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Abstract: In measuring object rotational velocity using vortex beam, the incident light on a tilted
object causes spectral broadening, which significantly interferes with the identification of the true
rotational Doppler shift (RDS) peak. We employed a velocity decomposition method to analyze the
relationship between the spectral extremum and the central frequency shift caused by the object tilt.
Compared with the linear growth trend observed when calculating the object rotational velocity
using the frequency peak with the maximum amplitude, the central frequency calculation method
effectively reduced the deviation rate of the RDS and velocity measurement value from the true
value, even at large tilt angles. This approach increased the maximum tilt angle for a 1% relative
error from 0.221 to 0.287 rad, representing a 29.9% improvement. When the tilt angle was 0.7 rad, the
velocity measurement deviation reduction rate can reach 5.85%. Our work provides crucial support
for achieving high-precision rotational velocity measurement of tilted object.

Keywords: vortex beam; rotational Doppler effect; tilted object; orbital angular momentum

1. Introduction

The vortex beam is a type of beam characterized by a spiral wavefront structure
possessing orbital angular momentum (OAM) and carrying the phase factor exp(ilθ) [1].
When irradiated onto the surface of a rotating object, it induces a rotational Doppler
frequency shift (RDS) proportional to the angular velocity of the object, known as the
rotational Doppler effect (RDE) [2]. The RDE originates from the same principle as the
linear Doppler effect [3], and it can detect the rotational velocity of an object in various
scales [4–6]. This phenomenon has attracted considerable attention since its discovery. In
recent years, researchers have made significant progress in understanding the RDE, investi-
gating its underlying mechanisms, application scope, and optimizing rotational velocity
measurement techniques [7–13]. Studies have explored scenarios involving non-uniform ro-
tational velocity [10,14], off-axis incidence [7], circular precession [12], and various types of
OAM-carrying incident beams [15–17]. The scope of the RDE currently extends to velocity
direction [18,19], angular acceleration velocity detection [20,21], and vector Doppler ef-
fect [22]. These advancements provide a basis for expanding the comprehensive expansion
of rotational Doppler velocity detection applications.

Notwithstanding the high sensitivity of RDE detection, only a single RDS signal
exists in the spectrum when the propagation direction axis of the vortex beam coincides
with the rotational axis of the object. However, in practical applications, the incident
conditions are typically not ideal. When the beam is incident on a tilted object, the spectrum
broadens. The energy of the RDS peak disperses to the surrounding peaks, decreasing in
the amplitude of the RDS peak. Increased the tilt angle significantly interferes with the
accurate determination of the RDS peak. In previous studies, Vasnetsov et al. [23] viewed
the angular offset as a phase wedge during transmission through theoretical analyses of
the angular spectrum dispersion. However, this approach is only meaningful for small tilt
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angles and is not applicable to larger angles. Subsequently, Qiu et al. [9] investigated the
relationship between oblique incidence and spectral broadening using a local scattering
model. Nonetheless, a comprehensive understanding of the intrinsic mechanism and
impact of the object tilt on the RDS has not been fully achieved. In addition, a quantitative
analysis of the reduction ability of velocity measurement deviation is lacking.

In this study, we analyzed the relationship between the spectral extremum and the
center frequency shift caused by the tilted object using the velocity decomposition method.
Compared with using the maximum amplitude frequency peak as the RDS to calculate
the object velocity directly, the center frequency calculation method reduced the deviation
rate of the RDS and the velocity measurement value from the real value, supporting a
high-precision velocity measurement of the tilted object.

