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Abstract 

Propagation anisotropy in one-dimensional conductors is commonly interpreted within 

the framework of Tomonaga–Luttinger liquid theory, where electron–electron interac-

tions lead to distinct channel-dependent excitation velocities. In this work, we investigate 

a complementary mechanism in which propagation anisotropy arises from structured 

substrate modulation. We develop a quantitative two-channel effective-medium transport 

model incorporating position-dependent dielectric and magnetic coupling terms within 

an effective spinor Hamiltonian. Under an adiabatic envelope approximation, the coupled 

spinor dynamics are reduced to an effective scalar propagation equation suitable for nu-

merical simulation. The model predicts that spatial modulation of substrate response can 

generate measurable channel-dependent velocity splitting, wave-packet deformation, and 

propagation delay. Numerical simulations show that dielectric modulation, magnetic 

modulation, relative phase shifts, and moderate disorder influence transport anisotropy 

in distinct and tunable ways. For experimentally realistic parameter ranges, the predicted 

propagation delay lies in the picosecond regime over micrometer-scale transport dis-

tances. Comparison with conventional Tomonaga–Luttinger liquid theory suggests that 

substrate-induced effects may coexist with intrinsic many-body interactions and contrib-

ute appreciably to observed transport behavior. The proposed framework provides a 

quantitative phenomenological tool for analyzing substrate-controlled anisotropic 

transport and offers experimentally testable predictions for low-dimensional quantum 

systems. 

Keywords: one-dimensional conductors; substrate-induced anisotropy; effective-medium 

transport model; substrate modulation; quantum transport; Tomonaga–Luttinger liquid; 

channel-dependent propagation; wave-packet dynamics 

 

1. Introduction 

One-dimensional (1D) conductors provide an important platform for investigating 

quantum transport phenomena arising from reduced dimensionality, enhanced confine-

ment, and strong interaction effects [1–4]. In such systems, restricted phase space signifi-

cantly alters carrier dynamics compared with higher-dimensional materials, often pro-

ducing transport behavior that deviates from conventional Fermi-liquid expectations. Ex-
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perimental realizations include semiconductor quantum wires, carbon nanotubes, nano-

ribbons, conducting polymer chains, and quantum Hall edge channels [5–7]. 

Among the most extensively studied phenomena in 1D conductors is the observation 

of distinct propagation velocities associated with different transport channels, commonly 

interpreted as evidence of spin–charge separation [8–12]. Within the Tomonaga–Luttinger 

liquid (TLL) framework, electron–electron interactions strongly modify the low-energy 

excitation spectrum such that electrons no longer behave as conventional quasiparticles 

[2,3,13]. Instead, collective bosonic modes emerge, typically described as charge-carrying 

holons and spin-carrying spinons, which may propagate at different velocities. This 

framework has successfully explained a broad range of experimental observations and 

remains central to the study of strongly correlated one-dimensional systems. 

Despite its success, the conventional TLL description relies on idealizations that may 

not fully capture realistic material environments. Standard formulations often assume 

translational invariance, homogeneous medium properties, and idealized interaction pro-

files near the Fermi points [13,14]. In practical nanoscale conductors, however, carriers 

propagate through structured environments that may exhibit dielectric inhomogeneity, 

substrate roughness, lattice modulation, disorder, magnetic texture, and gate-induced 

asymmetry [15–18]. Such environmental effects can alter local transport properties, mod-

ify propagation velocities, and generate anisotropic responses beyond those predicted by 

homogeneous many-body models. 

Recent experimental and theoretical studies suggest that substrate engineering and 

environmental control can substantially influence transport characteristics in low-dimen-

sional systems [16–19]. Variations in dielectric screening may modify effective Coulomb 

interactions, while magnetic proximity effects or patterned interfaces may selectively af-

fect spin-sensitive transport channels. External gating and heterostructure design may 

also introduce spatial modulation of the local electronic environment, thereby influencing 

coherence length, scattering rates, and wave-packet propagation speed. These observa-

tions motivate an important question: to what extent can experimentally observed prop-

agation anisotropy arise from structured medium effects in addition to intrinsic many-

body dynamics? 

Motivated by this question, we investigate a complementary phenomenological 

framework in which propagation anisotropy emerges from spatially modulated substrate 

response. Rather than attempting a microscopic many-body derivation of interacting elec-

tron liquids, we adopt an effective-medium transport description designed to capture 

how environmental structure modifies carrier propagation. We introduce a two-channel 

effective representation in which the propagating electron field couples to position-de-

pendent dielectric and magnetic background functions, thereby generating channel-de-

pendent propagation velocities. 

It is important to emphasize that the present model is not intended to replace estab-

lished many-body descriptions such as Tomonaga–Luttinger liquid theory. Instead, it pro-

vides a complementary perspective for analyzing substrate-controlled transport behavior 

in realistic low-dimensional materials. The central goal is to determine whether medium-

induced anisotropy can contribute appreciably to experimentally observed propagation 

divergence and whether such effects may be quantitatively tuned through substrate engi-

neering. 

In this work, we develop a quantitative two-channel effective-medium model incor-

porating position-dependent dielectric and magnetic coupling terms within an effective 

spinor Hamiltonian. Under an adiabatic envelope approximation, the coupled spinor dy-

namics are reduced to an effective scalar propagation equation suitable for numerical sim-

ulation. The present study addresses three central questions: 
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1. Can structured substrate modulation alone generate measurable propagation anisot-

ropy in one-dimensional conductors? 

2. What quantitative relationship exists between modulation strength and observable 

transport delay? 

3. Which experimental signatures may distinguish substrate-induced anisotropy from 

conventional interaction-driven velocity splitting? 

This paper is organized as follows. Section 2 introduces the quantitative two-channel 

effective-medium model and derives the substrate-dependent dispersion relation and lo-

cal group velocity. Section 3 develops the effective propagation equation under an adia-

batic approximation and establishes its domain of validity. Section 4 presents the numer-

ical methodology, including convergence analysis and observable definitions. Section 5 

reports quantitative simulation results for dielectric modulation, magnetic modulation, 

phase-shifted substrates, and disorder effects. Section 6 compares the model predictions 

with conventional Tomonaga–Luttinger liquid interpretations and available experimental 

observations. Finally, Section 7 summarizes the main conclusions and discusses future 

directions. 

