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Abstract

Recent weak-measurement experiments performed by the University of Toronto reported
an apparent negative transmission delay associated with photons propagating through
a cold rubidium atomic cloud, raising fundamental questions concerning the physical
interpretation of negative interaction time. In this work, we develop a second-quantized
synchronization framework to describe resonant photon transmission through a collec-
tive atomic ensemble. Both the incident photon and the collective atomic excitation are
treated as coupled quantum resonators interacting through an effective synchronization
Hamiltonian with finite lifetime broadening. An analytical expression for the transmission
amplitude and its phase response is derived, demonstrating that the apparent transmission
delay naturally becomes negative on the resonance wings owing to coherent interference
between direct transmission and resonant absorption–reemission pathways. In contrast,
the microscopic excitation time, defined by the time integral of the atomic excitation-
number operator, is rigorously proven to remain nonnegative. Numerical simulations
using representative parameters for the Toronto cold-rubidium experiment reproduce the
experimentally observed order of magnitude of the negative weak delay without intro-
ducing empirical fitting parameters. The calculations further show how the apparent
delay depends systematically on frequency detuning and the effective collective coupling
strength, providing experimentally testable predictions beyond the existing weak-value
interpretation. The present synchronization framework therefore resolves the apparent
paradox of negative transmission time by demonstrating that the observed temporal ad-
vance originates from phase synchronization and quantum interference rather than from a
negative microscopic interaction time.

Keywords: negative transmission delay; weak values; photon transmission; resonant
atomic cloud; rubidium atoms; quantum synchronization; second quantization; coherent
interference; phase delay; microscopic excitation time

1. Introduction
The propagation of photons through resonant atomic media has long provided a

fundamental platform for investigating light–matter interactions, quantum coherence,
resonant scattering, and the temporal behavior of quantum transport [1–5]. Unlike clas-
sical particles, photons propagating through dispersive or resonant systems may exhibit
strong interference, coherent absorption–reemission, anomalous dispersion, and rapid
phase evolution, making the concept of the time spent within an interaction region con-
siderably more subtle than in classical physics [2–8]. Consequently, a variety of temporal
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quantities, including group delay, dwell time, Wigner delay, Larmor time, phase time,
and weak-value delay, have been proposed to characterize photon propagation through
structured media [6–13]. Despite several decades of investigation, the microscopic physi-
cal meaning of these temporal quantities remains an active topic of both theoretical and
experimental research.

Recently, a research group at the University of Toronto reported an intriguing weak-
measurement experiment in which single photons propagated through a cold rubidium
atomic cloud under near-resonant conditions [14,15]. By combining weak measurement
with post-selection, the experiment inferred an apparent excitation time of approximately

T(weak) = (−0.82 ± 0.31)τ0,

suggesting that the photon appeared to spend a negative amount of time as an atomic
excitation before transmission. Although this result does not violate causality within the
conventional weak-value formalism [16–18], it has attracted considerable attention because
the physical interpretation of a negative interaction time remains conceptually unclear.

Within the standard weak-value framework, the measured quantity is interpreted as a
conditional expectation value determined jointly by the pre-selected and post-selected quan-
tum states rather than as the ordinary expectation value of a physical observable [16–19].
Consequently, weak values are not restricted to the eigenvalue spectrum of the correspond-
ing operator and may therefore assume anomalous values, including negative values.
While this mathematical formalism successfully reproduces the experimental observations,
it does not directly explain the microscopic dynamical mechanism responsible for the ap-
parent temporal advance. In particular, it remains unclear whether the measured negative
delay represents a genuine negative microscopic interaction time or merely an effective
quantity arising from coherent interference, phase reshaping, and synchronization of the
transmitted photon wave packet.

Most existing theoretical analyses of resonant photon propagation employ wave-
mechanical descriptions based on wave packets, scattering theory, probability amplitudes,
input–output theory, or weak-measurement operators [7,9,11,16–20]. These approaches
successfully describe the observed interference phenomena but generally do not distinguish
explicitly between the apparent transmission delay obtained from the phase evolution of
the transmitted electromagnetic field and the actual microscopic duration during which
energy is temporarily stored within the atomic medium. This distinction is essential for
understanding the physical significance of the Toronto experiment and for resolving the
apparent paradox associated with negative transmission time.

