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Abstract

Controlling light’s polarization through disordered media is crucial for advanced optical
applications but remains challenging due to scattering and depolarization. Most existing
approaches either require interferometric or multi-path measurements, or they recover
only part of the polarization response. We present a comprehensive approach for spatially
resolved polarization control by accurately retrieving the vector transmission matrix (VIM)
of a scattering system from intensity-only, full-Stokes polarimetric measurements. Using a
simple single-path setup comprising a liquid-crystal spatial light modulator (SLM) with a
tunable retarder after it, we achieve spatial polarization modulation at the input, thereby
enabling probing of the medium’s polarization-scattering characteristics. The VIM is re-
trieved with an adapted Gerchberg—Saxton procedure that enforces not only the measured
output amplitudes but also the relative phase between the two orthogonal output polar-
ization components obtained from the Stokes parameters. We show that a single retarder
setting results in inter-block correlations in the retrieved VIM due to input coupling, while
two linearly independent retarder settings decouple the intrinsic blocks and recover the
full VTM. In our experiment, for a 16 x 16 set of input—output spatial modes, the VIM is
retrieved with about 90% accuracy, enabling polarization-resolved focusing with up to 10x

enhancement for horizontal, vertical, arbitrary linear, and circular states. This work offers a
compact framework for active polarization shaping and for polarimetric characterization
of complex media, advancing our understanding of vectorial light-matter interactions.

Keywords: vector transmission matrix; spatial polarization modulation; scattering media;
full-Stokes polarimetry; spatial light modulator; Gerchberg-Saxton algorithm

1. Introduction

The propagation of light through inhomogeneous and disordered media, such as
biological tissues, atmospheric turbulence, turbid water, or multimode fibers, presents a
significant challenge to optical control and imaging [1-8]. As light traverses such media, its
wavefront undergoes severe distortions, leading to the formation of complex and seemingly
random speckle patterns [9,10]. Beyond spatial mixing, multiple scattering events also
profoundly alter the polarization state of the incident light, leading to depolarization and a
loss of correlation with the original polarization state [11]. This complex interplay between
spatial and polarization degrees of freedom for a static medium is deterministic, showing
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that apparently random media can be learned or measured and then actively inverted,
transforming them into programmable optical elements [12].

The early phase of the field established scalar control. By optimizing or measuring
the field at a target point, light can be refocused through opaque slabs, its arrival time
and spectrum can be tailored, and complex media can be repurposed as lenses or spectral
filters [13-18]. Transmission-matrix methods then showed that the linear operator linking
input modes to output modes can be measured once and reused to synthesize many differ-
ent targets without re-optimization [19]. This created a practical toolbox for deterministic
wave control.

Polarization adds an essential dimension. Many light-matter interactions are polar-
ization selective, polarization can serve as an information channel for multiplexing, and
polarimetry itself is a sensitive probe of structure in materials and tissues. Extending
wavefront shaping into this vectorial regime followed two complementary paths. On the
adaptive side, a phase-only modulation of the linearly polarized input can lead to the
full control of output polarization behind a multiple-scattering medium by leveraging
native coupling between spatial and polarization degrees of freedom [20,21]. Polarization
was also used directly as a control variable for focusing through turbid media [22]. On
the model-based side, the community extended transmission-matrix thinking toward po-
larization degree of freedom by reconstructing vector maps that link the two orthogonal
polarization components of input to the two output components, often referred to as the
vector transmission matrix (VITM). In that approach, one first measures the full [12,23] or
partial [24] VTM and then uses it to predict polarization-resolved outputs anywhere in
the field of view and to synthesize desired polarization states with a single linear solve.
The illumination bandwidth provides another degree of freedom; under broadband excita-
tion, path-length selection can produce a polarization-memory effect that passively assists
polarization recovery and modifies the effective vector mapping [25].

Despite substantial progress, there is still a need for robust, experimentally accessible
methods that combine comprehensive vector characterization with practical implemen-
tation. The challenge is to develop systems that not only achieve arbitrary polarization
control but also provide a clear, deterministic understanding of the underlying vector
light-matter interactions—without complex or sensitive multi-path interferometric setups
and without relying solely on adaptive “black-box” optimization.

