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Abstract: We derive the analytical expressions for root-mean-square (rms) beam wander (BW) and
relative BW of a twisted electromagnetic elliptical vortex (TEEV) beam propagating through non-
Kolmogorov atmospheric turbulence with the help of the extended Huygens—Fresnel principle and
the second-order moments of the Wigner distribution function (WDF). Our numerical findings
demonstrate that the BW of a TEEV beam with a small ellipticity, a large topological charge as well
as a small waist width and initial coherent length is less affected by the turbulence. It can be also
found that the effect of turbulence with a larger outer scale of turbulence, a generalized exponent
parameter, and a generalized structure parameter on BW is more obvious. It is interesting to find
that the effect of atmospheric turbulence on BW for a TEEV beam can be effectively reduced by
regulating jointly the symbols and sizes of the twisted factor and topological charge. Therefore,
modulation of the structure parameters of a TEEV beam provides a new way to mitigate turbulence-
induced beam wander. Our work will be useful for free-space optical communications, remote sens-
ing, and lidar distance measurement.
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lence effects, such as beam spreading and beam wander, scintillation (i.e., intensity fluc-
tuation), and phase distortion, which will result in an increase in the communication error
rate and a drop in the channel capacity of the optical system [1-10]. It has been experi-

mentally investigated that general atmospheric turbulence possesses a turbulence struc-
ture different from the typical Kolmogorov’s one. It could have other energy distributions
among differently-sized turbulent eddies and exhibit non-homogeneity, i.e., the non-Kol-
mogorov turbulence [11-17]. Over the past several decades, many works have been car-
ried out concerning the propagation of various laser beams in atmospheric turbulence due
to its important applications in free-space optical communications, remote sensing, and
lidar distance measurement [8—20]. Beam wander (BW) is characterized by the random
displacement of the instantaneous center of a laser beam as it propagates through atmos-
pheric turbulence, which is an important property determining the performance of laser
beams in practical applications, such as beam tracking and pointing, in high-energy laser
systems and military applications [4,7,16-18]. BW is a significant limitation in the above
applications; therefore, it is of practical importance to develop some methods to overcome
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or alleviate the turbulence-induced BW, and it is also revealed in [21-40] that one-way use
of a laser beam with special spatial structures can achieve this goal.

A partially coherent (PC) beam is less affected by atmospheric turbulence than a fully
coherent beam [21-25] and can effectively lighten the speckle and reduce beam wander
[7,8,16-20]. In 1992, Allen et al. found that each photon in a laser beam with a phase factor
of exp(im0) has an orbital angular momentum (OAM) of hm, where h is the reduced
Planck constant and m is the topological charge carried by the beam. This kind of PC beam
with OAM is called a partially coherent vortex (PCV) beam [26-30]. It has been demon-
strated that a PCV beam and a partially coherent elliptical vortex (PCEV) beam have a
stronger anti-turbulence ability propagating through atmospheric turbulence over a non-
vortex beam [13,14,20,31-33]. We also find that, in optical information transmission, the
advantage of a PCV beam is that OAM coding or OAM multiplexing can be used to ex-
tremely improve the channel capacity of a communication system [26-33]. In addition to
the vortex beam, there is another nontrivial beam (named a twisted beam) that induces
the beam carrying OAM [20,34—40]. It is shown that a partially coherent twisted (PCT)
beam not only induces the rotation of a laser beam on propagation, but also has ad-
vantages in resisting turbulence-induced negative effects, such as scintillation, degenera-
tion, depolarization, and overcoming the classical Rayleigh limit and information transfer
through atmospheric turbulence [34,35,40,41].

In this paper, we combine the twisted phase, vortex phase, ellipticity, and coherence
of a laser beam, so a new kind of twisted electromagnetic elliptical vortex (TEEV) beam is
introduced. The analytical expressions for root-mean-square (rms) BW and relative BW of
the TEEV beam propagating through non-Kolmogorov atmospheric turbulence with the
help of the extended Huygens—Fresnel principle are derived, and the effects of the twisted
factor, topological charge, ellipticity, and coherent length on the rms BW and relative BW
are explored in detail. Our strategy provides a new way to reduce turbulence-induced BW
and promote the application of a TEEV beam in free-space optical communications, re-
mote sensing, and lidar distance measurement.

