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Abstract

A formal thermodynamic mapping is established between the attractive Fermi–Hubbard
model and the repulsive Bose–Hubbard model at finite temperature and at imaginary
chemical potential µ = iθ. By utilizing a large N-expansion, it is shown that the partition
functions of the two models are related by a plain shift θ → θ + π. This condition maps
the BCS–BEC crossover of attractive fermions to a Bose–Fermi crossover (fermion-like
occupation) of repulsive bosons. A central feature of this correspondence is the thermal
kernel g(βE, ϕ) (with β the inverse absolute temperature, E the energy scale, and ϕ the
phase angle), whose analytic continuation gB(βE, ϕ) = gF(βE, ϕ + π) governs the bosonic
(B) and fermionic (F) sectors. Interestingly, the particular angles ϕ = 2π/3 and 4π/3 for
fermions correspond to ϕ = π/3 and 5π/3 for bosons, marking the boundaries of an
universal thermal window. It is further argued that the present mechanism shows how an
emergent, fermionization-like phenomenon can occur at finite interaction strength through
a thermodynamic effect induced by the imaginary chemical potential. It is emphasized that
this does not imply a transmutation of quantum statistics at the operator level, but rather
a thermodynamic exclusion-like behavior driven by the imaginary chemical potential,
unlike the Tonks–Girardeau limit, where fermionization arises from an infinite repulsive
interaction and anyonic or Floquet-engineered systems where transmutation emerges
from modified statistics or dynamics. Effectively, the phase ϕ is a statistical parameter; by
twisting the thermal phase, it generates fermion-like behavior without hard-core constraints
or infinite repulsion through purely thermodynamic mechanisms. The gap equation and
number equation for the bosonic model are derived, highlighting the role of the imaginary
chemical potential as a statistical regulator. The results obtained here provide a unified
framework for understanding crossovers in interacting lattice systems.

Keywords: Bose–Hubbard model; imaginary chemical potential; fermionization; Bose–
Fermi mapping

1. Introduction
The Hubbard model represents one of the most attractive models in condensed matter

physics because it captures the complex competition between kinetic energy and local
interactions. In general, the two specific kinds of the model, namely, the attractive Fermi–
Hubbard model and the repulsive Bose–Hubbard model, are treated as two distinct theories
since they describe fundamentally different physics: the first facilitates the description
of pairing and superfluidity, while the latter captures Mott insulation and Bose–Einstein
condensation (BEC) [1–7]. However, despite their different natures, both models exhibit
rich crossover phenomena driven by temperature, interaction strength, and external fields.
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In this study, a fundamental question is addressed: whether these two models, operating
under different statistics, be connected through a common mathematical framework.

Since the extension of fermion–boson mapping [8–12] from zero to finite temperature
remains a recurrent theme in high-energy and condensed matter physics, I demonstrate a
formal thermodynamic mapping between the two models within the large-N framework
(with N the number of flavors) at finite temperature and in the presence of an imaginary
chemical potential µ = iθ. Although this potential is not directly observable in lattice
theory, it corresponds to a background U(1) gauge field creating a holonomy along the
thermal circle, analogous to Aharonov–Bohm phases [13]. This temporal gauge field picture
connects the present analysis to a variety of phenomena where particles acquire phases
from moving around closed loops, thereby linking statistical mechanics to topological
phase effects.

At the heart of the current study, serving as a key insight, is the relation between
fermionic and bosonic Matsubara frequencies, which leads to a direct correspondence
between their effective actions in the saddle point approximation. Consequently, this
mapping ensures that the thermal kernels of the two models are related by a plain shift,
and a main result of this investigation is the emergence of universal thermal windows
at specific angles at ϕ = π/3 and 5π/3 for the bosonic model. This observation allows
one to ask whether these boundaries map exactly the corresponding boundaries from the
attractive Fermi–Hubbard model, which indeed occurs in a highly symmetric way.

In contrast to the traditional Tonks–Girardeau limit [14–17], where bosons fermionize
due to an infinitely strong repulsive interaction, the results obtained here suggest that a
similar fermion-like behavior can emerge at interactions of finite strength when the system
is at imaginary chemical potential. Keeping this point in mind, it becomes straightforward
to find that effective fermionization is not driven by a hard-core constraint on the wavefunc-
tion [18], but rather by a redistribution of spectral weight. In this picture, the imaginary
chemical potential suppresses lower-energy occupation and enhances higher-energy modes
within a finite window ϕ ∈ [π/3, 5π/3] (π/3 or flux phase ϕflux = 1/6 is particular ac-
cording to previous studies [19–21] since this value commonly appears in lattice bosonic
systems with real magnetic flux, where it controls strongly correlated and topological states,
and as a consequence of lattice phase geometry, relative to the boundaries), producing
an effective exclusion-like behavior at the level of thermal occupations. This reveals a
regime where, despite the lack of a formal Bose–Fermi mapping at the operator level [22],
the thermal occupations mimic fermionic behavior through an interplay of interaction and
entropic pressure. On the other hand, dimensionality enters the equations only through the
density of states ρ(ϵ), allowing the present framework to be extended to various lattice ge-
ometries in the future, including one-dimensional chains, two-dimensional square lattices
featuring van Hove singularities, and two-dimensional honeycomb lattices characterized
by Dirac cones.

The paper is organized as follows: In Section 2, the repulsive Bose–Hubbard model
with an imaginary chemical potential is presented and its effective action is derived us-
ing a large-N expansion. In Section 3, the gap equation, the number equation, and the
fermionization-like window of the bosonic model are derived. Section 4 examines the
phase structure through the thermal kernel and the extrema of boson number Nb, while
Section 5 reviews the principal results for the attractive Fermi–Hubbard model at imaginary
chemical potential and large-N. Section 6 establishes the mapping between the attractive
Fermi and repulsive Bose models, including the mapping of thermal kernels. In Section 7,
a universal statistical emulation framework for the two models is developed, and the
study is concluded in Section 8 with a summary and conclusions. Practical calculations are
provided in Appendix A.
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2. Repulsive Bose–Hubbard Model and Large-N Formulation
The spinless Bose–Hubbard model is considered on a lattice at inverse temperature

