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Abstract

Freeform optical design is regarded as a key approach to overcoming the performance
limits of traditional imaging systems. However, the existing Seed Curve Expansion (SCE)
algorithm has two major limitations. First, the initial and ideal image points are selected
randomly, causing unstable optical performance and low construction accuracy, especially
under finite object distance and non-paraxial incidence. Multiple trials are often needed,
reducing efficiency and repeatability. Second, the algorithm cannot constrain aperture, focal
length, or geometry; thus, despite good imaging quality, the final system parameters often
deviate from design requirements, limiting engineering applicability. To address these
issues, this work proposes a Stable Initialization Seed Curve Expansion (SI-SCE) algorithm
based on ray tracing and Fermat’s principle. The method accurately calibrates the initial
point and the ideal image point, eliminating uncertainties caused by randomness. A virtual
auxiliary surface strategy is introduced to achieve high-precision freeform construction
under finite object distance. In addition, a parameter constraint mechanism is embedded in
the algorithm, enabling the designed off-axis multi-reflective freeform system to directly
meet specified requirements on pupil diameter, focal length, and geometric size. The
feasibility of the SI-SCE algorithm was demonstrated by designing a freeform off-axis
three-mirror imaging system with a rectangular 6◦ × 6◦ field of view and a moderate F-
number. The final system features an F-number of 3.4 and an entrance pupil diameter of
60 mm. It achieves diffraction-limited performance across the Visible–NIR (0.38 − 2 µm)

wavelength range.

Keywords: freeform optical design; Seed Curve Expansion (SCE) algorithm; Stable
Initialization (SI-SCE) algorithm; off-axis three-mirror imaging system

1. Introduction
Freeform surfaces have been increasingly applied in various optical imaging sys-

tems [1–6]. Such systems often adopt off-axis, non-symmetric configurations and are
usually designed to meet demanding performance requirements. As a result, obtaining a
good initial structure is of great importance at the early design stage, as it ensures that the
subsequent optimization can be completed efficiently. For freeform imaging systems, the
mainstream approach to deriving the initial structure is the direct design method based
on numerical computation. At present, the commonly used direct design methods mainly
include the Construction–Iteration (CI) algorithm, the Simultaneous Multiple Surface (SMS)
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design method, the Partial Differential Equation (PDE)-based method, the Seed Curve
Extension (SCE) algorithm, and the rapidly developing deep-learning-assisted freeform de-
sign techniques. The CI algorithm can directly construct the initial structure of multi-mirror
freeform systems across the full field and full aperture [7]. However, its iterative process
may become unstable in certain cases. Subsequent studies have improved this method by
accelerating surface convergence and optimizing data point calculations [8,9]. The SMS
method provides excellent control over selected field rays, but its performance is limited
by the number of fields and surfaces that can be solved simultaneously [10–14]. PDE-based
methods usually solve only two surfaces at a time and are generally restricted to single-field
or few-ray conditions [15–17]. In contrast, the SCE algorithm features fast computation,
stable performance, and does not require concern about convergence issues [18]. In recent
years, deep learning-based methods have attracted attention due to their high efficiency
in predicting freeform surface shapes [19–21]. Nevertheless, their physical interpretability
and general applicability under different optical configurations remain limited.

The SCE algorithm first appeared in the design of non-imaging LED systems in
2007 [22,23]. The specific steps are as follows: The initial position of the surface is deter-
mined, and the direction of the outgoing ray is the unit directional vector from the initial
point to the target point. According to Snell’s law, the normal vector of the point can be
calculated. The position of the next point on the curve is determined by the intersection
point of the ray and the tangent plane of the previous point. This method ensures that the
angle between the true normal vector and the calculated normal vector of the points on
the curve is zero; hence, this curve is referred to as the seed curve. Each point on the next
curve is calculated by the intersection of the ray and the tangent plane of the point on the
previous curve. The normal deviation of the curve is evaluated using tangent vectors, and
if the deviation is less than the threshold, the construction continues as described above.
If the deviation exceeds the threshold, an unacceptable curve is generated, requiring the
reselection of the initial point of the curve. A new seed curve is then generated, and the
construction process continues. During the construction process, the normal deviation of
the curve tangent vectors may exceed the threshold, resulting in the continuous generation
of new seed curves. This can lead to discontinuities in the generated surfaces. Moreover,
the precision required for freeform surfaces in imaging optics is generally higher than
that for LED illumination, which has also contributed to the limited application of this
algorithm in imaging systems in the short term.

In 2020, Pan Hongxiang et al. first adapted the SCE algorithm for imaging optical
system design [18]. Their approach eliminated the conventional normal deviation threshold
evaluation for tangential curve vectors in the original SCE method, instead employing a sin-
gle seed curve to directly construct 3D freeform surfaces, successfully designing individual
surfaces for off-axis two-mirror systems. Building on this work, Zhang Yangliu et al. (2021)
implemented the SCE algorithm for off-axis multi-mirror system design [24]. Their key con-
tribution was the development of the Double Seed Curve Expansion (DSCE) method, which
significantly reduces construction errors. The team successfully applied DSCE-derived
freeform surfaces in both head-up display (HUD) and short-throw projection systems.
Further advancing the technique, Chen Xingtao et al. (2022) proposed the Orthogonal Seed
Curve Expansion (OSCE) algorithm based on SCE principles [25], specifically for freeform
afocal system design. DSCE and OSCE algorithms are two improved algorithms of SCE
algorithm. The difference between them and SCE algorithm lies in the different order of
solving sampling points. The forward solution is combined with the reverse solution and
the expansion direction of the seed curve is changed, which will result in different coordi-
nates of the two sets of sampling points. The two sets of sampling points are combined
together to fit a freeform surface. This method can effectively improve the construction
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accuracy, but because two SCE solutions are required in the process, the construction time
of the freeform surface will also increase, and it has no advantage when constructing
multiple freeform surfaces.