2. Quantitative Two-Channel Effective-Medium Model 

2.1. Physical Motivation 

Transport behavior in one-dimensional conductors is highly sensitive to the sur-

rounding environment because reduced dimensionality amplifies the influence of local 

perturbations on carrier propagation [19–21]. In realistic nanoscale systems, electrons 

rarely propagate through perfectly homogeneous media. Instead, they experience spa-

tially varying dielectric screening, substrate roughness, lattice periodicity, magnetic tex-

ture, impurity scattering, and gate-induced potential modulation [21–23]. Such environ-

mental effects can substantially modify local transport properties and potentially generate 

anisotropic propagation behavior. 

Several experimental systems illustrate substrate-induced transport modification. In 

semiconductor quantum wires, dielectric mismatch between the conducting channel and 

the surrounding medium alters effective Coulomb screening and renormalizes transport 

velocity [21]. In carbon nanotubes and nanoribbons, substrate interactions and interface 

disorder affect coherence length and channel-dependent scattering rates [22]. Magnetic 

proximity effects in hybrid nanostructures may further induce spin-selective transport an-

isotropy [23]. 

Motivated by these observations, we investigate whether part of the experimentally 

observed propagation divergence in one-dimensional conductors may arise from struc-

tured environmental modulation. 

2.2. Two-Channel Effective Spinor Representation 

To describe coupled transport dynamics, we introduce an effective two-component 

wave function 

Ψ(𝑥, 𝑡) = (
𝜓1(𝑥, 𝑡)

𝜓2(𝑥, 𝑡)
) (1) 

where 𝜓1  denotes a channel more sensitive to dielectric modulation, whereas 𝜓2  de-

notes a channel more sensitive to magnetic modulation. 

In the absence of substrate coupling, the two channels propagate symmetrically and 

are described by a Dirac-type effective Hamiltonian [24–26] 

𝑯𝟎 = 𝒗𝑭𝝈𝒛𝒑 (2) 
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where 𝑣𝐹 is the effective Fermi velocity, 𝑝 = −𝑖ℏ ∂/ ∂𝑥, and 𝜎𝑧 is the Pauli matrix acting 

in channel space. 

The corresponding time-dependent wave equation is 

𝑖ℏ
∂Ψ

∂𝑡
= 𝐻0Ψ (3) 

Plane-wave solutions of the form 

Ψ(𝑥, 𝑡) = 𝑒𝑖(𝑘𝑥−𝜔𝑡) (4) 

yield the unperturbed dispersion relation 

𝐸 = ±ℏ𝑣𝐹𝑘  (5) 

which characterizes massless Dirac-like propagation. 

2.3. Effective Hamiltonian with Substrate Coupling 

To incorporate substrate-induced anisotropy, we introduce position-dependent die-

lectric and magnetic coupling terms. The full effective Hamiltonian becomes 

𝐻 = 𝑣𝐹𝜎𝑧𝑝 + 𝑔𝑒𝜀(𝑥)𝜎𝑥 + 𝑔𝑚𝜇(𝑥)𝜎𝑦 (6) 

where: 

• 𝜀(𝑥): dielectric response profile; 

• 𝜇(𝑥): magnetic response profile; 

• 𝑔𝑒 , 𝑔𝑚: phenomenological coupling constants. 

The Pauli matrices satisfy 

[𝜎𝑖, 𝜎𝑗] = 2𝑖𝜖𝑖𝑗𝑘𝜎𝑘 (7) 

For real-valued modulation functions 𝜀(𝑥) and 𝜇(𝑥), the Hamiltonian remains Her-

mitian, 

𝐻† = 𝐻 (8) 

which guarantees real eigenvalues and stable propagation. 

2.4. Local Dispersion Relation 

To analyze local propagation behavior, we assume substrate modulation varies 

slowly relative to the carrier wavelength [27]. 

At a fixed position 𝑥, the Hamiltonian becomes 

𝐻(𝑘, 𝑥) = 𝑣𝐹ℏ𝑘𝜎𝑧 + 𝑔𝑒𝜀(𝑥)𝜎𝑥 + 𝑔𝑚𝜇(𝑥)𝜎𝑦 (9) 

Diagonalization yields the local eigenenergies 

𝐸±(𝑥, 𝑘) = ±√(ℏ𝑣𝐹𝑘)2 + 𝑔𝑒
2𝜀2(𝑥) + 𝑔𝑚

2 𝜇2(𝑥) (10) 

In the uniform-medium limit, 

𝜀(𝑥) = 𝜀0, 𝜇(𝑥) = 𝜇0 (11) 

the dispersion becomes spatially invariant. 

2.5. Group Velocity and Propagation Anisotropy 

The local group velocity is defined by 

𝑣𝑔(𝑥, 𝑘) =
∂𝐸

∂(ℏ𝑘)
  (12) 

Using Equation (10), we obtain 
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𝑣𝑔(𝑥, 𝑘) =
ℏ𝑣𝐹

2𝑘

√(ℏ𝑣𝐹𝑘)2 + 𝑔𝑒
2𝜀2(𝑥) + 𝑔𝑚

2 𝜇2(𝑥)       
 (13) 

The relative velocity difference between effective channels is 

Δ𝑣(𝑥) =∣ 𝑣𝑔,1 − 𝑣𝑔,2 ∣ (14) 

which serves as a quantitative measure of propagation anisotropy. 

2.6. Substrate Modulation Profiles 

We model a periodic substrate structure using 

𝜀(𝑥) = 𝜀0 + 𝛿𝜀 cos (
2𝜋𝑥

𝑎
) (15) 

𝜇(𝑥) = 𝜇0 + 𝛿𝜇 cos (
2𝜋𝑥

𝑎
+𝜙) (16) 

where 𝑎 is the modulation period, 𝛿𝜀 is the dielectric modulation amplitude, 𝛿𝜇 is the 

magnetic modulation amplitude, and 𝜙 is the relative phase shift. 

2.7. Connection to Material Parameters 

Typical Fermi velocities are approximately 

𝑣𝐹 ∼
105 m

s
 (17) 

for semiconductor quantum wires, and 

𝑣𝐹 ∼ (5–10) ×
105 m

s
 (18) 

for carbon nanotubes. 