2. BW of a TPCEV Beam in Non-Kolmogorov Atmospheric Turbulence

The BW of a fully coherent (FC) beam can be described statistically as the variance of
the displacement of the instantaneous center of the beam propagating through a turbulent
atmosphere. A model of BW of an FC beam valid under general poor turbulence condi-
tions has been proposed by Andrews and Phillips [4], and in 2012, the theory model was
extended to the case of PC beams [16-18]:

<rf> =47’ kW J.OZ J.: k®, (k) exp (—KZWLZT )

2,201 172 (1)
x31—exp _22K (21 ZZ/Z) drdz',
kWi

where, k =27/ is the wave number with A being the wavelength of the PC beam, z denotes
the total propagation path length, z' is the distance of an intercept point from the input
plane at z = 0, ®u(x) is the spatial power spectrum of the refractive index fluctuations of
the non-Kolmogorov atmospheric turbulence, and « is the magnitude of the spatial wave-
number. Wir and Wrs are the long-term beam widths at the receiver plane in the presence
of turbulence and in the free space, respectively. To model atmospheric turbulence, the
form of the non-Kolmogorov turbulence spectrum can be expressed as follows [4,11-17]:

A(a)C; exp[—(/(z /K}i)]
(KZ +K§)a/2 >

D (k,a)= 0<kKk<w, 3<a<4, (2)

where, Cz is the generalized structure parameter with units m3<, a denotes the general-
ized exponent parameter, kn = c(a)/lo with lo being the inner scale of turbulence, and xo =



Photonics 2024, 11, 492 3 of 14

2m/Lo with Lo being the outer scale of turbulence. A(a) and c(«) are given by the following
[11-17]:

Alax) = 4%[2 I'(a—1)cos (%j 3)

(@) = {%F[S_Taj A(a)}a_s @)

where, I'(+) is the Gamma function. When a = 11/3, we can calculate A(11/3) =0.033, ¢(11/3)
=5.91, and xm = 5.91/lo. Equation (2) is the von Karman spectrum. When a = 11/3 and Lo =
oo, Equation (2) reduces to the Tatarskii spectrum; furthermore, the spectrum expressed in
Equation (2) also reduces to the conventional Kolmogorov spectrum when a =11/3, Lo = e
and lo=0 [4,16-18].

For the sake of a better understanding of the BW, it is helpful to simplify Equation (1)
by applying the geometrical optics approximation: 1 — exp[—2zk%(1 — z'/z)*/(k*Wrs?)] =
2z2k%(1 — z'/z)?/(kK*Wrs?), where, zx2 << k and the diffraction effect is neglected [4,16-20].
Therefore, the BW of a PC beam can be expressed approximately by the following:

<r 2> _ 4r’ClA(a) K, 2

(«2)
N

xjoz(l —%) {2k, + KK (WLzT +K,; )a/z

x[2/{§ (1+K‘}iVVLzT)+(Ol—2)K2] ©)

m

<(1+2W2) " exp(xl /62 + 12 )
XF[2—%,(’(§ /K,i +K02WL27)}}dZ”

where I'(-,-) represents the incomplete Gamma function. Equation (5) is a general formula
of BW for a random PC beam propagating through non-Kolmogorov atmospheric turbu-
lence. It can be easily found from Equation (5) that the BW of a PC beam is determined by
the Wir and turbulence parameters. According to Refs.[4,16-20], Wir was calculated by the
method of second-order moments and can depend on the initial parameters of a PC beam.

Therefore, in this paper, in order to study and reduce turbulence-induced BW, a new
kind of twisted electromagnetic elliptical vortex (TEEV) beam is introduced as well as a 2
x 2 cross-spectral density matrix (CSDM) [18-25]

W (Po15 P 0) W, (Po1s P23 0)
Wyx(pOI’pOZ;O) Wyy(poppoz;o) ’

where, po1 = (xo1, yor) and poz = (xo2, yo2) are the traverse vectors of two arbitrary points in
the incident plane. Wipq(po1, poz) = (Ey"(po1) Eq(pe2)), (p,9 = x,y), Ex and Ey are the two fluctuat-
ing components of the stochastic electric vector with respect to two mutually orthogonal
x and y directions [10,14-16,39]. Where the angular brackets (--) denote the ensemble av-
erage and the asterisk denotes the complex conjugate. It is striking to note that the two
mutually orthogonal components Ex and Ey, are uncorrelated at each point of the source.
The off-diagonal elements of the CSDM in Equation (6) for the TEEV beam in the source
plane Wxy(po1, poz; 0) and Wix(po1, poz; 0) are set to zero. Therefore, the diagonal elements of