The current algorithm suffers from two main problems. (1) In the existing SCE
algorithm, the positions of the initial point and the ideal image point are selected randomly.
This not only causes instability in the optical performance of the generated freeform
initial structure but may also produce invalid solutions if the positions are poorly chosen.
The problem becomes more pronounced under finite object distance with non-paraxial
incidence. In this case, the source is a fixed object point rather than a uniform feature point,
and the randomness in selecting initial and ideal image points makes the constructed initial
structure prone to insufficient accuracy. As a result, multiple trials are usually required
to obtain a usable structure, which greatly reduces efficiency and weakens repeatability.
(2) The algorithm cannot effectively constrain key system parameters such as aperture,
focal length, and overall geometry. Although in some cases the constructed structure can
achieve an RMS spot size smaller than the Airy disk and an MTF close to the diffraction
limit, the parameters often deviate significantly from engineering requirements, which
severely limits its practical value.

This work proposes a systematic improvement of the existing SCE algorithm, leading
to a new method for high-precision construction of initial structures in off-axis multi-
reflective freeform systems. The main innovations and contributions are as follows. First, a
Stable Initialization Seed Curve Expansion (SI-SCE) algorithm is developed by introducing
strict constraints based on ray tracing and Fermat’s principle. This approach enables
accurate determination of the initial point and the ideal image point, thereby eliminating the
numerical instability and poor repeatability inherent in conventional methods. Second, for
finite object distance with non-paraxial incidence, an auxiliary surface strategy is introduced
before freeform construction, allowing SI-SCE to achieve high-precision results under non-
paraxial conditions. Third, system parameter constraints, including aperture, focal length,
and geometric size, are embedded in the algorithm. This results in a practical single-field
method for constructing off-axis multi-reflective freeform systems tailored to engineering
applications. Compared with conventional methods, SI-SCE can generate freeform initial
structures with imaging quality close to the diffraction limit. At the same time, it satisfies
the requirements of unobstructed geometry and key design parameters, providing a higher-
quality starting point for subsequent optimization. To verify the advantages of this design
method, a freeform off-axis three-mirror imaging system with a rectangular field of view
and a moderate F-number was developed. The final system has an F-number of 3.4, an
entrance pupil diameter of 60 mm, and a 6◦ × 6◦ field of view. It achieves diffraction-limited
performance in the Visible–NIR (0.38− 2 µm) range, with MTF values above 0.7 at 20 lp/mm.

2. Construction Method of a Single-Field Off-Axis Multi-Reflective
Freeform System Based on SI-SCE
2.1. The Fundamental Construction Principle of the SCE Algorithm

On the object surface S, m × n feature points are uniformly sampled, and m × n rays
are emitted in parallel from these points. The object surface S, the ideal image point I, and
the initial point P11 on surface P are known. Among them, the positions of P11 and I are
selected randomly. Assuming the coordinates of any point on surface P are

(
xpij, ypij, zpij

)
,

and the coordinates of any point on object surface S and image point I are
(
xsij, ysij, zsij

)
and (0, y, z), respectively. Then, the unit directional vectors of the incident and outgoing
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rays at point P11 are denoted by I11 = S11P11
|S11P11|

and O11 = P11 I
|P11 I| , respectively. The unit

normal vector at point P11 is

N11 =
O11 − I11

|O11 − I11|
(1)

The coordinates of the second sampling point P12, which can be obtained by the
intersection of the second sampling light ray r12 with the tangent plane at point P11, are
as follows:

(
xp12, yp12, zp12

)
= (xs12, ys12, zs12) +

N11 ·
(
xp11 − xs12, yp11 − ys12, zp11 − zs12

)
N11 · r12

· r12 (2)

After obtaining point P12, the tangent plane of this point can be determined based on
the incident ray vector S12P12 and the outgoing ray vector P12 I12. The intersection of this
tangent plane with the third sampling light ray r13 gives point P13; the fourth sampling
light ray r14 intersects with the tangent plane at point P13 to obtain point P14. This process
continues, and coordinates of adjacent points are obtained [26].

P1j = S1j +
N1j−1 ·

(
P1j−1 − S1j

)
N1j−1 · r1j

· r1j (3)

In the equation, r1j = S1jP1j/
∣∣S1jP1j

∣∣ represents the incident unit vector of the sam-
pling light ray, where 2 < j < n. The data points obtained from the first row form a curve,
which is the seed curve in the seed curve expansion method. The subsequent data points
on the curve are obtained by finding the intersection points of the feature ray with all the
data points on the previous curve’s tangent plane. This process is the seed curve expansion
process. By repeating this process, all the data points of the freeform surface P can be
obtained, as shown in Figure 1.

Figure 1. The schematic diagram of off-axis imaging system principle solved by SCE algorithm [27].

