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Abstract

We propose a photonic spin Hall spatial differentiator based on a natural hexagonal boron
nitride (hBN) interface in the mid-infrared Reststrahlen band. The optical-axis orientation
is set by the crystal cut and lies in the incidence plane, while the operating mode is selected
through the incidence angle, input polarization, and analyzer orientation. Near the ENZ-
assisted Brewster-like condition, co-polarized reflection is strongly suppressed, enabling a
high-contrast X-differentiation channel, whereas the Y-differentiation channel originates
from first-order angular-spectrum spin—-orbit coupling and remains background-free. At
v = 824.8 cm ! and fixed orientation ¢ = 20°, the effective Brewster-like minimum occurs
at 9%“ ~ 69.28° with |rp|? ~ 2.8 x 10~%. Numerical simulations demonstrate switching
among intensity-like imaging, X differentiation, and background-free Y differentiation.
These results identify fixed-orientation hBN as a natural-crystal platform for polarization-
selective mid-infrared optical spatial differentiation without subwavelength patterning.

Keywords: photonic spin Hall effect; spatial differentiation; hexagonal boron nitride;
epsilon-near-zero; analog optical computing; hyperbolic materials

1. Introduction

Optical analog computing performs mathematical operations directly on optical fields,
bypassing electronic conversion in selected image-processing tasks [1,2]. First-order spa-
tial differentiation is a foundational operation for edge extraction, image enhancement,
and real-time information processing [3-6]. Existing implementations employ metamate-
rials, metasurfaces, multilayer films, or interferometric systems that encode the required
transfer function through engineered phase profiles, resonant nanostructures, or carefully
designed optical paths [7-10]. Spin Hall-based and resonant-interface schemes provide
another route to first-order spatial filtering [11-13]. These approaches are effective, yet they
generally require nanofabrication or complex multilayer geometries.

Natural van der Waals crystals offer a complementary route in which the optical
response is governed by intrinsic anisotropy rather than artificial patterning [14,15]. Hexag-
onal boron nitride (hBN) is particularly attractive in the mid-infrared band because it
supports phonon-polaritonic Reststrahlen bands. In Reststrahlen band I (760-825 cm 1),
hBN exhibits type-I hyperbolic dispersion with Re(e;) > 0 and Re(g|) < 0 [16-19].
Near the upper edge of this band, ¢ approaches an epsilon-near-zero (ENZ) condition,
and the resulting anisotropic impedance can produce strong Brewster-like suppression
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of the p-polarized reflection coefficient at an air-hBN interface [20]. The photonic spin
Hall effect (PSHE) describes spin-dependent shifts arising from spin—orbit coupling and
the angular dependence of Fresnel reflection [21-23]. As a representative manifestation of
optical spin—orbit interaction, PSHE has been studied in metasurfaces, resonant interfaces,
and topological photonic systems [24-27]. Recent extensions to optical microscopy, holog-
raphy, and related photonic functionalities further highlight its potential for spatial-field
manipulation [28-31]. In the angular-spectrum picture, the first-order dependence of the
reflected field on the transverse wave vector can be mapped to a spatial transfer function,
linking PSHE with optical spatial differentiation [11,12,32]. A practical differentiator re-
quires both suppression of the zeroth-order background and a sufficiently large first-order
slope in the spatial-frequency domain.

In this work, we present a photonic spin Hall spatial differentiator based on a fixed-
orientation hBN interface. The optical-axis angle ¢ is set by the crystal cut and lies in the
incidence plane; it is not treated as a continuously adjustable mechanical rotation. For the
central incidence geometry considered here, the ordinary s wave and extraordinary p wave
are decoupled at the central wave vector, so the Y-differentiation channel originates from the
first-order angular-spectrum spin—orbit term and is background-free. The X-differentiation
channel, in contrast, is governed by the ENZ-assisted Brewster-like response. Switching
among intensity-like, X-differentiation, and background-free Y-differentiation modes is
achieved by selecting the incidence angle and analyzer orientation. The calculations below
focus on a representative fixed-orientation hBN sample at v = 824.8 cm~! and ¢ = 20°.