β, with a fixed total boson number Nb, and ni = b†
i bi (where b†

i and bi denote the creation
and annihilation operators, respectively), so the canonical partition function is given
by [9,10,13,23]

ZNb = Tr
[
δ(N̂ − Nb) e−βH

]
, N̂ = ∑

i
ni, (1)

where H denotes the system Hamiltonian.
Introducing the Fourier representation of the projector,

δ(N̂ − Nb) =
1

2π

∫ 2π

0
dθ eiθ(N̂−Nb), (2)

the canonical partition function can be written in the following form:

ZNb =
1

2π

∫ 2π

0
dθ e−iθNb Z(θ), (3)

where Z(θ) is a grand-canonical partition function with an imaginary chemical potential
µ = iθ. As discussed in Section 3 below, the analysis is performed in the θ-ensemble, where
the boson number is not fixed but determined dynamically via

Nb(θ) =
∂ ln Z(θ)

∂(iθ)
. (4)

Particle Channel Formulation and Large-N Effective Action

To describe the Bose–Fermi crossover, the repulsive Bose–Hubbard interaction must
be decoupled in the particle channel, since the formation of composite fermions cannot
be captured just by mean-field decoupling. A large-N generalization is introduced by
extending the bosons to N flavors α = 1, . . . , N, which provides a controlled saddle point
limit. The momentum space Hamiltonian reads as follows [24,25]:

H = ∑
k,α

ϵk b†
kαbkα +

U
2N ∑

i
∑
α,β

b†
iαb†

iαbiβbiβ, (5)

where ϵk is the lattice dispersion with k the wave vector and U > 0 is the repulsive
interaction. The factor 1/N ensures that the interaction energy scales extensively in the
large-N limit. The Euclidean action with imaginary chemical potential then takes the
following form:

S =
∫ β

0
dτ

[
∑
k,α

b†
kα(∂τ + ϵk − iθ)bkα +

U
2N ∑

i,α,β
b†

iαb†
iαbiβbiβ

]
, (6)

where ∂τ ≡ ∂/∂τ.
The quartic interaction is decoupled via a Hubbard–Stratonovich transformation in

the particle channel by introducing a complex bosonic field iΦi(τ) (which will become the
fermionic order parameter):

exp
[
− U

2N

∫
dτ b†b†bb

]
=
∫

DΦDΦ∗ exp
[∫

dτ

(
−N|Φ|2

2U
+ iΦ∗bb + iΦb†b†

)]
. (7)

After the transformation (7), the bosonic action becomes quadratic in the original
boson fields. For repulsive interactions, the particle channel Hubbard–Stratonovich trans-
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formation requires analytic continuation of the auxiliary field into the complex plane.
Throughout this study, the resulting functional integral is defined by the steepest descent
contour passing through the large-N saddle point, which renders the Gaussian fluctuations
convergent. Introducing the Nambu spinor for bosons,

Υkα =

(
bkα

b†
−kα

)
, (8)

the inverse bosonic Green’s function is

G−1(iωn, k) =

(
(iωn + iθ)− ϵk iΦ

iΦ∗ −(iωn + iθ)− ϵk

)
, (9)

where ωn = 2πn/β are the bosonic Matsubara frequencies. Its determinant yields the
quasiparticle energy spectrum

Ek =
√

ϵ2
k + |Φ|2, (10)

which governs the Bose–Fermi crossover physics. The physical excitation spectrum is
obtained from the poles of the Green’s function. Since the bosonic action is quadratic,
the fields can be integrated out, yielding the effective action

Seff[Φ, θ] = −
∫ β

0
dτ

N|Φ|2
2U

+ N Tr lnG−1[Φ, θ], (11)

where the trace (Tr) is taken over lattice sites, imaginary time (or Matsubara frequencies),
Nambu indices, and internal degrees of freedom. One can note the positive sign in front of
the trace, which arises from the bosonic functional integral (determinant in denominator).

The static saddle point configuration is given by Φi(τ) = Φ. This configuration is
interpreted as an auxiliary field encoding local two-particle correlations Φ ∼ ⟨bibi⟩ and it
does not correspond to a conventional order parameter for repulsive bosons. In contrast
to the attractive fermionic case, where the analogous field describes Cooper pairing, here,
Φ measures the tendency of bosons to occupy the same site. Repulsive interactions sup-
press such configurations, so the Fermi-like regime is characterized by a reduction of Φ.
Essentially, Φ can be interpreted as an indicator of the degree of bosonic coherence versus
fermion-like avoidance rather than a true symmetry-breaking order parameter.

The trace over Nambu space yields

detG−1(iωn, k) = −(iωn + iθ)2 +
(

ϵ2
k + |Φ|2

)
, (12)

The functional trace can therefore be written as follows:

Tr lnG−1 = ∑
k

∑
n

ln
[
−(iωn + iθ)2 + E2

k

]
. (13)

Performing the Matsubara frequency sum using contour integration gives

∑
n

ln
[
−(iωn + iθ)2 + E2

k

]
= βEk + ln

(
1 − e−β(Ek+iθ)

)
+ ln

(
1 − e−β(Ek−iθ)

)
+ const. (14)

The constant (independent of Φ and θ) can be absorbed into the normalization of the
partition function. Substituting this result back into the effective action yields

Seff[Φ, θ] = N

[
−|Φ|2

2U
+ ∑

k

(
Ek +

[
ln
(

1 − e−β(Ek+iθ)
)
+ ln

(
1 − e−β(Ek−iθ)

)])]
. (15)
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In the thermodynamic limit, the lattice momentum sum is replaced by an integral over
the first Brillouin zone (BZ),

∑
k

−→
∫

BZ

dd−1k
(2π)d−1 . (16)

The effective action density then becomes

Seff = N

[
−|Φ|2

2U
+
∫

BZ

dd−1k
(2π)d−1

(
Ek +

[
ln
(

1 − e−β(Ek+iθ)
)
+ ln

(
1 − e−β(Ek−iθ)

)])]
. (17)

3. Gap Equations for the Repulsive Bose–Hubbard Model
The first gap equation of the model for the order parameter Φ is

∂Seff
∂Φ∗ = 0 (18)

(with the asteriks ∗ denoting the complex conjugate), which yields the following equation:

1
U

=
∫

BZ

dd−1k
(2π)d−1

1
Ek

[1 + fB(Ek + iθ) + fB(Ek − iθ)], (19)

where fB(x) = 1
eβx−1

is the Bose–Einstein distribution function. One can note the plus signs
and the Bose–Einstein statistics, which differ from the fermionic case. At zero temperature,
fB(x) → 0, so this expression reduces to

1
U

=
∫

BZ

dd−1k
(2π)d−1

1
Ek

. (20)

For θ = 0, the standard gap equation for the repulsive Bose–Hubbard model
is obtained:

1
U

=
∫

BZ

dd−1k
(2π)d−1

1 + 2 fB(Ek)

Ek
. (21)

The canonical constraint is enforced by the saddle point condition with respect to θ:

∂Seff
∂θ

= 0. (22)

This yields the boson number equation

Nb =
∫

BZ

dd−1k
(2π)d−1

[
fB(Ek − iθ)− fB(Ek + iθ)

]
, (23)

where Nb is the total boson number. (Note that the expression (23) is completely imaginary.
The physical boson number is obtained by multiplying by −i, yielding a real quantity that
measures the imbalance between adding and removing “fermionized” bosons.) In the
bosonic case, Nb quantifies particle–hole asymmetry induced by the imaginary chemical
potential and reflects a fermionization-like regime, or, in other words, how much the system
prefers particle-like versus hole-like excitations, analogous to the fermionic case. For a one-
dimensional system (D = d − 1 = 1), it is found that the fermionization-like window
corresponds to the regime where this asymmetry is maximal, representing the configuration
where bosons most closely mimic fermionic behavior, since fermions naturally possess
particle–hole asymmetry due to the Pauli principle.
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Fermionization-like Window and Spectral Redistribution

By studying the phase structure of the theory in Section 4 below, it can be found that,
at the particular angles ϕ = π/3 and ϕ = 5π/3, the repulsive Bose–Hubbard model at
imaginary chemical potential enters a regime of maximal spectral redistribution. Here,
the competition between repulsive interactions and phase frustration suppresses Bose
condensation and enhances entropy. This results in an effective fermion-like occupation
profile characterized by a flattening of the energy distribution and a reduced tendency
for bosons to macroscopically occupy low-energy states. Although there is no true Pauli
principle in this case, the thermal kernel induces an emergent exclusion-like behavior that
mimics fermionic statistics at the level of occupation numbers. The two angles correspond
to opposite occupations, but the calculations presented here at ϕ = π/3 and ϕ = 5π/3
produce a phase-controlled dynamic modulation of the thermal density rather than a
literal fermionic particle–hole excitation structure. This is similar to Tonks–Girardeau (TG)
gas, where bosons “fermionize” because they cannot pass through each other when they
reach the limit of infinite repulsion energy U → ∞. The model presented suggests an
alternative mechanism leading to a closely related phenomenological profile: while TG
bosons require infinite interaction energy to restrict low-energy states, the current system
mirrors this behavior at finite coupling, driven by the phase-induced entropic constraints
of the imaginary chemical potential. On the other hand, the particle–hole symmetric point
ϕ = π represents a configuration where the net particle balance in the number equation
vanishes identically, serving as the neutral crossover axis between the particle-like and
hole-like sectors.

The gap equation can be split into two parts:

I1 =
∫

BZ

dd−1k
(2π)d−1

1
Ek

(24)

and

I2 =
∫

BZ

dd−1k
(2π)d−1

1
Ek

[ fB(Ek + iθ) + fB(Ek − iθ)]. (25)

One can note the plus sign in front of I2 (compared to the minus sign in the fermionic
case). For one-dimensional chains at finite temperature, the expressions (24) and (25)
simplify to

I1 =
∫

BZ

dk
2π

1
Ek

(26)

and
I2 =

∫
BZ

dk
2π

1
Ek

[ fB(Ek + iθ) + fB(Ek − iθ)]. (27)

If the vacuum (critical) coupling is defined by the condition

1
Uc

≡ I1(Φ = 0) =
∫

BZ

dk
2π

1
|ϵk|

, (28)

and subtracts this value, the renormalized gap equation becomes

1
U

− 1
Uc

=
∫

BZ

dk
2π

 1√
ϵ2

k + |Φ|2
− 1

|ϵk|

+ I2(Φ, θ). (29)

The sign of 1
U − 1

Uc
controls the crossover: the positive sign corresponds to the Bose

regime (weak repulsion), while the negative one to the Fermi regime (strong repulsion,
phase-induced Fermi regime), and 1

U = 1
Uc

marks the crossover critical point.
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4. Phase Structure: Bose, Fermionization, and Crossover Regimes
4.1. General Setup for Bosons

Using the identity for Bose–Einstein distributions, as discussed in Ref. [26],

fB(Ek + iθ) + fB(Ek − iθ) = −1 − sinh(βEk)

cosh(βEk)− cos(βθ)
, (30)

and defining ϕ ≡ βθ as a dimensionless variable, the bosonic gap equation becomes

δu ≡ 1
U

− 1
Uc

=
∫

BZ

dk
2π

[
sinh(βEk)

Ek
[

cosh(βEk)− cos ϕ
] − 1

|ϵk|

]
. (31)

One can note the minus sign in the denominator (cosh(βEk) − cos ϕ) compared to
the fermionic case. For a lattice dispersion ϵk = −2t cos k, with t denoting the hopping
parameter, the band minimum occurs at k = 0 (or k = π, depending on the sign). Near the
band minimum k = 0, the expansion yields

ϵk ≈ −2t
(

1 − k2

2

)
= −2t + tk2, (32)

so the low-energy dispersion is quadratic:

ϵk ≈ const +
k2

2m∗ , (33)

where m∗ = 1/(2t) is the effective mass. For simplicity, energies are measured from
the band bottom, so ϵk ≈ tk2. If the integral in Equation (31) is split into low-energy
contributions Flow near k = 0 (within a cutoff |k| < Λ) and the remainder CUV (higher-
momentum (“ultraviolet”, UV) part inside the Brillouin zone), the low-energy integral
takes the following form:

δu =
∫ Λ

0

dk
π

[
sinh(βEk)

Ek
[

cosh(βEk)− cos ϕ
] − 1

tk2

]
︸ ︷︷ ︸

Flow(Φ, T, ϕ; Λ)

+ CUV(Λ). (34)

The critical coupling is defined as follows:

1
Uc

=
∫ Λ

0

dk
π

1
tk2 . (35)

Since CUV(Λ) comes from the rest of the Brillouin zone, it is independent of Φ and the
temperature T in the low-energy limit (Λ ≪ 1, low T and Φ). Essentially, CUV encodes the
contribution of high-energy modes within the lattice band where the phase dependence
and the structure of thermal windows are governed almost entirely by the low-energy part
Flow. Therefore, it may be absorbed into a redefinition of the parameter δu.