The obtained point cloud data is described using XY polynomials for surface repre-
sentation, which is most suitable for manufacturing due to its consistency with numerical
control machining expressions. The expression is as follows [28]:

z = c(x2+y2)

1+
√

1−(1+k)c2(x2+y2)
+ A2y + A3x2 + A5y2 + A7x2y

+A9y3 + A10x4 + A12x2y2 + A14y4 + A16x4y + A18x2y3 + A20y5
(4)

where c represents the curvature of the freeform surface, k is the conic coefficient, and Ai

are the coefficients of the XY polynomials. The SCE algorithm fits the point cloud data into
a freeform surface by only considering the fitting of the data point positions.
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2.2. Single-Field Off-Axis Single-Reflective Freeform Construction Using the SI-SCE Algorithm
Based on Ray Tracing and Fermat’s Principle
2.2.1. Single-Field Off-Axis Single-Reflective Freeform Construction with Infinite
Object Distance

For a single spherical mirror, given the F-number and the aperture D, the focal length
f is defined as f = F × D. The radius of curvature of the mirror is R = 2 × f [29]. An
initial spherical system can be established by applying an appropriate decenter and tilt.

Before determining the positions of the initial point P11 and the ideal image point I, it
is necessary to note that the freeform system is symmetric about the YOZ plane. Thus, the
surface position can be described using only Y decenter, Z decenter, and tilt angle α. The
initial point P11(x11, y11, z11) and the surface center point Pcc are defined as points on the
propagation paths of the first sampling ray r11 and the central sampling ray rcc, respectively,
whose coordinates can be obtained by ray tracing. Once the decenter values and the tilt
angle of the spherical surface are specified, the unit normal vector ncc at Pcc can also be
determined by ray tracing.

Under ideal conditions, sampling rays from different pupil positions should converge
precisely at the ideal image point I after reflection from the freeform surface. Let the pupil
coordinate be (u, v) and the image plane coordinate be (y, z). The optical path length
OPL(u,v) of the chief ray at the field center is taken as the reference. In the absence of
aberration, the following condition must be satisfied:

OPL(u,v) = OPL0, ∀(u, v) ∈ P (5)

Here, P denotes the pupil region, and OPL0 is a constant optical path length.
However, in a practical optical system, rays from different pupil points do not converge

exactly because of aberrations. To address the instability of the initial conditions caused
by the random selection of the initial point and the ideal image point in the traditional
SCE algorithm, this work introduces the Stable Initialization Seed Curve Extension (SI-
SCE) method. The approach constrains the search range of the ideal image point through
normalized pupil sampling.

The specific steps are as follows:
As shown in Figure 2, five representative sampling points are selected on the pupil plane.

(u, v) ∈ {(−1, 1), (−1,−1), (1,−1), (1, 1), (0, 0)} (6)

Figure 2. Schematic of the SI-SCE algorithm for constructing an off-axis imaging system with infinite
object distance.
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The corresponding image plane coordinates are obtained by ray tracing:

(yi, zi), i = 1, · · · , 5 (7)

These coordinates form a constraint region Ω ⊆ R2, which defines the possible range
of the ideal image point (y∗, z∗), namely

(y∗, z∗) ∈ Ω (8)

Within the region Ω, a uniform grid of candidate points {(yk, zk)} is constructed with
a step size ∆. The unit normal vector ncc at the freeform surface center point is used as a
geometric constraint, as follows:

ncc =
Occ − Icc

|Occ − Icc|
(9)

Here, Occ =
Pcc I
|Pcc I| , Icc =

SccPcc
|SccPcc | denote the unit direction vectors of the emergent and

incident rays, respectively. For each candidate point, the optical path length function of the
chief ray at the field center is calculated as follows:

ϕ(yk, zk) = OPLcc(yk, zk) = |SccPcc|+ |Pcc I(yk, zk)| (10)

The point that minimizes ϕ(yk, zk) is selected as the ideal image point:

(y∗, z∗) = min
(yk ,zk)∈Ω

ϕ(yk, zk) (11)

At this stage, both the initial point (x11, y11, z11) and the ideal image point (0, y∗, z∗)
have been determined. The SCE algorithm can then be used to compute all data points
on the freeform surface P. To better compensate for construction errors, the original
algorithm’s position-only fitting method is replaced with a method that considers both
position coordinates and surface normals [30]. In this work, all subsequent data point
fittings adopt this improved approach.

2.2.2. Single-Field Off-Axis Single-Reflective Freeform Construction with Finite
Object Distance

Compared with the case of parallel incidence with infinite object distance, constructing
the surface under finite object distance requires introducing a virtual emission surface M at
the initial point P11(x11, y11, z11) (which serves a function similar to the reference surface in
the parallel light case). Let:

M = {(x, y, z)|z = z11 } (12)

On surface M, a set of feature sampling points
{

Mij
}

is selected according to an m × n
uniform grid (all sampling points satisfy z

(
Mij

)
= z11). Each incident direction is uniquely

determined by the object point S (as shown in Figure 3). Let the object point be S. The unit
direction vector of the incident ray passing through Mij is defined as follows:

Inij =
Mij − S∣∣Mij − S

∣∣ (13)
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(a) 

(b) 

Figure 3. Schematic of the SI-SCE algorithm for solving an off-axis imaging system with finite object
distance. (a) Schematic diagram. (b) Detailed solution schematic.

In numerical implementation, if propagation from Mij to surface P is required, Inij is
used as the propagation direction. To avoid invalid incident ray direction vectors caused
by M11 coinciding with P11, a small axial offset along the z-axis is applied relative to P11

during initialization, defining an initial point P11δ(x11, y11, z11 + δ). Accordingly, the path
of the first sampling ray is defined as M11 → P11δ → I , while other sampling rays are
generated as M → P → I . This construction naturally degenerates to the parallel light case
when the object distance approaches infinity, thereby allowing the SI-SCE initialization to
accommodate both finite and infinite object distances within a unified framework.

