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Abstract: The existence and stability of moving Bragg grating solitons are systematically investigated
in a dual-core system, where one core is uniform and has Kerr nonlinearity, and the other is linear with
Bragg grating and dispersive reflectivity. It is found that moving soliton solutions exist throughout
the upper and lower bandgaps, whereas no soliton solutions exist in the central bandgap. Similar to
the quiescent solitons in the system, it is found that when dispersive reflectivity is nonzero, for certain
values of parameters, sidelobes appear in the solitons’ profiles. The stability of the moving solitons is
characterized using systematic numerical stability analysis. Additionally, the impact and interplay of
dispersive reflectivity, soliton velocity, and group velocity on the stability border are analyzed.
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1. Introduction

Fiber Bragg gratings (FBGs) are optical media in which refractive index variations
are periodically or aperiodically written on the optical fiber core. The linear properties
of FBGs have been extensively studied in the last few decades for applications such as
dispersion compensation, optical filtering, and sensing [1-3]. Additionally, FBGs have
attracted significant interest in various nonlinear applications, including pulse compression
and optical switching [4-8]. The linear cross-coupling induced by FBGs between forward-
and backward-propagating waves leads to a bandgap in the system’s linear spectrum,
which gives rise to a strong effective dispersion. Experimental findings indicate that the
dispersion induced by FBGs can be larger than that of uniform silica fiber by up to six
orders of magnitude [9,10]. The substantial dispersion arising from FBGs opens up the
possibility of the existence of slow lights in a medium, which has attracted considerable
attention due to its numerous potential applications [11-13].

Solitons (or, more generally, solitary waves) are formed when the nonlinearity of
the medium is counterbalanced by its dispersion. The characteristics of solitons have
been investigated in various optical media, including Kerr nonlinear media, media with
second-order nonlinearity, and photonic crystals [14-20]. In the case of FBGs, a balance
between Kerr nonlinearity and the dispersion induced by FBGs at high intensity results in
the formation of Bragg grating (BG) solitons [10,21,22]. Theoretical findings indicate that
BG solitons form a two-parameter family of soliton solutions in uniform FBGs, existing
throughout the entire bandgap [21,22]. The first parameter represents the velocity of
BG solitons, ranging from zero to the speed of light in the medium, while the other
parameters determine the peak, width, and detuning frequency of the solitons. Stability
analysis reveals that approximately half of the soliton family is stable [23-25]. Thus far,
BG solitons with a velocity as low as 23% of the speed of light in the medium have been
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experimentally observed [26]. BG solitons have been extensively studied in other structures,
including photonic crystals [27-29], dual-core fibers [30-33], waveguide arrays [34-36],
and microcavities with a periodic potential [37]. They have also been investigated in
other complex nonlinear media, such as quadratic nonlinearity [38-40], sign-changing Kerr
nonlinearity [41], and cubic-quintic nonlinearity [42—45].

Over the past three decades, there has been significant interest in dual-core systems
and multicomponent solitons due to their potential applications in optical signal processing,
logic gates, and switching [46-52]. In particular, semilinear dual-core systems, where one
core is linear, and the other is nonlinear, exhibit rich nonlinear dynamics and switching
characteristics [53,54]. Bragg gratings in dual-core systems also find important applications
in optical systems. For example, it has been shown that grating-assisted couplers may
be employed as optical add/drop elements in WDM optical networks [55-58]. It has
been theoretically demonstrated that both quiescent and moving BG solitons exist in the
semilinear coupler with Bragg gratings written in the nonlinear core only [30,59]. Thus,
nonlinear couplers with Bragg gratings may open a pathway for novel optical applications.
For example, Bragg grating solitons in coupled systems can be instrumental in building
novel all-optical devices such as optical diodes [60] and logic gates [61].

In the case of complex Bragg gratings, such as nonuniform Bragg gratings, deep Bragg
gratings, Bragg superstructures, and gratings written on photonic wires, band gaps may be
broad and inhomogeneous [62-65]. In order to analyze the existence and dynamics of BG
solitons in these nonstandard Bragg gratings, the standard model must be modified. A phe-
nomenological approach for this modification involves considering the spatial dispersion
of Bragg reflectivity, as discussed in Ref. [66]. The presence of dispersive reflectivity signif-
icantly affects both the bandgap and the stability region. Notably, dispersive reflectivity
leads to the emergence of side lobes in the soliton’s profile, which are more pronounced for
higher values of the dispersive reflectivity parameter. Such sidelobes do not exist in BG
solitons in uniform gratings. Additionally, it has been observed that the stability region
expands for both quiescent and moving BG solitons [66,67].