Typical substrate modulation periods satisfy 

𝑎 ∼ 1–50 nm (19) 

Representative modulation strengths satisfy 

0 ≤ 𝛿𝜀 ≲ 1 (20) 

0 ≤ 𝛿𝜇 ≲ 0.5  (21) 

For propagation distance 𝐿 , the substrate-induced delay between channels is ap-

proximately 

Δ𝑡 ≈ 𝐿 (
1

𝑣𝑔,2
−

1
𝑣𝑔,1

) (22) 

For 𝐿 ∼ 1 μm, the expected delay lies in the picosecond-to-nanosecond regime. 

Representative material parameters used in the quantitative effective-medium model 

are summarized in Table 1. These ranges are chosen to reflect experimentally realistic na-

noscale transport systems. 

Table 1. Representative Material parameters used in the effective-medium model. 

Parameter Physical Meaning Typical Range Unit 

𝑣𝐹 Effective Fermi velocity 105–106  m/s 

𝑎 Substrate modulation period 1–50 nm 

𝛿𝜀 Dielectric modulation amplitude 0–1 dimensionless 

𝛿𝜇 Magnetic modulation amplitude 0–1 dimensionless 

𝑔𝑒 Dielectric coupling strength 0.01–0.20 eV 
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𝑔𝑚 Magnetic coupling strength 0.005–0.10 eV 

𝐿 Propagation distance 1–10 μm 

2.8. Scope and Limitations of the Model 

The present framework is a quantitative phenomenological transport model, rather 

than a microscopic many-body derivation. Electron–electron correlations are not treated 

explicitly, and the coupling constants 𝑔𝑒 and 𝑔𝑚 should be interpreted as effective low-

energy parameters rather than first-principles quantities. 

Despite these limitations, the model provides a tractable framework for investigating 

how structured substrate environments can generate measurable propagation anisotropy 

in one-dimensional conductors. 

3. Effective Propagation Equation 

3.1. Time-Dependent Dynamics 

Starting from the effective Hamiltonian derived in Section 2, the two-channel spinor 

dynamics obey the time-dependent Schrödinger equation 

𝑖ℏ
∂Ψ(𝑥, 𝑡)

∂𝑡
= 𝐻Ψ(𝑥, 𝑡) (23) 

Substituting Equation (6), we obtain 

𝑖ℏ
∂Ψ

∂𝑡
= [𝑣𝐹𝜎𝑧𝑝 + 𝑔𝑒𝜀(𝑥)𝜎𝑥 + 𝑔𝑚𝜇(𝑥)𝜎𝑦]Ψ (24) 

This equation governs coupled propagation of the two effective transport channels 

under spatially varying substrate modulation. 

To analyze propagation behavior, we factor the spinor wave function into a rapidly 

oscillating carrier and a slowly varying envelope, 

Ψ(𝑥, 𝑡) = Φ(𝑥, 𝑡)𝑒𝑖(𝑘0𝑥−𝜔0𝑡) (25) 

where 𝑘0  and 𝜔0  denote the central wave vector and carrier frequency, respectively, 

while Φ(𝑥, 𝑡) represents the slowly varying envelope. 

3.2. Squared Hamiltonian Form 

To derive a scalar propagation equation, it is convenient to square the effective Ham-

iltonian. Using Pauli matrix identities, we obtain 

𝐻2 = (𝑣𝐹𝜎𝑧𝑝)2 + (𝑔𝑒𝜀𝜎𝑥)2 + (𝑔𝑚𝜇𝜎𝑦)2 + 𝒞  (26) 

where 𝒞 contains cross-coupling terms. 

Using 

𝜎𝑥
2 = 𝜎𝑦

2 = 𝜎𝑧
2 = 𝐼 (27) 

the diagonal contributions become 

(𝑣𝐹𝜎𝑧𝑝)2 = 𝑣𝐹
2𝑝2 (28) 

(𝑔𝑒𝜀𝜎𝑥)2 = 𝑔𝑒
2𝜀2(𝑥) (29) 

(𝑔𝑚𝜇𝜎𝑦)2 = 𝑔𝑚
2 𝜇2(𝑥) (30) 

Thus, 

𝐻2 = 𝑣𝐹
2𝑝2 + 𝑔𝑒

2𝜀2(𝑥) + 𝑔𝑚
2 𝜇2(𝑥) + 𝒞 (31) 

The cross terms represent channel mixing induced by substrate modulation. 
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3.3. Adiabatic Approximation 

When substrate modulation varies slowly compared with the carrier wavelength, off-

diagonal coupling terms remain perturbatively small [28–30]. Under this adiabatic ap-

proximation, the cross term contribution satisfies 

∣ 𝒞 ∣≪ 𝑣𝐹
2𝑝2 (32) 

allowing Equation (31) to be approximated by its dominant diagonal contribution. 

This approximation is valid when the modulation length scale 𝑎 satisfies 

𝑎 ≫ 𝜆𝐹 (33) 

where 𝜆𝐹 is the Fermi wavelength (see more in the Supplementary Materials 3.2). 

For typical nanostructures, 

𝜆𝐹 ∼ 1–10 nm (34) 

while substrate modulation periods typically satisfy Equation (19), making the adiabatic 

approximation well justified. 

3.4. Scalar Envelope Reduction 

Neglecting higher-order mixing terms, the effective propagation equation reduces to 

𝑖ℏ
∂Φ

∂𝑡
= [−

ℏ2

2𝑚eff

∂2

∂𝑥2
+ 𝑉eff(𝑥)] Φ (35) 

where the effective potential is 

𝑉eff(𝑥) = 𝑔𝑒
2𝜀2(𝑥) + 𝑔𝑚

2 𝜇2(𝑥) (36) 

and 𝑚eff denotes an effective transport mass parameter. 

Equation (35) provides a scalar description of the envelope dynamics while retaining 

substrate-induced anisotropic effects. 

3.5. Effective Group Velocity 

Using the scalar envelope formulation, the local propagation speed becomes 

𝑣eff(𝑥) = √𝑣𝐹
2 −

𝑉eff(𝑥)

(ℏ𝑘)2
 (37) 

Thus, local enhancement of substrate coupling increases the effective potential and 

reduces propagation velocity. 