The positions of the initial point and the ideal image point are both determined using
the initial point and ideal image point calibration method in the SI-SCE algorithm, which
combines ray tracing and Fermat’s principle. For the first sampling point P11δ, the incident
ray direction vector is M11P11δ, and the emergent ray direction vector is P11δ I. The normal
vector at this point is given by

N11δ =
P11δ I − M11P11δ

|P11δ I − M11P11δ|
(14)

Once the normal vector at the point is known, the tangent plane at that point can be
determined. For the second sampling point M12, given the incident ray direction vector,
the intersection point P12 between the sampling ray and the tangent plane can be obtained.
In the same way, all data points in this row can be determined. Subsequently, for the next
row of the surface, each data point is obtained as the intersection between a characteristic
ray and the tangent planes of all points in the previous row. This process is repeated until
all data points are acquired.
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2.2.3. Single-Field Off-Axis Single-Reflective Freeform Surface Construction

The original SCE and the proposed SI-SCE algorithms were, respectively, applied
to construct single-field off-axis single-reflective freeform optical systems with both infi-
nite and finite object distances, in order to verify the advantages of the SI-SCE method.
Figure 4 shows the system layout for the infinite object distance case. As the field angle
increases, the optical performance of the system gradually changes. For each field angle
(0◦, 2◦, 4◦, 6◦, 8◦, 10◦), a single-field off-axis reflective freeform optical system was indepen-
dently constructed using both algorithms. The sampling interval was 0.5 mm, with a total
of R = 121 × 121 = 14, 641 sampling points. For each field, the MTF and spot diagram
results of the single-field off-axis single-reflective freeform surfaces after construction are
presented in Figure 5a and 5b, respectively.

Figure 4. Layout of the optical system for the infinite object distance case.
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Figure 5. Optical performance of each field after constructing single-field off-axis single-reflective
freeform surfaces. (a) MTF values at 30 lp/mm for each field after construction. (b) RMS spot
diameters for each field after surface construction.

It can be observed that, across different field angles, the off-axis single-reflective
freeform surface constructed using the SI-SCE algorithm maintains excellent imaging
performance. At 30 lp/mm, both the MTF values and RMS spot diameters remain at an
outstanding level. In the optical design software, the MTF is clearly close to the diffraction
limit, and the RMS spot diameter is smaller than the Airy disk. Moreover, the results
show no noticeable variation among different fields. In contrast, the surface constructed
using the conventional SCE algorithm exhibits inferior MTF and RMS performance at
30 lp/mm, with significant fluctuations across the field. This instability arises from the
arbitrary selection of initial and ideal image points.

Figure 6 shows the optical layout of the system with a finite object distance. When
the object heights are 0 mm, 2 mm, 4 mm, 6 mm, 8 mm, 10 mm, both the conventional
SCE algorithm and the proposed SI-SCE algorithm are used to construct single-field off-
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axis single-reflective freeform surfaces. The entrance pupil diameter is 40 mm, and the
F-number is 2.5. The sampling interval is 0.5 mm, resulting in a total of R = 81 × 81 = 6561
sampling points. The MTF results for each field after constructing the single-field off-axis
single-reflective freeform surfaces are shown in Figure 7a, and the corresponding RMS spot
diameters are shown in Figure 7b.

Figure 6. Optical layout of the system with a finite object distance.
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Figure 7. Optical performance of each field after constructing single-field off-axis single-reflective
freeform surfaces. (a) MTF values at 30 lp/mm for each field after surface construction. (b) RMS spot
diameters for each field after surface construction.

It can be seen that, at different object heights, the off-axis single-reflective freeform sur-
face constructed using the SI-SCE algorithm maintains very high performance at 30 lp/mm.
Both the MTF values and RMS spot diameters remain excellent. In the optical design
software, the MTF approaches the diffraction limit, and the RMS spot diameter is smaller
than the Airy disk. No significant variation is observed across different fields. In contrast,
the surface constructed by the conventional SCE algorithm shows poorer MTF and RMS
performance at 30 lp/mm, with larger fluctuations among fields. This is attributed to the
random selection of initial and ideal image points.

In summary, for both infinite and finite object distances, the off-axis single-reflective
freeform surface was constructed using the SI-SCE and conventional SCE algorithms. The
results show that the SCE algorithm produces highly random outcomes. Its performance
largely depends on the selection of initial and ideal image points, often requiring multiple
manual attempts to determine the “optimal” positions, which is time-consuming. In
contrast, the SI-SCE algorithm employs a fully automated calibration method based on
ray tracing and Fermat’s principle. This approach determines the optimal initial and ideal
image points within the calibration range in a single calculation, significantly reducing
construction time. Furthermore, the automated calibration method for determining initial
and ideal image points, based on ray tracing and Fermat’s principle within the SI-SCE
algorithm, is not limited to the SCE algorithm. It can also be applied to the DSCE and
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OSCE algorithms. However, with this calibration method, the construction of multiple
freeform surfaces can be accomplished solely using the SI-SCE algorithm. This removes the
need to apply DSCE or OSCE with increased sampling points to reduce construction errors.
As a result, the approach significantly improves computational efficiency and simplifies
algorithm implementation.