In most of the previously reported nonlinear dual-core systems, Bragg gratings were
typically placed in the nonlinear core. However, a distinctive approach was taken in [31],
where a semilinear dual-core system was analyzed with the Bragg grating situated in the
linear core, and the other core exhibited only Kerr nonlinearity. The model of [31] supports
both quiescent and moving BG solitons and its linear spectrum differs significantly from that
of previous models. The system presented in [31] was further generalized by introducing
dispersive reflectivity, leading to an exploration of the existence, stability, and interactions
of quiescent solitons in Ref. [68]. In this paper, we analyze the existence and stability of
moving BG solitons in the generalized model of Ref. [68]. The remainder of the paper is
organized as follows: in Section 2, we discuss the mathematical model and its characteristics.
A detailed discussion of the results is provided in Section 3. In particular, the analysis of the
linear spectrum and the bandgap structure is presented in Section 3.1. The features of the
soliton solutions are discussed in Section 3.2. The effects of soliton velocity and dispersive
reflectivity on the stability of the moving solitons are analyzed in Section 3.3. A summary
of the main results is presented in Section 4.

2. The Model

Following the procedure described in the Refs. [30,31,66], the following system of
normalized partial differential equations can be derived as the governing equations for
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the propagation of light in two linearly coupled cores, where one core has only Kerr
nonlinearity, and the other one contains a Bragg grating with dispersive reflectivity:

. ) 1
iy + iy + <|v|2 + 2|u|2>u +¢ =0,

. . 1
v — vy + <|u|2+2|v|2>v+1p:0, (1)

i47t +ic¢x +u +)\lp+mlpxx =0,
iy — icthy + v + AP + mpxy = 0.

In Equation (1), the forward- and backward-propagating waves are represented by u and v
in the nonlinear core, and ¢ and ¢ are their counterparts in the linear core containing the
FBG. The coefficient of linear coupling between the cores is normalized to be 1. The Bragg
grating-induced linear coupling coefficient between the left- and right-propagating waves
is denoted by A; A is real and A > 0. The group velocity in the nonlinear core is set to 1,
and c represents the relative group velocity in the linear core. The real coefficient m > 0
represents the strength of dispersive reflectivity. Our analysis is confined to 0 < m < 0.5, as
values beyond m > 0.5 hold no practical significance [66].

3. Discussion of Results
3.1. Analysis of the Linear Spectrum

In order to analyze the characteristics of moving BG solitons, Equation (1) is trans-
formed into moving co-ordinates using the transformation {X, T} = {x — yt, t}, resulting
in the following system of nonlinear coupled mode equations:

. . 1
iy +i(1 =+ (Jof + 310 Ju-+9 =0,

. . 1
for = i(1+ o + (Juf+ 31oP Jo+ 9 =0, @

ipr +i(c —n)px +u+ A+ mpxx =0,
ipr —i(c+n)px + v+ A + mpxx =0,

where 7 is the normalized soliton velocity, and # = 1 corresponds to the speed of light
in the medium. In order to obtain the dispersion relation, Equation (2) is first linearized
by setting |u|*> and |o|? in the first two equations of Equation (2) to zero [21]. Upon the
substitution of u,v, ¢, P ~ exp(ikX —iQT) into the linearized form of Equation (2) and
some straightforward algebraic manipulations, one arrives at the following equation:

OF + 47kQ® — ((A—mk2>2—|— (02—6172+1>k2+2>02—217k(()\—mk2)2+ ( —2;72+1)k2+2)0
3)
—;72k2<(A—mk2)2+ ( —;72+1)k2+2> +k2</\—mk2)2 + (K —1)2=0.

where Q) is the frequency of the soliton in the moving frame, which is related to the Bragg
frequency in the laboratory reference frame by the following relation:

(k) = w(k) - k. @

The dispersion relation results in three disjoint bandgaps, similar to the case of quiescent
solitons: a central gap and upper and lower gaps. However, the central bandgap and both
upper and lower gaps overlap with one branch of the continuous spectrum; therefore, they
are not genuine bandgaps. Similar to other models of BG solitons (e.g., Ref. [69]), when the
velocity of solitons is nonzero, the edges of the upper and lower gaps do not occur at k = 0.
Additionally, similar to the case of quiescent solitons [70], the condition for closing the
central gap is m = cA. However, at any fixed value of the velocity parameter 7, an increase
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in ¢ causes the upper and lower gaps to expand (e.g., see the inset of Figure 1a). As for the
effect of m, as m increases, a reduction in the size of the upper and lower gaps is observed
for fixed values of ¢ and # (see the inset of Figure 1b). It is also worth noting that as ¢
increases, the effect of m and 7 is diminished.
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Figure 1. Dispersion diagrams for different parameter values. (a) m = 0.1, 7 = 0.1, and A = 0.3, and

(b) c =0.0,7 = 0.1, A = 0.4. The insets show that the edges of the lower and upper gaps do not occur

at k = 0. For clarity, the insets are only shown for one of the branches in the lower bandgap.