2. Theoretical Model
2.1. Fixed-Orientation Dielectric Tensor of hBN

The dielectric response of hBN is described by two Lorentz oscillator components,

e1(w) =¢ex 11— . / 1)

2 2 :
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wro,L = 1360 ecm™!, 9, =5em ™t g, = 495, wio) = 825 em ™!, wrg | = 760 cm ™!,
and v =5 cm~!. These parameters give ¢ | ~ 7.39 +0.01i and €| ~ —0.008 + 0.20i. The

material is therefore in the type-I hyperbolic regime, with Re(e,) > 0 and Re(g)) < 0,

At the working wavenumber v = 824.8 cm™

while the parallel component is close to the epsilon-near-zero (ENZ) condition.
For an hBN sample with a fixed optical-axis orientation in the x—z plane, the unit
vector along the optical axis is

a = (sin¢,0,cos ¢), 3)

where ¢ is determined by the crystal cut or sample mounting. The dielectric tensor in the
laboratory frame is

§(¢) :8LI+(€H —sl)aaT: 0 €] 0 1, (4)
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€xx =€) COS" ¢ + ¢ sin” ¢, (5)
£ — & sin24)+eH cos? ¢, (6)
exz = (¢ — €L )singcos¢. )

The determinant of the x—z tensor block is
A= exrey; — €2, = L€ 8)

In the following analysis, ¢ is treated as a fixed sample-orientation parameter rather than
an in situ mechanical tuning angle.

2.2. Zeroth-Order Fresnel Coefficients and First-Order Angular-Spectrum Coupling

The central incident wave vector is
k; = ko(sin6;,0, cos 6;). )

For this central wave vector, the ordinary s wave is polarized along y and is decoupled from
the extraordinary p wave in the x—z subspace. The normalized longitudinal component of

gs =\ &L —sin’6;, (10)

where the square-root branch is chosen such that the transmitted wave carries energy

the ordinary transmitted wave is

away from the interface or decays inside the hBN medium. The corresponding s-polarized

reflection coefficient is
_cosb; —qs

= _ 11
s cos 0; + gs an

For the extraordinary wave, we write the transmitted wave vector as k; =
ko(sin6;,0,q,), where g, is the normalized longitudinal component. The anisotropic dis-
persion relation gives

szzq?] + 2¢exz 8in0;qp + exx sin®6; — A =0, (12)
and hence
dp = . (13)
€2z

The branch is again selected by the radiation or decay condition inside hBN. Applying
the electromagnetic boundary conditions at the air-hBN interface gives the p-polarized

reflection coefficient
cos 0; A — (sin; ex; + gpezz)
"p = - : (14)
cos 0; A + (sin; ex; + gpezz)

Because the central s and p modes are decoupled in this geometry, the zeroth-order
cross-polarized Fresnel coefficients vanish,

r =9 —o. (15)

Thus, the transverse differentiation channel discussed below does not originate from a
material-induced zeroth-order s—p conversion. It arises from the first-order rotation of
the local polarization basis across the angular spectrum. The reflection geometry, fixed

https://doi.org/10.3390 / photonics13080726


https://doi.org/10.3390/photonics13080726

Photonics 2026, 13, 726

40f13

optical-axis orientation, and local coordinate systems used in the angular-spectrum analysis
are summarized in Figure 1.

1, :
Zj Z,
Vi z y _\~

Figure 1. Geometry of angular-spectrum reflection at an air-hBN interface. A Gaussian beam is
incident from air onto a fixed-orientation hBN sample with incidence angle ;. The hBN optical axis
lies in the x—z plane and forms an angle ¢ with the interface normal, as determined by the crystal cut.
The reflected field is described in the local reflected coordinate system (xr, yr, zr). The output sketches
indicate representative polarization-selected X- and Y-differentiation responses. The green arrow
denotes the incident beam, while the orange and blue arrows sketch representative polarization-
selected reflected output channels.