W(pm > Pozs 0)={ (6)
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the CSDM in Equation (6) Wa(po1, po; 0) and Wyy(po1, pe; 0) can be expressed as follows

[10,14-16,39]:
Xy .V Xy .Y
Pp (Por1> P25 0) —( o =0 j ( i j

Ox WOy WOx WOy
2 2 2 2
% Xt X Yot e
exp W2 W2
O0x Oy

)
(x(n —Xo2 )2 +(ym — Vo2 )2
26,,

xexp| —

Xexp [—ikﬂ (xmyoz ~ X2 Vo1 ):I
pP=xXY,

where wox and woy are the beam waist widths of the TEEV beam in the x and y directions,
respectively. m and u denote the topological charge and twist factor of the TEEV beam,
respectively. 6:x and Oyy represent the initial transverse coherent lengths of the TEEV beam
along the x and y directions, respectively. The trace of the CSDM of the TEEV beam in the
source plane z = 0 is expressed as the following [18-25]:

W.(Pors P 0) = TF[W(Polapoz;O)] =W, . (Por>P230) + Wyy(l’olapoz;o) 8)

where Tr denotes the trace of the CSDM of the TEEV beam. The propagation of the trace
of the CSDM of the TEEV beam in non-Kolmogorov turbulence can be given as follows
[11-20]:
kZ
W, (p:£432) =5 [ [ W, Py P1s30)
drz
. ©)
ik 1 ) s s
Ny {?[(P —P0) (P = Pos)] _EDw(pd’pOd’Z)}d Pyd py,-

where z denotes the propagation distance. The two-point spherical wave structure func-
tion Dw(pd, pos; z) is expressed as follows:

D,(py-poui2)=8K2] d&[ " [1=J(K[Ep,, + (1~ E)p, NI, (W)xlk, (10)

where Jo(-) denotes the Bessel function of the first kind and zero order. We use the central
abscissa coordinate systems, that is,

Po=(Por+ P/ 25 Poa = Poi — Pors (11)

p=(p+p,)/2,p,=p - P, (12)

where p1 = (x1, y1) and p2 = (x2, y2) are the position vectors of two arbitrary points in the
observation plane. And we easily find from Equations (7)—(12) the following relationships:

W, (Por>Pe2i0) =W, (pypoy30) (13)

W,(pipyz) =W, (p,p,;2) (14)

It is well known that the Wigner distribution function (WDF) is especially suitable
for the treatment of partially coherent electromagnetic beams. The WDF of a TEEV beam
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propagating through non-Kolmogorov atmospheric turbulence can be expressed in terms
of the trace of the CSDM by the following formula [5,9,15-17,23,24]:

i .
h,(p.0,2)= WJ W, (p.,p,:z)exp(—ikd- p,)dp,, (15)

where, 0 = (0x, 0y), kOx and kO, are the wave vector components along the x-axis and y-
axis, respectively.

The intensity moments of the order n1 + n2 + m1 + m2 of the WDF in Equation (15) for
the TEEV beam can be given by [5,9,15,23]

ny Ny AM; AN, 1 ny_ n, 1 N2
MO0y = ([0, (p. 0,2 pd), (16)
0

where the total power of a TEEV beam Po is given by
P, = [[ h,(p,0.2)d" pd’0, (17)

Substituting Equations (6)—-(15) into Equation (16), we obtain

Wi =(p?)=(p?), +2(p-0), 2 +(0%) = + 34°2T, (18)

where the initial second-order moments are given by
(o), =), (), =" (), 1)
(p-6),=(x0.),+(v0,), =0, 20)

(e7), =(82), +(e0),

1)
gy L)
A CE AW, 4 kp

where f = woy/wox denotes the ellipticity and

T=| ®,(K)Kds, (22)
On substituting from Equation (2) into Equation (22), the quantity T can be easily
given by

7 A@C;
2(a—2)

Ko a K,
X [2K§Ki‘“+(a—2)1(;'“}exp —|r 2—5,—3 2K ¢,
K K

(23)

m m

In order to conveniently study the BW of a TEEV beam propagating through non-
Kolmogorov atmospheric turbulence, the rms beam wander Bw and the relative beam wan-

der Bur are defined as follows
S\ 2
B, =[<rc ﬂ ; (24)
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B

wr

1/2
SCLAR
where Bw can represent the instantaneous distance of the TEEV beam that deviates from
its beam center as it propagates in turbulence, and Bwr can reflect the relative change.

