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Abstract

We examine energetic electron distributions in the region of the diffuse aurora using
a two-dimensional bi-Maxwellian model, applied to electron flux data at a single geo-
magnetic equator (L = 6.5). Electron flux is analyzed as a function of energy and pitch
angle and transformed into velocity space to reconstruct the distribution function. An
unweighted log-space least-squares fit of the bi-Maxwellian model to the reconstructed
distribution yields a reduced residual measure of χ2

v = 1.000053, a mean absolute residual
of |∆ log10 f | = 0.0469 dex, an anisotropy factor, AT = 0.9886 ± 0.0016, and no statistically
significant bulk drift. These results show that, at this location, the bi-Maxwellian model
reproduces the observed velocity-space structure with good quantitative accuracy and
reveals a quasi-isotropic, near-equilibrium electron population.

Keywords: Bi-Maxwellian distribution; electron velocity distribution function; anisotropy;
least-squares fitting; diffuse aurora

1. Introduction
The diffuse aurora is primarily produced by the Earth’s plasmasheet electrons with en-

ergies in the range of ∼0.1–30 keV, scattered into the atmospheric loss cone by wave–particle
interactions [1]. The energetic electrons responsible for diffuse aurora are typically observed
as sustained, broadband enhancements in flux when measured by a spacecraft transiting
the Earth’s plasmasheet region, rather than as short-lived spike-like events.

Electron populations associated with a diffuse aurora often deviate from a single
Maxwellian distribution. Such deviations may include temperature anisotropy, which
can be represented by a bi-Maxwellian distribution, and suprathermal high-energy tails
commonly represented by Kappa or bi-Kappa distributions [2]. These features arise from
magnetically trapped plasmasheet electrons and wave–particle interactions [3,4].

Traditionally, Kappa distributions [4–6] have been widely used for characterizing
the energy spectra of precipitating electrons in the region of diffuse aurora, due to their
ability to capture the power-law tails associated with particle acceleration. In contrast,
a bi-Maxwellian model [7] is useful for quantifying the parallel and perpendicular thermal
speeds and the associated temperature anisotropy (AT). Therefore, rather than claim-
ing that the bi-Maxwellian universally replaces Kappa-type models, this work evaluates
whether a bi-Maxwellian provides a quantitatively adequate representation of the recon-
structed velocity distribution under the specific conditions.

This study provides a quantitative application of a two-dimensional bi-Maxwellian
fitting procedure to electron data [4] associated with the diffuse aurora at L = 6.5.
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The energy–pitch-angle flux data are transformed into velocity space, fitted with a bi-
Maxwellian model, and evaluated using residual statistics and goodness-of-fit measures.
Moreover, the novelty of the present work lies not in introducing a new distribution func-
tion but in reconstructing diffuse aurora electron velocity distributions from energy–pitch-
angle-dependent flux data and quantitatively evaluating the ability of a bi-Maxwellian
representation to reproduce the observed velocity-space structure.

2. Data Source and Data Modeling
At the geomagnetic equator (L = 6.5) and for a minimum energy of Emin = 100 eV [4],

the electron particle flux values are considered as functions of energy and pitch angle.
The input dataset used in this analysis contains one energy column and 14 pitch-angle
columns. The energy grid spans from 100 eV to 10 keV, and the pitch-angle (θ) grid is
between 0 and 90 degrees. Non-positive and non-finite electron flux values were removed
before transformation to velocity space.

The formulation follows the standard kinetic relationship between the phase space
distribution function and the differential particle flux [8]:

Φ(E, θ) =
2E
m2 f (E, θ) (1)

where Φ(E, θ) is the differential electron flux in cm2s−1sr−1eV−1, E = 1
2 mv2 is the particle

kinetic energy in eV, f (E, θ) is the electron distribution function, m is the electron mass
(me = 9.1094 × 10−28 g), and θ is the pitch angle (in degrees).

The electron particle flux profile illustrated in Figure 1 is presented as a function of
energy and pitch angle. The energy–pitch angle dependence of the electron flux shows a
peak at intermediate energies and enhanced flux near 90◦ pitch angles, consistent with a
trapped particle population [4]. In Figure 2, the electron particle flux as a function of energy
is presented. It is seen from Figure 2a that the electron flux increases with energy to a peak
around ∼500–1000 eV and then decreases, with higher pitch angles exhibiting larger flux
values but a similar overall spectral shape. The pitch-angle-averaged electron flux spectrum
in Figure 2b shows an increase with energy up to a peak near ∼ 102–103 eV, followed by a
rapid decline at higher energies, indicating a typical energetic electron population.