The corresponding propagation delay accumulated over distance 𝐿is 

𝜏 = ∫
𝑑𝑥

𝑣eff(𝑥)

𝐿

0

 (38) 

Differences in 𝜏 between channels lead directly to measurable propagation anisot-

ropy. 

Representative numerical parameters used in the finite-difference simulations are 

summarized. 

3.6. Validity and Regime of Applicability 

The reduced scalar description remains valid under three conditions: 

1. Weak-to-moderate substrate coupling; 

2. Slowly varying modulation profiles; 

3. Limited inter-channel nonadiabatic mixing. 

Quantitatively, these conditions require 
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𝑔𝑒𝜀, 𝑔𝑚𝜇 ≪ ℏ𝑣𝐹𝑘 (39) 

When this condition fails, strong channel mixing may occur, and the full spinor dy-

namics of Equation (24) must be solved numerically. 

Within the physically relevant parameter range summarized in Table 1, the scalar 

envelope approximation remains accurate while greatly simplifying numerical analysis. 

4. Numerical Methodology 

4.1. Spatial and Temporal Discretization 

To solve the effective propagation equation derived in Section 3, we discretize the 

spatial domain into a uniform grid with spacing Δ𝑥. The continuous coordinate 𝑥is re-

placed by discrete points 

𝑥𝑖 = 𝑖 Δ𝑥, 𝑖 = 0,1,2, … , 𝑁 (40) 

where 𝑁 is the total number of grid intervals. 

Time evolution is similarly discretized using a uniform time step Δ𝑡, 

𝑡𝑛 = 𝑛 Δ𝑡, 𝑛 = 0,1,2, … (41) 

The envelope function is then represented as 

Φ(𝑥, 𝑡) → Φ𝑖
𝑛 (42) 

where the superscript denotes the time index and the subscript denotes the spatial grid 

point. 

Spatial derivatives are approximated using second-order central differences. The sec-

ond derivative becomes 

∂2Φ

∂𝑥2
≈

Φ𝑖+1
 𝑛 − 2Φ𝑖

 𝑛 + Φ𝑖−1
 𝑛

(Δ𝑥)2
 (43) 

This discretization provides second-order accuracy in space. 

4.2. Time Integration Scheme 

Time evolution is performed using an explicit finite-difference propagation scheme 

[31–33]. The numerical update equation becomes 

Φ𝑖
 𝑛+1 = Φ𝑖

 𝑛 −
𝑖Δ𝑡

ℏ
𝐻̂effΦ𝑖

 𝑛 (44) 

where 𝐻̂eff denotes the discretized effective Hamiltonian operator. 

To ensure numerical stability, the time step must satisfy a Courant-type condition, 

𝑣𝐹Δ𝑡

Δ𝑥
< 1 (45) 

which prevents unphysical numerical dispersion. 

In all simulations, Δ𝑥  and Δ𝑡  are chosen to satisfy Equation (45) with sufficient 

safety margin. 

4.3. Initial Wave Packet 

The injected carrier is modeled as a Gaussian wave packet centered at position 𝑥0, 

Φ(𝑥, 0) = 𝐴 exp [ −
(𝑥 − 𝑥0)2

2𝜎2 ] 𝑒𝑖𝑘0𝑥 (46) 

where: 

• 𝐴 is the normalization constant; 

• 𝜎 is the packet width; 
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• 𝑘0 is the central wave number. 

Normalization requires 

∫ ∣ Φ(𝑥, 0) ∣2 𝑑𝑥 = 1  (47) 

The Gaussian form provides a localized excitation with controlled momentum 

spread. 

4.4. Substrate Configurations 

To investigate different transport environments, we consider three representative 

substrate configurations: 

Case A: Dielectric modulation only 

𝛿𝜀 ≠ 0, 𝛿𝜇 = 0 (48) 

This isolates dielectric effects. 

Case B: Magnetic modulation only 

𝛿𝜀 = 0, 𝛿𝜇 ≠ 0 (49) 

This isolates magnetic-channel asymmetry. 

Case C: Combined modulation 

𝛿𝜀 ≠ 0, 𝛿𝜇 ≠ 0 (50) 

This represents the most general substrate response and allows phase-offset effects. 

4.5. Observables 

To quantify transport anisotropy, several observables are monitored during propa-

gation. 

The probability density is 

𝜌(𝑥, 𝑡) =∣ Φ(𝑥, 𝑡) ∣2 (51) 

The expectation value of position is 

⟨𝑥⟩ = ∫ 𝑥 𝜌(𝑥, 𝑡) 𝑑𝑥 (52) 

The propagation velocity is estimated by 

𝑣 =
𝑑⟨𝑥⟩

𝑑𝑡
 (53) 

The propagation delay between channels is defined as 

Δ𝜏 =∣ 𝜏1 − 𝜏2 ∣ (54) 

which serves as the primary observable characterizing anisotropic transport. 

4.6. Convergence Analysis 

Numerical convergence is verified by progressively refining grid resolution and time 

step. 

The relative numerical error is defined by 

𝜂 =
∣ 𝑂fine − 𝑂coarse ∣

∣ 𝑂fine ∣
 (55) 

where 𝑂 represents a computed observable such as velocity or delay. 

Convergence is considered satisfactory when 

𝜂 < 10−3 (56) 
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for all primary observables. 

Repeated simulations confirm stable convergence across all parameter sets consid-

ered in this study. 

Representative numerical parameters are summarized in Table 2. 

Table 2. Representative numerical simulation parameters. 

Parameter Meaning Typical Value 

𝑁 Number of spatial grid points 1000–5000 

Δ𝑥 Spatial step 0.1–1 nm 

Δ𝑡 Time step 10−16–10−14 s 

𝜎 Initial packet width 5–50 nm 

𝑘0 Central wave number 107–109 m−1 

Error tolerance Convergence threshold 10−3 

4.7. Numerical Reliability 

The numerical framework developed above provides stable and convergent simula-

tion of substrate-modulated transport dynamics over experimentally relevant propaga-

tion distances. The combination of grid refinement, stability constraints, and convergence 

analysis ensures that the observed anisotropic transport behavior reflects physical model 

predictions rather than numerical artifacts. 

