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Abstract: Due to the limitations of traditional geometric error measurement, the measurement
accuracy of long-stroke geometric errors is generally not high and the operation is complicated. In
response to the above situation, in this study, a geometric error measurement system is built with a
laser beam as the reference line and 2D position sensitive detector as the photoelectric conversion
device. The single measurement range is 40 m, and the measurement range is further expanded
through the principle of segmented splicing. Using an ultra-long guide rail as the measurement object
for straightness measurement, the experimental results are similar to those of a laser interferometer.
The uncertainty analysis model was obtained through the analysis of quantity characteristics, and
based on this, the variance synthesis theorem and probability distribution propagation principle were
studied to form two uncertainty synthesis methods. The measurement evaluation results showed that
the two methods were basically consistent. The work provided a reference method for the uncertainty
evaluation of position-sensitive detector measurement systems in the future.

Keywords: position-sensitive detector; geometrical errors; uncertainty; accuracy analysis

1. Introduction

Accurate measurement and management of geometric errors is crucial for ensuring
the accuracy of mechanical processing, assembly quality, and product performance. This is
particularly crucial in fields such as aerospace, precision instruments, and micro-machinery
that require extremely high precision. Although traditional measurement tools such as
laser interferometers and coordinate-measuring machines have high measurement accu-
racy, they still face some challenges, such as high equipment costs, low measurement
efficiency, sensitivity to environmental conditions, and measurement range limitations.
Given these limitations, it is particularly important to develop a new type of geometric
error measurement technology that is cost-effective and can overcome these drawbacks.

With the popularization of optical devices, many new geometric error measurement
and detection methods have emerged. Position-sensitive detectors (PSDs), also known
as coordinate photocells, are widely used in geometric error measurement due to their
high accuracy, sensitivity, fast response, and ease of integration with other systems. Zhang
Xiulei built a Lissajous trajectory-testing platform based on oscilloscopes and PSDs [1];
Gao Yue and others utilized a combination of three two-dimensional PSDs to achieve
the measurement of displacement and angle in six degrees of freedom of spatial relative
motion [2]; Zhao Wenhe and his team, addressing the challenge of flexible support and
parallel support platforms between some moving bodies and bases without a definite
axis of rotation, proposed a non-contact three-axis angle measurement scheme based on
dual two-dimensional PSDs [3]; Chen Gao proposed a non-contact coaxiality measurement
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system based on laser collimation for the coaxiality measurement problem of large span and
small holes. This system, centered around laser displacement sensors and integrated with a
PSD, addresses the measurement challenges effectively [4]; Yu-Ta Chen utilized a PSD along
with other optical modules in an integrated design and validated a measurement system
that concurrently measures the six-degree-of-freedom geometric errors of machine tools.
This innovative measurement system is cost-effective and versatile in its functionality [5];
B. Fan proposed the use of a dual-optical path photoelasticimeter incorporating diffraction
gratings and multiple PSDs for the real-time measurement of surface deformation [6].

By analyzing the current research situation, many geometric error measurements have
applied PSDs. Although they have achieved measurement goals, they are only limited
to small-scale measurements and have not developed towards long-distance geometric
error measurements, which greatly limits the application scenarios of PSDs. Moreover, the
above-mentioned scholars only focus on how to complete measurement tasks, neglecting
the evaluation of measurement uncertainty, and providing incomplete measurement results,
which also limits the application of PSD-based geometric error measurement systems in
the field of metrology. Therefore, how to extend PSDs to long-distance geometric error
measurement and uncertainty assessment has become an urgent problem to be solved.

Based on the above issues, this article proposes and designs a long-distance geometric
error measurement system using a two-dimensional PSD and semiconductor laser emitters.
The single measurement range can reach 40 m and the measurement range can be further
expanded through the principle of segmented splicing. Unlike traditional measurement
methods, the measurement system studied can simultaneously measure the straightness
in both horizontal and vertical directions, and supports disconnection and reconnection,
achieving separate long-distance geometric error measurement. In order to verify the
reliability of the measurement system, taking the straightness measurement of a 45 m guide
rail as an example, the main sources of system uncertainty were determined using the value
statistics method. An uncertainty evaluation and analysis model was established, and
uncertainty synthesis was carried out using the variance synthesis theorem and probability
distribution propagation principle in GUM. By comparing the evaluation results, the
usability of the system was verified, laying a foundation for future uncertainty evaluation
of PSD-based measurement systems for specific measurement tasks using GUM.