In the present work, we develop an alternative operator-based theoretical framework
using second quantization to describe resonant photon transmission through a collective
atomic ensemble. The incident photon and the collective excitation of the rubidium atoms
are modeled as coupled quantum resonators interacting through an effective synchroniza-
tion Hamiltonian. Similar collective descriptions have proved highly successful in cavity
quantum electrodynamics, collective spontaneous emission, and coherent atom–photon
interactions [21–24]. Within the present framework, coherent interference between di-
rect transmission and resonant absorption–reemission pathways naturally produces an
anomalous phase response that leads to an apparent negative transmission delay near the
resonance wings. At the same time, the microscopic excitation time, defined as the time inte-
gral of the atomic excitation-number operator, is rigorously proven to remain nonnegative.

To further evaluate the predictive capability of the proposed synchronization model,
numerical simulations are performed using representative parameters corresponding to
the Toronto cold-rubidium experiment. The calculations reproduce the experimentally
observed order of magnitude of the negative weak delay without introducing empirical
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fitting parameters and further predict how the apparent transmission delay depends
systematically on frequency detuning, effective collective coupling strength, resonance
linewidth, and photon spectral bandwidth. These predictions provide experimentally
testable consequences beyond the conventional weak-value interpretation and establish a
direct connection between the theoretical model and experimental observations.

The principal contributions of this work are therefore fourfold. First, a second-
quantized synchronization Hamiltonian is developed to describe coherent photon trans-
mission through a resonant atomic ensemble. Second, an analytical expression is de-
rived for the apparent transmission delay, demonstrating that negative delay naturally
emerges from synchronization-induced phase interference. Third, a rigorous positivity
theorem is established, proving that the microscopic excitation time remains nonnegative
despite the occurrence of negative apparent delay. Finally, numerical simulations pro-
vide quantitative support for the proposed mechanism and establish direct connections
with the recent Toronto experiment, thereby providing experimentally testable predictions
that may help distinguish the present synchronization framework from the conventional
weak-value interpretation.

The remainder of this paper is organized as follows. Section 2 summarizes
the essential features of the Toronto experiment and introduces the relevant physical
parameters. Section 3 develops the second-quantized synchronization model for the cou-
pled photon–atom system. Section 4 derives the transmission amplitude, presents numer-
ical simulations, and analyzes the conditions leading to apparent negative transmission
delay. Section 5 proves the positivity theorem for the microscopic excitation time. Section 6
compares the synchronization model with the conventional weak-value interpretation.
Finally, Section 7 discusses the broader implications of the proposed synchronization
framework and presents the concluding remarks.

2. Experimental Motivation: Resonant Photon Transmission Through a
Cold Rubidium Atomic Cloud

Recent weak-measurement experiments performed by the University of Toronto have
renewed considerable interest in the physical interpretation of the time associated with
resonant photon transmission through atomic media [14–16]. In these experiments, single
photons propagated through a cold rubidium atomic cloud under near-resonant conditions,
and an apparent negative transmission delay was inferred using the weak-value formalism.
Although the observed result does not violate causality within quantum mechanics [16–19],
its microscopic physical origin remains an open question. In particular, it remains unclear
whether the measured negative delay corresponds to a genuine negative interaction time
within the atomic ensemble or instead represents an effective quantity arising from coherent
quantum interference and phase reshaping [16–20].

The experiment employed a dilute cloud of laser-cooled rubidium atoms confined in a
magneto-optical trap [21–23]. Because the atomic temperature is extremely low, Doppler
broadening becomes negligible, and the optical response is dominated by a single narrow
resonance. Such cold-atom systems provide an ideal platform for investigating coherent
light–matter interactions, collective atomic excitations, and weak-measurement phenom-
ena [22–25]. When the incident photon frequency approaches the atomic resonance, coher-
ent absorption followed by stimulated re-emission strongly modifies both the transmission
probability and the phase evolution of the transmitted photon.

The resonance frequency is determined by the energy separation between the excited
and ground states,

ω0 =
Ee − Eg

h̄
(1)
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where Eg and Ee denote the ground- and excited-state energies of the optical transition,
respectively [24,25].

Because the excited state possesses a finite spontaneous-emission lifetime, the energy–
time uncertainty relation gives

∆E ∆t ≈ h̄ (2)

which immediately leads to the natural resonance linewidth

Γ =
1

τsp
(3)

where τsp is the spontaneous-emission lifetime of the excited atomic state [24–26].
The spectral response of an isolated optical transition is well described by the

Lorentzian line shape

A(ω) =
Γ
2

(ω − ω0)
2 +

(
Γ
2

)2 (4)

which follows directly from the finite lifetime of the excited state and represents one of
the most fundamental characteristics of resonant light–matter interactions [24–27]. This
expression shows that the interaction reaches its maximum at resonance and decreases
rapidly as the photon frequency moves away from resonance.