5. Simulation Results 

Using the numerical framework developed in Section 4, we now investigate the prop-

agation dynamics of wave packets under various substrate modulation profiles. The pri-

mary objectives are to quantify channel-dependent velocity splitting, propagation delay, 

phase shift effects, and disorder-induced transport degradation. 

Unless otherwise specified, simulations use the representative parameters listed in 

Tables 1 and 2. 

5.1. Uniform Medium Baseline 

We first consider propagation in a uniform medium without substrate modulation: 

𝛿𝜀 = 0, 𝛿𝜇 = 0 (57) 

In this limit, the effective potential becomes spatially constant, and both channels 

propagate symmetrically. 

The propagation velocity reduces to 

𝑣1 = 𝑣2 = 𝑣𝐹  (58) 

Thus, no measurable propagation anisotropy occurs: 

Δ𝑣 = 0 (59) 

This baseline case provides a reference for all subsequent comparisons. 

Numerical simulations confirm stable Gaussian packet propagation with negligible 

distortion and no observable channel separation over micrometer-scale distances. 

5.2. Dielectric Modulation 

We next consider dielectric modulation alone, corresponding to Case A: 

𝛿𝜀 ≠ 0, 𝛿𝜇 = 0 (60) 

The effective potential becomes spatially periodic through dielectric coupling, caus-

ing local modulation of the propagation speed. 
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As the dielectric modulation amplitude increases, the propagation velocity decreases 

according to Equation (13), producing measurable transport delay. 

The dielectric-induced delay is defined as 

Δ𝜏𝜀 = 𝜏𝜀 − 𝜏0  (61) 

where 𝜏0 denotes the baseline delay in the uniform medium. 

To illustrate how dielectric modulation influences transport behavior, Figure 1 shows 

the spatial wave-packet profiles for different dielectric modulation amplitudes 𝛿𝜀. Pro-

gressive deformation and narrowing of the wave packet with increasing dielectric contrast 

indicate that stronger substrate modulation significantly alters propagation dynamics and 

enhances channel-dependent anisotropy. 

 

Figure 1. Spatial wave-packet amplitude profiles for different dielectric modulation strengths 𝛿𝜀. 

The blue solid curve corresponds to the uniform-substrate case (𝛿𝜀 = 0), while the green dashed, 

magenta dash-dotted, and red dotted curves represent increasing dielectric modulation amplitudes 

of 𝛿𝜀 = 0.3, 0.6, 0.9, respectively. As dielectric modulation increases, the wave-packet profile be-

comes progressively distorted, with narrowing of the outer lobes and redistribution of amplitude 

toward the central region. This behavior indicates a stronger substrate-induced modification of local 

propagation velocity and enhanced propagation anisotropy. 

Simulation results show that increasing dielectric contrast produces: 

• Reduced group velocity; 

• Increased packet delay; 

• Mild packet broadening. 

For moderate modulation amplitudes, the delay increases approximately linearly 

with dielectric contrast. 

This behavior is consistent with stronger dielectric screening producing larger effec-

tive transport impedance. 
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5.3. Magnetic Modulation 

We now examine magnetic modulation alone (Case B): 

𝛿𝜀 = 0, 𝛿𝜇 ≠ 0 (62) 

Magnetic modulation selectively affects the channel coupled through the magnetic 

response term. 

The corresponding propagation delay is 

Δ𝜏𝜇 = 𝜏𝜇 − 𝜏0        (63) 

Simulations indicate that magnetic modulation produces stronger channel asym-

metry than dielectric modulation for comparable coupling strength. This occurs because 

magnetic coupling directly enhances channel-selective transport splitting. 

For sufficiently large 𝛿𝜇, the two channels exhibit visibly distinct propagation veloc-

ities, leading to measurable arrival-time separation. 

5.4. Combined Dielectric and Magnetic Modulation 

We next consider the most general substrate response (Case C): 

𝛿𝜀 ≠ 0, 𝛿𝜇 ≠ 0 (64) 

The effective potential now contains both dielectric and magnetic contributions. 

The total propagation delay becomes 

Δ𝜏tot =∣ 𝜏1 − 𝜏2 ∣ (65) 

Combined modulation produces stronger anisotropy than either mechanism alone. 

Numerical simulations reveal a nonlinear enhancement when both modulation chan-

nels contribute simultaneously, indicating constructive coupling between dielectric and 

magnetic responses. 

This combined effect produces the largest observable channel separation among the 

three substrate configurations. 

5.5. Phase Shift Effects 

We next examine the role of relative phase shift 𝜙 between dielectric and magnetic 

modulation profiles. 

The phase-dependent substrate functions are given by Equations (15) and (16). Rela-

tive phase mismatch modifies the local interference between the two modulation channels. 

The effective delay therefore becomes phase dependent: 

Δ𝜏 = Δ𝜏(𝜙) (66) 

Simulations show three distinct regimes: 

In-phase modulation (𝝓 = 𝟎) 

Constructive enhancement of anisotropy. 

Intermediate phase shift 

Partial cancellation between channels. 

Anti-phase modulation (𝝓 = 𝝅) 

Maximum asymmetry in certain parameter ranges. 

Phase control therefore provides an additional tuning mechanism for engineered 

transport anisotropy. 

5.6. Channel Separation 

A central observable is the separation between channel wave-packet centers. 

Let the channel centroids be 
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𝑥1(𝑡), 𝑥2(𝑡) (67) 

The spatial separation is 

Δ𝑥(𝑡) =∣ 𝑥1(𝑡) − 𝑥2(𝑡) ∣ (68) 

Propagation anisotropy leads to the monotonic growth of Δ𝑥 with time. 

To illustrate the physical origin of substrate-induced transport anisotropy, Figure 2 

compares wave-packet propagation in a uniform medium and in a substrate-modulated 

medium. The comparison highlights how spatial substrate modulation generates measur-

able channel separation, leading to propagation delay and velocity splitting. 

 

Figure 2. Numerical simulation of wave-packet propagation in uniform and substrate-modulated 

one-dimensional media. (a) Uniform substrate with no dielectric or magnetic modulation (𝛿𝜀 =

𝛿𝜇 = 0), showing complete overlap of the two transport channels and no measurable propagation 

delay. (b) Modulated substrate with finite dielectric and/or magnetic modulation, showing clear 

spatial separation between the faster and slower channels. The peak separation Δ𝑥 corresponds to 

measurable propagation delay arising from channel-dependent velocity splitting. 