2. Measuring Principle
2.1. Working Principle of Two-Dimensional PSD [7–9]

The schematic diagram of the two-dimensional pillow-shaped PSD is shown in Figure 1.
When the light source illuminates the photosensitive surface of the PSD, the position of the light
spot on the effective area experiences lateral photoelectric effects, creating a potential difference
that generates corresponding photocurrents IX1 , IX2 , IY1 , and IY2 at the four electrodes labeled
X1, X2, X3, and, X4, respectively.
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The dimensions of the photosensitive surface of the PSD are represented by Lx and
Ly. By collecting the photocurrent signals generated at the four electrodes, the position
coordinates of the incident light source illuminating on the PSD’s photosensitive surface
can be calculated. The photocurrent-to-position conversion formula is as follows:

x =
Lx

2
×

(IX2 + IY1)− (IX1 + IY2)

IX2 + IX1 + IY1 + IY2

(1)

y =
Ly

2
×

(IX2 + IY2)− (IX1 + IY1)

IX2 + IX1 + IY1 + IY2

(2)

2.2. Measurement of Geometric Errors Based on PSD Laser Collimation Principle [10,11]

As shown in Figure 2, the basic principle of geometric error measurement based on
PSD laser collimation is that the laser beam emitted by the laser is projected onto the
photosensitive surface of the PSD, and the laser beam serves as the reference line for
measurement. When the PSD moves on the surface of the measured object, the geometric
error of the measured surface causes relative displacement between the laser beam and the
photosensitive surface of the PSD, resulting in a change in the position of the light spot
incident on the photosensitive surface. Based on the working principle of the PSD, accurate
information on changes in spot position can be obtained.
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Based on the aforementioned measurement principle analysis, a measurement system
can be designed to simultaneously measure geometric errors such as straightness, paral-
lelism, and flatness. The specific implementation methods for straightness and parallelism
are shown in Figure 3, with a similar approach for flatness.
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Before measurement, a light beam deflection device containing a pentaprism is placed
at the front end of the reference axis, and optical path adjustment is performed. The position
of the laser emitter remains unchanged throughout the entire measurement phase. The
laser emits a beam, which is reflected 90◦ by a pentaprism and is parallel to the reference
axis. The position detection device is moved to complete the straightness measurement.
For parallelism measurement, the process begins with repeating the measurement of the
reference axis. Then, the beam turning device and the position-detection device are moved
to the axis being measured, and the position-detection device is moved to complete the
parallelism measurement.

2.3. Principle of Segmented Splicing

For long-travel measurement objects that exceed the measuring range of a PSD, it is
necessary to divide the object into multiple measurement segments based on the actual
interruptions of the object being measured. Taking an ultra-long guide rail as an exam-
ple, there are overlapping measurement areas between adjacent segments. The adjacent
segments of the ultra-long guide rail are divided into two sections, referred to as segment
L1 and segment L2, as shown in Figure 4. The overlapping area L12 should not be less
than 20% of the length of the measurement segment it is a part of, and both segments L1
and L2 should maintain a consistent measurement step within the overlapping area L12.
Coordinate system o1x1y1z1 is established at the starting position of the long guide rail
measurement, and coordinate system o2x2y2z2 is established at the joint position. In these
systems, the x-axis direction coincides with the direction of the guide rail’s motion axis.
The y-axis is used to measure horizontal straightness, while the z-axis measures vertical
straightness.
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Assuming that there are k common measurement points between L1 and L2 within L12,
the on between measurement point pi(xi, yi, zi)(i = 1, 2, 3 · · ·m) and measurement point
pj
(

xj, yj, zj
)
(i = 1, 2, 3 · · · n) in L12 is as follows:

xi+a = xj(i = j = 1, 2, 3 · · · k) (3)

where α is the number of measurement points between coordinate system o1x1y1z1 and
coordinate system o2x2y2z2, and k should satisfy both 0 < k < m and 0 < k < n.