2. Principle and Theory

The complex amplitude of a Laguerre–Gaussian vortex beam in the emission plane
(transmission distance is 0) can be represented as E0(r/ω0)

|l|exp
(
−r2/ω2

0
)
exp(ilθ), wherein

E0, (r, θ), ω0, and l denote the electric field amplitude, polar coordinates, waist radius, and
topological charge, respectively [24]. Due to the phase factor exp (ilθ) containing OAM
carried by the vortex beam, it has a unique spiral phase wavefront structure, and the beam
exhibits a hollow, circular intensity structure. In actual RDE detection, a Gaussian mode
laser can be efficiently modulated into a single-mode or superimposed vortex beam through
a spatial light modulator (SLM). As shown in Figure 1a, when a single-mode vortex beam
is emitted, the shape of the light spot is a circular ring, and the distance from the center O1
to each point of the circular ring is equal. In practical RDE detection, a rotating object is
usually a rotor driven by an electrical motor, and it can be simplified in theoretical research.
When the object surface is non-tilted, the beam incidence is vertical on the surface of a
rotating object, and the distance from the center O1 to each point is the radius r of the
circular ring. When the object surface is tilted, assuming that the x-axis of the tilted object
plane is inclined at an angle γ with the X-axis direction in the global coordinate system, the
beam is no longer perpendicular to the surface, the projection of the beam on the object
surface changes, and the circular ring is stretched along the x-axis direction on the tilted
object surface. Therefore, the interface between the light spot and the object plane becomes
approximately an elliptical ring. Each point on the elliptical ring has a slightly different
distance from the light spot center O2. In short, the elliptic ring appearance is a natural
result of projection transformations in geometric optics. The distances from the light spot
center O2 to the symmetrical position of the elliptical ring on the object surface can be
approximated as equal. The minor axis of the elliptical ring is r. The major axis of the
elliptical ring stretched due to inclination is related to the tilt angle γ and can be expressed
as r/cos γ. As shown in Figure 1b, the linear velocity of the tangent point N is represented
as vρ = Ωρ; Ω is the rotational velocity of object and ρ is the distance from center O2 to
point N. Thus, the linear velocity of the tangent point N can be decomposed in the object
plane coordinate system as follows:

vx = Ωρ sin θ (1)

vy = Ωρ cos θ (2)

where θ is the polar angle of the object plane coordinate system. The velocity component
in the y-axis direction is independent of the tilt angle. The effect of the tilt on the y-axis
direction only contributes to a translational y-axis direction velocity component. However,
the velocity component vx in the x-axis direction is affected by the tilt angle. As shown in
Figure 1c, this can be decomposed in the global coordinate system based on the tilt angle.

vx1 = vx cos γ (3)

vx2 = vx sin γ (4)
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Therefore
vX = vx1 = Ωρ sin θcos γ (5)

vY = vy = Ωρ cos θ (6)

vz = vx2 = Ωρ sin θsin γ (7)

where vx1 represents the velocity component vX of the global X-axis direction and vx2
represents the velocity component vZ of the global Z-axis direction. The Y direction is
perpendicular to the X-Z plane. Given that the theoretical derivation approximates the
light spot as a regular elliptical ring, the Doppler frequency shift in the Z-direction is
counteracted at the symmetrical points of the ellipse ring. Therefore, the relative velocity
between the light spot and object is given as follows:

V =
√

v2
X + v2

Y = Ωρ

√
1 − sin2θsin2γ (8)

By substituting the major and minor axis into the equation of the ellipse in polar
coordinates, we obtain

ρ2 =
r2

1 − cos2θsin2γ
(9)

The RDE is caused by an offset angle β between the motion direction of the transmitted
vortex beam photon and the optical axis [25,26] as follows:

sin β =
lλ

2πr
(10)

Combining Equations (8)–(10) with the classical Doppler velocity measurement princi-
ple, we obtain the following:

∆ω = 2πc
λ · ρΩ

√
1−sin2θsin2γ

c ·sinβ

= lΩ
√

1−sin2θsin2γ

1−cos2θsin2γ

(11)

∆ f =
lΩ
2π

√
1 − sin2θsin2γ

1 − cos2θsin2γ
(12)

Equation (12) shows that for a single-mode vortex beam, when θ = 0 or π, ∆f reaches
its maximum value. When θ = π/2 or 3π/2, ∆f reaches its minimum value; hence

∆ f max,sm =
lΩ

2πcos γ
(13)

∆ f min,sm =
lΩcos γ

2π
(14)