In this work we present a simple, single-path method to retrieve the VIM from
intensity-only, full-Stokes measurements and to use it for spatially resolved polarization
control in scattering media. The setup consists of a liquid-crystal SLM followed by a
tunable retarder that sets the input polarization pattern, and a full-Stokes polarimetry
module (FSPM) at detection. We adapt the well-known Gerchberg-Saxton (GS) algorithm
for transmission-matrix retrieval [26] to enforce both the output magnitudes and the relative
phase between the orthogonal output polarization components provided by the FSPM,
so no interferometer or split-beam optics are required. With a single retarder setting, the
two orthogonal input components are optically coupled and the retrieved VIM shows
inter-block correlations. Using two linearly independent retardance settings separates the
intrinsic blocks and recovers the full VTM. After measuring the VIM with two retardances,
we use this calibrated model for inverse design by computing SLM phase patterns that
produce arbitrary target locations and polarization states at the output. Overall, the method
keeps the hardware simple while enabling both polarization shaping and polarimetric
characterization of complex media, including the generation of horizontal, vertical, arbitrary
linear, and circular states at selected locations.
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2. Experimental Setup

A common single-path scattering setup comprises a liquid-crystal SLM for input
wavefront modulation, an electrically tunable liquid-crystal variable retarder (LCVR) that
maps this phase into spatial polarization modulation, a strongly scattering sample that
scrambles both spatial and polarization degrees of freedom, and an FSPM at detection
(Figure 1). A linearly polarized, single-frequency laser at A = 532nm is converted to
right-circular polarization (RCP) by a quarter-wave plate (QWP) at 45°, then expanded (BE)
to match the SLM aperture. The beam passes through a beam splitter (BS) to the reflective,
liquid-crystal SLM, acquires the programmed phase, and is redirected by the BS toward
the sample arm.

SLM

Laser

B
P

Figure 1. Experimental setup and polarimetric acquisition. A 532 nm laser beam is initially converted
to right-circular polarization by a QWP at 45°, then expanded (BE), and directed by a beam splitter
(BS) to a reflective, liquid-crystal SLM. After reflection, an LCVR with its fast axis fixed at —45°
applies a selectable retardance J; two settings used here are 71/2 and 377/2 (blue dashed insets).
For each setting, the SLM phase ¢(r) is converted into a spatially varying, linearly polarized input
field (the AoLP map flips sign between the two cases). A relay lens (L) illuminates the scattering
medium (SM), and an objective (Obj) images the transmitted speckle onto a full-Stokes polarimetry
module (FSPM). The FSPM records four analyzer images Iy, 115, Iop, and I C(;rrc) , enabling per-pixel

full-Stokes polarimetry.

Immediately after the BS, a computer-controlled LCVR with its fast axis fixed at —45°
applies two retardances, § = 71/2 and 6 = 37/2. These settings produce two linearly
independent spatial polarization modulations from the same SLM phase pattern (see
Appendix A), which we later use for the full retrieval of the system VIM. A relay lens
(L, f = 100cm) focuses the beam onto a 1 mm PTFE (Teflon) scattering medium (SM),
and a collection objective (Obj) images the transmitted speckle onto the FSPM. In this
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configuration, a 1 mm PTFE slab is sufficient to generate a fully developed speckle pattern,
and the use of a single-frequency laser is essential to obtain a high-contrast speckle field.

The FSPM combines a polarization camera with an LCVR to acquire four analyzer
)

circ
to right-circularly polarized projection). To obtain these measurements, the LCVR is

images per cycle: Iy (analyzer along x), Iy (along y), Is5 (45°), and (corresponding

alternately set to 0 and 7t/4 retardance. The zero-retardance state enables capture of the

three linear polarization components Iy, Igg, and ly5, while the 71/4 state, combined with

(+)
Icirc
directions are captured simultaneously by means of a pixelated polarization filter array

an analyzer at 0°, provides the circular component . The intensities along different
on the polarization camera. These four frames uniquely determine the Stokes parameters
per pixel via S() = 10 + 190, 51 = 10 - 190, Sz = 2145 - So, and 53 = Zlc(ijc) - 50, which
provide |Ey|, |[Ey|, and the relative phase A¢ = atan2(S3, S;) used as constraints in the
VTM retrieval. To ensure accurate measurements, essential alignment of the FSPM was
performed (see Appendix C).