The widths of both the upper and lower gaps strongly depend on the velocity parame-
ter # and c for any fixed value of A. An increase in velocity parameter # results in a decrease
in the widths of the upper and lower gaps (see Figure 2 for A = 0.2). It is noteworthy that
the upper and lower gaps close at a critical value of #. The critical value 7. is influenced
by the parameter c, and it follows the empirical relation given by

_c+1
Her = 5

: ©)

Figure 2. Variation of the width of the upper/lower gap with the velocity parameter # for various
values of m forc = 0.5and A = 0.2.

The condition obtained for the critical value 7., is similar to the result of Ref. [69].
However, in the standard model, the bandgap closes at || = 1 for moving solitons [71].
Additionally, the upper and lower gaps reduce slightly for fixed values of 7 and c as m
increases. Nevertheless, the upper and lower gaps remain unchanged with m at two specific
values of 17, namely, 7 = 0 and 1 = 7.
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3.2. BG Soliton Solutions

There are no exact analytical solutions for the moving BG solitons in the system of

Equation (2). Therefore, the moving soliton solutions need to be determined numerically.

To this end, we assume that the stationary moving soliton solutions are of the form
{u(X,T),0(X, T)} = {U(X), V(X) } exp(—iQT),

[9(X,T),p(X, T)} = {(X), ¥(X) } exp(—iQT). ©

Substituting Equation (6) into Equation (2), we arrive at the following system of ordinary
differential equations:

, 1
QU +i(1—n)Ux + {V|2+ 2|u|2]u+c1> =0,

. 1
QV —i(147)Vx + {U|2+ 2|V|2]V+T =0,

@)
QCI>+i(c—17)CIDX+U+/\‘Y+md2—\P:0
ax2 ’
Q‘I’—i(c+17)‘PX+V+AQ>+de—CD =0.
ax2

Equation (7) is solved numerically for various parameter values by using the relaxation
algorithm to obtain the moving BG soliton solutions. It is found that moving BG soliton
solutions exist throughout the upper and lower band gaps. On the other hand, similar to
the quiescent case, there are no soliton solutions in the central band gap. Moreover, similar
to other BG models with dispersive reflectivity, when m # 0, in certain parameter ranges,
sidelobes appear in the solitons’ profiles. On the other hand, in the absence of dispersive
reflectivity, there are no sidelobes in the solitons’ profiles. Examples of solitons with and
without sidelobes are shown in Figure 3. It should be noted that the amplitudes of the
solitons in Figure 3 are shown in a logarithmic scale in order to make the sidelobes visible.
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Figure 3. Moving BG soliton solutions in a logarithmic scale: (a) Soliton without sidelobes for
A = 0.200, c = 0.500, O = 1.090, m = 0.00, and = 0.3. (b) Soliton with sidelobes for A = 1.000,
¢ = 0.000, Q2 = 1.580, m = 0.460, and 17 = 0.01. Only the U component is shown here.

In the other models of BG solitons with dispersive reflectivity, it has been shown that
the collisions of moving solitons leads to rich dynamics, particularly in the case of solitons
with sidelobes [67]. The analysis of the collisions of moving solitons is beyond the scope of
the current paper. It is worth noting that these collisions can be utilized to manipulate light
and design novel optical processing elements.
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3.3. Stability Analysis

We have conducted a systematic numerical stability analysis in the model described by
Equation (2) to analyze the stability of moving solitons. The analysis was performed by solving
Equation (2) using the symmetrized split-step Fourier method. The moving BG solitons were
propagated up to f = 2000 in all simulations, and absorbing boundary conditions were
applied to attenuate the radiation that reached the boundaries of the computational window.

Our analysis shows that stable and unstable solitons exist in the upper and lower
bandgap (see below). It is found that the evolution of unstable solitons may lead to different
outcomes. As is shown in Figure 4a, the evolution of unstable solitons that are located deep
in the unstable region results in their complete destruction accompanied by a significant
amount of radiation. On the other hand, unstable solitons close to the stability boundary can
spontaneously split into two oppositely traveling robust moving solitons for both uniform
(m = 0) and nonuniform (m # 0) FBGs (see Figure 4b). Another possibility is that the
unstable soliton may evolve into another moving soliton with higher velocity than the original
soliton (see Figure 4c).

t t t
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500 2000
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A —J¥"
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@) (b ©