Equations (18)—(21), (24), and (25) are the main outcomes of the present paper, which
can provide the propagation rule and be a powerful tool to study and reduce the turbu-
lence-induced beam wander of a TEEV beam propagating through non-Kolmogorov at-
mospheric turbulence.

3. Numerical Examples

In this section, we will study the effects of different beam parameters (A, Oxx, Oy, B,
wox, m, ) and turbulence parameters (C%, Lo, lo, ) on the BW of a TEEV beam propagating
through non-Kolmogorov atmospheric turbulence. We have also fixed some parameters:
A =632.8 nm, wor = 0.01 m, Oxx =8 mm, 6yy = 10 mm, a = 3.6, C=1 x 104 m3«, [o =8 x 103
m, and Lo = 80 m. Unless otherwise stated, these values will be used as the calculation
parameters.

Figure 1 shows the effect of the atmospheric turbulence parameters (C:, Lo, &) on rms
BW and the relative BW Buwr of a TEEV beam. We find that Bw» and Bu«r will become large
with an increase in the propagation distance z. The changes are more obvious for turbu-
lence with the large generalized structure parameter Cz, the large generalized exponent
parameter «, and the large outer scale of turbulence Lo. It can be also found that the veloc-
ity of increase of Buw is stable; however, Bur increases quickly for 0 < z <2 km then slowly
increases up to the stable values for 2 km < z < 10 km. In Figure 1(a2,b2,c2), the relative
beam wander is Bwr < 1, meaning that the velocity of the BW of a TEEV beam in non-
Kolmogorov atmospheric turbulence is less than that of the beam spreading.
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s e
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Figure 1. The rms beam wander Bw and the relative beam wander Bwr of a TEEV beam in non-Kol-
mogorov turbulence versus the propagation distance z, p =-1 x 104 m™, m =3, 3 =0.1, (al,b1,c1)
denotes rms beam wander and (a2,b2,¢2) denotes relative beam wander. (al,b1,c1) show that the
effect of the atmospheric turbulence parameters (C?, Lo, «) on rms BW of a TEEV beam. (a2,b2,c2)
reveal that the effect of the turbulence parameters on the relative BW of a TEEV beam.

The effect of the ellipticity  on the rms BW Bw and the relative BW Bur of a TEEV
beam propagating through non-Kolmogorov atmospheric turbulence is shown in Figure
2. It is seen that a TEEV beam in turbulence has a smaller B» and Bur than a TEEV beam
with a small ellipticity . We also find that the phenomenon is more obvious for 2 km < z
<10 km [see Figure 2a,b]. Compared with Figure 2a,c, it can be observed that the rms BW
will drop with an increase of the topological charge m. We also find that the relative BW
will reduce with a decrease of the twisted factor u (1 <0) in comparison with Figure 2b,d,
indicating that the TEEV beam has a stronger ability to resist atmospheric turbulence by
regulating jointly the twisted factor and topological charge. The reason is that the propa-
gation of vortex beams with orbital angular momentum (OAM) in atmospheric turbulence
is less affected by turbulence than non-vortex beams, and the larger the topological
charge, the stronger the anti-turbulence ability, which is consistent with the results in
[18,34,42-44].

Figure 3 shows the effect of the topological charge m on the rms BW Bw and the rela-
tive BW Bur of a TEEV beam propagating through non-Kolmogorov atmospheric turbu-
lence. It can be seen that the BW of the vortex beam (m > 0) is smaller than that of the non-
vortex beam (m = 0); furthermore, a TEEV beam with a larger topological charge in turbu-
lence has a smaller rms BW and relative BW. Figure 3b implies that the relative BW Buw
quickly increases as 0 < z < 2 km, and then the change becomes slow as 2 km <z <10 km.
In Figure 3, we also find that a TEEV beam with a small value of ellipticity  is less affected
by turbulence than the circular vortex beams (ellipticity f = 1). The reason can be explained
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B, (m)

B, (m)

as the following: the elliptical vortex beams (with an ellipticity of less than 1) can increase
the mutual conversion between the OAM of the twisted phase and OAM of the vortex
phase in comparison with the circular vortex beams ( = 1), thereby, increasing the total
OAM of the beam [32,33].