The pixelated architecture of the polarization camera means that the four linear pro-
jections (0°, 45°, 90°, 135°) are sampled at slightly different sensor locations. To ensure
that the Stokes parameters refer to the same physical area, we do not use individual sensor
pixels directly. Instead, we define output macropixels of size 8 x 8 sensor pixels (chosen to
be comparable to the speckle grain size) and, for each macropixel, we average separately
all pixels of a given analyzer orientation (0°, 45°, 90°, 135°). The four averaged intensities
are then used to compute the Stokes parameters for that macropixel. This procedure re-
moves the subpixel misregistration between analyzer spatial channels and improves the
signal-to-noise ratio. More details on the technical specifications of the optical equipment
can be found in Appendix C.

3. VI'M Retrieval and Measurement Procedure
We describe the scattering medium by a 2m x 2n VIM

T = [Txx Txy‘| lEout,x‘| _ [Txx Txy] [Ein,x‘| (1)
Ty Ty’ Eouty Ty Ty [Einy|’
where Eoyt,x and Eout,y denote the complex amplitudes of the output field projected onto a
fixed orthogonal linear polarization basis (horizontal x and vertical y) corresponding input
light field components in the same basis. Bold symbols denote stacked vectors over the n
input pixels and m output pixels.

For any fixed retardance ¢ of the LCVR, the input components obey a pixelwise affine
relation Ei, , = a(9) Ein x + g(0) (derivation in Appendix B). Consequently, a single ¢ yields
only the effective superpositions A(6) = Tyy + «(6)Tyy and C(6) = Tyx + a(J) Ty, along
with their respective offset terms. This constitutes a 2m x n mapping restricted to that
coupled-input subspace, meaning the four intrinsic blocks are not uniquely determined. To
recover the full VTM, two linearly independent retardances are sufficient. In this work we
use d = 7t/2 and § = 371/2; see Appendix B for details.

We then estimate T with an adapted Gerchberg—Saxton algorithm that uses the four
FSPM images to impose, at each output pixel, the measured magnitudes |E,|, |E,| and
the relative phase A¢ (implementation available in our open-source code [27]). For probe
inputs stacked columnwise in Ej, € C2<k (here k includes patterns measured at both

LCVR retardances), a current estimate Tesy € C2"*2" predicts Eglr;:d = TestEin. We then
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overwrite the predicted magnitudes and relative phase using the FSPM data: for each
output pixel,

E;lpd _ \/Beiarg(EEred), E;Pd _ \/aei(arg(EEmd)JrA‘P), Ap = atanZ(Ss, 52),

and assemble ESE? = [Egpd; E;pd |. Finally, an inverse transformation defines the new

estimation of VITM

upd -+
Test < Eat Ein-

Iterations are repeated until either convergence is reached or a maximum number
of iterations is exceeded. Following the criterion used in [26], we declare convergence
when the correlation between the VTM estimate at iteration i and the one at iteration i — 2
exceeds 1 — 107°. As a correlation metric we use the absolute value of the Complex Pearson
Correlation Coefficient (CPCC) [28] computed on the vectorized (flattened) forms of the
two matrices. The block diagram in Figure 2 summarizes the steps.