We can further derive the center frequency, fc,sm, as follows:

fc,sm =
√

∆ f max,sm·∆ f min,sm =
lΩ
2π

(15)

The single-mode vortex beam needs to interfere with the reference light to obtain the
difference frequency as the RDS, whereas the vortex beam superposition state can obtain
the RDS by self-mixing frequency without the reference light. The two types of beams use
different methods for obtaining the RDS. Considering that the vortex beam superposition
state with the opposite OAM mode has twice the RDS value of the single-mode vortex
beam, we can obtain

∆ f =
lΩ
π

√
1 − sin2θsin2γ

1 − cos2θsin2γ
(16)



Photonics 2024, 11, 679 4 of 9

∆ f max =
lΩ

πcos γ
(17)

∆ f min =
lΩcos γ

π
(18)

fc =
√

∆ f max·∆ f min =
lΩ
π

(19)

As evident from the above derivation, under a fixed tilt angle γ, ∆ f is dependent on
the polar angle θ. Therefore, after performing a Fourier transform on the scattered light
signal and by reading the maximum and minimum frequency peaks from the spectrum and
applying Equation (19) to calculate the center frequency, we can determine the rotational
velocity of the object. Compared with directly reading the peak frequency of the highest
amplitude, this method can effectively reduce the relative velocity measurement error.
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Figure 1. (a) Side view of a tilted object illuminated by a vortex beam. Two schematic diagrams of the
vortex beam at the emission plane and tilted object plane. (b) Velocity decomposition diagram of
point N in the object plane coordinate system. (c) Velocity decomposition diagram of point N in the
global coordinate system. The vY direction is perpendicular to the X-Z plane.

3. Results and Discussion

According to Equation (16), Figure 2a illustrates a three-dimensional curve graph
depicting the RDS values at different tilt angles and polar coordinate positions. The
simulation parameters are set to l = ±10 and Ω = 20 rad/s. Initially characterized by a single
correct frequency shift value, it transforms into a varying value with the polar coordinate
position, losing partial accurate spectral information. As the tilt angle increases, the range
of extreme values also increases. Thus, when the vortex beam is incident on a tilted object,
the spectrum broadens, the energy of the RDS peak disperses to the surrounding peaks,
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the amplitude of the RDS peak reduces, and the increased tilt angle interferes with the
identification of the true RDS peak. When the tilt angle is fixed, the spectral curve follows
a trend similar to the cosine function as the polar angle changes, as shown in Figure 2b.
Figure 3a shows the curves depicting the maxima and minima with respect to the tilt angle.
The increase/reduction rate of the extreme value gradually increases, implying that at
large tilt angles, an increase in the unit tilt angle results in a larger extreme value deviation.
Conversely, the center frequency shift value considering the maximum and minimum
extrema based on Equation (19) remains stable.
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Figure 2. (a) Three-dimensional graph of the RDS at varying tilt angles γ and polar angles θ. (b) The
graph of the RDS at varying polar angles θ. θ is in the range of [0, 2π].

Compared with the extreme value, the center frequency shift, therefore, has a more
stable and lower error RDS, which is worthy of further quantitative analysis. With the
increasing tilt angle, the average deviation ηavg and maximum deviation ηmax between
the frequency shift values at different tilt angles and the center frequency shift gradually
increase, as shown in Figure 3b. The deviation growth rate increases with the increase in the
tilt angle. When the tilt angle reaches 1 rad, the frequency shift values fluctuating around
the center frequency shift (fc = 63.66 Hz) reach a maximum of 54.16 Hz, representing 85.08%
of fc. The average deviation rate over the entire polar angles range is 9.12%.
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Figure 3. (a) Curve of the frequency extremum and center frequency shift varying with the tilt angle.
(b) Curve of the average and maximum frequency shift deviation rates ηavg and ηmax varying with
the tilt angle.