4.2. Bosonic Thermal Kernel

The bosonic thermal kernel is defined as follows:

gB(x, ϕ) ≡ sinh x
cosh x − cos ϕ

, x = βEk. (36)
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Using the key identity

gB(x, ϕ)− 1 =
cos ϕ − e−x

cosh x − cos ϕ
, (37)

it is straightforward to find that

gB(x, ϕ) ⋛ 1 ⇐⇒ e−x ⋚ cos ϕ. (38)

Since e−x ≤ 1 for x ≥ 0, this inequality has a remarkable structure:

• if cos ϕ = 1 (ϕ = 0, 2π), then gB(x, ϕ) > 1 for all x > 0;
• if cos ϕ < 1, there exists a threshold x∗ = − ln(cos ϕ) where gB = 1.

At the specific angle ϕ = π/3 (and, similarly, at 5π/3), where cos ϕ = 1/2, the
kernel becomes

gB(x, π/3) =
sinh x

cosh x − 1
2

, (39)

and satisfies

gB(x, π/3)− 1 =
1
2 − e−x

cosh x − 1
2

. (40)

This expression changes sign at x∗ = ln 2, exactly as in the fermionic case. Conse-
quently, the integrand of the bosonic gap equation exhibits a nontrivial structure: low-
energy modes (x < ln 2) contribute with gB < 1, while high-energy modes (x > ln 2)
contribute with gB > 1. At the critical point δu = 0, these contributions balance exactly
after inclusion of the high-energy term CUV. Therefore, the angles ϕ = π/3 and 5π/3
mark the points where the bosonic thermal kernel produces a sign-changing contribution
across energy scales. This leads to a particularly sensitive balance in the gap equation
at the critical coupling, corresponding to the fermionization-like crossover region where
bosons are under an effective exclusion principle at the level of thermodynamics, in order
to minimize free energy via entropy gain and interaction avoidance:

ϕ ∈
[

π

3
,

5π

3

]
. (41)

Notably, ln 2 appears as an entropy value of this order in Ref. [27], which is a similar
result. In the low-energy limit, the thermal kernel can be approximated as

g(ϵ, ϕ) ≈ βϵ

(1 − cos ϕ) + (βϵ)2

2

, (42)

so that, at small enough ϵ and ϕ ̸= 0,

g(ϵ, ϕ)− 1 ≈ −1 → g(ϵ, ϕ) ≈ 0. (43)

This vanishing of the thermal kernel in the deep infrared limit (ϵ → 0) represents a
central physical mechanism of this framework. While conventional bosons exhibit an in-
frared divergence at the band bottom leading to Bose–Einstein condensation, the imaginary
chemical potential acts as a geometric phase-driven regulator that completely flattens the
low-energy modes. This exhaustive spectral suppression forces a redistribution of particle
occupation toward higher energy scales, establishing an emergent, effective, exclusion-like
behavior at the thermodynamic level without requiring hard-core configurations. At the
exact boundaries of this window, ϕ = π/3 and 5π/3, the sign-changing threshold locks
precisely into
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x∗ = ln 2, (44)

reflecting the foundational entropy scale of a shared two-state particle–hole configuration.
At these specific angles, the geometric phase pressure balancing the bosonic condensation
tendency reaches its maximum susceptibility.

Bosonic Regimes

For the repulsive Bose–Hubbard model at imaginary chemical potential, the regimes
are controlled by the parameter δu = 1/U − 1/Uc.

For δu < 0 (strong repulsion), it is straightforward to see that bosons exhibit a clear
Fermi tendency: the system actively suppresses low-energy states, pushing spectral weight
toward higher energies. This is not a true transition to fermionic statistics, but rather an
interaction-driven flattening of the occupation profile.

On the other hand, for δu > 0 (weak repulsion), the system remains in a Bose-like
regime, where occupation of low-energy states is enhanced and the phase twist induces
only mild distortions of the distribution.

At the critical point δu = 0, the system undergoes a crossover between these different
regimes. The effect is strongest at the particular angles ϕ = π/3, 5π/3, where the thermal
kernel defines the effective fermionization window.

However, it is essential to distinguish this large-N formulation, based on a particle
channel decoupling, from the classic Mott-insulator-to-superfluid transition, which is
associated with the condensation of the single-particle field ⟨b⟩, where the angular brackets
define thermodynamic averaging. Instead, the present approach focuses on a distinct
crossover driven by repulsive interactions and imaginary chemical potential, leading to an
effective fermionization of bosonic excitations.

In this sense, the regimes identified here must be interpreted as “Bose-like” and
exclusion-dominated regimes rather than true superfluid or Mott insulating phases.
The strong repulsion regime (δu < 0) shares qualitative features with Mott physics, such
as suppression of low-energy occupation, but does not exhibit a true gap associated with
integer filling.

At the symmetric point ϕ = π, the kernel reduces to the following expression:

1
cosh(βE) + 1

, (45)

which coincides with the fermionic thermal kernel. This establishes a precise thermo-
dynamic correspondence, although the microscopic degrees of freedom remain bosonic.
Unlike the BCS–BEC crossover, where composite fermions create bound pairs that behave
as bosons, the present mechanism does not rely on pairing. Instead, the imaginary chemical
potential modifies the thermal kernel, leading to fermion-like occupation constraints for
elementary bosons without changing their underlying statistics.