Probe inputs (SLM patterns)
stacked E;, € C2xk

Y

e N
Initialize TS, € C2mx2"
N J
e e L a
Forward prediction
pred _ pi—1
L Egut = Test Ein )
Y
e - - N
Enforce magnitudes & relative phase
ESPY — RpelasFx),  EPY — /T eilarg(Ex)+Ap)

A¢ = atan2(S3, S;)
Eupd _ [E;lpd ; Eupd}

out — y

\ J
s Y 2
Update VIM

i d
L Test < fgﬁt Ef, )

. 1o |CPCC(Ti,, TiS?)| > 1 - 1076

est’ “est

[ Retrieved VIM T }

Figure 2. Adapted GS retrieval. Each iteration predicts Egﬁd,

to form Eggtd = [E;lpd; E;Pd |, and updates the VIM via Test < E

enforces magnitudes and relative phase

upd -+
out E in*

4. Experimental Results and Polarization Control

We retrieve the full 2m X 2n vector transmission matrix T with the adapted GS al-
gorithm in two acquisition modes: (i) a single LCVR retardance § = 71/2 and (ii) dual
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retardances 6 € {71/2, 371/2}. In both cases we use k = 5000 probe inputs with n = 16
input pixels and record m = 16 output pixels.

Figure 3 shows, for the single-retardance case, the magnitude and phase of the re-
trieved VIM. As expected from the input coupling (Appendix B), the four blocks display
visible similarities. To quantify this, we processed the matrix as in Popoff et al. [19]: we
removed the reference-amplitude contribution, applied the same spatial decimation to
reduce nearest-neighbor correlations, and then computed the singular values of the result-
ing matrices. The singular values are the nonnegative values obtained from the singular
value decomposition (SVD) and provide a compact way to compare a measured matrix
with a random-matrix prediction. The corresponding curves in Figure 3 are plotted as
normalized histograms and are shown together with the quarter-circle law, i.e., the expected
singular-value distribution for a complex random matrix with the same aspect ratio and
iid. (independent and identically distributed) entries [29]. While each block separately is
close to this law, the singular-value distribution of the full VTM deviates from it, which
indicates residual correlations between blocks introduced by using only one retardance.
Each curve is averaged over 64 disorder realizations and VIM retrievals. We also calculate
the correlation between the output intensities obtained experimentally and those calculated
using the retrieved VIM for a set of test inputs generated in the single-retardance mode and
not included in the optimization process. On average, we observe about 90% correlation
between the measured and calculated intensities. This level of agreement is consistent with
the fact that the GS-type retrieval can converge to a local minimum for this coupled-input
configuration, but it can also be limited by nonideal circular-polarization preparation at
the SLM input, polarization changes introduced by intermediate optics (beam expander,
beam splitter, relay lens, objective), and environmental noise such as mechanical vibrations
and slow thermal drifts in the setup. Nevertheless, we consider the experimental results
satisfactory, as similar levels of performance have been reported in other studies addressing
comparable problems and using similar algorithmic approaches [30,31]

Repeating the retrieval with two independent LCVR retardance settings decouples the
intrinsic blocks of the VIM. Figure 4 shows the magnitude and phase of the resulting VIM
retrieved by the adapted GS algorithm, which no longer display visual or statistical similar-
ities between the four sub-blocks. Applying the same singular value distribution analysis
as before shows that the distributions of each block and of the full VTM closely follow the
quarter-cricle low, see Figure 4 . This clear contrast with the single-retardance case confirms
that introducing a second, linearly independent retardance effectively removes artificial
inter-block correlations and yields a fully decorrelated complex random VTM. The curves
are averaged over 64 independent VIM measurements corresponding to different disorder
realizations. Moreover, correlations of the output intensities on a test set generated in the
dual-retardance mode show a performance similar to the previous setting, with an average
correlation of approximately 90%.

Notably, to illustrate the robustness of the adapted GS retrieval algorithm, we per-
formed a statistical analysis of its performance over 64 independent experiments, each
yielding a distinct transmission matrix; see Appendix D.

Finally, we use the retrieved VIM T € C?"*2" to synthesize polarization-resolved
foci at arbitrary output pixels. In practice we generate the SLM phase in a single shot
with a shallow feed-forward neural network that approximates the phase-only projection
implied by the forward model in Equation (1) and is trained to maximize the target-pixel
intensity under a desired Stokes state (code and training details in [27]). Figure 5 shows
five examples: four linear states (0°,45°,90°,135°) and one left-circular state. For the linear
cases, the images are rendered with hue encoding the AoLP and brightness proportional
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to intensity; for the circular case, the focus appears white in the AoLP rendering (locally
random AoLP) and we report the DoLP in the text.

