuny.edu (N.A.);
jessica.jiang@csi.cuny.edu (X.J.)

2 Department of Electrical Engineering, The City College of New York, CUNY, 160 Convent Ave.,
New York, NY 10031, USA; nmadamopoulos@ccny.cuny.edu

3 Photonics Technology Group (GTF), Aragón Institute of Engineering Research, University of Zaragoza,
Mariano Esquillor Gómez s/n, E-50018 Zaragoza, Spain; alosada@unizar.es (M.A.L.);
aliclope@unizar.es (A.L.); jmateo@unizar.es (J.M.)

* Correspondence: jorge.guerreroaguilar@csi.cuny.edu

Abstract: Polymer optical fibers (POFs) are playing an important role in industrial applications
nowadays due to their ease of handling and resilience to bending and environmental effects. A POF
can tolerate a bending radius of less than 20 mm, it can work in environments with temperatures
ranging from −55 ◦C to +105 ◦C, and its lifetime is around 20 years. In this paper, we propose a
novel, rigorous, and efficient computational model to estimate the most important parameters that
determine the characteristics of light propagation through a step-index polymer optical fiber (SI-
POF). The model uses attenuation, diffusion, and mode group delay as functions of the propagation
angle to characterize the optical power transmission in the SI-POF. Taking into consideration the
mode group delay allows us to generalize the computational model to be applicable to POFs with
different index profiles. In particular, we use experimental measurements of spatial distributions
and frequency responses to derive accurate parameters for our SI-POF simulation model. The
experimental data were measured at different fiber lengths according to the cut-back method. This
method consists of taking several measurements such as frequency responses, angular intensity
distributions, and optical power measurements over a long length of fiber (>100 m), then cutting back
the fiber while maintaining the same launching conditions and repeating the measurements on the
shorter lengths of fiber. The model derivation uses an objective function to minimize the differences
between the experimental measurements and the simulated results. The use of the matrix exponential
method (MEM) to implement the SI-POF model results in a computationally efficient model that
is suitable for POF-based system-level studies. The efficiency gain is due to the independence of
the calculation time with respect to the fiber length, in contrast to the classic analytical solutions of
the time-dependent power flow equation. The robustness of the proposed model is validated by
calculating the goodness-of-fit of the model predictions relative to experimental data.

Keywords: step index; polymer optical fibers; SI-POF; matrix exponential method; computational model

1. Introduction

Plastic optical fiber (POF) frequently uses polymethyl methacrylate (PMMA) as core
material and fluorinated PMMA as a cladding material. Apart from advantages shared
with glass optical fibers such as their lightweight and electromagnetic interference (EMI)
immunity, PMMA POFs have large numerical apertures (0.5) and sizes (1 mm diameter).
Usually, 96% or more of the cross section is the core. This enhances the transmission
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characteristic of the POFs and the tolerable variability of lateral connector misalignment
and other localized disturbances such as bends [1–3].

POFs are currently widely used in industry due to their physical and design char-
acteristics that make the installation and maintenance process more efficient, positively
impacting its total cost. The main applications of POFs are in data networks and sensors.
The data networks applications are focused primarily on domestic networks [4,5], vehicular
networks [6], avionics platforms [7], and industrial controls and automation (ProfiBus,
ProfiNet, and industrial Ethernet over POF [8]). The sensors applications [9–14] use mainly
three common methods for measuring, intensity modulation, phase modulation, and Bragg
wavelength shift, and take advantage of POFs’ high fracture toughness, high flexibility in
bending, high sensitivity to strain, and potential negative thermo-optic coefficients.

According to their index profiles, there are two types of POFs. The first one is the
step-index (SI) POF, which has the same refractive index throughout the core. The sec-
ond one is the graded-index (GI) POF in which the refractive index gradually changes
from the center of the core through the junction of the core and the cladding, reducing
its large modal dispersion [15]. The SI-POF is the most used type in different industrial
applications and has its lowest losses at 520 nm (green), 560 nm (yellow), and 650 nm
(red). Its bandwidth at 50 m is approximately 100 MHz, but multi-gigabit rates are pos-
sible when using spectral efficiency modulation techniques [16,17]. In the last decades,
polyperfluoro-butenylvinylether materials, commercially known as CYTOP, have played a
relevant role in the manufacturing of POFs. This polymer has allowed SI-POFs to overcome
their limitations, showing a low attenuation in the infrared spectrum (~10 dB/km), and
supporting transmission rates up to 10 Gbit/s for fiber length of 100 m [18].