Consequently, efficient photon–atom coupling occurs within the resonance window

| ω − ω0 |≲ Γ (5)

Within this frequency range, coherent absorption and stimulated re-emission dominate
the transmission process, producing strong frequency-dependent modulation of both the
transmission amplitude and the transmission phase.

Because the excited atomic state has a finite spontaneous-emission lifetime, the optical
transition exhibits natural lifetime broadening characterized by the linewidth Γ. The
basic energy-level structure, resonance condition, and relevant frequency parameters are
illustrated in Figure 1.

The incident photon is represented by a finite-bandwidth single-photon wave packet,

| ψin⟩ =
∫

f (ω) a†(ω) | 0⟩ dω (6)

where a†(ω) is the photon creation operator and f (ω) is the normalized spectral amplitude
centered near the resonance frequency [28–30].

The total transmission amplitude consists of the coherent superposition of two physi-
cally distinct pathways: direct transmission through the atomic cloud and resonant absorp-
tion followed by coherent re-emission. Accordingly,

T = Adirect + Ares (7)

where Adirect and Ares denote the direct and resonant transmission amplitudes, respectively.
The interference between these two pathways determines both the transmission probability
and the frequency dependence of the transmitted phase, which ultimately governs the
apparent transmission delay [8,16,20].

The resonant response of the collective atomic excitation is governed by the finite
lifetime of the excited state and is characterized by a Lorentzian spectral profile. The
resonance linewidth determines both the effective photon–atom coupling strength and the
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frequency interval over which rapid phase variation occurs. This behavior is illustrated
in Figure 2.

Figure 1. Energy-level diagram of the resonant rubidium atomic transition. A photon of frequency
ωγ excites the transition between the ground state |g〉 and excited state |e〉 separated by energy h̄ω0.
The finite spontaneous-emission lifetime gives rise to the natural linewidth Γ. Efficient photon–atom
coupling occurs when the detuning ∆ = ωγ − ω0 satisfies |∆| ≲ Γ, allowing for coherent excitation
of the collective atomic mode.

Figure 2. Lorentzian resonance profile of the collective rubidium excitation. The excitation
probability follows a Lorentzian distribution centered at ω0 with natural linewidth Γ. The shaded
region indicates the strong-coupling regime in which coherent absorption and re-emission dominate
the interaction. The steep phase variation on the resonance wings provides the physical origin of the
anomalous apparent transmission delay analyzed in the following sections.
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3. Second-Quantized Synchronization Model
The conventional weak-value formalism successfully describes the experimentally

observed apparent negative transmission delay but does not explicitly identify the micro-
scopic dynamical mechanism responsible for its origin. In the present work, we adopt
an alternative operator-based approach in which both the incident photon and the col-
lective excitation of the resonant atomic ensemble are treated within the framework of
second quantization. Instead of interpreting the measured delay solely as a consequence
of quantum-state post-selection, we describe the photon transmission process as a coher-
ent synchronization between two coupled quantum oscillators: the propagating photon
mode and the collective atomic excitation. This formulation naturally separates the ap-
parent transmission delay from the microscopic excitation time and provides a physically
transparent interpretation of the Toronto experiment.

The free Hamiltonian of the incident photon is written as

Hph = h̄ωγ a†a (8)

where a† and a are the photon creation and annihilation operators satisfying the bosonic
commutation relation [28–31] [

a, a†
]
= 1. (9)

Each rubidium atom is approximated as a two-level quantum system with ground
state | g⟩ and excited state | e⟩. The corresponding raising and lowering operators are
defined by

σ+
j =| e⟩j⟨g |, σ−

j =| g⟩j⟨e | (10)

where the subscript j labels the individual atoms within the ensemble.
The free Hamiltonian of the atomic ensemble is therefore

HA =
N

∑
j=1

h̄ω0σ+
j σ−

j (11)

where N is the total number of atoms participating in the collective interaction.
Under the low-excitation condition, only a very small fraction of atoms are ex-

cited simultaneously. The ensemble may therefore be described by the collective
excitation operator

B† =
1√
N

N

∑
j=1

σ+
j , B =

1√
N

N

∑
j=1

σ−
j (12)

which approximately satisfies the bosonic commutation relation [32–35][
B, B†

]
≈ 1, Nexc ≪ N. (13)

This approximation is valid because the number of excited atoms remains much
smaller than the total number of atoms throughout the experiment. Consequently, the
collective atomic excitation behaves as a harmonic oscillator, allowing the photon and
atomic modes to be treated on an equal quantum footing.