In the process of straightness stitching measurement, due to changes in the position of
the PSD and the laser on the guide rail, there may be differences in the attitude between the
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actual coordinate system o′2x′2y′2z′2 of L2 and the ideal coordinate system o2x2y2z2. Therefore,
the L2 coordinate system is unified to the L1 coordinate system through coordinate changes:

xi
yi
zi
1

 =


cos φ cos θ − cos φ sin θ − sin φ 0

sin θ cos θ 0 y12
sin φ cos θ − sin φ sin θ cos φ z12

0 0 0 1




xj
yj
zj
1

 (4)

Simplified: [
pi
1

]
=

[
T12 T22
0 1

][
pj
1

]

=


M11 M12 M13 0
M21 M22 M23 M24
M31 M32 M33 M34

0 0 0 1




xj
yj
zj
1

 (5)

T12 =

cos φ cos θ − cos φ sin θ − sin φ
sin θ cos θ 0

sin φ cos θ − sin φ sin θ cos φ

 (6)

T22 =

 0
y12
z12

 (7)

T12 is defined as the rotation matrix, indicating that the L2 coordinate system becomes
parallel to the L1 coordinate system after rotating through an angle φ about the y-axis and
through an angle θ about the z-axis; T22 is described as the translation matrix, indicating
that the L2 coordinate system coincides with the L1 coordinate system after translating by
y12 along the y-axis and by z12 along the z-axis.

Substituting pi(xi, yi, zi) and pj
(
xj, yj, zj

)
into Formula (5) yields the following:

K = YXT
(

XXT
)−1

(8)

The expansion formulas for each matrix are as follows:

K =


M11 M12 M13 0
M21 M22 M23 M24
M31 M32 M33 M34

0 0 0 1

 (9)

X =


x1 x2 x3 · · · xk
y1 y2 y3 · · · yk
z1 z2 z3 · · · zk
1 1 1 · · · 1

 (10)

Y =


x1+a x2+a x3+a · · · xk+a
y1+a y2+a y3+a · · · yk+a
z1+a z2+a z3+a · · · zk+a
1 1 1 · · · 1

 (11)

Obtain the least squares solutions for angle θ, angle φ, displacement y12, and displace-
ment z12 from Equation (6): {

θ = arcsin(M21)
φ = arctan(M31/M11)

(12)
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{
y12 = M24
z12 = M34

(13)

By substituting the above solution into Equation (4), pj
(
xj, yj, zj

)
can be unified into

the L1 coordinate system. Finally, the results can be calculated based on all measurement
points unified into L1 and combined with the geometric error evaluation method.

3. Analysis and Modeling of Measurement Uncertainty [12–14]
3.1. Error Traceability Method

The uncertainty source analysis based on error source tracing is an effective integration
of classical error theory and uncertainty theory. This approach enables the analysis of
factors affecting measurement outcomes from various perspectives, including measurement
devices, measurement methods, principles, measurement environments, measurement
personnel, and the object being measured.

(1) Measurement device

Due to the characteristics of the semiconductor materials, PSDs exhibit inherent
non-linear errors that lead to discrepancies between the measured and actual positions. Ad-
ditionally, mechanical machining errors in the PSD’s motion platform and power instability
of the laser can also affect the measurement outcomes.

(2) Measurement methods

(a) Optical path adjustment error
In actual measurement processes, the laser beam emitted by the laser is not parallel to

the motion axis of the tested guide rail, making it difficult to serve as the required baseline
for measurement. It is necessary to utilize the difference in readings from the PSD at
the start and end of the tested workpiece, approximated to be zero, to establish a usable
measurement baseline.

(b) Algorithm error
How the measurement system software calculates the position coordinates of the

incident light point and the geometric error evaluation algorithm may also have an impact
on the measurement results.

(3) Measurement environments

Environmental factors such as air disturbances, background light interference, and
temperature fluctuations can all impact the measurement accuracy of the PSD.

(4) Measurement personnel

The influence of the measured object on the measurement results is mainly due to
the inclination of the measured object and the optical properties of the surface. The tilt
of the tested guide rail can cause the light beam to enter the PSD at an angle, resulting in
measurement errors; if the tested guide rail is too bright, it will produce mirror reflection,
causing interference from stray light.