In the case of PMMA POF, its tight power budget and its limited capacity motivate the
need for a flexible and dynamic system-level simulation framework. This will allow testing
of different layouts and scenarios before the deployment of POF links in order to evaluate
the entire system performance. However, the traditional methods for the solution of Gloge’s
power flow equation have proved to require a large computational time [19–21] due to
their dependence on the fiber length. The time consumed by calculations plays a relevant
role in longer fiber lengths. Mateo et al. [22] proposed an approach based on a recurrent
matrix equation to model POF and passive components such as connectors [23]. In this
approach, light propagation throughout the fiber is modeled by a matrix that is calculated
from the fiber’s characteristic functions. These functions are different for each fiber type.
However, this method shows the same limitations as the traditional methods for longer
fiber lengths. Stepniak et al. proposed a method to solve Gloge’s power equation based
on the matrix exponential [24]. The main advantage is that its computational calculations
do not depend on the fiber length. Therefore, this method is computationally efficient for
longer fiber lengths.

Taking into consideration the drawbacks and advantages of the previous methods
in order to develop a flexible and accurate simulation framework, the present article
proposes a computational algorithm to estimate the fiber characteristic functions, i.e.,
diffusion, attenuation, and mode group delay, as functions of the propagation angle.
These functions are obtained from experimental measurements, intensity distributions
and frequency responses, which are obtained for different fiber lengths. The novelty of
this approach in comparison to previous methods [22,25] is trifold. Firstly, we combine
measurements in both the spatial and frequency domains to estimate the fiber characteristic
functions. Secondly, we incorporate the mode group delay function to model fibers with
different index profiles. Thirdly, we solve the power propagation differential equation
using the matrix exponential method (MEM), which provides a more computationally
efficient implementation [24]. The fiber characteristic functions are described as functions
of the propagation angle using a set of estimated parameters to minimize the differences
between the experimental measurements and the simulated results.

This article is organized as follows: Firstly, Section 2 contains a description of the fiber
types used in the experiment and the protocol to obtain the received or output optical
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powers, S21 transmission parameters, and far field pattern (FFP) images. Secondly, Section 3
contains a mathematical explanation of the proposed computational algorithm. Thirdly,
Section 4 contains a detailed description and analysis of the results obtained in Section 2.
Finally, Section 5 contains the conclusions.

2. Materials and Methods

The present section contains an explanation of the fiber types, experimental setup,
and experimental methodology. The described procedures allow us to obtain the intensity
distributions as a function of the angle at the fiber output from the measurements of FFP
images, the frequency responses from the measurements of the S21 transmission parameter,
and the received optical power. The cut-back method [26] is used as a measuring technique
to ensure that all the measurements as a function of the fiber length are kept under the
same launching conditions. This methodology has been thoroughly described by Losada
et al. [27]. This section only provides a summary of it.

2.1. Fiber Types and Experimental Setup

The two PMMA SI-POFs used in the experiment were of 1 mm core diameter with
different numerical apertures (NAs) to test the ability of the model to describe their different
results. They were both manufactured by Mitsubishi Chemical Company. The first one was
BH4001 [28], which is a simplex fiber with a NA of 0.58 and a core refractive index of 1.49.
This fiber is also called Eska Simplex High-Performance Plastic Optical Fiber Cable, and it
is used at temperatures up to 105 ◦C in industrial data applications. The second one was
MH4001 [29], which is a simplex fiber with a NA of 0.3 and a core refractive index of 1.49.
This fiber is also called Eska Mega High-Performance Plastic Optical Fiber Cable, and due
to its reduced aperture, it is used for high bandwidth applications. The reduced aperture is
achieved by a double-cladding structure [1].

Figure 1 depicts the experimental setup. This system was subdivided into three sub-
systems to acquire the optical power, the FFP images, and the S21 transmission parameters
shown in Figure 1a, 1b, and 1c respectively. First and foremost, the fiber input end was
connected to the laser diode source using a straight tip (ST) connector. It remained in this
position throughout the whole experiment to guarantee that all fiber lengths were tested
under the same launching conditions. The fiber output end was connected to a specific
device depending on the measurement that was acquired according to the subsystems
shown in Figure 1a–c.
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The optical source was a laser diode (L520P50) that emits light at 520 nm and it was
mounted in a LDM9T, both from Thorlabs. The current bias of the laser was set at 80 mA
by a laser diode controller LDC205 from Thorlabs as well. The green light was selected for
the experiments because the PMMA POFs have lower attenuation at the 520 nm region of
the spectrum than in the red wavelength region. Therefore, we were able to measure longer
fiber lengths. Moreover, it was shown that the changes in fiber frequency response with
wavelength are small and lower than fiber variability [27].