2.3. Construction of Single-Field Off-Axis Multi-Reflective Freeform Surface Systems Under
Application-Oriented and System Parameter Constraints

The original SCE algorithm does not impose constraints on the system parameters
during construction. As a result, although the constructed system may exhibit good
imaging quality, its optical performance can deviate from the design specifications, making
it unsuitable for subsequent optimization. This paper presents a method for constructing a
single-field off-axis multi-mirror freeform system under application-specific and system
parameter constraints, based on the single-field off-axis single-mirror freeform SI-SCE
algorithm described in Section 2.2. A coaxial spherical system, which meets the design
requirements, is first obtained through numerical calculation, and then, off-axis processing
is applied. By adjusting the decenter and tilt of the spherical mirrors, the system is designed
to ensure that all rays are unobstructed across the full field of view while meeting the
desired shape and size constraints. Although the construction is performed for a single
field, the resulting initial structure can be directly applied to multiple fields. On this basis,
the SI-SCE algorithm is used to accurately determine the initial points and ideal image
points of each surface, thus completing the initial structure in a single step.

To ensure the constructed system meets the design requirements for aperture, focal
length, and overall dimensions, the coaxial initial spherical system adopts the coaxial
three-mirror configuration shown in Figure 8 [31]. Given the known distances D1, D2, L′

3
and focal length f ′, the curvature radius of each mirror can be calculated using the
following procedure.

Figure 8. Schematic diagram of coaxial three-mirror system.

α1 is the obstruction ratio of the secondary mirror to the primary mirror, α2 is the ob-
struction ratio of the tertiary mirror to the secondary mirror, β1 and β2 are the magnification
ratios of the secondary mirror and tertiary mirror, respectively. D1 is the distance between
the primary mirror and the secondary mirror, D2 is the distance between the secondary
mirror and the tertiary mirror, L′

3 is the distance from the tertiary mirror to the image plane,
R1, R2 and R3 are the radii of curvature of the three mirrors, respectively.

The curvature radii R1, R2 and R3 of the three mirrors are as follows:

R1 =
2

β1β2
f ′, R2 =

2α1

β2(1 + β1)
f ′, R3 =

2α1α2

(1 + β2)
f ′ (15)

The distances between the three mirrors are as follows:
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D1 =
R1

2
(1 − α1) f ′ =

1 − α1

β1β2
f ′, D2 =

R1

2
α1β1(1 − α2) f ′ =

α1(1 − α2)

β2
f ′, L′

3 = α1α2 f ′ (16)

It is required that the image plane be flat, SIV = 0

β1β2 −
β2(1 + β1)

α1
+

1 + β2

α1α2
= 0 (17)

Then, by applying the condition of a flat image plane (Equation (9)), the equation is
rearranged into a quadratic equation in terms of α1.

Aα2
1 + Bα1 + C = 0 (18)

In the equation, 

A =
f ′2

D2L′
3
− f ′

D1

B = 2 f ′
(

1
D1

− 1
D2

)
+

f ′

L′
3

C =
L′

3
D2

− f ′

D1

(19)

Considering the obstruction ratio, let α1 be positive. Substituting α1 back into
Equation (15) yields R1, R2 and R3. After off-axis treatment of the aperture or field in
the designed coaxial three-mirror spherical system, appropriate constraints are applied
to control the decenter and tilt of each surface while maintaining the curvature and inter-
mirror distances. This ensures obstruction-free performance across all field rays. Since the
focal length of each mirror remains unchanged after off-axis processing, the ideal image
point positions for constructing freeform surfaces can be approximately determined from
each spherical surface during the construction process.

The Initial point P11 corresponds to the intersection coordinates of the feature ray
r11 with the spherical surface. To determine the precise location of the ideal image point,
we employ a method combining ray tracing and Fermat’s principle within the SI-SCE
algorithm, optimizing the chief ray’s optical path to a minimum within a constrained
region. The detailed construction process for the off-axis, multi-mirror freeform optical
system with a single field is illustrated in Figure 9.

At the initial stage of construction, it is necessary to make sure that the center of each
freeform surface during construction is the same as the center of the spherical surface after
the coaxial three-mirror spherical surface system is off-axis processed. First, the SI-SCE
algorithm is used to obtain the initial point P11 required for the construction of freeform
surface 1 and the ideal image point I1 corresponding to the system at this time from sphere
surface 1, and the construction of freeform surface 1 is carried out based on this, and the
constructed freeform surface 1 replaces sphere 1. The construction principle is shown
in Figure 10a. Next, freeform surface 1 and sphere surface 2 are used to prepare for the
construction of freeform surface 2. A virtual surface P1 is placed behind freeform surface 1.
This surface is perpendicular to the direction of the chief ray emerging from freeform
surface 1 and serves as an equivalent object plane at infinity. The SI-SCE algorithm is then
applied again to determine the initial point P11 required for constructing freeform surface 2,
along with the corresponding ideal image point I2. Based on this, freeform surface 2 is
constructed and used to replace sphere surface 2. The construction principle is shown in
Figure 10b. Following the above strategy, the third freeform surface is constructed using the
same “freeform surface + sphere surface” combination. The SI-SCE algorithm is employed
to guide this process, as illustrated in Figure 10c. This procedure is repeated iteratively until
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all freeform surfaces are constructed, as shown in Figure 10d. The detailed construction of
the pseudocode is provided in Appendix A.

Figure 9. Flowchart of the construction process for off-axis multi-mirror freeform surfaces.