(@) IT| (b) arg(T)
005 010 015 020 -m  -1w/2 0 /2 n

0 5 10 15 20 25 30
©)
—— Quarter-circle law (theory)
1.6 0 T
-0- Tx
¥
1.4r — - Tyx
Tyy
12 - — D\ == FullT
1.0f i
<
Q

0.2
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Uv%.() 0.5 1.0 15 2.0 2.5 3.0
A

Figure 3. Single-retardance retrieval (6 = 7/2). (a) Magnitude and (b) phase of the retrieved 2m x 2n
VIMT. (c) Singular-value distributions of the four intrinsic blocks (Txx, Txy, Tyx, Tyy) and of the full
matrix T after amplitude normalization and spatial decimation as in [19], shown together with the
quarter-circle prediction for an i.i.d. complex random matrix [29]. The full matrix deviates from the
quarter-circle law because of inter-block correlations, which are a direct consequence of the input
coupling when only one retardance is used. An enlarged view of a selected region is provided for
better visibility.

Quantitatively, the intensity enhancement at the target (peak intensity in a 64 x 64 ROIL
divided by the mean intensity of the surrounding (non-focusing) area after wavefront
shaping) was g = 8.9, 450 = 10.1, 1990 = 8.3, 111350 = 7.5, and ycp = 7.1. The
polarization fidelity at the focus, averaged over the ROI, was AoLPy- = 0.8° (¢ = 5.1°),
AoLPys5e = 45.2° (0 = 5.7°), AoLPgpo = 89.9° (¢ = 5.8°), AoLPy35c = 134.1° (0 = 5.7°),
and, for the circular target, DoLP cp = 0.1 (¢ = 0.02), where ¢ denotes the standard
deviation of the polarization angle or degree of polarization within the focal region.
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Figure 4. Dual-retardance retrieval (6 = 7t/2, 37t/2). (a) Magnitude and (b) phase of the retrieved
2m x 2n VIM T. (c) Singular-value distributions of the four intrinsic blocks (Txx, Txy, Tyx, Tyy) and of
the full matrix T after amplitude normalization and spatial decimation as in [19], shown together
with the quarter-circle prediction for an i.i.d. complex random matrix [29]. In this case all curves
closely follow the quarter-circle law, confirming that the second, linearly independent retardance
removes the inter-block correlations seen in the single-retardance case. An enlarged view of a selected
region is provided for better visibility.

The pipeline, comprising both VIM retrieval and input wavefront shaping, executes in
under 30 s for sizes n = m = 16. For this configuration, the retrieval algorithm operates at
an average rate of approximately 24 iterations per second, while the input-shaping neural
network achieves around 1400 iterations per second. The optical setup remains sufficiently
stable over this time interval, ensuring that no significant artifacts arise from temporal
decorrelation effects. Naturally, as the input, output, and probe sizes increase, or as the
convergence rate varies, the overall computational time of the pipeline correspondingly
increases. In a more rigorous language, the VIM retrieval algorithm has O(p - k-n - (n+m))
algorithmic time-complexity and the input shaping neural network has O(p - m - n) time
complexity, where p is the number of iterations for each algorithm. More details on the
convergence speed of the retrieval algorithm can be found in Appendix D.
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Figure 5. Polarization-resolved focusing using the retrieved VIM and a feed-forward controller. For
each target polarization: (a) linear horizontal, (b) linear at 45°, (c) linear vertical, (d) linear at 135°, and
(e) left circular, (arrows in the top-right corners show above-described polarization orientations) the
network outputs a single SLM modulation pattern whose forward propagation through T produces a
focus with the requested polarization state and spatial position. All panels show the AoLP derived
from the Stokes parameters; for the left-circular target, the local AoLP is randomly distributed,
resulting in an achromatic (white) focus. Across all cases, the focusing enhancement ranges between
7 and 10 times above the background. The mean polarization accuracy deviates by less than 1°
with a standard deviation of about 5° within the focal region, and for the circular focus the DoLP is
0.1£0.02.