For a paraxial Gaussian beam with input polarization angle «, the incident angular
spectrum is written as

2(12 2
s W B wy (ks + kiy) COS &
Em(kzx/ kly) = E eXPl T sina |’ (16)

where w is the beam waist. Expanding the reflected field to first order around the central
incidence angle gives

E, = MRE;,, (17)
with
Ty — Fox kry)(
4 TP T APps
Mg = ko ko . (18)
@ v er /
ko Asp ST g s

Here kyx = —kiy, kry = kiy, and r; = drp/00;, ry = drs/06; are evaluated at the central
incidence angle. The first-order coefficients induced by the transverse rotation of the local
s/ p basis are

Xps = (rp +715) cot;, Xsp = —(rp +15) cot 6. (19)

Their signs depend on the reflected-basis convention, whereas the magnitude and intensity
response are unchanged.
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2.3. Spin-Dependent Displacements and Polarization-Selected Transfer Functions

To connect the angular-spectrum model with the PSHE shift picture, we introduce the
circular polarization basis in the local reflected coordinate system,

extie,), ey—Sries o _ileo—er) 20)

1
= % v
Here e and e_ denote two circularly polarized spin components with opposite handedness
in the reflected frame. With the convention used here, they correspond to the left- and
right-handed circular components, respectively. A different handedness convention only
interchanges the labels + and — and does not affect the polarization-selected transfer
functions below.
Projecting the reflected field onto this circular polarization basis gives

- Ey .
Er = —(rpcosa Ltirgsina
\ﬁ( P s )
/ 5 A . .
5 kpy Tp COS @ 07 sina N kry Xps sina £ ixsp cos a . @1

ko rpcosa xirssina kg rpcosa Eirssina

The associated complex spin-dependent shifts are

/

A i rpcosaEir;sina @)
¥ korpcosa tirgsina’

AL i Xps sina & ixsp cosw 23)
y ko rpcosatirssina

These expressions connect the PSHE shift picture with the first-order spatial-filtering re-
sponse. In the image simulations below, however, we use the polarization-selected transfer
function directly rather than approximating the response by an exponential shift factor.

Let the analyzer vector be ug = (cos 8,sin ) T. For the transfer-function description,
we use the transverse spatial frequencies of the output field,

ky = —kyy, ky = kyy. (24)

The scalar transfer function selected by the analyzer is defined as

Eout = Haﬁ (kx/ ky>E0/ (25)

where, to first order,

k k
Hyp(kx ky) = Ao+ Bxk—;‘ + Byé. (26)
The coefficients are

Ag = rpcosacosp+rssinasinf, (27)
By = 1},cos & cos B + rgsinasin B, (28)
By = Xpssinacos B+ xsp cosasin . (29)

In real space, Equation (26) corresponds to a superposition of a residual image term and
first-order spatial derivatives,

B, dE; By oEp

"o ox ko Ay

Eout ~ AOEin - (30)
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A practical differentiator therefore requires the first-order derivative term to dominate over
the residual background within the paraxial spectral window of the incident beam.

For p-polarized incidence and co-polarized detection, namely « = 0° and g = 0°,
the selected transfer function becomes

Hy(ky) =1p + r;%‘. (31)
Near the Brewster-like minimum, |r,| is strongly suppressed while r;, remains finite, pro-
ducing X-direction differentiation with a finite residual background. For p-polarized
incidence and cross-polarized detection, namely & = 0° and 8 = 90°, the selected transfer
function is r

Hy(ky) = Xspkl- (32)

0

This Y channel has Ay = 0 and is therefore background-free at first order.

Equations (31) and (32) show that the fixed-orientation hBN interface can provide
two polarization-selected first-order differentiation channels. The X channel is governed
by the ENZ-assisted Brewster-like response of rj, whereas the Y channel is governed by
the first-order angular-spectrum coupling coefficient xs,. Function switching is achieved
by changing the incidence angle and analyzer orientation, while the sample orientation ¢
remains fixed.

3. Results and Discussion

Unless otherwise specified, the operating spectral wavenumber is fixed at v =
824.8 cm~! and the hBN optical-axis orientation is fixed at ¢ = 20°. The hBN region
is treated as a semi-infinite anisotropic medium to isolate the air-hBN interface response.
Finite thickness, substrates, and Fabry—-Pérot effects may shift the exact operating point in
experiments, but they do not change the symmetry result that réﬂ) = rs(g) = 0 for the central
Xx—z geometry.