Figure 1a depicts the method to acquire the optical power independently of the
subsystems (b) and (c). It used the power meter PM100USB equipped with a sensor S150C.
Both were manufactured by Thorlabs.

Figure 1b depicts the method to acquire the FFP images that are reflected on a white
screen placed in front of the fiber output end [22]. The fiber end was inserted into a Ver-
saLink (VL) connector and placed on a pedestal at 7.5 cm from the white screen. The
reflected images on the white screen were captured by a 12 bit monochrome cooled dig-
ital camera QICAM FAST 1394 manufactured by QImaging. The whole procedure was
computer controlled.

Figure 1c depicts the method used to acquire measurements of the S21 transmission
parameter. The laser diode mount LDM9T had a radio frequency (RF) input for modulating
the laser diode L520P50 with an external RF source. The experiment used the RF output
of a vector network analyzer (VNA) E5071C from Agilent to drive the RF input of the
laser source. The fiber output end was connected to a silicon PIN photodetector SPD-2
manufactured by Graviton with a nominal bandwidth of 1.2 GHz. The RF output of the
photodetector was connected to the VNA to acquire the S21 transmission parameter.

2.2. Experimental Methodology

The experimental methodology was formulated on the application of the cut-back
method [26]. This method is well-known in the industry, and it consists of comparing
the optical power transmitted or another magnitude through varying lengths of longer
spans of fiber to a reference short span of fiber. The process started with a long fiber
length. We measured the FFP images, S21 transmission parameter, and received optical
power. All these measurements were taken several times calculating their average and their
standard deviation. After all the measurements were collected, we proceeded to cut-back
the initial long fiber length from the fiber output end. After this, the measurement protocol
started again.

The two different types of fibers were reeled over 20 cm spools and they were subjected
to the same measurement protocol. The starting fiber length for the BH4001 fiber was 100 m,
and the MH4001 fiber was 150 m. In the case of the BH4001 fiber, the measurements were
taken considering fiber lengths of 1, 5, 10, 15, 20, 30, 40, 50, 60, 70, 85, and 100 m. In the
case of the MH4001 fiber, the fiber lengths were 1, 3, 10, 15, 20, 30, 40, 50, 60, 70, 85, 100, 110,
130, and 150 m.

The radial profile extracted from the FFP images is equivalent to the angular intensity
distribution at the fiber output [22]. These profiles were a function of the propagation angle
for our experimental conditions, and they had 260 data points in the range of 0◦ to 45◦.
The frequency response was obtained from two measurements of the S21 parameter. The
first one used a long fiber segment (such as those obtained from the cut-back experiment).
The second one used the last measurement of the cut-back experiment (1 m in both fibers).
This last S21 measurement was used as a reference and represented the degradation intro-
duced by the optoelectronic devices (transmitter/receiver) as the effects of the fiber can be
neglected in the shortest fiber measurements [30]. The frequency response measurements
had 1601 data points in the range of 4.5 GHz. These were the maximum quantity of data
points and frequency span allowed by the VNA used in the experiment. However, it was
limited to a maximum value of ~1.18 GHz, which was suitable for the limits imposed
by optoelectronic devices. In order to improve the computational time, the data of the
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BH4001 and MH4001 fibers were subsampled and limited, as is explained in more detail in
Section 3.

3. Computational Model and Fitting Algorithm

This section contains the explanation of the computation algorithm. We propose to
estimate the fiber characteristic functions by fitting some of their parameters to experimental
measurements. The first part describes the propagation model based on the resolution of
the differential power equation using the MEM approach. The second part defines the
fiber characteristic functions, i.e., the diffusion, differential mode attenuation, and mode
group delay that depend on the propagation angle. These functions vary for different
fiber types. Additionally in this subsection, we propose a cost function to obtain the
parameters of the characteristic functions from the experimental measurements using an
optimization algorithm.