(5) Measurement personnel and sampling strategy

Possible sources of uncertainty mainly include the education level, experience, re-
sponsibility, cognition, and physical strength of the measurer. When selecting how many
measurement points to use as evaluation factors, both too many and too few can also affect
the measurement results.

Based on the analysis above, it is evident that there are numerous factors influencing
the accuracy of measurement systems, most of which have complex and difficult-to-quantify
relationships with the measurement outcomes. Moreover, when changing a measurement
subject, a new analysis is required. Hence, the error traceability method proves challenging
to implement effectively for specific measurement tasks.
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3.2. Quantitative Characteristic Analysis Method

To avoid the complexities of error traceability analysis, the statistical characteristics of
measurement results can be utilized to determine uncertainty components. The key indica-
tors of the measurement system’s statistical characteristics include offset, linearity, stability,
resolution, repeatability, and reproducibility. These indicators allow for a more thorough
and comprehensive reflection of how various error sources influence the uncertainty of
measurement outcomes.

(1) Offset and linearity
While offset and linearity are distinct accuracy indicators, both reflect the systematic

errors of the measurement system itself. Therefore, when addressing specific measurement
tasks, such as straightness, the impacts of both on the measurement results can be consid-
ered together. Generally, indicators reflecting the system’s detection capability, such as
indicated error and maximum permissible error, are used to quantify the magnitude of
uncertainty components introduced by offset and linearity.

(2) Uncertainty introduced by resolution and repeatability
Resolution reflects the measurement system’s ability to recognize small changes. Re-

peatability refers to the consistency of results obtained from multiple measurements of the
same object under the same measurement conditions. Systems with high resolution often
exhibit clear repeatability, while systems with low resolution may occasionally overlook
the influence of repeatability. Therefore, in uncertainty evaluations, only the larger of the
two factors is generally calculated.

(3) Uncertainty introduced by stability and reproducibility
Stability reflects the ability of a measurement system to maintain its metrological

characteristics over time. Reproducibility refers to the consistency among measurement
results for the same object when there are changes in measurement conditions, such as
different operators, measurement methods, or measurement locations. Stability is crucial
for the long-term reliability of measurement results, while reproducibility ensures that
results are consistent across various conditions and is key for comparing results obtained
from different scenarios or setups.

In conclusion, when using the constructed measurement system for measurements,
the major sources of uncertainty affecting the measurement results include maximum
allowable error, resolution, repeatability, reproducibility, beam drift during long-distance
laser measurements, and errors in adjusting the optical path. Furthermore, given that
long guideways are divided into relatively short segments through segmented splicing
measurements, the impact of beam drift due to long-distance measurements can be ne-
glected. Therefore, the uncertainty analysis model established based on the analysis of
measurement value characteristics is as follows:

f = fo + δE + max[δr, δd] + δS + δL (14)

where fo is the best estimation of the measurement result, δE is the indication error of
the system, δr is the error caused by resolution, δd is the repeatability error, δS is the
reproducibility error, and δL is the error due to optical path adjustment.

Based on the above uncertainty analysis model, this article will take the measurement
of ultra-long guide rails as an example, and evaluate the measurement uncertainty using
the uncertainty synthesis method based on the variance synthesis theorem and the MCM
uncertainty synthesis method based on the probability propagation principle, respectively.

4. Measurement Experiments and Evaluation of Measurement Uncertainty
4.1. Measurement Experiment on Straightness Splicing of Ultra-Long Guide Rails

Using this system for horizontal straightness measurement, the measurement object is
an ultra-long guide rail with a length of 45 m, as shown in Figure 5, and the measurement
uncertainty evaluation is completed.
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Figure 5. Measurement experiment on ultra-long guide rail.

(1) Measurement benchmark construction
Before measurement, it is necessary to adjust the light to be parallel to the motion axis

of the guideway, that is, to adjust the difference in the readings of the PSD at the two ends
of the guideway to zero. The straight line determined by the two end points is used as the
measurement baseline for the straightness of the guideway.