5. Discussion

A further advantage of using the SLM followed by a programmable LCVR in a single-
path geometry is that the same two-retardance strategy is not restricted to the linear (x, y)
basis. In the results above we expressed the fields in linear components, so with a single
LCVR setting we obtained an effective VITM whose four linear polarization channels were
still coupled, and with two linearly independent LCVR settings, § = /2 and 6 = 37/2,
we were able to separate them. The same idea can be applied in the right/left circular
basis, simply by expressing both the input and the output fields in that basis. In that
case, the LCVR at § = 0 and 6 = 7 will produce two linearly independent illuminations
in the circular basis and lead to a fully analogous situation: with a single retardance
the VTM expressed in the circular (R, L) basis will show correlations between the four
circular channels (RR, RL, LR, LL) because the two circular components are not fully
independent, and with the second retardance those correlations can be removed and
the four channels can be retrieved separately. This flexibility can be useful for analyses
of scattering materials sensitive to either linear or circular polarization, such as aligned
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polymers, fibrous or anisotropic media, quartz, or cholesteric liquid crystals. Moreover,
the scheme is not intrinsically limited to 532 nm: the same single-path strategy can, in
principle, be transferred to other optical bands as long as phase/polarization control and
polarization-resolved detection are available at the target wavelength.

6. Conclusions

We showed that a single-path SLM setup combined with full-Stokes detection and
an adapted Gerchberg—Saxton update can recover a predictive vector transmission matrix
from intensity-only data. With only one setting of the liquid-crystal retarder, the two
polarization components of the input are not controlled independently, so the reconstructed
matrix shows correlations between its polarization channels and its singular-value statistics
depart from the ideal random-matrix behavior. When two linearly independent retarder
settings are used, § = 7/2 and J = 37/2, this limitation is removed and the four po-
larization channels can be retrieved separately. In the experimental configuration with
16 x 16 input-output spatial modes, the retrieved VIM predicts test-speckle intensities
with about 90% correlation and supports polarization-resolved focusing with an enhance-
ment of up to 10x over the background for horizontal, vertical, arbitrary linear, and circular
states. The retrieval also showed stable convergence across repeated measurements, indi-
cating that the scheme is robust to moderate experimental imperfections. Overall, the use
of minimal hardware together with full-Stokes constraints provides an interferometer-free
route to deterministic vectorial control and to the characterization of polarization transport
in complex media.
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Abbreviations

VTM Vector transmission matrix
SLM Spatial light modulator

FSPM  Full-Stokes polarimetry module
LCVR Liquid-crystal variable retarder
QWP  Quarter-wave plate

AoLP  Angle of linear polarization
DoLP  Degree of linear polarization
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Appendix A. Input Polarization Mapping by the LCVR and Linear
Independence of Two Settings

We start from right—circular polarization at the SLM,
Egiai = 20| 1
SLM,in — \/E i ’
and x—only phase modulation by the SLM,
Ey ei¢<r)
EaftersLm = ﬁ il
A linear retarder of retardance ¢ with fast axis fixed at —45° has Jones matrix
10 1146 1—¢?
1745(5) = R(_n/4)[0 €i§ R(7T/4) = E 1_ el'(g 1 +€i5 ’
with R(+) the real rotation matrix. The field at the sample entrance is then
Ein,x E() ei(p(r) Eo (1 + eié) ei(P - i(l - eié)
=—=J]50)| . |=7Fp o e (A1)
Einy V2 —1 22 (1 —e®)e'? —i(1+e°)

For the two experimental retardances, § = 71/2 and 371/2 (corresponding to e/ = =+i),
Equation (A1) yields

Ep N E
Einy = —— (141 (¢?F1), Einy = —=
in,x 2\/§( ) ( + ) ny 2\/§

In both cases, the ratio Einx/Einy is purely real (—tan(¢/2) for + and — cot(¢/2)
for —), indicating that the input field is everywhere linearly polarized (S3 = 0). The two

(1F1i) (e £1).

settings thus produce spatially varying linear polarization patterns with opposite AoLP,
i.e., the AoLP map changes sign between the two retardances.