3.1. ENZ-Assisted Brewster-like Response and Differential Metrics

L and

Figure 2 shows the p- and s-polarized reflection responses at v = 824.8 cm™
¢ = 20°. The Brewster-like operating point is defined by the minimum of the reflected
p-polarized intensity |r,|?, rather than by the zero of Re(r,) alone. The calculated minimum
occurs at

05 ~ 69.28°,  |rp|Ain ~ 28 x 1074 (33)

In the vicinity of this minimum, the phase of r, changes rapidly, while |rs |? remains finite.
This combination provides a small zeroth-order p-polarized background and a large angular
slope for the X-differentiation channel.

The X-channel contrast is quantified by the relative differential enhancement
i

rel __
G = |-
P

(34)

This quantity is not an optical power gain. It measures the ratio between the first-order
slope and the residual zeroth-order background. To quantify the residual background
within a finite paraxial spectral window, we define

|”p|

RE, = b,
%8 = o7 T(kmax/ ko)

(35)
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where kmax / ko is the half-width of the normalized spatial-frequency window. For kmax/ko =
0.03, the present model gives |r, | ~ 1.69, Gl ~ 101, and Rgg ~ 0.33 at the Brewster-like
operating point. For the Y channel, the zeroth-order term vanishes by symmetry, so R%g = 0.
The corresponding differential metrics are summarized in Figure 3.

0.4

(b)

0.1
2 — —4
eeé{ — 69.28° |T[1|min =28x10 :
0 : : - 1074 : : L
40 50 60 70 80 40 50 60 70 80
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0.8 T
(d) ! .
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o 0.6 JPa
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o_—_—-f§§“‘>-_;.4.////
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Figure 2. ENZ-assisted Brewster-like reflection response of the fixed-orientation hBN interface at
v = 8248 cm ! and ¢ = 20°. (a) Amplitude |r,|. (b) Reflected p-polarized intensity |rp|? on a
logarithmic scale. (c) Phase arg(r,). (d) Comparison of |r,|? and |rs|?. The dashed line marks the
effective Brewster-like angle 0% ~ 69.28°, defined by the minimum of Irp|2.

3.2. First-Order Transfer-Function Validation and Throughput

The first-order transfer functions are valid within the paraxial angular-spectrum
window of the incident beam. We therefore compare the first-order expressions with
the corresponding exact angular-spectrum calculations over |ky,/ko| < 0.03. For the

X channel,
k
1
Hﬂ@ﬂ:w+¢é, (36)
and for the Y channel,
k
1 _ Y
HySt(ky) = XSPE' (37)

The relative error is evaluated as

exact _ pylst
|H H*|

max |Hexact| : (38)

Err =

Within the plotted range, the maximum errors are 6.4 x 1072 for the X channel and
7.6 x 1073 for the Y channel, confirming that the first-order approximation is adequate for
the image simulations below.
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Figure 3. Differential metrics of the fixed-orientation hBN interface at v = 824.8 cm~! and ¢ = 20°.
(a) Absolute angular slope |r;7| (b) Relative differential enhancement G = \r;, /7p|. (c) Transverse
spin-orbit coupling coefficient | xsp|. (d) Residual background ratio Rxg = |rp|/[|ry|(kmax/ko)] for
kmax/ko = 0.03. The dashed line marks 65 ~ 69.28°.

The absolute output throughput is estimated by weighting the transfer function with
the Gaussian angular spectrum,

E (39)
ff | Ein (kx, ky) |2 dk, dky
For a Gaussian beam, the characteristic normalized spectral width is
1 1
ko - (40)

% - k()ZU() 27'[(100/)\0) ’

Thus, the useful differential throughput decreases approximately as w;, 2 for a pure first-
order channel. The total X-channel throughput also contains the finite residual background
term [rp|2.

Table 1 clarifies the distinction between relative enhancement and absolute throughput.
The large value GI®! ~ 102 originates from suppression of |r,| near the Brewster-like
minimum and should not be interpreted as power amplification. The absolute throughput
remains modest because the differentiating term is proportional to the paraxial spatial
frequency |k|/ko < 1. The comparison between the exact and first-order transfer functions
and the beam-waist-dependent throughput are shown in Figure 4.
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Table 1. Representative calculated performance metrics of the hBN transfer functions. The back-
ground ratio is evaluated using kmax/ko = 0.03, and the throughput values are estimated for
wo = 30)\0.