3.1. Computational Model

Gloge’s power flow equation [19,31] is the starting point to develop the computational
algorithm proposed in the present paper, and it is given by:

∂p(θ, z, t)
∂z

+
∂t
∂z

∂p(θ, z, t)
∂t

= −α(θ)p(θ, z, t) +
1
θ

∂

∂θ

[
θD(θ)

∂p(θ, z, t)
∂θ

]
, (1)

where p(θ, z, t) is the optical intensity distribution that describes the power at each propaga-
tion angle (mode) at distance z and time t; θ is the propagation angle; α(θ) is the differential
mode attenuation; and D(θ) is the mode coupling or diffusion function. The derivative
∂t/∂z is the inverse of the group velocity of a mode with propagation angle θ. It is related
to the material speed of light, c/ncore, multiplied by a function to account for the increased
path length depending on the propagation angle [31] and it is termed the mode group
delay function:

τ(θ) =
∂t
∂z

. (2)

Applying the Fourier transform in Equation (1) to work in the frequency domain, and
substituting Equation (2) into Equation (1) leads to Equation (3):

∂P(θ, z, ω)

∂z
= [−α(θ)− jωτ(θ)]P(θ, z, ω) +

1
θ

∂

∂θ

[
θD(θ)

∂P(θ, z, ω)

∂θ

]
, (3)

where P(θ, z, t) is the Fourier transform of p(θ, z, t) and both functions contain all the
necessary information to obtain the fiber transmission parameters such as the total optical
power and bandwidth for a given length.

There are a few analytical approaches to solve differential Equation (3) [31,32]. The
standard procedure is based on converting the power flow equation into a recurrent
equation and using different methods to reduce computation time [20,22,33,34]. However,
these methods share the same drawback. They require more computational time for longer
fiber lengths because the calculations are performed iteratively, i.e., the data obtained
for the distance z are used to calculate the data at the distance z + ∆z. In addition, the
calculation step, ∆z, should not exceed a certain value, otherwise, the solution may not
converge [20]. In the case of the MEM proposed by Stepniak, the power flow equation is
represented and solved using matrix formalism [24]. Since in MEM the computation time
is independent of the fiber length, this approach is computationally more efficient than the
standard methods, and it does not have convergence issues.

Expressing Equation (3) in its matrix form leads us to Equation (4):

dPω(z)
dz

= (Gω +H)Pω(z), (4)



Photonics 2022, 9, 260 6 of 15

where Pω(z) is the Fourier transform of the optical intensity distribution p(θ, z, t) in vector
form relative to the angular coordinate. It is given by:

Pω(z) = [P(θ1, z, ω), P(θ2, z, ω), . . . , P(θM, z, ω), ]T , (5)

while Gω is the diagonal matrix that introduces the effects of differential mode attenuation,
and it is independent of the fiber length z. However, it depends on frequency ω. Its complex
elements are given by:

Gm,m = −α(θm)− jωτ(θm). (6)

Finally, H is a tridiagonal matrix that models mode coupling or optical power transfer
between adjacent modes. Its elements do not depend on fiber length or frequency. It is
given by:

Hm,m−1 =
D(θm)

∆θ2 − D(θm)

2θm∆θ
Hm,m = −2D(θm)

∆θ2 Hm,m+1 =
D(θm)

2θm∆θ
+

D(θm)

∆θ2 (7)

Usually, the sum of the matrices Gω and H is called fiber characteristic matrix or prop-
agation matrix, Mω , and it is a three-dimensional matrix due to the frequency dependence.
Therefore, a different tridiagonal matrix has to be calculated for each frequency.

Given that the propagation matrix Mω is independent of z, the solution of Equation
(4) for a fiber of length L can be expressed as follows:

Pω(z = L) = Pω(z = 0).eMω∗L, (8)

where Pω(z = 0) is the initial condition that represents the launching intensity distribution.
It takes the same values at all frequencies. We applied the same boundary conditions
proposed by Mateo et al. This prevents power diffusion to nonexistent negative angles but
permits power transmission by angles above the critical angle [22].

3.2. Fitting Algorithm

The main goal of the proposed computational algorithm was to estimate the fiber
characteristic functions (diffusion, attenuation, and mode group delay) as functions of the
propagation angle from experimental measurements (intensity distributions and frequency
responses) as functions of the fiber length. Firstly, we define the analytical forms of the
characteristic functions. Second, we propose a cost function. Finally, we use a fitting
algorithm to find the parameter values to minimize the cost function.