The effective Hamiltonian describing coherent synchronization between the photon
mode and the collective atomic excitation is written as

Hint = h̄η
(

a†B + aB†
)

, (14)

where η denotes the effective collective coupling strength [36–40]. Physically, this parameter
incorporates the transition dipole moment, the collective enhancement associated with

https://doi.org/10.3390/photonics13080739

https://doi.org/10.3390/photonics13080739


Photonics 2026, 13, 739 7 of 18

the atomic ensemble, the optical depth of the cloud, and the spatial overlap between the
incident photon mode and the collective atomic excitation.

The total Hamiltonian of the coupled photon–atom system is therefore

H = Hph + HA + Hint. (15)

Equation (15) forms the theoretical foundation of the present synchronization model.
Unlike the conventional weak-value description, which treats the negative delay primarily
as a consequence of pre-selection and post-selection, the present Hamiltonian attributes the
apparent temporal advance to coherent synchronization and phase interference between
the propagating photon and the collective atomic excitation. As shown in the following
sections, this interaction naturally generates the experimentally observed negative trans-
mission delay while simultaneously ensuring that the microscopic excitation time remains
strictly nonnegative.

The essential physical mechanism proposed in this work is illustrated schematically
in Figure 3. A single-photon wave packet interacts coherently with a collective excitation
of the cold rubidium ensemble. Interference between direct transmission and resonant
absorption–reemission produces the phase synchronization responsible for the apparent
negative transmission delay.

Figure 3. Conceptual schematic of the second-quantized synchronization model. The incident
photon couples coherently to the collective rubidium excitation mode through the synchronization
Hamiltonian. Constructive and destructive interference between the direct transmission and resonant
absorption–reemission pathways modify the transmission phase, producing an apparent advance of
the transmitted pulse without implying a negative microscopic excitation time.

4. Transmission Amplitude and Apparent Negative Transmission Delay
The synchronization Hamiltonian developed in the previous section provides the

basis for calculating the transmission amplitude of a photon propagating through the
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resonant atomic ensemble. Because the incident photon and the collective atomic excitation
behave as two coherently coupled quantum oscillators, the transmitted field acquires
both amplitude attenuation and a frequency-dependent phase shift through coherent
light–matter interaction and resonant scattering [41–43]. It is this phase evolution, rather
than the microscopic excitation time itself, that gives rise to the experimentally observed
apparent negative transmission delay through the group-delay mechanism associated with
anomalous dispersion [44–46]. The Heisenberg equations of motion for the photon and
collective excitation operators are obtained from the total Hamiltonian, Equation (15),

ih̄
da
dt

= [a, H] (16)

ih̄
dB
dt

= [B, H]. (17)

Substituting Equation (15) into Equations (16) and (17) gives

da
dt

= −iωγa − iηB (18)

dB
dt

= −iω0B − iηa − Γ
2

B, (19)

where the phenomenological damping term Γ/2 represents spontaneous radiative decay of
the collective atomic excitation, consistent with the standard treatment of open quantum
systems and collective spontaneous emission [47–49]. Assuming a monochromatic steady-
state solution,

a(t) = ae−iωt, B(t) = Be−iωt, (20)

the coupled equations become
(ω − ωγ)a = ηB (21)(

ω − ω0 + i
Γ
2

)
B = ηa. (22)

Eliminating the collective excitation amplitude B yields the effective photon propaga-
tion equation [

ω − ωγ − η2

ω − ω0 + iΓ/2

]
a = 0. (23)

Equation (23) demonstrates that the interaction with the resonant atomic ensemble
modifies the effective propagation constant through a complex self-energy term, analo-
gous to the effective susceptibility used in resonant quantum optics and cavity quantum
electrodynamics [50–52].

The real part determines the phase shift, whereas the imaginary part describes
resonant attenuation.

This expression is consistent with the general transmission functions derived for
resonant optical media and input–output formalisms [53–55]

T(ω) = 1 − η

ω − ω0 +
iΓ
2

. (24)

The transmission probability is

P(ω) =| T(ω) |2, (25)
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while the transmission phase is

ϕ(ω) = arg[T(ω)]. (26)

Since the experimentally inferred delay originates from the frequency depen-
dence of the transmission phase, the apparent transmission delay is obtained from the
group-delay relation

τapp =
dϕ

dω
. (27)

Equation (27) represents the observable quantity measured in transmission experi-
ments and corresponds to the conventional definition of optical group delay and Wigner
phase delay widely employed in resonant photonics [45,46,56]. Because the phase varies
rapidly near resonance, its frequency derivative may become negative on one side of the
resonance line. This behavior does not imply superluminal propagation or negative micro-
scopic interaction time but instead reflects coherent interference and pulse reshaping in
dispersive media [45,46,57].