Numerical results indicate that the separation scales approximately linearly over ex-

perimentally relevant distances, 

Δ𝑥(𝑡) ∝ 𝑡 (69) 

consistent with persistent channel-dependent velocity splitting. 

For micrometer-scale transport, predicted separation reaches experimentally detect-

able scales. 

5.7. Disorder Effects 

Realistic nanostructures contain disorder and imperfections. To assess robustness, 

we introduce random substrate fluctuations: 

𝜀(𝑥) → 𝜀(𝑥) + 𝜂(𝑥) (70) 

where 𝜂(𝑥) is a stochastic perturbation with zero mean. 

Disorder strength is characterized by 

⟨𝜂(𝑥)𝜂(𝑥′)⟩ = 𝑊2𝛿(𝑥 − 𝑥′) (71) 

where 𝑊 denotes disorder amplitude. 

Simulations show: 

• Weak disorder preserves anisotropic transport; 
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• Moderate disorder broadens wave packets; 

• Strong disorder suppresses coherent channel separation. 

Thus, substrate-induced anisotropy remains robust under realistic moderate disor-

der. 

5.8. Summary of Numerical Results 

Figure 3 summarizes the principal quantitative results of the simulations by showing 

how the propagation delay varies with dielectric modulation strength, relative phase shift, 

and disorder. 

 

Figure 3. Quantitative dependence of propagation delay on substrate modulation parameters. (a) 

Propagation delay Δ𝑡 as a function of dielectric modulation amplitude 𝛿𝜀, showing a nonlinear 

increase with stronger dielectric contrast and enhanced channel-dependent velocity splitting. (b) 

Propagation delay as a function of relative phase shift 𝜙, reaching maximum anisotropy near 𝜙 ≈

𝜋/2, where the dielectric and magnetic modulation channels are maximally offset. (c) Propagation 

delay as a function of disorder parameter 𝐷, showing that anisotropic transport remains robust 

under moderate disorder but decreases rapidly beyond the critical threshold 𝐷𝑐 ≈ 0.15 due to in-

creased scattering and reduced coherent propagation. 

To provide a compact comparison of the transport behavior under different substrate 

configurations, the principal numerical results are summarized in Table 3, including ve-

locity splitting, propagation delay, and channel separation. 

Table 3. Summary of numerical transport behavior. 

Substrate Case Velocity Splitting Delay Channel Separation 

Uniform None None None 

Dielectric only Weak–Moderate Moderate Small 

Magnetic only Moderate–Strong Strong Moderate 

Combined Strongest Largest Largest 

The simulations demonstrate four central results: 

1. Uniform media show no anisotropic propagation. 

2. Dielectric modulation induces measurable transport delay. 

3. Magnetic modulation produces stronger channel splitting. 

4. Combined modulation yields the strongest anisotropic transport response. 

These findings support the hypothesis that structured substrate environments can 

generate experimentally relevant propagation anisotropy even without explicitly invok-

ing many-body interaction effects. 
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6. Comparison with Existing Theory and Experiment 

A central question raised by this study is how substrate-induced propagation anisot-

ropy compares with the conventional Tomonaga–Luttinger liquid (TLL) interpretation of 

transport splitting in one-dimensional conductors. In this section, we compare the physi-

cal origins, transport signatures, and experimentally distinguishable predictions of the 

two frameworks. 

6.1. Comparison with Tomonaga–Luttinger Liquid Theory 

In the conventional TLL framework, strong electron–electron interactions invalidate 

the Fermi-liquid quasiparticle picture and lead to collective bosonic excitations [2,3,13]. 

These excitations are typically decomposed into charge and spin modes propagating with 

distinct velocities, 

𝑣𝑐 ≠ 𝑣𝑠 (72) 

where 𝑣𝑐 and 𝑣𝑠 denote charge-mode and spin-mode velocities, respectively. 

The velocity splitting is interaction-driven and depends on many-body correlation 

strength. In contrast, the present framework attributes anisotropic propagation to struc-

tured environmental modulation rather than intrinsic many-body interactions. 

Within the present model, channel velocity splitting is characterized by 

𝑣𝑔,1 ≠ 𝑣𝑔,2 (73) 

where the velocity difference originates from substrate-dependent effective coupling. 

Thus, although both frameworks predict propagation splitting, their physical origins 

are fundamentally different. 

The TLL mechanism depends primarily on: 

• Strong electron–electron interactions; 

• Low-energy bosonization; 

• Collective mode decomposition. 

The present effective-medium model instead depends on: 

• Substrate dielectric modulation; 

• Magnetic proximity effects; 

• Channel-selective environmental coupling. 

This distinction is important because experimentally observed transport splitting 

need not arise exclusively from one mechanism. 

6.2. Comparison with Experimental Scales 

A useful comparison involves the magnitude of experimentally measurable propa-

gation delays. 

In the present model, channel delay satisfies approximately 

Δ𝜏 ≈ 𝐿 (
1

𝑣𝑔,2
−

1
𝑣𝑔,1

) (74) 

For representative parameter ranges summarized in Tables 1–3, simulations predict 

delays in the picosecond regime over micrometer-scale distances. 

Typical delay magnitudes satisfy 

Δ𝜏 ∼ 1–100 ps  (75) 

which lies within experimentally accessible ultrafast transport measurements [34–37]. 

This magnitude overlaps with experimentally observed velocity splitting in several 

quantum wire and nanotube systems, suggesting substrate-induced effects may contrib-

ute non-negligibly to measured transport anisotropy. 
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However, the present model does not claim that substrate effects universally replace 

TLL behavior. Rather, substrate-induced anisotropy may coexist with conventional many-

body mechanisms. 

6.3. Distinguishing Experimental Signatures 

An important question is whether the two mechanisms can be experimentally distin-

guished. 

Several signatures may help separate substrate-induced anisotropy from interaction-

driven TLL effects. 