A simulated spectra example for different tilt angles is shown in Figure 4; tilt angles
γ are set as 0, 0.17, 0.34, and 0.50 rad. With increasing tilt angles, the amplitude of the
RDS peak gradually decreases. Several frequency peaks caused by the tilt begin to emerge
around the RDS peak, and their number increases with larger tilt angles. The energy of
the original RDS peak is dispersed into other frequency peaks, and the position of the
peak with the maximum amplitude varies. Simply extracting the frequency peak with
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the maximum amplitude may result in errors compared to the actual values. Moreover,
larger tilt angles result in greater deviation. Conversely, the center frequency shift value
remains stable and exhibits smaller errors. More detailed simulation results are listed in
Table 1. The center frequency shift values (∆ f c) are compared with those obtained directly
by reading the frequency shift value corresponding to the maximum amplitude from the
spectrum (∆ f top). The real RDS of the non-tilted object ∆ f real is 63.69 Hz. The relative
errors at γ = 0.34 rad and 0.5 rad are reduced from 4.22% and 9.91% to 1.11% and 4.78%,
respectively. Consequently, the relative velocity measurement deviations are reduced by
3.11% and 5.13%, respectively.
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Table 1. Simulation results of frequency shifts at varying tilt angles.

γ ∆fmax ∆fmin ∆ftop δ1 ∆fc δ2

0.17 64 64 64 0.48% 64 0.48%
0.34 68 61 61 4.22% 64.40 1.11%
0.50 81 55 70 9.91% 66.74 4.78%

Note: δ1 and δ2 are the relative errors between ∆ f top, ∆ f c , and ∆ f real , respectively.

Then, the growth trends of the two RDS discrimination methods with increasing tilt
angles were compared in detail. As shown in Figure 5a, the relative error δ1 between the
maximum amplitude peak and the true value basically shows a linear growth trend with
increasing tilt angles, and the modified goodness of fit (modified R2) is 0.985 after fitting,
indicating a good degree of fitting. δ2 increases slowly for γ < 0.4 rad, increases evenly
until γ = 0.6 rad, and then gradually steadies at about 6.2%, indicating that the center
frequency has higher stability and a lower velocity measurement deviation rate at a large
tilt angle. Additionally, the frequency difference between the maximum and minimum
frequency peaks, or the spectral broadening ∆f SD, increases with the increasing tilt angle in
the overall trend. When the relative velocity error is less than 1%, the velocity measurement
system can be considered to have a low velocity measurement deviation. The maximum
tilt angle with a relative error of 1% increases from 0.221 to 0.287 rad, representing an
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improvement of 29.9%. Subsequently, the relative RDS error reduction rate δ∆ = δ1 − δ2 is
analyzed, as shown in Figure 5b. The reduction rate maintains an increasing trend in the
range for γ < 0.4 rad and 0.6–0.7 rad. When γ = 0.7 rad, the velocity measurement deviation
reduction rate δ∆ reaches 5.85%. These detailed quantitative analyses show that the method
of calculating the rotational velocity using the center frequency effectively reduces the RDS
and velocity measurement deviation of the tilted object.
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4. Conclusions

In this study, we employed a velocity decomposition method to analyze the relation-
ship between the spectral extremum and central frequency shift induced by the tilted object.
Compared with directly using the frequency peak with the maximum amplitude, employ-
ing the central frequency calculation method effectively reduced the deviation rate in the
RDS and velocity measurement values from the true value. The frequency shift that fluctu-
ated around the central frequency shift reached 85.08%, with an average deviation rate of
9.12% over the entire polar angle range. Despite this fluctuation, the central frequency shift
obtained from the extrema remained stable. The maximum tilt angle with a relative error
of 1% increased from 0.221 to 0.287 rad, representing a 29.9% improvement. In contrast
to the linear growth trend of the maximum frequency peak method, the central frequency
calculation method effectively reduced the RDS deviation rates for larger tilt angles. When
the tilt angle γ = 0.7 rad, the reduction rate in velocity measurement deviation reached
5.85%. Our detailed quantitative analysis demonstrates the effectiveness of employing
the central frequency calculation method to reduce the RDS and velocity measurement
deviation rates for tilted object, providing crucial support for achieving high-precision
rotational velocity measurements of tilted object.
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