In summary, both retardances produce spatially varying linear polarization from the
same SLM phase pattern; only the AoLP map changes sign between the two settings. This
pair of linearly independent polarization modulations is what we exploit later to decouple
the intrinsic VIM blocks.

Appendix B. Derivation of Input Coupling (Single Retardance) and Full
VTM Recovery with Two Retardance Settings

Starting from Equation (A1), we obtain the exact pixelwise affine relation between the
orthogonal components:

1—el . V2Eye®
Einy = a(0) Einx +8(6),  a(d) = T3 ed g(d) = —i T1ed (A2)
Vectorizing over all n input pixels,
Einy = #Einx + 8, g:=¢1,€C"
Let the vector transmission matrix be
T — Txx Txy c (C2m><2n Eout,x T Ein,x .
Tyx Tyy Eout,y Ein,y
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Using Equation (A2) and writing U := E;, x € C", one obtains the single-retardance
input-output relation (with intercepts):

Eout,x _ Tix + aTxy Txy g . (A3)
Eouty Tyx +aTyy Ty g
—_—— ——
7(@) e C2mxn BecC2m
Equivalently, with
A:=Tw +aTyy, C:=Ty+aly, b:=Tyg d:=Tyg, (A4)
Equation (A3) reads
E A b
=T u | (A5)
Eout,y C d
Thus, for a single retardance one identifies the effective mapping T(® = [A;C] together

with constant offsets (b, d); the four intrinsic blocks are not separately identifiable.
With two distinct retardances 81 # J; (thus a1 # ay), we estimate (A1, by) and (Cy, d1)
at 41, and (Ay,by) and (Cp, dy) at 6. The intrinsic blocks then follow, rowwise, from

Equation (A4)
Ay —A xpAp — a1 A G —-C arCy — a1C
Ty = 2 1o, = 4 T,y = 2— (G Tyx = 2617 MC2 g
Ky — Kq Ny — Kq Ny — Kq Ny — Kq
From Equation (A2): ay = —i, ap = +i, g1 = %(1 —1i), g = — %(1 + 1), so
lap —aq| =2 and |g1| = |g2| = Eo. Equation (A6) simplifies to
Ay — Aq A+ Ap C—-C CG+CG
Txy = T/ Tx = T 7 Tyy = 2 Tyx = 2 : (A7)

Appendix C. Optical Components

The following table provides details of the principal optical elements used in the
single-path scattering experiment (Figure 1).

The measured electro-optical response of the LCVR, provided by the manufacturer
for our specific device, is shown in Figure Al. The sdata represent the dependence of the
optical retardance on the applied voltage at a wavelength of 531.7 nm. As the voltage
increases, the liquid crystal molecules align progressively with the applied electric field,
reducing the effective birefringence and thus the optical retardance. This characterization
was used as a reference for the calibration of our system and ensures accurate control of the
required retardance states, specifically 0, 7t/4, t/2, and 37t /4.

Building upon the characterization of the LCVR described above, we next verified
the performance of the FSPM, which consists of the LCVR and a polarization-sensitive
camera. To ensure correct operation and calibration, we measured several well-defined
input polarization states. Starting from our vertically polarized 532 nm laser beam, the
desired states were prepared by inserting a half-wave plate (for horizontal, vertical, and
£45° linear polarization) and a quarter-wave plate (for right- and left-handed circular
polarization) and rotating them to the corresponding angles. For each input state, the four
analyzer images were recorded, the Stokes parameters Sp—S3 were computed, and then the
normalized Stokes parameters s; = S;/Sg (i =1, 2, 3) were obtained for comparison with
the ideal values. The results are summarized in Table A2.
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Table A1l. Detailed specifications of main optical components.