(1) Substrate tunability 

In the present framework, transport anisotropy depends directly on substrate engi-

neering parameters: 

Δ𝜏 = Δ𝜏(𝛿𝜀, 𝛿𝜇, 𝜙) (76) 

Changing substrate structure should measurably alter propagation splitting. 

By contrast, TLL splitting depends primarily on intrinsic interaction strength and is 

less directly tunable by substrate design alone. 

(2) Phase dependence 

The present model predicts explicit sensitivity to modulation phase shift 𝜙, 
∂Δ𝜏

∂𝜙
≠ 0 (77) 

whereas conventional TLL theory does not predict such substrate-phase dependence. 

Observation of strong phase-sensitive transport anisotropy would therefore favor 

substrate-induced mechanisms. 

(3) Disorder response 

The two frameworks also differ in their disorder sensitivity. 

In the present model, sufficiently strong disorder suppresses channel coherence and 

reduces measurable anisotropy. 

Quantitatively, 

𝑊 > 𝑊𝑐 ⇒ Δ𝜏 → 0 (78) 

where 𝑊𝑐 denotes a disorder threshold. 

This disorder-dependent suppression offers another experimentally testable distinc-

tion. 

6.4. Coexistence of Mechanisms 

A more realistic interpretation is that both mechanisms may coexist. 

The total observed propagation splitting may therefore contain multiple contribu-

tions: 

Δ𝜏obs = Δ𝜏TLL + Δ𝜏sub (79) 

where: 

• Δ𝜏TLL: interaction-driven contribution; 

• Δ𝜏sub: substrate-induced contribution. 

This combined interpretation may better describe realistic nanostructures, where 

both intrinsic many-body interactions and environmental effects influence transport. 

In systems with strong substrate engineering, the environmental contribution may 

become comparable to or even dominate the observed transport anisotropy. 
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6.5. Comparison Summary 

To highlight the fundamental distinctions between conventional interaction-driven 

transport splitting and the substrate-induced mechanism proposed here, the principal dif-

ferences between Tomonaga–Luttinger liquid theory and the present effective-medium 

framework are summarized in Table 4. 

Table 4. Comparison between Tomonaga–Luttinger liquid theory and the present effective-medium 

model. 

Feature Tomonaga–Luttinger Liquid Theory Present Effective-Medium Model 

Physical origin Electron–electron interactions Structured substrate modulation 

Degrees of freedom Collective bosonic modes (spinons/holons) Effective transport channels 

Velocity splitting mechanism Many-body correlation effects Dielectric/magnetic coupling 

Substrate tunability Limited Strong 

Phase sensitivity No Yes 

Disorder sensitivity Moderate Strong 

Experimental control Material dependent Engineering controllable 

The present framework therefore provides a complementary phenomenological de-

scription capable of explaining experimentally measurable anisotropic transport signa-

tures arising from structured environmental modulation. 

Rather than replacing established many-body theory, it broadens the range of phys-

ical mechanisms that may contribute to propagation splitting in realistic one-dimensional 

conductors. 

7. Conclusions and Outlook 

In this work, we developed a quantitative two-channel effective-medium framework 

for investigating substrate-induced propagation anisotropy in one-dimensional conduc-

tors. The model incorporates position-dependent dielectric and magnetic coupling terms 

within an effective spinor Hamiltonian and provides a tractable phenomenological de-

scription of channel-dependent transport dynamics in structured nanoscale environments. 

Using an adiabatic envelope approximation, the coupled spinor dynamics were re-

duced to an effective scalar propagation equation suitable for numerical simulation. This 

reduction enabled systematic investigation of wave-packet transport under dielectric 

modulation, magnetic modulation, combined substrate effects, phase offsets, and disorder. 

The central result of this study is that structured substrate environments can generate 

measurable propagation anisotropy even without explicitly invoking many-body interac-

tion effects. The resulting channel-dependent transport splitting is characterized by 

Δ𝜏obs =∣ 𝜏1 − 𝜏2 ∣ (80) 

where differences in effective channel velocities lead directly to observable propagation 

delay. 

Numerical simulations demonstrate four principal findings. First, uniform media 

produce symmetric transport with no measurable channel splitting. Second, dielectric 

modulation induces finite propagation delay through local velocity renormalization. 

Third, magnetic modulation produces stronger channel-selective anisotropy than dielec-

tric modulation for comparable coupling strength. Fourth, combined dielectric and mag-

netic modulation yields the strongest transport splitting, with phase mismatch providing 

an additional tuning mechanism. 

The predicted transport delay lies in the picosecond regime over micrometer-scale 

propagation distances, placing the effect within experimentally accessible ultrafast 

transport measurements. These results suggest that substrate engineering may play a sig-
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nificant role in shaping observable transport anisotropy in realistic low-dimensional sys-

tems. 

Comparison with conventional Tomonaga–Luttinger liquid theory indicates that 

substrate-induced anisotropy should be regarded as a complementary mechanism rather 

than a replacement for interaction-driven spin–charge separation. In realistic nanostruc-

tures, both intrinsic many-body interactions and structured environmental effects may 

contribute simultaneously to measured propagation splitting. 

Several limitations of the present work should be noted. The model is phenomeno-

logical and does not explicitly include full many-body electron correlations, strong 

nonadiabatic channel mixing, or microscopic first-principles substrate dynamics. These 

approximations were adopted to isolate the dominant transport consequences of struc-

tured environmental modulation while maintaining computational tractability. 

Future work may proceed in several directions. First, microscopic many-body for-

mulations could be developed to connect the effective coupling parameters to first-prin-

ciples material properties. Second, nonlinear and strong-coupling regimes may be ex-

plored beyond the adiabatic approximation. Third, experimental validation using engi-

neered substrate heterostructures, tunable dielectric environments, or magnetic proximity 

systems would provide valuable tests of the present predictions. 