Constant diffusion has been used in most works to simplify calculations [20,24,31].
In our approach, the diffusion function was a sigmoid function of the squared inner
propagation angle that was proposed by Mateo et al. [22]:

D(θ) = D0 +
D1

1 + D2eσ2
d θ2 . (9)

The differential mode attenuation α(θ) is usually modeled as a polynomial function of
the propagation angle [20,31]. However, we calculated it from the diffusion function and
the steady-state distribution (SSD). The SSD is reached for long optical fibers (>=100 m for
most SI-POFs [35]). Once the SSD is reached, the shape of the angular intensity distribution,
Q(θ), does not change with propagation. The dependency of the fiber length is given
by a decreasing exponential function that represents the overall attenuation through a
coefficient parameter called γ. This dependency leads to a solution of Gloge’s power flow
equation [31] for a given fiber length L, and it is given by:

PSSD(θ, z) = Q(θ)e−γL. (10)
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Substituting Equation (10) into Equation (1) leads to Equation (11):

α(θ) = γ +
1

Q(θ)

∂

θ∂θ

[
θD(θ)

∂Q(θ)

∂θ

]
. (11)

Therefore, in order to calculate the angular attenuation function, it is necessary to first
estimate the overall attenuation coefficient γ, the SSD Q(θ), and the diffusion function
D(θ). Mateo et al. [32] proposed the product of two sigmoid functions of the squared inner
propagation angle to fit the normalized SSD, QN(θ), as follows:

QN(θ) =

(
1 + e−σ2

1 θ2
1

)(
1 + e−σ2

2 θ2
2

)
(

1 + e−σ2
1 (θ

2
1−θ2)

)(
1 + e−σ2

2 (θ
2
2−θ2)

) . (12)

This function is suitable to describe the angular dependence of the SSD due to its flat
asymptotic behavior at the origin and infinity. In addition, it decreases monotonically, and it
is continuously derivable which is necessary for the calculation of the attenuation function.

Finally, the mode group delay is also a function of the propagation angle that has units
of delay per unit length. Although it has been modeled by simplified functions [31], it can
be calculated assuming straight-line ray-trajectories for step-index fibers [20,24], in which
case it is given by:

τ(θ) = md
ncore

c

(
1

cos θ
− 1

)
. (13)

We introduced a parameter termed md in the mode delay function. This parameter
accounts for different effects that tend to reduce the path difference among different
modes, apart from diffusion and differential mode attenuation. We propose that the mode
group delay function can be modeled using other functions of the propagation angle. We
argue that this allows us to reproduce more accurate results for fibers with different sizes,
apertures, and index profiles.

We selected a set of parameters to be fit: the four parameters shown in Equation (9)
that describe the diffusion function (D0, D1, D2, σd), the overall attenuation γ, and the
parameter md in the mode group delay function shown in Equation (13).

In order to obtain this set of parameters, the fitting algorithm used as input data both
the measurements of intensity distributions to obtain the total power and the measurements
of frequency response. These data were collected for different fiber lengths as described in
Section 2. The input data were subsampled with the aim of reducing the computational time.
This led to angular and frequency steps of 0.0121 radians and 61.7375 MHz, respectively.
Although the frequency response measurements were obtained for a maximum range of
VNA (4.5 GHz), the upper limit was set to 1.18 GHz since the fiber responses considered in
the fit have very small values above 1.18 GHz with a low signal-to-noise ratio (SNR).

We assumed that the SSD of the BH4001 and MH4001 fibers were achieved at 100 m and
150 m, respectively. Therefore, we used the experimental intensity distribution at the longest
measured fiber lengths (100 m and 150 m for BH4001 and MH4001 fibers, respectively)
to fit the parameters of Equation (12) for both fibers. This produced four parameters
(σ1, θ1, σ2, θ2) that depicted the behavior of the modeled SSDs. These parameters are
shown in Table 1 and the normalized SSD function for BH4001 (at 100 m) and MH4001 (at
150 m) fibers are shown in Figure 2a,b, respectively. The measurements are represented
by the blue lines, and the results generated from the model are represented by the red
lines. Additionally, the parameters obtained for the SSD were used in the proposed fitting
algorithm to calculate the differential attenuation function.
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Table 1. Parameters for the fit of the SSD measurements for the BH4001 and MH4001 fibers.