  
(a) (b) 

  
(c) (d) 

Figure 10. Schematic of the construction process for the off-axis multi-mirror freeform surface
system. (a) Schematic of the construction principle for the first freeform surface. (b) Schematic of the
construction principle for the second freeform surface. (c) Schematic of the construction principle for
the third freeform surface. (d) All freeform surfaces have been successfully constructed.



Photonics 2025, 12, 1141 13 of 21

3. Design of an Off-Axis Three-Mirror Freeform System Using the
SI-SCE Algorithm

The off-axis three-mirror system features a complex structure, asymmetric optical
path, and high degrees of freedom. It is highly sensitive to both design and manufacturing
errors. Traditional spherical or aspheric designs are often insufficient to correct the high-
order aberrations commonly found in off-axis systems, especially under wide field-of-view
conditions. In contrast, freeform surfaces offer stronger aberration correction capabilities.
They can significantly reduce high-order off-axis aberrations such as coma and astigmatism,
making it easier to achieve wide field of view and high imaging quality. Therefore, this
paper selects a freeform off-axis three-mirror imaging system with a medium F-number
and a rectangular field of view as the study model. This system is used to verify the
effectiveness of the proposed SI-SCE algorithm in addressing the limitations of the existing
SCE method. It also serves to further evaluate the algorithm’s capability to construct the
initial structure of an off-axis multi-mirror freeform system with high accuracy under a
single-field condition. The specifications of the optical system are listed in Table 1.

Table 1. Specifications for freeform off-axis three-mirror design.

Parameter Specification

Field of view (FOV) 6◦ × 6◦

F-number 3.4
Entrance pupil diameter 60 mm

Effective focal length 204 mm
Detector pixel size 30 µm

Wavelength Visible–NIR (0.38 − 2 µm)
Configuration Off-axis three-mirror

An initial spherical system with decenter and tilt was first established to eliminate
optical blockage, as shown in Figure 11. The secondary mirror serves as the aperture
stop. In order to make the final initial structure suitable for the 6◦ × 6◦ rectangular field
of view required by the design, the spherical system should eliminate obstruction of all
field-of-view rays, and only display the central field of view (0◦,−6◦). The system uses an
offset 6◦ × 6◦ field of view in the vertical direction, with a single-field off-axis three-mirror
system constructed with a center field. The entrance pupil diameter is 60 mm, the sampling
point spacing is 0.5 mm, and a total of R = 121 × 121 = 14, 641 points are sampled.

New lens from CVMACRO:cvnewlens.seq Scale: 0.69      27-Mar-24 

36.23   MM   

Figure 11. Initial spherical system layout.
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The figures below show the optical system and corresponding MTF and spot dia-
grams before and after the sequential construction of three freeform surfaces. As shown
in Figure 12, before constructing the first freeform surface, the system contains only
one spherical mirror, with an RMS spot size of 1.7512 mm. At this stage, the MTF is
too low to be read accurately. After replacing the spherical surface with the constructed
Freeform1, the RMS spot size drops significantly to 0.006691 mm. The MTF exceeds 0.7 at
20 lp/mm, approaching the diffraction limit. This result confirms the effectiveness of the
SI-SCE algorithm in calibrating the initial point and ideal image point, and in constructing
the freeform surface under infinite object distance conditions.

  
(a) (b) 

New lens from CVMACRO:cvnewlens.seq Scale: 0.87      12-Mar-24 

28.74   MM   

New lens from CVMACRO:cvnewlens.seq Scale: 0.87      03-Apr-25 

28.74   MM   

(c) (d) 

(e) (f) 

:
1
7

0.000,-6.00 DG
 0.00, 1.00

FIELD
POSITION

DEFOCUSING 0.00000

New lens from CVMACRO:cvnewlens.seq   

1.18 MM

 100% =    2.876283

 RMS  =    1.751209

12-Mar-2024

Figure 12. System layout, spot diagram, and MTF before and after the construction of the
first freeform surface. (a) Before construction. (b) After construction. (c) Before construction. (d) After
construction. (e) Before construction. (f) After construction.

As shown in Figure 13, before constructing the second freeform surface, the system
consisting of Freeform 1 and Sphere 2 shows a large visible spot size in the layout. The RMS
value at this stage is 6.19 mm, and the MTF is nearly undetectable. After replacing Sphere 2
with the constructed Freeform 2, the RMS drops significantly to 0.027 mm. The MTF at
20 lp/mm exceeds 0.4, showing a clear improvement, though still below the diffraction
limit. This result demonstrates the effectiveness of the SI-SCE algorithm in calibrating the
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initial point and ideal image point, and in constructing the freeform surface under finite
object distance conditions.

(a) (b) 
New lens from CVMACRO:cvnewlens.seq Scale: 0.65 12-Mar-24 

38.46   MM   

New lens from CVMACRO:cvnewlens.seq Scale: 0.72 03-Apr-25 

34.72   MM   

  
(c) (d) 

  
(e) (f) 

:
0
5

0.000,-6.00 DG
 0.00, 1.00

FIELD
POSITION

DEFOCUSING 0.00000

New lens from CVMACRO:cvnewlens.seq     

3.53 MM

 100% =   10.836390

 RMS  =    6.190309

12-Mar-2024

Figure 13. System layout, spot diagram, and MTF before and after the construction of the second
freeform surface. (a) Before construction. (b) After construction. (c) Before construction. (d) After
construction. (e) Before construction. (f) After construction.