Electron Particle Flux as A Function of Energy and Pitch Angle
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Figure 1. Electron particle flux as a function of energy and pitch angle. The plotted values are shown
on a log10 flux scale, with the color bar representing log10 flux in cm2 s−1 eV−1 sr−1.
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(a) (b)

Figure 2. Electron particle flux as a function of energy: (a) flux spectra for the selected pitch angles
and (b) pitch-angle-averaged flux spectrum.

3. Distribution Function and Bi-Maxwellian Model
The electron distribution function in Equation (1) can be expressed in velocity space

as a function of the parallel and perpendicular velocity components, such that

f (E, θ) → f (v∥, v⊥). (2)

Similarly, the differential particle flux can be expressed as a function of the parallel and
perpendicular velocity components,

Φ(E, θ) → Φ(v∥, v⊥). (3)

Using the kinetic energy relation E = 1
2 mv2, Equation (1) can be transformed into velocity-

space coordinates as

Φ(v∥, v⊥) =
v2

m
f (v∥, v⊥). (4)

Applying the natural logarithm to both sides of Equation (4) yields

ln Φ(v∥, v⊥) = ln
(︃

v2

m

)︃
+ ln f (v∥, v⊥) (5)

where the energy E = m
2 (v

2
∥ + v2

⊥), the velocity v =
√︂

v2
⊥ + v2

∥, and v∥ = v ∗ cos(θ)

and v⊥ = v ∗ sin(θ) are the velocity components parallel and perpendicular to the mag-
netic field.

The electron velocity distribution function (VDF) in the Earth’s plasmasheet region
often deviates from Maxwellian equilibrium due to the presence of energetic, anisotropic,
and magnetically trapped electron populations [4]. Under such conditions, the distribution
function f (v∥, v⊥) can be well represented by a two-dimensional bi-Maxwellian velocity
distribution model, written as

f (v∥, v⊥) =
n

π3/2α2
⊥α∥

exp

(︄
−
(v∥ − U∥)

2

α2
∥

−
v2
⊥

α2
⊥

)︄
. (6)

Here, n denotes the fitted normalization parameter of the bi-Maxwellian model (its
physical interpretation is discussed below), v = (v∥, v⊥) is the particle velocity, U = (U∥, U⊥)

is the bulk speed of the plasma, and α∥, α⊥ are the parallel and perpendicular thermal
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speeds relative to the mean (background) magnetic field defined as α∥ =
(︂ 2KBT∥

m

)︂1/2
,

α⊥ =
(︂

2KBT⊥
m

)︂1/2
; KB is the Boltzmann constant (in cgs-units), m is the mass of the particle,

and (T∥, T⊥) are the parallel and perpendicular temperatures, respectively. Because the
adopted model has cylindrical symmetry about the magnetic field, U⊥ is assumed to be
zero (that is, only U∥ is fitted). The subscripts ∥ and ⊥ refer to parallel and perpendicular
directions relative to the mean magnetic field (i.e., b = B/|B|).

Although n appears in the standard bi-Maxwellian normalization, the reconstructed
distribution used here does not provide an independently validated absolute phase-space-
density normalization. Accordingly, the fitted n is treated only as a model normalization
parameter and is not interpreted as a physical number density.

The distribution function used for fitting was reconstructed from g = Φm/v2.
To reduce numerical artifacts produced by the v → 0 singularity, the low-velocity core
v < 5 × 107 cm s−1 was masked. The scattered velocity-space data were interpolated onto
a regular v⊥ − v∥ grid using natural-neighbor interpolation with nearest-neighbor filling
for isolated holes, followed by light Gaussian smoothing (σ = 1.2 grid cells). The outer
poor sample region was masked, and the fit was performed over 0.06Rmax < R < 0.90Rmax,
where R =

√︂
v2
∥ + v2

⊥.

The nearly circular contours in Figure 3 show a smooth and symmetric bi-Maxwellian
electron velocity distribution structure centered at zero velocity (i.e., no bulk drift). The cir-
cular contours suggest that the distribution is nearly isotropic, with similar parallel and
perpendicular temperatures. The distribution function reaches its maximum at low veloc-
ities, representing the thermal core of the electron population. This structure reflects an
idealized equilibrium distribution without noise or irregular features. The fitted parameters
are listed in Table 1.

Bi-Maxwellian Fit
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Figure 3. Bi-Maxwellian fit generated from fitted parameters. The nearly circular contours indicate
T⊥ T∥) close to unity; the fitted parameters are listed in Table 1.
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Table 1. Fitted bi-Maxwellian parameters and formal one-standard-deviation (1σ) uncertainties from
the log-space least-squares covariance matrix.