Fiber σ1(rad−1) θ1(rad) σ2(rad−1) θ2(rad) RMSE

BH4001 22.9036 0.0566 32.4676 0.1276 1.668 × 10−3

MH4001 45.3986 0.0185 72.9936 0.6564 7.0874 ×
10−3
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The optical intensity distribution for the steady state is much narrower for the MH4001
fiber than for the BH4001, consistent with their different NAs.

We built a cost function that was in charge of assessing the error between the model
and the experimental measurements. The cost function, F (v), had to be minimized to
obtain the values of the fiber characteristic parameters, {v}, that produced the best fit
to the experimental data. After trying different scenarios, we finally opted to use a cost
function that combined the frequency responses and the total power calculated from the
intensity distributions. In addition, we selected the measurements for the longer lengths
(from 40 m up to the maximum measured length). We left out the measurements for shorter
lengths because they displayed a large variability due to the influence of the output end
terminations, curvatures, and other disturbances. These produced a large impact on the
fiber transmission properties [36].

In order to obtain the total power, PT(z), and the frequency response, H(ω, z), we
needed to calculate the propagation matrix Mω for each frequency first. Subsequently,
we calculated Pω(z) for each frequency and length using Equation (8). The MEM played
a crucial role in this process since the optimization algorithm is an iterative procedure.
Therefore, the calculation must be repeated several times. We assumed that the launching
intensity distribution Pω(z = 0) was the angular intensity distribution obtained from the
measured FFP for the shortest fiber (1 m). The intensity distribution, I(z), for a fiber length
z was obtained as follows:

I(z) = Pω=0(z). (14)

The total power was the weighted sum equivalent to the integral of the intensity
distribution over the total solid angle Ω:

PT(z) = 2π
m=M

∑
m=1

Im(z)
sin θm

cos2(θm)
∆θ, (15)

where Im(z) represents the m-component of the intensity distribution I(z) defined in
Equation (14), i.e., Im(z) = P(θm, z, ω = 0).
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The complex fiber transfer function was obtained in a similar way from Pω(z). Its
modulus (absolute value) is the fiber frequency response, and it can be obtained as follows:

H(ω, z) =

∣∣∣∣∣2π
m=M

∑
m=1

Pm,ω(z)
sin θm

cos2(θm)
∆θ

∣∣∣∣∣, (16)

where Pm,ω(z) represents the m-component of the frequency-domain optical intensity
distribution in vector form, defined in Equation (5).

Notice that PT(z) has a value for each length, while H(ω, z) is a function of the fre-
quency for each length. Finally, the cost function was the sum of the norm of the error
between the modeled frequency responses and the frequency response measurements
Hexp(ω, z), and the norm of the total power estimated using the modeled intensity dis-
tributions and the power estimated from intensity distribution measurements PT,exp(z),
as follows:

F (v) = ||H(ω, z)− Hexp(ω, z) + PT(z)− PT,exp(z)||, (17)

in which v = [D0, D1, D2, σd, γ, md] contains the fitting parameters that were used to
calculate the propagation vector Pω(z). The propagation vector was used to obtain the
modeled total power and modeled frequency responses.

In order to minimize F (v), we used a computer function that implemented a multi-
dimensional unconstrained nonlinear minimization based on the Nelder–Mead simplex
algorithm as described by Lagarias et al. [37]. This algorithm tries several sets of initial
parameters selecting those for which the final value of the cost function is minimum and
the obtained characteristic functions meet with their physical meaning. These characteristic
functions for the two fibers are shown in the following section.

4. Results and Discussion

In this section, we show the characteristic functions for the two fibers that are cal-
culated using the parameters obtained for the best fits. Additionally, a comparison of
the experimental and model results is shown including measurements not used in the
fitting algorithm.

In the proposed algorithm, the termination tolerance was set to 10−8 in order to
satisfy the convergence criteria of the cost function. This tolerance is a threshold selected
to guarantee that the iterative cycle breaks and the cost function can converge to an
optimum value. This value is directly related to the set of parameters that best fit the
characteristic functions.