On the other hand, as mentioned in Section 4.1 above, if CUV is interpreted as a
renormalization shift of the interaction parameter, one may write

δeff
u = δu − CUV = Flow(Φ, T, ϕ), (46)

where Flow encodes the low-energy contribution weighted by the thermal kernel g(ϵ, ϕ):

• δu − CUV > 0. This requires Flow > 0, which occurs when low-energy modes are
effectively enhanced. This corresponds to g(ϵ, ϕ) > 1 in the infrared, leading to
bosonic behavior.
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• δu − CUV < 0. This requires Flow < 0, which arises when low-energy modes are
suppressed relative to higher-energy contributions. This corresponds to g(ϵ, ϕ) < 1 in
the infrared, inducing an effective exclusion principle that leads to emergent fermion-
ization, as illustrated in Figure 1.

Importantly, the mimicking of a fermionic regime does not occur just because g < 1,
but because g(ϵ, ϕ) creates a competition between low energy suppression and high energy
enhancement. This competition is realized inside the thermal window ϕ ∈ [π/3, 5π/3],
where the kernel changes its relative weighting across energy scales. Outside that window,
g(ϵ, ϕ) > 1 for all energies, and the system reduces to a conventional bosonic regime
without fermionization effects. The phase structure of the model is depicted in Figure 1.
Notably, lowering T/t signifies that thermal fluctuations are reduced. Inside the thermal
window ϕ ∈ [π/3, 5π/3], the low-energy modes dominate the gap equation. These low-
energy modes push δu to be negative, favoring U > Uc (strong repulsion), which is the
fermionization-like regime. In contrast, at higher temperatures, thermal excitations push δu

to be positive, favoring Bose-like behavior.
Remarkably, the configuration e−x = 1/2 plays a role similar to the appearance of ln 2

in the CPN−1 model at imaginary chemical potential, as shown in Refs. [9,10]. In this case,
while in the continuous model, this configuration appears as the free energy density, but,
in the formulation here, it emerges through the structure of the thermal kernel.

Figure 1. Bose–Fermi crossover for F + CUV for the Bose–Hubbard model at imaginary chemical
potential and δu = 0. Lower T/t signifies that entropy term −TS becomes less negative and so U
term dominates. Then, the system spreads out to avoid repulsion producing a more fermion-like oc-
cupation. The blue region indicates the regime dominated by low-energy mode suppression (gB < 1),
green corresponds to conventional bosonic enhancement (gB > 1), and red dots at βθ = π/3, 5π/3
mark where Φ = 0 and Nb is maximized. The parameters used are t = 1, Λ = 0.5, CUV = +5.2.
The magnitude and sign of the “ultraviolet” constant CUV are determined by the high-energy be-
havior of the dispersion relation. For fermions, the low-energy dispersion is linear, ϵk ∼ k, leading
to a logarithmic divergence in the integral

∫
dk/k. For bosons, the dispersion is quadratic, ϵk ∼ k2,

which produces a much stronger linear divergence
∫

dk/k2. As a result, the raw integral inside the
fermionization window is highly negative. To overcome this large negative contribution and reveal a
well-balanced and visible blue (gB < 1) Fermi-like region compared to the green area, a representative
choice CUV = +5.2 is used, in order to achieve a negative (enhanced fermionization regime) δeff

u . If a
smaller CUV is chosen, then the green (Bose-like) area dominates. See text for details.
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4.3. Extrema of Nb(ϕ) at ϕ = π/3, 5π/3

The extrema and curvature of the boson number Nb(ϕ) are analyzed for the repulsive
Bose–Hubbard model at imaginary chemical potential. Using the Bose distribution identity

fB(E − iϕ)− fB(E + iϕ) =
sin ϕ

cosh(βE)− cos ϕ
, (47)

the boson number at Φ = 0 reads

Nb(ϕ, T) =
∫ 2t

−2t
dϵ ρ(ϵ)

sin ϕ

cosh(β|ϵ|)− cos ϕ
. (48)

Assuming band symmetry
ρ(ϵ) = ρ(−ϵ), (49)

the integrand is an even function of ϵ. If the functions

IB(ϕ) =
∫ 2t

−2t
dϵ ρ(ϵ)

1
cosh(β|ϵ|)− cos ϕ

, (50)

and

JB(ϕ) =
∫ 2t

−2t
dϵ ρ(ϵ)

1(
cosh(β|ϵ|)− cos ϕ

)2 (51)

are defined, then the first derivative is

dNb
dϕ

= cos ϕ IB(ϕ)− sin2 ϕ JB(ϕ). (52)

Stationary points are determined by

cos ϕ IB(ϕ)− sin2 ϕ JB(ϕ) = 0. (53)

At the particular angles ϕ = π/3 and 5π/3 , the parameters evaluate to cos ϕ = 1/2
and sin2 ϕ = 3/4, so Equation (53) yields

1
2

IB−
3
4

JB = 0 =⇒ JB =
2
3

IB. (54)

Differentiating Equation (52) gives

d2Nb
dϕ2 = − sin ϕ IB − 3 sin ϕ cos ϕ JB − sin2 ϕ J′B, (55)

by using the identity
I′B(ϕ) = − sin ϕ JB(ϕ). (56)

Using sin ϕ =
√

3/2 and cos ϕ = 1/2 , Equation (55) gives

d2Nb
dϕ2

∣∣∣∣
ϕ=π/3

= −
√

3
2

IB − 3
√

3
4

JB − 3
4

J′B. (57)

From Equation (54), one obtains

d2Nb
dϕ2

∣∣∣∣
ϕ=π/3

= −
√

3 IB − 3
4

J′B. (58)
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The derivative J′B(ϕ) is given by

J′B(ϕ) = −2 sin ϕ
∫ 2t

−2t
dϵ ρ(ϵ)

1(
cosh(β|ϵ|)− cos ϕ

)3 . (59)

At ϕ = π/3, sin ϕ > 0 and then the integrand is positive, so

J′B(π/3) < 0 (60)

and, as soon as IB > 0, the curvature is determined by a competition between the regular
contribution IB and the more infrared-sensitive term J′B.