Parameter Value Uncertainty

Distribution normalization parameter n 8.6018 × 10−12 ±2.02 × 10−14

α∥ (cm s−1) 1.9069 × 109 ±1.31 × 106

α⊥ (cm s−1) 1.8961 × 109 ±1.27 × 106

T∥(eV) 1033.78 ±1.42

T⊥(eV) 1022.03 ±1.39

AT = T⊥/T∥ 0.9886 ±0.0016

The quoted uncertainties represent formal one-standard-deviation (1σ) errors obtained
from the covariance matrix of the log-space least-squares fit. These uncertainties account
only for statistical errors in the parameter estimation and do not include systematic un-
certainties arising from the flux-to-VDF transformation, interpolation procedure, or the
bi-Maxwellian model itself.

The near-circular contours in Figure 4a represent the electron velocity distribution
function (VDF) reconstructed from the measured flux data and mapped onto a regular
v∥, v⊥ grid. The distribution has a strong central peak: most electrons are concentrated
at lower velocities, while the flux decreases outward toward higher velocities. The small
irregular structures, especially near the center, may be caused by interpolation or numerical
transformation. The residual between the interpolated VDF and the fitted bi-Maxwellian
model is shown in Figure 4b. Residuals close to zero indicate good agreement between
the data and model, while positive or negative values show where the model either
underestimates or overestimates the observed distribution. The largest deviations occur
near the low-velocity core and outer edges. This implies that the bi-Maxwellian captures the
broad distribution well but does not fully reproduce small-scale numerical or data-related
features. A typical profile of the fitted bi-Maxwellian contours on the interpolated electron
VDF is shown in Figure 4c. The black contours closely follow the shape of the reconstructed
distribution, confirming that the model provides a good approximation of the overall
velocity-space structure. Minor mismatches near the core indicate small deviations from
the idealized model, but the close agreement across most of the contour supports the use of
a bi-Maxwellian representation for this electron population.

The linear-scale representation presented in Figure 5 emphasizes the core velocity
distribution and complements the logarithmic plots in Figure 4. Figure 5a shows the
normalized interpolated electron velocity distribution function by its maximum. The nor-
malized bi-Maxwellian fit contours are represented in Figure 5b. Figure 5c is the normalized
residual plot.
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Interpolated Electron VDF
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VDF with Bi-Maxwellian Contours
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Figure 4. Log-space velocity distribution comparison: (a) interpolated electron VDF, (b) residual
∆log10 f = log10( fdata) − log10( f f it), and (c) interpolated VDF with black contours of the fitted
bi-Maxwellian model overlaid.

(a) (b)

(c)

Figure 5. Linear-scale normalized comparison: (a) interpolated VDF normalized by its maximum,
(b) normalized bi-Maxwellian fit, and (c) normalized residual.
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Least-Squares Parameter Estimation

Using gi = Φim/v2
i = fi (i = 1, . . . , N), the logarithm of the bi-Maxwellian model (6)

can be written in the linear form

ln(gi) = B1 + B2v∥,i + B3v2
∥,i + B4v2

⊥,i, (7)

where the velocity-space normalization coefficient g0 = n
π3/2α2

⊥α∥
, B1 = ln g0 + B3U2

∥,

B2 = −2U∥B3, B3 = −1/α2
∥, and B4 = −1/α2

⊥. Here, N denotes the total number of
valid velocity-space grid points included in the fitting mask after preprocessing, masking,
and interpolation. The fitting problem is overdetermined because the number of valid
velocity-space data points is much larger than the four fitted coefficients.

The least-squares system is therefore written as

Ax ≈ y (8)

where y ∈ RN is the vector of observed values ln(gi) (i = 1, . . . , N), x = [B1, B2, B3, B4]
T

is the vector of unknown coefficients, and A ∈ RN×4 is the design matrix constructed from
the linear model in Equation (7). Here, N is the total number of valid data points used in
the least-squares fit after preprocessing and masking.

The system of equations can be written as

x =

⎛⎜⎜⎜⎝
B1

B2

B3

B4

⎞⎟⎟⎟⎠, y =

⎛⎜⎜⎜⎜⎜⎜⎝
ln g1

ln g2

ln g3
...

ln gN

⎞⎟⎟⎟⎟⎟⎟⎠, and A =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 v∥,1 v2
∥,1 v2

⊥,1

1 v∥,2 v2
∥,2 v2

⊥,2

1 v∥,3 v2
∥,3 v2

⊥,3
...

...
...