Component

Details

Laser

SLM

LCVR

Polarization Camera

Manufacturer: Changchun New Industries Optoelectronics
Technology
Model: MSL-U-532, Single Lognitudinal Mode Laser
Key Specifications:
Wavelength: 532 nm
Polarization Ratio: >100:1, Vertical
Max Output power: 1W
M? factor: < 1.2

Manufacturer: Meadowlark Optics
Model: HSP1K, Spatial Light Modulator
Key Specifications:
Type: Liquid Crystal on Silicon (LCoS)
Optical Axis Direction: Horizontal
Color Coding: Raw 8 bit
Resolution: 1024 <1024
Pixel pitch: 17 x 17 pm

Manufacturer: Meadowlark Optics
Model: D5020-HS, HLC-200-VIS, Liquid Crystal Variable Re-
tarder
Key Specifications:
Fundamental Drive Waveform: 2 kHz AC square wave
Retardance: —50-425 nm
Voltage Range: 0-20 Vrms
Beam Deviation: <2 arc min

Manufacturer: Alkeria
Model: Celera C55-MP
Key Specifications:
Sensor Type: Mono Polarized
Sensor Model: SONY Pregius IMX250MZR
Sensor resolution: 2464 x 2056
Sensor technology: CMOS, global shutter
Polarization Configuration: On-pixel filters in a 2 x 2 calcu-
lation unit with orientations of 0°, 45°, 90°, and 135°.

Retardance (nm)

450
400
350 -
300
250
200 |
150 |

100
50
0 !

—-50 t——8——5—F—F— 88— 11— 123544
=100

1516 17 I8 I9 20

Voltage (Vrms)

Figure Al. Retardance as a function of applied voltage for the LCVR at 531.7 nm. Increasing
voltage reduces retardance due to electric-field-induced alignment of liquid crystal molecules and

corresponding decrease in birefringence.
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Table A2. Measured normalized Stokes parameters (s1, s, s3) for different input polarization states.
The standard deviation of all measurements is ~0.02.

Polarization s1 So S3

H 0.989 —0.028 —0.014
A% —0.999 0.010 0.034
45° 0.049 0.998 0.014
—45° —0.042 —0.994 —0.094
R —0.010 0.000 0.999
L 0.035 —0.179 —0.983

Appendix D. Statistical Analysis of Retrieval Algorithm

To assess the repeatability and statistical behavior of the proposed retrieval algorithm,
we performed 64 independent experiments using identical sets of input fields. The scat-
tering medium slowly evolved between measurements, resulting in distinct transmission
matrices for each trial. The experimental conditions and acquisition parameters were kept
constant. The experiments were conducted for n = m = 16 size. This series of measure-
ments enables a statistical characterization of the algorithm’s performance over multiple
realizations rather than a single fixed configuration.

Figure A2a shows the distribution of correlations computed between the calculated
()based on the retrieved VIM) and experimentally measured output fields across all repe-
titions. The results indicated that on average we get 0.9025 £ 0.00067 output correlation.
The imperfect correlations are the results of imperfections in the optical elements, subtle
misalignments, and other external influences.

In addition, Figure A2b summarizes the distribution of convergence speeds, quanti-
fied by the iteration index at which the algorithm first satisfies the convergence criterion
described in Section 3. In each case the optimization was run until either the convergence
criterion was met or a maximum number of 500 iterations was completed. In all repeated
runs the convergence criterion was met before reaching the maximum iteration limit. On
average the algorithm converges in 257 £ 8 iterations for the given configuration. As it is
described in [26], the convergence process depends on the number of the input modes and
the number of the input patterns used for the optimization, as well as the initialization. So,
for different configurations the convergence speed varies.

Together, these observations provide useful statistical insight into the repeatability and
internal dynamics of the retrieval process, supporting its reliability for further experimental
and comparative studies.

@ *1(b) ]

Frequency
Frequency

0 0 + 1 T T T + + t T
0.889 0.892 0.895 0.898 0.901 0904 0.907 0.910 0.913 147 171 196 220 244 268 293 317 341 365 390 414

Output Correlation Iteration point of convergence

Figure A2. Statistical characterization of the retrieval algorithm: (a) output correlations and (b) con-
vergence speed across 64 repeated experiments.
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