At ϕ = 5π/3, one takes sin ϕ = −
√

3/2 and cos ϕ = 1/2, leading to

d2Nb
dϕ2

∣∣∣∣
ϕ=5π/3

=
√

3 IB − 3
4

J′B. (61)

In this case, as soon as sin ϕ < 0, one finds

J′B(5π/3) > 0 (62)

and, since IB > 0, the curvature is determined again by the same competition between IB

and J′B. Consequently, unlike the fermionic case, where extrema arise symmetrically from
the phase structure, the bosonic extrema exhibit an intrinsic dynamical competition origi-
nating from the sign structure of the thermal kernel. This reflects the point that fermionic
exclusion is fundamental, whereas, in the bosonic model, the phase dependence modifies
the thermal weighting of low-energy states. This is due to the infrared enhancement of
the bosonic kernel, which makes the curvature sensitive to low-energy modes. As a result,
the angles ϕ = π/3, 5π/3 do not correspond to fixed maxima or minima, but rather to
points of maximal susceptibility where the system dynamically selects between a particle-
like d2Nb/dϕ2 < 0, “in the sense of a net particle excess” (local maximum ), and a hole-like
d2Nb/dϕ2 > 0, “in the sense of a net particle deficit” (local minimum) behavior.

5. Notes on Attractive Fermi–Hubbard Model at Large-N Formulation
Throughout this section, it is essential to recall the physics of the main results from

the attractive Fermi–Hubbard model [28] with an imaginary chemical potential µ = iθ,
which acts as a phase twist in imaginary time and modifies the Matsubara frequencies as
iωn → iωn + iθ.

The inverse fermionic Green’s function in Nambu space takes the following form:

G−1(iωn, k) =

(
(iωn + iθ)− ϵk ∆

∆∗ (iωn + iθ) + ϵk

)
(63)

(with ∆ the order parameter), abberviations etc. in each of the main parts of te hpaper.
Please consider. which preserves particle–hole symmetry. The quasiparticle spectrum is
determined by

Ek =
√

ϵ2
k + |∆|2, (64)

and the determinant of the Green’s function is

detG−1 = (iωn + iθ)2 − E2
k. (65)
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The thermodynamic potential is given by

Ω =
|∆|2
2U

−
∫ dk

2π
Ek −

1
β

∫ dk
2π

ln
[
1 + 2e−βEk cos ϕ + e−2βEk

]
, (66)

with ϕ = βθ. The gap equation then becomes

1
U

=
∫ dk

2π

1
Ek

[1 − f (Ek + iθ)− f (Ek − iθ)], (67)

where f (x) = 1/(eβx + 1) is the Fermi–Dirac distribution. The fermion number
equation reads

N f =
∫ dk

2π
[ f (Ek − iθ)− f (Ek + iθ)], (68)

which measures the imbalance between particle-like and hole-like excitations induced
by the imaginary chemical potential. The thermodynamics is governed by the fermionic
thermal kernel

gF(x, ϕ) =
sinh x

cosh x + cos ϕ
, x = βEk. (69)

The kernel (69) satisfies

gF(x, ϕ)− 1 =
cos ϕ − e−x

cosh x + cos ϕ
, (70)

which determines the sign structure of contributions to the gap equation. The specific
angles ϕ = 2π/3 and ϕ = 4π/3 (where cos ϕ = −1/2) define a universal thermal window
ϕ ∈ [π/3, 5π/3] where the kernel changes sign at x∗ = ln 2.

Inside this thermal window, spectral weight is redistributed between low-energy and
high-energy modes, leading to enhanced pairing correlations and driving the BCS–BEC
crossover. The crossover is controlled by the parameter

δu =
1
U

− 1
Uc

, (71)

where δu < 0 corresponds to the BEC regime (strong attraction) and δu > 0 to the BCS
regime (weak attraction). The imaginary chemical potential acts as a statistical regulator,
continuously tuning the system between different pairing regimes by modifying the entropy
contribution to the free energy. At the critical point δu = 0, the system exhibits universal
behavior characterized by a thermal window which plays a central role in determining the
phase structure.

6. Mapping Between Attractive Fermi and Repulsive Bose–Hubbard
Models at Imaginary Chemical Potential
6.1. Formal Mapping via Matsubara Frequencies

The partition function for fermions with imaginary chemical potential iθ is given by

ZF(θ) = ∏
k,n

[
(iωF

n + iθ)2 − E2
k

]
, ωF

n =
(2n + 1)π

β
. (72)

For bosons, the Matsubara frequencies are ωB
n = 2nπ/β. Using the relation

ωB
n = ωF

n + π/β, one obtains

iωB
n + iθ = iωF

n + i(θ + π). (73)
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Consequently,
ZB(θ) · ZF(θ + π) = 1 (74)

since, at the level of the unconstrained functional integrals, bosonic Gaussian integration
fields yield inverse determinants while fermionic fields yield determinants. Thus, within the
large-N saddle point framework, the thermodynamic behavior and the single-particle
thermal kernels of the repulsive Bose–Hubbard model at imaginary chemical potential θ are
mapped via a formal analytic continuation to the attractive Fermi–Hubbard model at θ + π.
Within the fermionization-like window, the free energy F = U − TS, where S is the entropy,
is minimized by interaction avoidance since the phase twist increases effective density
pressure. Then, bosons are rearranged into higher energy levels, mimicking Pauli exclusion
to avoid the repulsive interaction cost U. Also, entropic gain causes the fermionized
distribution to occupy a larger spectral range than a standard Bose–Einstein condensate,
lowering F.

6.2. Mapping Between Fermionic and Bosonic Thermal Kernels

The fermionic thermal kernel derived from the attractive Hubbard model is

gF(x, ϕ) =
sinh x

cosh x + cos ϕ
, x = βEk, ϕ = βθ. (75)

For the repulsive Bose–Hubbard model, the corresponding bosonic thermal kernel is

gB(x, ϕ) =
sinh x

cosh x − cos ϕ
. (76)

The two kernels are related by a plain shift of the imaginary chemical potential:

gB(x, ϕ) = gF(x, ϕ + π). (77)

Indeed, using cos(ϕ + π) = − cos ϕ, one obtains

gF(x, ϕ + π) =
sinh x

cosh x + cos(ϕ + π)
=

sinh x
cosh x − cos ϕ

= gB(x, ϕ). (78)

This mapping reflects the underlying thermodynamic duality between the attractive
Fermi and repulsive Bose–Hubbard models at imaginary chemical potential and at the
level of the single-particle thermal kernels, with the shift ϕ → ϕ + π exchanging the roles
of the two statistics in the saddle point free energy.