As shown in Figure 14, before constructing the third freeform surface, the system
consisting of Freeform 1, Freeform 2, and Sphere 3 appears to have a small spot size, but the
RMS value is 2.045 mm. The MTF is very low, around 0.1, after 4 lp/mm. After replacing
Sphere 3 with the constructed Freeform 3, the RMS decreases significantly to 0.01382 mm.
The MTF at 20 lp/mm exceeds 0.7, approaching the diffraction limit. This process not
only verifies the effectiveness of the SI-SCE algorithm in calibrating the initial point and
ideal image point, and in constructing the freeform surface under finite object distance
conditions but also confirms that the system parameters meet the design specifications after
the completion of the off-axis multi-mirror freeform surface construction.
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(a) (b) 

New lens from CVMACRO:cvnewlens.seq Scale: 0.70      12-Mar-24 

35.71   MM   

New lens from CVMACRO:cvnewlens.seq Scale: 0.69      03-Apr-25 

36.23   MM   

(c) (d) 

(e) (f) 

:
0
9

0.000,-6.00 DG
 0.00, 1.00

FIELD
POSITION

DEFOCUSING 0.00000

New lens from CVMACRO:cvnewlens.seq  

1.24 MM

 100% =    3.987656

 RMS  =    2.045804

12-Mar-2024

Figure 14. System layout, spot diagram, and MTF before and after the construction of the third
freeform surface. (a) Before construction. (b) After construction. (c) Before construction. (d) After
construction. (e) Before construction. (f) After construction.

During the construction of this off-axis three-mirror freeform surface, the coordinates
of the initial points and ideal image points for each freeform surface, as solved by the
SI-SCE algorithm, are shown in Table 2 below.

Table 2. Coordinates of the initial point and ideal image point during the construction of off-axis
three-mirror freeform surface.

Freeform Surface Initial Point Ideal Image Point

Freeform 1 (−30, 30.757, 192.793) (0, −115.852, −37.885)
Freeform 2 (−13.043, −47.323, 61.137) (0, 7.059, −86.031)
Freeform 3 (−25.798, −100.861, 205.389) (0, −126.529, 43.521)

The above results show that during the construction of each freeform surface, the rays
are effectively directed to the intended position (i.e., the ideal image point for each freeform
surface). Although the initial structure generated in this paper is designed for a single field
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of view, it can serve as a starting point for subsequent optimization, as it approaches the
diffraction limit.

By subsequent optimization of the starting point, as the system is symmetric about the
YOZ plane, only half of the full field needs to be set. Six biased fields were used, namely
(0◦, −6◦), (0◦, −3◦), (0◦, −9◦), (3◦, −6◦), (3◦, −3◦), and (3◦, −9◦), to quickly obtain the final
freeform off-axis three-mirror system. The system layout is shown in Figure 15. Compared
to the initial structure, slight changes are observed in the curvature and decenter tilt of
the final optimized system, but the overall structure and direction of light rays remain
largely unchanged, which is an acceptable and normal phenomenon in optical design. The
optimized off-axis three-mirror freeform surfaces are represented using XY polynomials.
In this design, fifth-order XY polynomial is employed, and the corresponding coefficients
are listed in Table 3 below. The MTF plot of the final system is depicted in Figure 16,
demonstrating diffraction performance at Visible–NIR wavelengths. The MTF (greater than
0.8 at 20 lp/mm) approaches the diffraction limit. Figure 17 displays the distortion grid,
with maximum grid distortion less than 2%.

New lens from CVMACRO:cvnewlens.seq Scale: 0.45      14-Mar-24 

55.56   MM   

Figure 15. Final optimized system layout diagram.

Table 3. Coefficients of the fifth-order XY polynomial for the optimized off-axis three-mirror
freeform surfaces.

Coefficient Primary Mirror Secondary Mirror Tertiary Mirror

Radius −590.7090 1185.3700 415.2863
Conic 0.2268 −20 −0.9900

A2 −4.4069 × 10−5 0.3560 0.3897
A3 0.0007 −0.0020 −0.0027
A5 0.0006 −0.0014 −0.0027
A7 5.8921 × 10−7 2.1873 × 10−6 2.0143 × 10−6

A9 −1.1693 × 10−6 −4.6285 × 10−6 7.9194 × 10−7

A10 2.2569 × 10−9 −5.0074 × 10−9 −4.2920 × 10−9

A12 3.9277 × 10−9 −6.770 × 10−9 −1.0571 × 10−8

A14 2.5782 × 10−9 −2.7457 × 10−9 −2.2173 × 10−9

A16 2.7460 × 10−12 2.8341 × 10−11 2.1429 × 10−11

A18 −5.2078 × 10−12 −6.4195 × 10−11 2.9839 × 10−11

A20 −3.8565 × 10−12 −1.6673 × 10−11 −5.4016 × 10−12
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Figure 16. MTF of the final optimized system.

 

Figure 17. The distortion grid of the final optimized system.

When it comes to designing high-performance optical systems (such as those with large
fields of view or small F-numbers), starting directly from spherical surfaces and relying
solely on optical design software often yields suboptimal results and requires extensive
design experience from the designer. In the design examples, we attempted to optimize the
initial spherical system directly using optical design software. Even experienced designers
require a significant amount of time to achieve satisfactory design results. However, with
the construction method proposed in this paper, a good initial structure with freeform
surfaces can be obtained from spherical surfaces based on given design requirements.
This initial structure already meets the requirements for aperture, focal length, and size
limitations, providing excellent imaging quality close to the diffraction limit in a single field
of view, while also achieving good focusing for rays of different apertures in other fields of
view. Although subsequent optimization is still required using optical design software, in
this design example, the process from starting point to final design becomes much easier,
significantly reducing the threshold of design experience required. The discussion above
validates the feasibility of the design method proposed in this paper.