Figure 3a depicts the attenuation function considering the SSD at 100 m for the BH4001
fiber (NA = 0.58 and ncore = 1.49), and at 150 m for the MH4001 fiber (NA = 0.3 and
ncore = 1.49), respectively. The attenuation function for the BH4001 and MH4001 fibers
shows a relatively steady behavior for angles less than their critical angles (θc = 22.91◦ and
θc = 11.61◦ for BH4001 and MH4001 fibers, respectively). Both attenuation functions start
to increase consistently around their critical angles.
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Figure 3b depicts the diffusion functions for the BH4001 and MH4001 fibers, respec-
tively, considering the same characteristics as in the attenuation functions. Firstly, the
diffusion function for the BH4001 fiber is flat (constant diffusion) for angles less than
2.5◦, and above 5◦. Secondly, in the case of MH4001 fiber, the diffusion function is flat
(constant diffusion) for angles less than 7◦ and above 10.5◦. The most noticeable aspect is
the difference in the maximum diffusion level between the two fibers. It is nearly triple for
the BH4001 fiber. We argue that this behavior can be explained in view of the fact that the
BH4001 is a temperature-resistant fiber with a thermoset jacket, while the MH4001 has a
polyethylene jacket and a double cladding structure to reduce its aperture. These differ-
ences are also revealed by the parameters obtained for the diffusion functions described in
Equation (9) and given in Table 2.

Table 2. Parameters for the fit of the sigmoid diffusion function for the BH4001 and MH4001 fibers.

Fiber D0(rad2/m) D1(rad2/m) D2 σd(rad−1)

BH4001 3.5114 × 10−4 1.0250 × 10−4 3 × 10−3 52.8281
MH4001 7.8954 × 10−5 5.8804 × 10−5 8.2867 × 10−4 26.0533

Finally, Figure 3c depicts the group delay as a function of the propagation angle for
the BH4001 and MH4001 fibers, respectively revealing only slight differences.

The parameters that best fit the overall attenuation γ and the md factor are given
in Table 3. These parameters are described in Equations (11) and (13). Table 3 reveals a
difference in the overall attenuation between the two fibers for a 520 nm wavelength. These
results are consistent with previous estimates [1,27] and lower than the attenuation in the
red region of the spectrum for both fibers (see characteristic sheets). In the case of the md
parameter that weights the mode delay, the results for the two fibers are quite similar.

Table 3. Parameters of the overall attenuation and mode delay characteristic functions for the BH4001
and MH4001 fibers.

Fiber γ (Np/m) γ (dB/m) md

BH4001 0.0258 0.0961 0.5496
MH4001 0.0307 0.1513 0.5310

In order to show the goodness of the fit, we compared measured and modeled fre-
quency responses for the two fibers. Figure 4a,b depict the frequency response measure-
ments and modeled frequency responses for the BH4001 fiber, respectively. Figure 4c,d
depict the frequency response measurements and modeled frequency responses for the
MH4001 fiber, respectively. The parameters shown in the previous tables were used to
estimate the modeled results shown in Figure 4b,d.

Notice that only fiber lengths from 40 m to 100 m for the BH4001 and 40 m to 130 m
for the MH4001 were used in the fits. These curves are shown with solid lines. The
frequency responses for fiber lengths of 30, 20, and 15 m that were not introduced in
the fitting algorithm are shown with dashed lines in all figures. The results show the
expected behavior of the frequency response for the two types of fibers. Due to the effect
of modal dispersion, the results tend to narrow with the increase of the fiber lengths. A
comparison among the frequency responses reveals that the MH4001 fiber has a flatter
tendency at all lengths. This is due to its lower numerical aperture (NA = 0.3) that reduces
its modal dispersion.
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Figure 4. Normalized frequency response at selected fiber lengths. (a,c) Normalized frequency
response measurements for BH4001 and MH4001 fibers respectively, (b,d) Normalized frequency
response modeled results for BH4001 and MH4001 fibers respectively.

Figure 4 shows that the model closely follows the trend of the measurements for
the fiber lengths included in the fitting algorithm. However, there is a deviation for the
shorter fiber lengths that is more noticeable in the MH4001 fiber, particularly for the 15 m
fiber length. The fact that the model does not precisely follow experimental frequency
responses for short fibers is not a crucial factor. In fact, it has been shown that experimental
measurements of short fibers display large variability. They can be modeled using a
statistical approach [37]. This behavior can be expected due to the fact that the impact of
curvatures, fiber end termination, detector position, etc., over transmission properties is
more significant for short fibers.