7. Universal Statistical Transmutation Framework at Imaginary
Chemical Potential

A generic interacting lattice system is considered at finite temperature with an imagi-
nary chemical potential µ = iθ. The grand-canonical partition function can be written in
the following form:

Z(ϕ) = ∏
k,n

[
(iωn + iθ)2 − E2

k

]σ
, (79)

where σ = +1 for fermions and σ = −1 for bosons. Taking the logarithm and performing
the Matsubara sum yields the universal free energy density

Ωσ(ϕ) =
σγ2

σ

2U
−
∫ ddk

(2π)d

[
σEk +

σ

β
ln
(

1 + σ 2e−βEk cos ϕ + e−2βEk
)]

. (80)
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where γ+1 ≡ ∆ and γ−1 ≡ Φ, and this expression unifies fermionic and bosonic statistics
through the parameter σ. Differentiating the free energy with respect to E yields the
universal occupation kernel

gσ(x, ϕ) =
sinh x

cosh x + σ cos ϕ
, x = βE. (81)

The kernel (81) governs all thermodynamic observables for:

• fermions (σ = +1),

gF(x, ϕ) =
sinh x

cosh x + cos ϕ
; (82)

• bosons (σ = −1),

gB(x, ϕ) =
sinh x

cosh x − cos ϕ
. (83)

Therefore, the free energy densities obey

ΩB(ϕ) = −ΩF(ϕ + π). (84)

This establishes a precise duality:

Bosonic thermal kernel at phase ϕ is equivalent to fermionic thermal kernel at phase ϕ + π.

The kernel (81) satisfies the following:

gσ(x, ϕ)− 1 =
cos ϕ − e−x

cosh x + σ cos ϕ
. (85)

The sign change occurs at
e−x∗ = cos ϕ. (86)

Thus for:

• fermions (σ = +1), critical angle ϕ = 2π/3;
• bosons (σ = −1), critical angle ϕ = π/3.

This reveals a universal Z3 structure:

ϕ
(B)
c = ϕ

(F)
c + π. (87)

The order parameter ∆ (fermions) or Φ (bosons) satisfies the unified equation:

1
U

− 1
Uc

=
∫

dϵ ρ(ϵ)

[
gσ(βE, ϕ)

E
− 1

ϵ

]
. (88)

The single Equation (88) describes the BCS–BEC crossover for fermions, the fermionization-
like crossover for bosons, and dimensional effects via ρ(ϵ). It is noteworthy that, after this
map between the two theories, it can be stated that the imaginary chemical potential
shifts Matsubara frequencies, modifies occupation statistics, and creates effective exclusion.
The free energy then becomes

F = U − TS(ϕ), (89)

where ϕ controls the entropy functional.
On the other hand, if one aims to find the critical thermal window at unitarity then

using the Landau theory of phase transitions by expanding the thermal potential near a
critical point, the phase boundary is determined by
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a2(T, ϕ) = 0 (90)

with

a2 = δu −
∫

dϵ ρ(ϵ)
gσ(βϵ, ϕ)− 1

ϵ
, (91)

resulting from the analytical calculation in Appendix A. In Table 1, the mapping picture
where the BCS–BEC crossover and bosonic phase-induced fermion-like behavior arise from
the same underlying mechanism is shown.

Table 1. Mapping between attractive fermions and repulsive bosons at imaginary chemical potential.
See text for details.

Feature Fermions (Attractive) Bosons (Repulsive)

Interaction −|U| (attractive) +U (repulsive)
Thermal window 2π/3 < ϕ < 4π/3 π/3 < ϕ < 5π/3
Inside behavior BCS/BEC possible Fermi-like behavior possible

Low temperature (T/t < 1)

Inside thermal window BEC-like (more pairing) Fermi-like (more spreading)
Outside thermal window Normal fermions Pure bosons

High temperature (T/t > 1)

Inside thermal window Pairing fluctuations suppressed Bose-like (less spreading)
Outside thermal window Normal fermions Standard Bose-enhanced regime

Coupling strength (δu = 1/U − 1/Uc)

δu < 0 (U > Uc) More pairing (BEC) More spreading (Fermi-like)
δu > 0 (U < Uc) Less pairing (BCS) Less spreading (Bose-like)
δu = 0 Unitarity (critical) Fermi-like behavior point (critical)

8. Discussion
A formal thermodynamic mapping has been established between the attractive

Fermi–Hubbard model and the repulsive Bose–Hubbard model at the level of ther-
mal kernels at finite temperature in the presence of an imaginary chemical poten-
tial µ = iθ. Using the relation ωB

n = ωF
n + π/β between bosonic and fermionic

Matsubara frequencies, one can find ZB(θ) · ZF(θ + π) = 1, which maps the repulsive
Bose–Hubbard model onto the attractive Fermi–Hubbard model shifted by π. Con-
sequently, the thermal kernels satisfy gB(x, ϕ) = gF(x, ϕ + π) with ϕ = βθ, and the
unified kernel gσ(x, ϕ) = sinh x/(cosh x + σ cos ϕ) (with σ = +1 for fermions and σ = −1
for bosons) governs both models. The condition gσ(x, ϕ) = 1 yields x∗ = ln 2 when
cos ϕ = −σ/2, which interestingly defines the universal thermal window boundaries:
ϕ = 2π/3, 4π/3 for fermions and ϕ = π/3, 5π/3 for bosons. Inside these windows,
spectral weight is redistributed between lower- and higher-energy modes.