Channel

0; Zeroth-Order Term  First-Order Coefficient Representative Value

X total
X differential part
Y channel

69.28° -
69.28° -
20° 0

/
p
/
p

Xsp

Ry, ~0.33, 17x ~ 3.6 x 10~
it~ 8.0 x 1075

y _ -5
Ryy = 0,7y ~5.0x 10

100

0.06 F

— Exact

— =First-order

10!

0.04¢

| H. |

0.02¢
Ox = 69.28°

1072

1073

Relative error

107*

10°°

key /Ko
0.05

0
—0.03 —0.015 0 0.015  0.03 —0.03

1072

(C) — Exact

0.04

— =First-order

—TFrr,

—0.015 0 0.015  0.03

ky/ko, ky/ko

-@— X: total
-m- X: diff.
-A-Y: total

—0.03}
=

E 0.02+

0.01t

0y = 20°

—0.03 —0.015 0 0.015  0.03 10 20 30 50 100
k‘y/ko w0/>\0

Figure 4. First-order validation and beam-waist-dependent throughput. (a) Exact and first-order
X-channel transfer functions near 0x = Gl%ff = 69.28°. (b) Relative errors of the first-order approxi-
mation for the X and Y channels. (c) Exact and first-order Y-channel transfer functions at 6y = 20°.
(d) Gaussian spectrum-weighted integrated throughput as a function of wy / Ag. The spatial-frequency
range is restricted to |k, /ko| < 0.03.

3.3. Polarization-Selected Function Switching in Image Differentiation

Table 2 summarizes the representative operating modes used in the image simulations.
The hBN sample orientation is fixed at ¢ = 20°. Switching among intensity-like imaging,
X differentiation, and Y differentiation is achieved by selecting the incidence angle and
analyzer orientation, rather than by rotating the sample.

Table 2. Representative operation modes for the fixed-orientation hBN sample at v = 824.8 cm ™!

and ¢ = 20°.

Mode

0; s B Transfer Function and Main Feature

Intensity-like
X differentiation

Y differentiation

50° 0° 0°
69.28° 0° 0°

H ~ Aj; image-dominated output
Hy = rp + 1pkx /ko; x gradient edge enhancement with
residual background

20° 0° 90° Hy = xspky/ko; background-free y gradient edge enhancement
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For the image-domain simulations, the input object is sampled on a uniform
512 x 512 grid and encoded as a normalized scalar amplitude distribution. The reflected
output is obtained by multiplying the Fourier spectrum of the input field by the correspond-
ing transfer function and then applying an inverse Fourier transform. The spatial coordi-
nates and output intensities are normalized for visualization. No additional free-space prop-
agation distance is introduced after reflection; the results represent the polarization-selected
reflected field at the image plane. Unless otherwise specified, the beam-waist-dependent
throughput estimates use the Gaussian angular spectrum defined in Equation (16), with rep-
resentative values reported for wy = 30A,.

Figure 5 shows the corresponding image-domain results. The intensity-like mode
preserves the main shape of the input object because the output is dominated by the zeroth-
order term Aj. The X-differentiation mode enhances vertical edges through the transfer
function Hy = r, + r;,kx /ko. Since rp is small but nonzero, the output contains a residual
zeroth-order background, consistent with the finite value of Rj, ¢ in Figure 3 and Table 1.
In contrast, the cross-polarized Y channel has Ay = 0 and produces a background-free
first-order response H, = xspky /ko. The line profiles in Figure 5e,f show good agreement
between the hBN outputs and the ideal first-order differentiation references. All displayed
images and profiles are normalized for visual comparison; the absolute throughputs are
reported in Figure 4d and Table 1.

o -----F

Input Intensity mode, 0; = 50

95 (e {[—Ideal H, z ) —Ideal H,
§ --hBN H, 19) --hBN H,
& &

£ £

g 05 05t

g PO, g

= =

S 1S)

4 Z

0 0
-1 0 1 -1 ~ 0 1
Normalized x position Normalized y position

X mode, 0y = 69.28 Y mode,ify = 20°

Figure 5. Function switching of the fixed-orientation hBN spatial-differentiation platform at
v = 8248 cm™! and ¢ = 20°. (a) Input object. (b) Intensity-like output in an Ag-dominated
co-polarized mode. (c) X-differentiation output based on Hy = 1, + r;,kx /ko near 0x = 9§ff = 69.28°.
(d) Background-free Y-differentiation output based on Hy = xspky/ko at 0y = 20°. (e,f) Nor-
malized line profiles extracted along the dashed lines in (c,d), respectively, comparing the hBN
outputs with ideal X- and Y-differentiation references. The displayed outputs are normalized for
visual comparison.