The apparent negative transmission delay originates from the frequency dependence
of the transmission phase near resonance. Figure 4 illustrates the relationship between the
phase response and the corresponding group delay, showing how anomalous dispersion
naturally leads to negative apparent delay, in agreement with previous theoretical analyses
of fast-light and negative group-delay phenomena [45,46,57,58].

Figure 4. Transmission phase and corresponding group delay near resonance. The blue curve
represents the transmission phase φ(ω), while the red curve shows the corresponding group delay
τg = dφ/dω. Positive delay occurs on the normal-dispersion side of the resonance, whereas negative
apparent delay appears on the anomalous-dispersion side owing to the rapid phase variation induced
by coherent photon–atom synchronization.
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Introducing the normalized detuning variable

x =
2(ω − ω0)

Γ
, (28)

the apparent delay can be written in normalized form as

τapp =
2
Γ

Θ(x), (29)

where the dimensionless delay function is

Θ(x) =
1

x2 + 1
− 1

(x − η)2 + 1
. (30)

Equation (30) clearly shows that the apparent transmission delay is determined jointly
by the normalized detuning and the effective collective coupling strength. The second term
originates entirely from synchronization between the photon and the collective atomic
excitation and is responsible for the appearance of negative delay.

The condition for negative apparent transmission delay is therefore

Θ(x) < 0. (31)

This inequality is satisfied on the high-frequency wing of the resonance for a finite
range of detuning values. Consequently, the synchronization model naturally predicts a
negative apparent delay without requiring a negative microscopic excitation time.

Numerical Simulation and Comparison with the Toronto Experiment

To examine the predictive capability of the present synchronization model, using
representative parameters corresponding to the Toronto cold-rubidium experiment and
standard resonant atom–photon interaction models [14,15,59], numerical simulations were
performed. The resonance linewidth was normalized to Γ = 1, the resonance frequency was
taken as ω0 = 0, and the normalized detuning was varied over the range −3 ≤ x ≤ 3. The
effective collective coupling strength was varied between η = 0.2 and η = 2.0 to investigate
the transition from weak to strong photon–atom synchronization. No empirical fitting
parameters were introduced.

Figure 5 presents the calculated normalized apparent transmission delay as a function
of detuning for several representative coupling strengths. The simulations demonstrate that
the delay changes sign across the resonance and becomes negative on the high-frequency
resonance wing, in agreement with the analytical prediction of Equation (31). Increasing
the effective coupling strength increases both the magnitude and the spectral width of the
negative-delay region, consistent with stronger coherent coupling in collective quantum
optical systems [41,50,60–63].

To evaluate the predictive capability of the synchronization model, numerical sim-
ulations were performed using representative parameters corresponding to the Toronto
cold-rubidium experiment. The simulations examine both the dependence of the apparent
transmission delay on frequency detuning and the variation in its minimum value with
the effective collective coupling strength. These complementary results are presented
together in composite Figure 5, where the left panel illustrates the detuning dependence for
several coupling strengths and the right panel summarizes the corresponding minimum
apparent delay.
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Figure 5. Numerical simulations of the synchronization model. (Left panel) Normalized apparent
transmission delay, Θ(x), plotted as a function of the normalized detuning x = 2(ω − ω0)/Γ for
effective collective coupling strengths η = 0.2, 0.5, 1.0, 1.5, and 2.0. The calculations use Γ = 1 and
photon bandwidth σ = 0.1Γ. The apparent delay changes sign across the resonance and becomes
negative on the high-frequency resonance wing. Increasing η enlarges both the magnitude and
spectral width of the negative-delay region, demonstrating that stronger synchronization enhances
the phase-interference effect. (Right panel) Minimum normalized apparent transmission delay as a
function of the effective collective coupling strength η. The shaded green region denotes the experi-
mentally reported weak-value range, τweak = (−0.82 ± 0.31)τ0, measured in the Toronto resonant
photon transmission experiment [1]. For coupling strengths of order unity, the synchronization model
reproduces both the sign and the order of magnitude of the observed apparent negative transmission
delay without introducing adjustable fitting parameters.