For fermions inside the thermal window, δu = 1/U − 1/Uc < 0 (strong attraction)
favors BEC-like pairing, while δu > 0 (weak attraction) favors BCS-like behavior. For bosons
inside the thermodynamic fermionization crossover window, δu < 0 (strong repulsion)
favors Fermi-like spreading while δu > 0 (weak repulsion) favors Bose-like behavior.
In both cases, lowering T/t enhances the specific behavior inside the window, as the
entropy term −TS becomes less dominant and the interaction energy governs the free
energy F = U − TS. The imaginary chemical potential thus acts as a temporal gauge
field that continuously interpolates between Bose and Fermi statistics, with dimensionality
entering only through the density of states ρ(ϵ).
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The results obtained here provides a novel view into the physics of emergent fermion-
ization and Bose–Fermi mapping at finite temperature since this mapping unifies BCS-BEC
crossover in fermions and Fermi-statistical emulation in bosons within a single framework.
In contrast to the fermionic case, where the extrema of the fermion number N f (ϕ) are
rigidly fixed by particle–hole symmetry, the extrema of the boson number Nb(ϕ) lack such
universal symmetry constraints. Consequently, the bosonic curvature exhibits a dynamic
selection of particle- or hole-like behavior at the thermal window boundaries, where the
system characteristically locks into fixed maxima or minima, respectively.

Although boson–fermion mappings at imaginary chemical potential have been ex-
plored in field-theoretic contexts [9,10], the interplay between imaginary chemical potential
and fermionization in lattice bosonic and fermionic systems remains largely unexplored.
The present findings imply that they may be extended in several new directions and present
remarkable progress in the understanding of duality identities, like an overall Fermi–Boson–
Hubbard model coupled to a gauge field, and it will be of high interest to examine the
theory developed here with experimental results arising from the appearance of synthetic
gauge fields or Floquet engineering techniques [29]. This may be an opened capability
to ultracold atoms like those considered in Ref. [30], where the anyon statistical angle
is the closest experimental analog to ϕ from imaginary chemical potential here. Also, a
Bose–Fermi–Hubbard map for general d dimensions believed to be an attarctive concept,
along with the Fermi-like windows, as a generalization to the one-dimensional results or to
examine if the edges of thermal windows are at different angles determined by the zeros or
extrema of Clausen functions. Finally, a possible generalization of this study to disorder
Hubbard models, such as that in Ref. [31], is believed to give quite interesting results.
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The following abbreviations are used in this manuscript:

BCS Bardeen–Cooper–Schrieffer
BEC Bose–Einstein condenstation
BZ Brillouin zone
CPN−1 model of N complex scalar fields in a 1+1 dimensional complex projective space
TG Tonks–Girardeau
UV ultraviolet

Appendix A. The a2 = 0 Critical Point for General Statistics
To determine the critical thermal window at unitarity, one can employ the Landau

theory of phase transitions by expanding the thermal potential near a critical point in
the following form:

Ω(γ) = Ω(0) + a2γ2 + a4γ4 + a6γ6 + · · · , (A1)

where a2 = 0 defines the critical point where the curvature of the thermodynamic potential
changes sign and γ is the fermionic/bosonic order parameter (∆ or Φ).
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The derivation starts from the unified thermodynamic potential for a generic interact-
ing lattice system with imaginary chemical potential:

Ω(γ) =
σγ2

2U
−
[ ∫ dk

2π
σEk +

σ

β

∫ dk
2π

ln
[
1 + σ 2e−βEk cos ϕ + e−2βEk

]]
, (A2)

where Ek =
√

ϵ2
k + ∆2, ϕ = βθ, and σ = +1 for fermions and σ = −1 for bosons.

The first derivative with respect to γ is given by

∂Ω
∂γ

=
σγ

U
−
∫ dk

2π

σγ

Ek
− σ

β

∫ dk
2π

1
Xσ

∂Xσ

∂γ
, (A3)

with Xσ = 1 + σ 2e−βEk cos ϕ + e−2βEk .
The derivative evaluates to

∂Xσ

∂γ
= −2β

γ

Ek
e−βEk σ cos ϕ − 2β

γ

Ek
e−2βEk = −2β

γ

Ek
e−βEk

(
σ cos ϕ + e−βEk

)
. (A4)

Substituting Equation (A4) back into Equation(A3) yields

∂Ω
∂γ

=
σγ

U
−
∫ dk

2π

σγ

Ek
+ σ

∫ dk
2π

γ

Ek

e−βEk
(
σ cos ϕ + e−βEk

)
Xσ

. (A5)

Using the identity

Xσ = 1 + σ 2e−βEk cos ϕ + e−2βEk = 2e−βEk
(
cosh(βEk) + σ cos ϕ

)
, (A6)

one obtains
e−βEk

(
σ cos ϕ + e−βEk

)
Xσ

=
σ cos ϕ + e−βEk

2
(
cosh(βEk) + σ cos ϕ

) . (A7)

Thus, the first derivative (A5) takes the following form:

∂Ω
∂γ

=
σγ

U
−
∫ dk

2π

σγ

Ek
+ σ

∫ dk
2π

γ

Ek

σ cos ϕ + e−βEk

cosh(βEk) + σ cos ϕ
. (A8)

The second derivative is

∂2Ω
∂γ2 =

σ

U
−
∫ dk

2π

σ

Ek
+ σ

∫ dk
2π

1
Ek

σ cos ϕ + e−βEk

cosh(βEk) + σ cos ϕ
+ γ

∂

∂γ

[
· · ·
]
, (A9)

where the term proportional to γ vanishes as γ → 0. Hence, the Landau coefficient
a2(T, ϕ) = ∂2Ω/∂γ2|γ→0 is

a2(T, ϕ) =
σ

U
−
∫ dk

2π

σ

Ek
+ σ

∫ dk
2π

1
Ek

σ cos ϕ + e−x

cosh x + σ cos ϕ
, (A10)

where x = βEk.
Since the identity

σ cos ϕ + e−x

cosh x + σ cos ϕ
= 1 − sinh x

cosh x + σ cos ϕ
(A11)
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holds, and after inserting −1/Uc and +1/Uc, this leads Equation (A10) directly to the
following expression:

a2(T, ϕ) = σδu − σ
∫

BZ

dk
2π

[
sinh(βEk)

Ek
[

cosh(βEk) + σ cos ϕ
] − 1

|ϵk|

]
, (A12)

from where, for a2 = 0, one finds the critical point where the thermal potential changes
sign, which gives

δu =
∫

dϵ ρ(ϵ)
gσ(βϵ, ϕ)− 1

ϵ
. (A13)

This unified formulation shows that the entire phase structure for both fermions and
bosons is encoded in the single kernel gσ(x, ϕ), with the statistics controlled by the sign σ,
where, at a2 = 0, one finds the critical point where the thermal potential changes its sign.
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