Figure 5 depicts the 3 dB bandwidth as a function of fiber length for (a) the BH4001,
and (b) the MH4001 fibers, respectively. The bandwidths obtained from the experimental
measurements are represented by the blue circles, and those obtained from the frequency
responses generated using the model are represented by the red stars.
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Figure 5 shows a good agreement between experimental and modeled results except
in the case of the bandwidth for the 15 m length in the MH4001 fiber. This behavior is
consistent with the frequency responses above. In order to validate the modeling approach,
a goodness of fit test was computed between the measurements and modeled results. In
this validation, we used the normalized root mean square error (NMSE) as a cost function,
i.e., we computed the following value:

NMSE = 1− ||xre f − x ||2

||xre f −mean(xre f )||2
, (18)

where x accounts for the results to be tested and xre f is the reference data. The value of
NMSE varies between -Inf (bad fit) to 1 (perfect fit).

In the case of the BH4001 fiber, a comparison between the experimental measurements
and the results generated by the model reveals that the 3 dB frequency response fit cost is
0.9944. The fit cost takes into consideration the fiber lengths from 15 m to 100 m. In the
case of the MH4001 fiber, the fit cost is 0.9806, and it takes into consideration fiber lengths
from 15 m to 130 m. In both cases, the data for the three fiber lengths that were not used in
the fit (15, 20, and 30 m) are included in the fit cost calculation. The results for both fibers
show a reasonable accuracy of the computational modeling algorithm used to generate the
transmission characteristics.

Figure 6 depicts the received optical power as a function of fiber length for the two
fibers. The blue circles represent the direct measurements obtained in the cut-back ex-
periment for each fiber length using the power-meter. In the cut-back experiment, we
performed at least five direct measurements of the output power at each fiber length. The
bars represent the standard deviation of these data. The red stars represent the received
power calculated in Equation (15) using the intensity distributions generated by the model.
Additionally, the overall attenuation, γ, is given by the slope of the optical power ver-
sus length. The slope of the blue and red lines represents the overall attenuation of the
measured and modeled optical power vs. length, respectively.

It is relevant to highlight that the measurements of received power were not used in
the fitting algorithm. The received power was calculated from the intensity distributions
obtained from the measured FFPs using Equation (15). Figure 6 shows good agreement
between the model and the measurements. However, the received power measurements
show some deviations from the linear trend in the case of the MH4001 fiber. Additionally,
the error bars are larger in the MH4001 fiber. This reveals a higher variability. We ob-
served that for this type of fiber, the fiber termination procedure of cutting, stripping, and
particularly polishing can produce large changes. This is probably because of its double
cladding structure.
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In the case of the BH4001 fiber, a comparison between the experimental measurements
and the model generated by the proposed algorithm reveals that the fit cost is 0.9925. The
overall attenuation of the measured optical power obtained as the slope of the linear fit is
0.0909 dB/m. This value in comparison with the value shown in Table 3 gives us an error
of 5.41%. In the case of the MH4001 fiber, the fit cost is 0.9720. The overall attenuation of
the measured optical power is 0.1522 dB/m, and a comparison with the value of Table 3
shows an error of ~0.59%. The average error of the overall attenuation for the two fibers is
~3%. Although the cost function shown in Equation (17) does not include the direct optical
power measurement for its calculation, the results exhibit the robustness of the proposed
algorithm to model with reasonable accuracy the received optical power.

5. Conclusions

This article proposed a novel computation algorithm to estimate the fiber characteristic
functions (diffusion, attenuation, and mode group delay) of standard PMMA large-core
SI-POFs. The key factor that we would like to highlight is the auspicious accuracy achieved
(above 97%) in the estimation process. This was revealed by the goodness of fit test that
used the NMSE as a cost function. Particularly, the algorithm produced an average fit
cost of 0.9895 for the modeled 3 dB bandwidth results and 0.9823 for the modeled optical
power results. The use of the MEM approach showed a computationally efficient behavior
to satisfactorily calculate the modeled results in both fibers. These results showed the
expected behavior along the propagation angle. Moreover, the selection of the proper cost
function played a relevant role in the computational efficiency and the accuracy of the
results. Our findings prove the robustness of the proposed computational algorithm, and
it gives us the confidence to state that it can be reliably used to model various types of
SI-POFs. Finally, our next goals are to test the robustness of the computational algorithm
using both GI-POFs and multicore POFs and to analyze the impact of the modal delay
function on the frequency response results.
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