Figure 4. Evolution of unstable moving BG solitons. (a) Complete destruction of soliton for A = 0.2,
¢ = 1.00, m = 0.060, 2 = 1.000, and 1 = 0.2; (b) spontaneous splitting of soliton for A = 0.2, ¢ = 0.10,
m = 0.00, Q2 = —1.06, and # = 0.1; (c) generation of a soliton with higher velocity than the original
soliton for A = 0.2, ¢ = 1.00, m = 0.20, @ = 1.04, and = 0.2. Only the |u| component is shown here.
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In order to better understand and visualize the effects of system parameters on the
stability of the moving solitons, the results of the stability analysis are presented in a parametric
plane. Figure 5 displays the effect of increasing velocity on the stability regions for uniform
FBGs (m = 0) with A = 0.2 in the plane of (¢, Q). As is shown in this figure, in the upper gap,
the stable region is increased slightly as 7 is increased from 0.1 to 0.2. However, increasing # to
0.3 results in the shrinkage of the stable region. In the lower gap, a general trend is observed,
where the size of the stable region decreases with an increase in 7.

PO A—— P —— B {7 T
r Unstable 1 I Unstable g I+ Unstable |

7 T 0.905 i - 0,005/ Z :

No Soliton Solutions o005, No Soliton Solutions G 005 No Soliton Solutions
Stable Stable lee/—/
- —

i | b | e |

Unstable

Unstable Unstable
0 03 1 105 05 1 ’1‘105 0.5 1
(@) (b) ()

Figure 5. Stability regions in the case of uniform FBGs (i.e., m = 0) in the plane of (¢, Q)) at A = 0.20
for (a) # = 0.10, (b) # = 0.2, and (c) y = 0.3.
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In the case of nonuniform FBG (m # 0), the results of the stability analysis are
summarised in Figures 6 and 7 for the upper and lower gaps, respectively, for A = 0.2 in
the plane of (m, Q)). As is shown in Figure 6, in the upper gap, for a given ¢, a general trend
is that the stable region decreases when 7 increases. Another noteworthy feature is that
for # = 0.1 and 0.2, as c is increased from 0 to 0.5, the stable region decreases; however,
increasing ¢ from 0.5 to 1.0 leads to the enlargement of the stable region. Additionally,
in the case of 7 = 0.3, the stable region is enlarged as c increases from 0 to 1. It should also
be noted that the cusp for ¢ = 0.5 occurs at m = cA. A similar behavior has been observed
for quiescent solitons.
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I ' 1105 I 1105 |
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Figure 6. Stability diagram in (m, Q) plane in the upper gap for A = 0.2. The areas shown by the
hatched lines are outside the gap and do not contain any soliton solutions.

In the lower gap, for a given i = 0.1, as c is increased from 0 to 0.5, the stable region
decreases, and a further increase in ¢ from 0.5 to 1.0 results in the expansion of the stable
region (see Figure 7). However, for # = 0.2 and 0.3, increasing c¢ from 0 to 1.0 gives rise to
the expansion of the stable region. As for the effect of 7, for ¢ = 0, the stable region shrinks
as 1] increases from 0.1 to 0.3. However, for ¢ = 0.5 and ¢ = 1.0, the stable region expands
as 1] is increased from 0.1 to 0.2, and a further increase in 7 leads to the shrinkage of the
stable region.
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Figure 7. Stability diagram in (m, Q)) plane in the lower gap for A = 0.2. The shaded regions show
unstable solitons. The areas shown by the hatched lines are outside the gap and do not contain any
soliton solutions.

4. Conclusions

In this paper, we have investigated the existence and stability of moving BG solitons
in a dual-core system, where one core is linear and contains a Bragg grating with dispersive
reflectivity, and the other core is uniform and has Kerr nonlinearity. The system’s linear
spectrum comprises three distinct bandgaps: the upper, lower, and central bandgaps.
As the soliton velocity and dispersive reflectivity parameters increase, both the upper and
lower gaps decrease. However, an increase in c tends to counteract the effects of velocity
and dispersive reflectivity. We empirically determined a critical value of soliton velocity
for which these gaps close, and this critical value depends solely on c. The numerical
stability analysis indicates the existence of moving BG solitons throughout the upper and
lower gaps, with no solitons found in the central bandgap. We have studied the stability
of moving BG solitons by means of systematic numerical stability analysis and identified
nontrivial stability borders. It has been observed that for m = 0, the stability area in the
lower gap in the plane of (c, Q) decreases as the velocity of solitons increases. In the case
of m # 0, the size of the stable region in the plane of (m, Q2) is affected by c and 7. A key
finding is that as 7 is increased, the stability region in the upper gap reduces for a fixed c.
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