...
1 v∥,N v2

∥,N v2
⊥,N

⎞⎟⎟⎟⎟⎟⎟⎟⎠
. (9)

For an unweighted fit, the solution is

x = (ATA)−1ATy (10)

which is equivalent to the Moore–Penrose pseudoinverse [9] solution when A has
full column rank. If measurement uncertainties σi are available, the least-squares
solution becomes

x = (ATWA)−1ATWy, (11)

where W = diag(1/σ2
i ).

Because the original count uncertainties were not provided with the tabulated flux
data, the present fit uses an unweighted log-space least-squares formulation. The reported
reduced chi-square (χ2) will be interpreted as an unweighted log-space residual measure,
not as an absolute counting-statistics chi-square. The residual [10] is defined as

∆ log10 f = log10( fdata)− log10( ffit). (12)

The fitted thermal speeds are very close to each other, giving an anisotropy factor
AT = 0.9886 ± 0.0016. These results indicate that, for the fitted region and under the
adopted pre-processing, the distribution is nearly isotropic. Consequently, a single
Maxwellian would also be a reasonable limiting approximation for this particular case.
The bi-Maxwellian formulation is retained because it provides a direct quantitative diag-
nostic of any departure from isotropy through α∥, α⊥, and AT .
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From Table 2, the value R2 = 0.9338 shows that the bi-Maxwellian model explains
approximately 93% of the variance in log10( f ) over the fitting region. The results show
that the model captures the broad velocity-space structure, while the largest residuals
are localized near the low-velocity core and the outer boundary where interpolation and
masking effects are strongest.

Table 2. Goodness-of-fit and normalized residual statistics computed over the fitting mask.

Metric Value

Number of fitted grid points 56,944

Degrees of freedom 56,940

Unweighted reduced χ2 proxy in ln( f ) 1.000053

R2 in log10( f ) 0.9338

RMSE in log10( f ) 0.186 dex

Mean absolute error (MAE) in log10( f ) 0.0469 dex

Median absolute residual in log10( f ) 0.024 dex

95th percentile |residual| 0.0825 dex

NRMSE relative to log10( f ) range 0.0435

NRMSE relative to log10( f ) Std 0.257

In addition, the goodness-of-fit was evaluated using the root mean square error
(RMSE), mean absolute error (MAE), and normalized root mean square error (NRMSE).
The RMSE measures the typical magnitude of the fitting error, whereas the MAE represents
the average absolute deviation between the reconstructed and fitted velocity distribution
functions. The NRMSE normalizes the RMSE by the range (or standard deviation) of
the data, providing a dimensionless measure of the fit quality. For the present analysis,
the RMSE was 0.186 dex, the MAE was 0.0469 dex, and the NRMSE relative to the data range
was 0.0435 (4.35%), indicating that the bi-Maxwellian model reproduces the reconstructed
electron velocity distribution at L = 6.5 with high accuracy.

4. Conclusions
We have studied the electron distribution function at the geomagnetic equator (L = 6.5),

which is well reconstructed by a two-dimensional bi-Maxwellian model over the selected
fitting region. The analysis revealed a strong agreement between the interpolated data
and the fitted distribution across most of the velocity space. The near-unity anisotropy
reveals that the parallel and perpendicular thermal energies are very similar for this specific
dataset. These results are physically consistent with efficient scattering or other relaxation
processes that reduce temperature anisotropy; however, because no wave measurements,
diffusion coefficients, or time evolution are analyzed here, the present study does not
directly identify the responsible wave mode or prove a particular scattering mechanism.

The fitted characteristic thermal energy of approximately 1.03 keV indicates a moder-
ately energized electron population, consistent with plasmasheet electrons in the energy
range from hundreds of eV to several keV [11,12]. This energy range is relevant to diffuse
aurora precipitation [5,13] at L = 6.5 geomagnetic location.

The residual analysis shows that the bi-Maxwellian model captures the broad velocity-
space structure but does not reproduce all small-scale features. The localized residuals
near the low-velocity core are likely influenced by the transformation from energy–pitch-
angle space to velocity space, interpolation, smoothing, and the required masking near
v = 0. The model should therefore be interpreted as a compact parametric character-
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ization of the dominant distribution, not as a complete description of all fine-scale or
suprathermal structure.

The present analysis demonstrates that, for the specific Khazanov et al. [4]-associated
electron flux data at the geomagnetic equator (L = 6.5), a bi-Maxwellian fit provides a
physically interpretable and quantitatively evaluated representation of the electron VDF.
Although Kappa distributions are widely used to describe suprathermal electron popu-
lations, the present study focuses on the anisotropic thermal component. Future work
could extend this analysis across L-shells, local time sectors, and different event conditions,
and should include direct comparisons with Kappa or bi-Kappa distributions to determine
which model is statistically preferred when suprathermal tails are important.
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