The schematic diagram of the optical path adjustment in the horizontal direction is
illustrated in Figure 6, with a similar configuration in the vertical direction. The proximal
end refers to the end closer to the laser source, while the distal end is the end farther
from the laser source. Utilizing the principle of similar triangles, the required adjustment
displacement D′ = l1/l2 · D at the proximal end is calculated. Subsequently, the PSD
is moved to the distal end to adjust the laser’s angle, aiming to reduce the difference in
readings between the two positions to zero. This process needs to be repeated, and in most
cases, the adjustment can only approximate zero.
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(2) Splicing process
Divide the ultra-long guide rail into three sections of 0–21 m, 12–33 m, and 33–45 m to

complete the splicing experiment, with 10 splicing points for each section. Taking 0–21 m
and 12–33 m as examples, the common measurement area is set at 12 to 21 m. Firstly, set
the laser at the starting position and establish the beam reference line. Next, starting from
0 m and ending at 21 m, a total of 21 measurement points are selected every 1 m. These
measurement points form an L1 group and are sampled through the system. Afterwards,
change the position of the laser, readjust the light source at L2 on the guide rail, and
establish a new beam reference line. Select 21 measurement points within a range of 12
to 33 m with a spacing of 1 m, and sample the measurement points for Group L2. The
sampling of measurement points for Group L3 is also carried out using this method. Finally,
using the principle of splicing measurement and the least squares method, the straightness
is calculated.

(3) Least squares method for evaluating straightness
Use the least squares method to fit the least squares centerline of the horizontal

straightness lLS-H = bHxi + cH, where bH represents the slope of the least squares line, and
cH represents the intercept of the least squares line. The specific calculation formulas for
parameters bH and cH are as follows:

bH =

(n + 1)
n
∑

i=0
xiyi −

n
∑

i=0
xi

n
∑

i=0
xiyi

(n + 1)
n
∑

i=0
x2

i −
(

n
∑

i=0
xi

)2 (15)

cH =

n
∑

i=0
yi

n
∑

i=0
x2

i −
n
∑

i=0
xi

n
∑

i=0
xiyi

(n + 1)
n
∑

i=0
x2

i −
(

n
∑

i=0
xi

)2 (16)

The distance from coordinate point pi(xi, yi)(i = 1, 2, 3 · · ·m + n) to the horizontal
least squares centerline lLS-H = bHxi + cH is the horizontal straightness error:

di = yi − bHxi − cH (17)

The final straightness f is the following:

f = dmax − dmin (18)

where dmax is the maximum value of the horizontal straightness error, and dmin is the
minimum value of the horizontal straightness error.

4.2. Uncertainty Evaluation Based on Quantitative Statistical Method [15–18]

Using the measurement system and segmented splicing principle described in this ar-
ticle, 10 repeated experiments and reproducibility experiments with different measurement
personnel were conducted on the straightness error of ultra-long guide rails. The specific
measurement results of the repeatability experiment and reproducibility experiment are
shown in Tables 1 and 2, respectively.
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Table 1. Repetitive experimental data.

Measurement Frequency Measurement Value/mm

1 0.2832
2 0.2631
3 0.2921
4 0.2837
5 0.3023
6 0.3127
7 0.3211
8 0.2978
9 0.3176
10 0.2942

Table 2. Reproducible experimental data.

Personnel Number Average Value/mm

A
1 0.3295
2 0.3383
3 0.2917

B
1 0.3074
2 0.3327
3 0.2864

C
1 0.2922
2 0.2869
3 0.3088

4.2.1. Uncertainty Synthesis Based on the Variance Synthesis Theorem

The uncertainty evaluation process and quantification results of straightness measure-
ment in this system are as follows:

(1) The uncertainty component introduced by the maximum allowable error

uE =
MPEE√

3
= 0.0332 mm (19)

In the formula, MPEE is the maximum allowable error of the system, and after relevant
metrological calibration, MPEE = (0.001 + 1% H) mm (H is the maximum change during
the measurement process).

(2) The uncertainty components introduced by resolution and repeatability
The resolution of the PSD sensor is r = 0.0001 mm; hence, the uncertainty component

introduced by the resolution is

ur =
1√
3
× r

2
= 2.886 × 10−5 mm (20)

When using the average of N measurement results as the best estimate, the uncertainty
component introduced by repeatability is

ud =

√
1

N(n − 1)

n

∑
i=1

( fi − f )
2
= 0.0037 mm (21)

In the formula, fi represents the i-th measurement result, f represents the mean
measurement result, and n represents the number of measurements.
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(3) The uncertainty component introduced by reproducibility

uS =

√
1

m − 1

m

∑
i=1

( fi −
=
f )

2
= 0.0119 mm (22)

In the formula, m represents the number of measurement groups, fi represents the

new measurement column data, and
=
f represents the mean of fi.