Figure 4 shows the relative BW Buwr of a TEEV beam propagating through non-Kol-

mogorov atmospheric turbulence. One finds that the Buwr of a TEEV beam increases as the
twisted factor p (1 > 0) increases. However, Figure 4b—d show that the Buwr reduces as the

absolute value of the twisted factor Iul (u <0) increases. Compared with Figure 4a,b, it

can be observed that the relative BW of a TEEV beam with a negative twisted factor u (u
<0) is smaller than that of a TEEV beam with a positive twisted factor y (u > 0). The reason
is that the phenomenon is closely related to the handedness of the twist phase and vortex

phase. When the topological charge and twist factor are all positive, the handedness of the
two phases is opposite to each other, implying that the OAM of the vortex phase is offset

by the twist phase. However, when the topological charge is positive and the twist factor

is negative, the handedness of the two phases is the same, which means that the total OAM
of the beam increases [45]. The effect of beam waist widths wox and woy, initial transverse
coherent lengths 6x and 6yy on rms BW Buw, and the relative BW Bur of a TEEV beam in
turbulence are shown in Figure 5. It can be found that a TEEV beam with small beam waist
widths and initial transverse coherent lengths has a small rms BW B« and relative BW,
indicating that a TEEV beam is less affected by atmospheric turbulence.
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Figure 2. The rms beam wander Bw and the relative beam wander Bwr of a TEEV beam in non-
Kolmogorov turbulence versus the propagation distance z for the different the ellipticity (3, (a,b) u
=-1x10*m?’, m=3;(c)pu=-1x10*m?, m=8; (d) p=-1x10°m7, m=3.
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B (m)

Figure 4. The relative beam wander Buwr of a TEEV beam in non-Kolmogorov turbulence versus the
propagation distance z for the different twisted factor y, (a,b) f=0.7, m=3; (c) $=0.7, m=8; (d) f =
0.1, m=3.

Figure 6 indicates the influence of the wavelength of a TEEV beam A on the rms BW
Bw and the relative BW Bur. The longer the wavelength of the laser beam is, the smaller the
Bw and Bur are, meaning that near-infrared light has less BW than visible light in atmos-
pheric turbulence. Figure 7 is the 3D rms beam wander Bw and the relative beam wander
Buwr of a TEEV beam in non-Kolmogorov turbulence. It can be observed that the rms BW
Bw and the relative BW Bur can be reduced by decreasing beam waist widths (wox and woy)
and initial transverse coherent lengths (6:x and dyy) as well as the twisted factor i and the
ellipticity B, increasing the topological charge m, which means Bw and Bur are less affected
by atmospheric turbulence.
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Figure 5. The rms beam wander Bw and the relative beam wander Bwr of a TEEV beam in non-Kol-
mogorov turbulence versus the propagation distance z for the different beam waist widths wox and
woy, initial transverse coherent lengths 6 and 6y, (al,a2) p=-1x10*m7, m=1, =0.7; (b1b2) u =
-1x10*m7, m=1,3=0.5.
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Figure 6. (a) The rms beam wander Bw and (b) the relative beam wander Bur of a TEEV beam in non-
Kolmogorov turbulence versus the propagation distance z for the different wavelength A, u =-1 x
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Figure 7. The 3D rms beam wander B and the relative beam wander Bur of a TEEV beam in non-
Kolmogorov turbulence (a) versus the propagation distance z and topological charge m, =0.1, u =
-1x10*m™, (b)ym=8,u=-1x10*m, and (c) m =3, =-1 x 10* m™" versus the propagation distance
z and the ellipticity g, (d—f) p =0.7, m = 8 versus the propagation distance z and the twisted factor p.

4. Conclusions

We have derived the analytical expressions for the rms BW and relative BW of a TEEV
beam propagating through non-Kolmogorov atmospheric turbulence with the help of the
extended Huygens-Fresnel principle and the second-order moments of the WDF. Mean-
while, the numerical examples of a TEEV beam are carried out and confirm the validity of
the analytical expressions. Our numerical findings demonstrate that the BW of a TEEV
beam with a small ellipticity and a large topological charge as well as a small waist width
and initial coherent length is less affected by turbulence, which means a TEEV beam has
a stronger ability to resist atmospheric turbulence. We also find with turbulence with a
larger outer scale of turbulence, the generalized exponent parameter and the generalized
structure parameter on BW are more obvious. It is interesting to find that the effect of
atmospheric turbulence on BW for a TEEV beam can be effectively reduced by regulating
jointly the symbols and sizes of the twisted factor and topological charge. Therefore, mod-
ulation of the structure parameters (A, 6xx, Oyy, B, wox, m, ) of a TEEV beam provides a new
way to mitigate the turbulence-induced beam wander. Our work will be useful for free-
space optical communications, remote sensing, and lidar distance measurement.
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