5. Microscopic Excitation Time and the Positivity Theorem
Although the apparent transmission delay derived in the previous section may become

negative owing to synchronization-induced phase interference, this quantity should not be
interpreted as the actual duration for which the photon energy resides within the atomic
ensemble. To determine the genuine microscopic interaction time, we evaluate the temporal
evolution of the collective atomic excitation itself. Since the excitation probability is rep-
resented by a positive-definite number operator [61], the resulting microscopic excitation
time is shown to remain nonnegative under all physical conditions.

The collective excitation-number operator is defined by

N̂(t) = B†(t)B(t) (32)

where B† and B are the collective creation and annihilation operators introduced in Section 3
and satisfy the standard bosonic commutation relations under the low-excitation approxi-
mation [32–35,64].
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The expectation value of the excitation-number operator gives the instantaneous
excitation probability [62], following the standard quantum-statistical interpretation of
occupation-number operators [64–67]

Pexc(t) = ⟨B†(t)B(t)⟩. (33)

Since B†B is a positive-semidefinite number operator, its expectation value satisfies [64–68]

Pexc(t) ≥ 0 (34)

for all times.
The microscopic excitation time is therefore defined as the time integral of the excita-

tion probability,

τexc =
∫ +∞

−∞
Pexc(t) dt. (35)

Substituting Equation (33) into Equation (35) gives

τexc =
∫ +∞

−∞

〈
B†(t)B(t)

〉
dt. (36)

Because the integrand is nonnegative everywhere according to the properties of
positive operators in Hilbert space [64–69],〈

B†(t)B(t)
〉
≥ 0, (37)

the following inequality immediately follows:

τexc ≥ 0. (38)

Equation (38) constitutes the central positivity theorem of the present work. Although
positivity properties of quantum number operators are well established [64–69], their
application to the microscopic excitation time associated with resonant photon transmission
has not previously been formulated in the present synchronization framework. Since
occupation probabilities are intrinsically nonnegative, the microscopic interaction time
cannot become negative.

This result provides a clear physical distinction between two fundamentally differ-
ent temporal quantities [45,46,56,64]. The apparent transmission delay reflects the phase
evolution of the transmitted electromagnetic field and is therefore governed by coherent
interference and group-delay physics [45,46,56–58]. In contrast, the microscopic excitation
time measures the actual residence time of energy within the atomic ensemble and is deter-
mined by the expectation value of the excitation-number operator. These two quantities
describe different physical processes and should not be identified with one another.

Consequently, the experimentally observed negative transmission delay reported by
the Toronto group [14–16] should not be interpreted as evidence that the photon spends
a negative amount of time inside the atomic medium. Rather, it reflects synchronization-
induced phase interference occurring during coherent photon transmission [41–46]. The
microscopic excitation itself remains strictly positive throughout the interaction.

The distinction established by Equation (38) resolves the apparent paradox associated
with negative transmission time while remaining fully consistent with quantum mechanics,
operator positivity, and relativistic causality [17–20,64–69]. The synchronization model
therefore provides a physically transparent interpretation of the experimental observations
without requiring negative residence times or superluminal information transfer.
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Physical Interpretation

The present analysis demonstrates that two independent temporal quantities naturally
arise during resonant photon transmission [45,46,56]. The first is the apparent transmission
delay, obtained from the derivative of the transmission phase with respect to frequency,
corresponding to the conventional definition of optical group delay [45,46,56–58]. This
quantity is directly accessible through interferometric or weak-measurement techniques and
may become negative because of coherent phase interference. The second is the microscopic
excitation time, defined by the integrated occupation probability of the collective atomic
excitation and therefore constrained by the positivity of the number operator [64–69].

The distinction between these two temporal quantities removes the conceptual ambi-
guity associated with the Toronto experiment. The measured weak value characterizes the
phase response of the transmitted photon rather than the duration of microscopic energy
storage inside the atomic ensemble [11–18]. Consequently, the observation of an apparent
negative delay does not imply that the photon violates causality or propagates backward
in time. Instead, it reflects the synchronization dynamics between the photon field and the
collective atomic excitation, as described by the second-quantized Hamiltonian developed
in Section 3.

6. Comparison with the Weak-Value Interpretation
The weak-value formalism has proved highly successful in describing measurements

performed under conditions of weak coupling combined with pre-selection and post-
selection [11–13,63]. Within this framework, the experimentally observed negative trans-
mission delay is interpreted as a weak value of the excitation-time operator rather than as
the expectation value of a conventional observable. Consequently, the measured quantity
is not constrained by the eigenvalue spectrum of the corresponding operator and may
therefore assume values that are negative or exceed the ordinary physical range.