4. Conclusions
The SI-SCE algorithm proposed in this paper achieves key improvements over the

existing SCE algorithm. By introducing an accurate initial point and ideal image point
calibration method based on ray tracing and Fermat’s principle, the algorithm effectively
overcomes the randomness in selecting initial conditions found in traditional methods. For
complex scenarios with non-parallel light incidence at finite object distances, an auxiliary
interface setup strategy for the freeform surface pre-construction phase is proposed, signifi-
cantly improving the algorithm’s adaptability and construction accuracy. Additionally, a
system parameter constraint method is employed to directly construct an off-axis multi-
mirror freeform system that meets the specified entrance pupil diameter, focal length, and
structural size requirements. The feasibility and advantages of this design method are veri-
fied by designing a freeform off-axis three-mirror system with a rectangular field of view
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and a medium F-number. The final system has an F/3.4, 60 mm entrance pupil diameter,
and a field of view of 6◦ × 6◦. The freeform surfaces in the system are represented by XY
polynomials and achieve diffraction-limited performance in the Visible–NIR (0.38 − 2 µm)

wavelength range, verifying the effectiveness and practicality of the algorithm in construct-
ing the initial structure of off-axis multi-mirror freeform optical systems.

Author Contributions: Supervision, Y.H.; methodology, J.H.; writing—original draft preparation,
J.H.; writing—review and editing, J.H. All authors have read and agreed to the published version of
the manuscript.

Funding: This research was funded by Jilin Provincial Natural Science Foundation, grant num-
ber 20240101360JC. This research was funded by Scientific Research Project of the Jilin Provincial
Department of Education, grant number JJKH20250494BS.

Data Availability Statement: The data presented in this study are available on request from the
corresponding author.

Conflicts of Interest: The authors declare no conflicts of interest.

Appendix A

Algorithm A1: Single-field off-axis multi-mirror freeform surface construction algorithm

Input: Field parameters, mirror curvature radius R, decenter and tilt parameters,
number of sampling points n
Output: Initial point, ideal image point coordinates, data point coordinates and normal
vectors on the freeform surface, fitted freeform surface coefficients

1: Step 1: Establish the initial spherical system
2: Compute the coaxial three-mirror configuration using analytical geometry.
3: Given the mirror spacing and focal length, determine the curvature radius of

each mirror.
4: Apply decentering and tilting to each mirror to satisfy the system’s physical

aperture and avoid ray blockage over the full field of view.
5: Step 2: Initialize CodeV and load the optical model
6: Use MATLAB via the COM interface to execute CodeV commands and initialize

the optical system.
7: Define system parameters including aperture, spacing, curvature, tilt, and

decenter values.
8: Insert the initial surface S and the base spherical surface P.
9: Specify pupil sampling points for subsequent ray tracing.

10: Step 3: Determine the ideal image point
11: The initial surface point P11(x11, y11, z11) is defined as the intersection between the

first sampled ray r11 and the spherical surface.
12: Select five representative sampling points on the pupil plane:
13: (u, v) ∈ {(−1, 1), (−1,−1), (1,−1), (1, 1), (0, 0)}
14: Perform ray tracing to obtain the corresponding image plane coordinates:
15: (yi, zi), i = 1, . . . , 5.
16: These coordinates define a constraint region Ω ⊆ R2 that limits the possible range

of the ideal image point (y∗, z∗).
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Algorithm A1: Cont.

17: (y∗, z∗) ∈ Ω
18: Construct a uniform grid of candidate points within Ω with a step size ∆, using the

surface normal at the optical center ncc as a geometric constraint:

19: ncc =
Occ − Icc

|Occ − Icc|
20: Here, Occ =

Pcc I
|Pcc I| and Icc =

SccPcc

|SccPcc|
denote the unit direction vectors of the

exiting and incident rays, respectively.
21: For each candidate point, compute the optical path function of the chief ray:
22: ϕ(yk, zk) = OPLcc(yk, zk) =|SccPcc|+|Pcc I(yk, zk)|
23: The candidate point that minimizes ϕ(yk, zk) is taken as the ideal image point Ii.
24: Step 4: Calculate freeform surface data points and normals using the

SCE algorithm
25: for each seed curve i = 1 : m do
26: if i = 1 then
27: With the known initial point P11 and ideal image point Ii, compute the

corresponding surface normal.
28: The next point along the curve is defined as the intersection between the

characteristic ray and the tangent plane of the previous point, forming the
complete seed curve.

29: end if
30: For subsequent curves, determine each data point as the intersection between

the characteristic ray and the tangent planes defined by data points of the
preceding curve.

31: Repeat until all data points on the freeform surface P are obtained.
32: end for
33: Step 5: Fit the freeform surface
34: Fit the point cloud into a continuous freeform surface by simultaneously

considering both position coordinates and surface normals.
35: Write the fitted surface coefficients into CodeV and update the optical

system accordingly.
36: Step 6: Construct subsequent freeform mirrors
37: Repeat Steps 2–5 until all reflective surfaces in the optical system are constructed.
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