3.4. Comparison and Experimental Considerations

The proposed hBN structure operates as a natural-crystal-based, reflection-mode
mid-infrared differentiator. Its main advantage is not high absolute throughput, but the
combination of ENZ-assisted background suppression, polarization-selective operation,
and the absence of subwavelength patterning. Table 3 gives a qualitative compari-
son with representative differentiator platforms, including Brewster effect interfaces,
ENZ or thin-film structures, band-degeneracy platforms, and Weyl semimetal-based
systems [7-10,20,33,34].

In practical implementation, the optical-axis orientation would be fixed by crystal
cutting, polishing, or sample mounting. Here ¢ denotes the angle between the hBN optical
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axis and the surface normal of the prepared interface, rather than an independently tunable
mechanical rotation. The incidence plane should be aligned with the projection of the
optical axis on the sample surface. A small incidence-angle error mainly shifts the operation
away from the measured Brewster-like minimum and can be compensated by retuning
6;, whereas an azimuthal misalignment would introduce weak zeroth-order polarization
leakage and reduce the contrast of the nominally background-free Y channel. Finite sample
thickness and substrates would mainly modify the numerical operating angle, throughput,
and contrast through additional propagation phases and multiple reflections. These effects
can be included by replacing the half-space Fresnel coefficients with a multilayer transfer-
matrix description. Variations in the hBN optical constants would shift 85 and modify the
absolute throughput; in experiments, the dielectric tensor should therefore be calibrated
from the same sample, for example by ellipsometry or infrared reflection measurements.
Nonideal analyzer extinction ratios would add a small leakage background to the nominally
background-free Y channel, but the polarization-selective switching mechanism remains

the same.

Table 3. Qualitative comparison with representative optical spatial differentiator platforms. The en-
tries summarize typical implementation features rather than absolute performance limits.

Platform Main Mechanism Tunability Experimental Complexity
Air—glass Brewster interface Brewster suppression Angle/polarization Very low

ENZ or thin-film structures ENZ-enhanced reflection Frequency/thickness/angle Moderate

Dirac-point structures Engineered dispersion Structural/spectral tuning High

Weyl semimetal-based systems Chiral or topological response Material/angle tuning Moderate to high

Fixed-orientation hBN

Reststrahlen anisotropy and PSHE Frequency, 6;, a, B No subwavelength patterning

4. Conclusions

We have presented the theoretical description of hBN-based PSHE spatial differenti-
ation by separating the fixed optical-axis orientation of the hBN sample from externally
tunable operating parameters. For the central geometry in which the optical axis and the
incidence plane both lie in the x—z plane, the zeroth-order cross-polarized Fresnel coef-
ficients vanish. The X channel is governed by the ENZ-assisted Brewster-like response
Hy = rp + rykx/ko, while the Y channel is governed by the first-order angular-spectrum
spin-orbit term Hy = xspky /ko.

Atv = 824.8 cm~! and fixed sample orientation ¢ = 20°, the model yields an
effective Brewster-like angle 05 ~ 69.28° with [rp|*> ~ 2.8 x 107%. This produces a
large relative X-channel enhancement GI¢' ~ 10%, while the absolute throughput remains
finite but modest because the useful differentiating term scales with the paraxial spatial
frequency. First-order angular-spectrum calculations are validated within |k, /ko| < 0.03,
and the throughput dependence on beam waist is quantified. Finally, image simulations
demonstrate switching among intensity-like, X-differentiation, and background-free Y-
differentiation modes through incidence-angle and polarization-analyzer selection. These
results establish fixed-orientation hBN as a mid-infrared platform for polarization-selective
optical spatial differentiation without subwavelength patterning.
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