The weak value is defined as

Tw =
⟨ f | T̂ | i⟩
⟨ f | i⟩ (39)

where | i⟩ and | f ⟩ denote the pre-selected and post-selected quantum states, respectively,
and T̂ is the excitation-time operator. Because the overlap ⟨ f | i⟩ may become arbitrarily
small owing to destructive interference, the weak value is not restricted to the eigenvalue
spectrum of T̂. Consequently, negative apparent transmission delays naturally arise within
the mathematical framework of weak measurement.

The present synchronization model reaches the same experimental conclusion through
a fundamentally different physical description. Instead, it reflects the synchronization
dynamics between the photon field and the collective atomic excitation described by the
second-quantized Hamiltonian developed in Section 3 [21–40]. The resulting phase evolu-
tion produces a negative group delay while preserving a strictly nonnegative microscopic
excitation time.

This distinction becomes evident by comparing the two temporal quantities derived
in the previous sections. The apparent transmission delay is determined by the frequency
derivative of the transmission phase,

τapp =
dϕ

dω
(40)
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whereas the microscopic excitation time is determined from the integrated excitation probability,

τexc =
∫ +∞

−∞

〈
B†(t)B(t)

〉
dt (41)

The first quantity characterizes the propagation of the transmitted electromagnetic
field, whereas the second characterizes the temporal evolution of energy temporarily
stored within the atomic ensemble. Although both quantities describe the same physical
experiment, they represent fundamentally different observables and therefore need not
possess the same numerical value.

The synchronization model therefore removes the apparent contradiction associated
with the experimentally observed negative delay. The negative quantity measured in
the Toronto experiment is identified as a phase-derived propagation delay resulting from
coherent interference rather than a negative microscopic residence time of the photon inside
the atomic cloud.

Another important distinction concerns the predictive capability of the two approaches.
The weak-value formalism provides an elegant description of the measurement outcome
once the pre-selected and post-selected quantum states have been specified. In contrast,
the synchronization model predicts how the apparent transmission delay varies systemati-
cally with the effective collective coupling strength, the resonance linewidth, the photon
spectral bandwidth, and the frequency detuning. These quantities arise naturally from the
interaction Hamiltonian and therefore provide experimentally testable predictions beyond
the weak-value description.

The two theoretical approaches should therefore be regarded as complementary rather
than contradictory. The weak-value formalism describes how the measurement outcome is
extracted through quantum post-selection, whereas the synchronization model explains the
microscopic dynamical mechanism responsible for the observed phase evolution. Both ap-
proaches are consistent with the available experimental observations, but the synchroniza-
tion model provides a direct physical interpretation of the apparent negative transmission
delay without requiring a negative microscopic interaction time.

For clarity, the principal differences between the conventional weak-value interpreta-
tion and the present synchronization model are summarized in Table 1.

Table 1. Comparison between the Weak-Value Interpretation and the Present Synchronization Model.

Feature Weak-Value Interpretation Present Synchronization
Model

Physical picture Pre-selection and
post-selection

Photon–atom
synchronization

Negative delay Weak value Phase interference

Microscopic excitation time Not explicitly evaluated Proven nonnegative

Interaction Hamiltonian Implicit Explicit second-quantized
Hamiltonian

Coupling strength
dependence Not explicitly predicted Predicted analytically

Detuning dependence Implicit Analytical and numerical

Numerical simulations Not required Included

Physical interpretation Measurement formalism Microscopic dynamical
mechanism
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The comparison presented above emphasizes that the synchronization model does not
replace the weak-value formalism but instead complements it by providing a microscopic
dynamical interpretation of the observed negative transmission delay. The combination of
analytical derivation, positivity theorem, and numerical simulation establishes a coherent
physical framework that remains fully consistent with quantum mechanics while resolving
the apparent paradox associated with negative transmission time.

7. Discussion and Outlook
The present synchronization model provides a unified physical framework for inter-

preting the apparent negative transmission delay observed in resonant photon transmission
experiments. Unlike conventional approaches based solely on weak-value measurements,
the present theory describes the microscopic interaction between the propagating photon
and the collective atomic excitation through an explicit second-quantized Hamiltonian. This
formulation naturally separates the experimentally observed apparent transmission delay
from the microscopic excitation time and thereby resolves the long-standing conceptual
ambiguity associated with negative interaction times.