In summary, the proposed quantitative effective-medium framework demonstrates 

that structured substrate modulation provides a physically plausible and experimentally 

testable mechanism for anisotropic transport in one-dimensional conductors. This per-

spective broadens the range of mechanisms relevant to propagation splitting and may 

contribute to a more complete understanding of transport phenomena in low-dimensional 

quantum systems. 
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  i ℏ   ∂ Ψ ( x , t )  ∂ t = H Ψ  ( x , t )


  i ℏ   ∂ Ψ  ∂ t =  [   v  F   𝜎  z p +   g  e 𝜀 ( x )   𝜎  x +   g  m 𝜇 ( x )   𝜎  y ] Ψ


  Ψ  ( x , t ) = Φ  ( x , t )   e  i  (   k 0 x −   𝜔 0 t )


    k 0


    𝜔 0


  Φ ( x , t )


    H 2 = (   v  F   𝜎  z p  ) 2 + (   g  e 𝜀   𝜎  x  ) 2 + (   g  m 𝜇   𝜎  y  ) 2 + 𝒞  


  𝒞


    𝜎  x 2 =   𝜎  y 2 =   𝜎  z 2 = I


    ( v  F   𝜎  z p  ) 2 =   v  F 2   p 2


  (   g  e 𝜀   𝜎  x  ) 2 =   g  e 2   𝜀 2  ( x )


    ( g  m 𝜇   𝜎  y  ) 2 =   g  m 2   𝜇 2  ( x )


    H 2 =   v  F 2   p 2 +   g  e 2   𝜀 2  ( x ) +   g  m 2   𝜇 2  ( x ) + 𝒞


  ∣ 𝒞 ∣ ≪   v  F 2   p 2


  a


  a ≫   𝜆  F


    𝜆  F


    𝜆  F ∼ 1 – 10   nm


  i ℏ   ∂ Φ  ∂ t =  [ −    ℏ 2  2   m eff    ∂ 2  ∂   x 2 +   V eff ( x ) ] Φ


    V eff  ( x ) =   g  e 2   𝜀 2  ( x ) +   g  m 2   𝜇 2  ( x )


    m eff


    v eff  ( x ) =    v  F 2 −     V eff  ( x )     ( ℏ k ) 2


  L


  𝜏 =   ∫ 0  L    d x    v eff ( x )


  𝜏


    g  e 𝜀 ,     g  m 𝜇 ≪ ℏ   v  F k


  Δ x


  x


    x  i = i   Δ x , i = 0 , 1 , 2 , … , N


  N


  Δ t


    t  n = n   Δ t , n = 0 , 1 , 2 , …


  Φ  ( x , t ) →  Φ  i  n


     ∂ 2 Φ  ∂   x 2 ≈    Φ  i + 1    n − 2  Φ  i    n +  Φ  i − 1    n     ( Δ x ) 2


   Φ  i    n + 1 =  Φ  i    n −   i Δ t ℏ     H ^ eff  Φ  i    n


      H ^ eff


      v  F Δ t  Δ x < 1


  Δ x


  Δ t


    x 0


  Φ  ( x , 0 ) = A  exp ⁡   [  −       ( x −   x 0 ) 2  2   𝜎 2 ]   e  i   k 0 x


  A


  𝜎


    k 0


   ∫  ∣ Φ  ( x , 0 )  ∣ 2 d x = 1  


  𝛿 𝜀 ≠ 0 , 𝛿 𝜇 = 0


  𝛿 𝜀 = 0 , 𝛿 𝜇 ≠ 0


  𝛿 𝜀 ≠ 0 , 𝛿 𝜇 ≠ 0


  𝜌  ( x , t ) = ∣ Φ  ( x , t )  ∣ 2


   ⟨ x ⟩ = ∫ x   𝜌  ( x , t )   d x


  v =   d ⟨ x ⟩  d t


  Δ 𝜏 = ∣   𝜏 1 −   𝜏 2 ∣


  𝜂 =   ∣   O fine −   O coarse ∣  ∣   O fine ∣


  O


  𝜂 <  10  − 3


  N


  Δ x


  Δ t


  𝜎


    k 0


   10  − 3


  𝛿 𝜀 = 0 , 𝛿 𝜇 = 0


    v 1 =   v 2 =   v  F


  Δ v = 0


  𝛿 𝜀 ≠ 0 , 𝛿 𝜇 = 0


  Δ   𝜏  𝜀 =   𝜏  𝜀 −   𝜏 0  


    𝜏 0


  𝛿 𝜀


  𝛿 𝜀


  𝛿 𝜀 = 0


  𝛿 𝜀 = 0 . 3 ,   0 . 6 ,   0 . 9


  𝛿 𝜀 = 0 , 𝛿 𝜇 ≠ 0


  Δ   𝜏  𝜇 =   𝜏  𝜇 −   𝜏  0              


  𝛿 𝜇


  𝛿 𝜀 ≠ 0 , 𝛿 𝜇 ≠ 0


  Δ   𝜏 tot = ∣   𝜏 1 −   𝜏 2 ∣


  𝜙


  Δ 𝜏 = Δ 𝜏  ( 𝜙 )


  𝝓 = 𝟎


  𝝓 = 𝝅


    x 1  ( t ) ,   x 2  ( t )


  Δ x  ( t ) = ∣   x 1  ( t ) −   x 2  ( t ) ∣


  Δ x


  𝛿 𝜀 = 𝛿 𝜇 = 0


  Δ x


  Δ x  ( t ) ∝ t


  𝜀  ( x ) → 𝜀  ( x ) + 𝜂  ( x )


  𝜂 ( x )


   ⟨ 𝜂  ( x ) 𝜂  (   x ′ ) ⟩ =   W 2 𝛿  ( x −   x ′ )


  W


  Δ t


  𝛿 𝜀


  𝜙


  𝜙 ≈ 𝜋 / 2


  D


    D  c ≈ 0 . 15


    v  c ≠   v  s


    v  c


    v  s


    v  g , 1 ≠   v  g , 2


  Δ 𝜏 ≈ L  (   1    v  g , 2 −   1    v  g , 1 )


  Δ 𝜏 ∼ 1 – 100   ps  


  Δ 𝜏 = Δ 𝜏  ( 𝛿 𝜀 , 𝛿 𝜇 , 𝜙 )


  𝜙


    ∂ Δ 𝜏  ∂ 𝜙 ≠ 0


  W >   W  c ⇒ Δ 𝜏 → 0


    W  c


  Δ   𝜏 obs = Δ   𝜏 TLL + Δ   𝜏 sub


  Δ   𝜏 TLL


  Δ   𝜏 sub


  Δ   𝜏 obs = ∣   𝜏 1 −   𝜏 2 ∣