(4) The uncertainty component introduced by the optical path adjustment error
The maximum optical path adjustment error Lmax in the experiment is taken, so the

uncertainty component introduced by the optical path adjustment error is

δL =
Lmax

2
= 0.0091 mm (23)

(5) Composite uncertainty
Calculate the composite standard uncertainty of straightness based on the square root

method:
uc =

√
u2

E + u2
d + u2

S + u2
L = 0.037 mm (24)

The confidence probability P = 95% is taken as the inclusion factor k = 2, and the
extended uncertainty is obtained as

U = k · uc = 0.074 mm (25)

4.2.2. Synthesis of Uncertainty in MCM Based on the Principle of Distributed Propagation

The MCM for evaluating measurement uncertainty is based on the principle of prob-
ability distribution propagation. Through the probability model of the input quantity
and random sampling, the probability distribution of the output quantity can be directly
obtained. The implementation steps are as follows Figure 7:

(1) Establish a measurement uncertainty analysis model using Equation (14) to determine
each input quantity;

(2) Determine the probability distribution and probability function that the input quantity
conforms to, and follow a uniform distribution for δE and δd; consider following a
normal distribution for δR, δS, and δL;

(3) Generate random sampling data through computer software based on the probability
distribution of each input quantity, with 106 experiments conducted;

(4) Calculate the value of the corresponding output quantity and sort it incrementally to
obtain the distribution function of the output quantity;

(5) Calculate the standard uncertainty based on the confidence probability P = 95% and the
distribution function of the output quantity. The MCM results are shown in Figure 8.
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Place the evaluation results of the above two uncertainty synthesis methods in Table 3:

Table 3. The uncertainty synthesis results of the variance synthesis theorem and distribution propa-
gation principle.

Method Standard Uncertainty Extended Uncertainty

Variance synthesis theorem uc = 0.037 mm U = 0.074 mm k = 2

Principle of distributed propagation uc = 0.037 mm U = 0.074 mm k = 1.96

4.2.3. Comparison of Composite Uncertainty Results Based on the Variance Synthesis
Theorem and Distribution Propagation Principle

By analyzing the evaluation results of two uncertainty synthesis methods, it can be
concluded that when using the quantitative statistical characteristic method, the various
uncertainty components are assumed to be independent of each other. At the same time,
when the output distribution sign is normal distribution or t-distribution, the standard
uncertainty results obtained by the two methods are basically the same; among these two
methods of uncertainty synthesis, the MCM uncertainty synthesis method based on the
principle of distributed propagation is more in line with the actual error propagation law by
simulating random experimental sampling, and the evaluation results obtained are more
reasonable and reliable.

5. Conclusions Remarks

A PSD-based geometric error measurement method is proposed, and a related mea-
surement system is designed and established based on this method. The measurement
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range is expanded by the principle of segmented splicing measurement. Through experi-
mental verification of the straightness measurement of ultra-long guide rails, the system
meets the requirements of engineering applications. The results show that the measurement
system proposed in this paper has high measurement accuracy and good repeatability for
the measurement of geometric errors in separated long-distance travel.

Based on the measurement methods and uncertainty assessment methods studied, we
have drawn the following conclusions:

(1) The use of a coordinate transformation splicing method to achieve long-distance
geometric error measurement reduces the impact of noise and laser drift on sampling
results.

(2) In the analysis of uncertainty sources in specific measurement tasks, the advantage
of using a quantity statistics method is more obvious, avoiding the analysis and quantifi-
cation of complex uncertainty sources. This article verifies through experiments that the
uncertainty analysis model established by this method is suitable for PSD measurement
systems and provides reference for the evaluation of measurement uncertainty in complex
sensors.

(3) Through the combination of two uncertainty synthesis methods, MCM based
on the variance synthesis theorem and the distribution propagation principle, it was
found that when the output distribution follows a normal distribution or t-distribution,
the uncertainty results obtained by the two methods are basically consistent; the MCM
based on the principle of distributed propagation characterizes more input distribution
information, resulting in higher reliability and more scientific results.
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