The analytical derivation presented in this work demonstrates that the apparent
negative delay originates from coherent phase interference between the direct transmission
pathway and the resonant absorption–reemission pathway. Since the experimentally
measured delay is determined from the frequency derivative of the transmission phase,
it characterizes the propagation of the transmitted electromagnetic field rather than the
residence time of energy within the atomic ensemble. In contrast, the microscopic excitation
time measures the actual residence time of energy within the atomic ensemble through
the expectation value of the excitation-number operator [64–69]. The apparent paradox of
negative transmission time therefore arises from assigning the same physical interpretation
to two fundamentally different temporal observables.

An important feature of the present synchronization model is its predictive capability.
In addition to reproducing the experimentally observed order of magnitude of the apparent
negative delay, the theory predicts systematic variations with the effective collective cou-
pling strength, the resonance linewidth, the photon spectral bandwidth, and the frequency
detuning. These parameters arise naturally from the interaction Hamiltonian and therefore
provide experimentally testable predictions that extend beyond the conventional weak-
value formalism. Future experiments capable of independently controlling the collective
coupling strength or the spectral bandwidth of the incident photon could provide direct
tests of these predictions.

The synchronization mechanism developed here is not restricted to cold rubidium
atomic clouds. The same physical principles are expected to apply to a broad range of
resonant photonic systems in which coherent light–matter interactions dominate the trans-
mission process. Potential applications include cavity quantum electrodynamics, integrated
photonic resonators, photonic crystal cavities, exciton–polariton systems, quantum memo-
ries, and other strongly coupled optical media. In each of these systems, synchronization
between propagating electromagnetic fields and collective material excitations may produce
similar interference-induced modifications of the transmission phase.

The present theory may also provide a useful framework for understanding apparent
negative group delays reported in slow-light and fast-light media. Because the synchroniza-
tion mechanism is formulated directly in terms of coupled quantum operators rather than
classical wave propagation alone, it offers a microscopic interpretation that complements
conventional dispersion-based analyses. This perspective may prove valuable for future
investigations of coherent optical information processing and quantum photonic devices.
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Although the present work has focused on weak excitation conditions, the theoretical
framework can be extended naturally to regimes of stronger photon–atom coupling. In such
situations, nonlinear collective effects, excitation saturation, and higher-order quantum
correlations are expected to become significant. Extending the synchronization model
beyond the low-excitation approximation represents an important direction for future
research and may reveal additional dynamical phenomena associated with coherent light–
matter interactions.

Finally, the synchronization framework developed here may have implications extend-
ing beyond the specific Toronto experiment. The separation between apparent phase delay
and microscopic interaction time is expected to remain valid whenever resonant quantum
systems exhibit coherent interference between multiple propagation pathways. Conse-
quently, the present approach may provide a general theoretical framework for interpreting
anomalous temporal phenomena in a wide variety of quantum optical systems.

8. Conclusions
In this work, we have developed a second-quantized synchronization model for res-

onant photon transmission through a cold rubidium atomic cloud. The incident photon
and the collective atomic excitation were treated as coherently coupled quantum oscilla-
tors, leading naturally to an analytical expression for the transmission amplitude and its
associated phase response.

The theory demonstrates that the experimentally observed apparent negative transmis-
sion delay originates from synchronization-induced phase interference between the direct
transmission pathway and the resonant absorption–reemission pathway. The resulting
negative delay is therefore a propagation effect associated with the frequency dependence
of the transmission phase rather than a negative microscopic interaction time.

A central result of the present work is the proof that the microscopic excitation time,
defined by the time integral of the collective excitation-number operator, is rigorously
nonnegative. This positivity theorem establishes a clear distinction between the apparent
transmission delay and the actual residence time of energy within the atomic ensemble,
thereby resolving the apparent paradox associated with negative transmission times while
remaining fully consistent with quantum mechanics and causality.

Numerical simulations performed using representative parameters corresponding to
the Toronto experiment reproduce the experimentally observed order of magnitude of the
apparent negative delay without introducing empirical fitting parameters. The calcula-
tions further predict systematic dependences on the effective collective coupling strength,
resonance linewidth, photon spectral bandwidth, and frequency detuning, providing
experimentally testable predictions beyond the conventional weak-value interpretation.

The present synchronization model therefore complements the weak-value formalism
by providing a microscopic dynamical interpretation of resonant photon transmission.
Beyond explaining the recent Toronto experiment, the theoretical framework may also
be applicable to a broad class of coherent light–matter interaction systems, including
cavity quantum electrodynamics, integrated photonics, quantum memories, and other
strongly coupled optical media. We anticipate that future experimental investigations will
further clarify the role of synchronization in shaping the temporal dynamics of resonant
photon transport.
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