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Abstract

This article analyses the transition from the space-charge-limited (SCL) regime to the
inverse sheath regime of a thermionic emissive probe, considering ionisation and collisions
as presheath mechanisms. We show that, before the fully developed inverse sheath mode
is reached, an intermediate regime appears, characterised by the formation of a virtual
cathode structure with ion confinement and probe potentials above the plasma potential.
The inverse sheath mode is reached when the minimum potential of the virtual cathode
reaches the plasma potential. At this point, a monotonic sheath potential profile above
the plasma potential is produced, together with a flat, non-accelerating presheath. The
findings of this work can help optimise the performance of emissive probes in plasma
diagnostics and control plasma–surface interactions in devices such as fusion reactors and
electric propulsion systems, thereby mitigating sputtering and material erosion.

Keywords: inverse sheath; emissive wall; thermionic emission; temperature-limited
current; space-charge-limited current; T-region; S-region; ion confinement; virtual cathode;
collisions; ionisation

1. Introduction
The study of emissive surfaces began in the 1920s with the early work of Tonks

and Langmuir [1–3], which was later continued by Hobbs and Wesson [4]. This kind of
plasma–wall interaction features many processes and applications [5], such as sheaths
and emissive probes [6–8], radiofrequency (RF) plasmas [9,10], Hall thrusters [11–13],
magnetised plasmas [14,15], electron beams [16,17], and fusion plasmas [18–23]. In recent
years, there has been special interest in the analysis of these types of interactions for highly
emissive surfaces, either by secondary electron emission (SEE) [24–34] or thermoemission,
including negative-ion emission [23,35–40].

At low emissions, when the probe or surface potential is lower than the plasma
potential, the electric potential profile is monotonic. In this case, the probe or surface is
said to operate in the temperature-limited (TL) regime or T-region of the I–V characteristic
curve [41]. For higher emissions, a critical state, called the space-charge-limited (SCL)
transition, is reached when the electric field becomes zero at the emitting surface [42]. A
further increase in emission above this critical state causes the emitting surface to operate
in the so-called SCL regime [11,14,43–46]. This regime is characterised by a double-sheath
structure with a non-monotonic electric potential profile corresponding to a potential well,
also known as a virtual cathode (VC), caused by the accumulation of negative charge in
front of the surface [47–49]. As the emission coefficient or surface temperature increases,
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this cloud of negative charge limits and eventually saturates the net current emitted by the
surface [42].

For a current-free emitting surface operating in this regime, the floating potential
reaches a saturation value close to the plasma potential [11,13,14,42–45,50,51] and can
therefore be used as an estimate of this plasma parameter. Some authors consider this
saturation value to be of the order of kBTe/e below the plasma potential [4,20,43]. However,
several publications have questioned the stability of the SCL sheath, arguing that it is not
compatible with the existence of ionisation and collisions [26,29–31,33,34,52–54]. These
processes lead to ion trapping in the virtual cathode, thereby turning the SCL sheath into
an inverse sheath (IS). Experimental results and PIC/MC-based simulations [55,56] show
different sheath structures such as SCL or IS depending on the plasma and the emissive
surface characteristics in the presence of ion–neutral collisions or even an IS sheath in the
absence of such collisions [57–59].

In contrast to the SCL sheath, the IS is characterised by a monotonic electric potential
profile, with a surface potential above the plasma potential. In this scenario, ions are
confined in the presheath, which in turn becomes a flat-potential, non-accelerating region
with no electric field. In addition, this IS regime could explain why the floating potential
grows above the plasma potential when the emission is sufficiently high [55].

More recently, several authors [31,32,60] have studied the effects of inverse sheaths on
strong thermionic electron emission from material surfaces exposed to high-temperature
plasmas, such as tokamak divertors, and their potential to mitigate the erosion of divertor
targets by suppressing the ion flux towards the wall. Although kinetic simulations [31]
indicate a possible improvement in divertor plasma detachment, simulations based on the
UEDGE code suggest only moderate improvements [32,60].

In this paper, we show that the SCL regime is compatible with the formation of an
inverse sheath for a strongly emissive surface and how the transition between these two
regimes occurs by the use of a fluid model [41,42]. It should be emphasised that this
model is formulated for an emitting surface held at an arbitrary potential with respect to
the plasma, whether imposed by an external bias supply or established self-consistently,
and is therefore not restricted to a floating surface. The model yields the complete current–
voltage (I–V) characteristic of the emissive probe, and the floating (current-free) case
is recovered as the particular solution for which the net current collected by the probe
vanishes, the corresponding floating potential being an outcome of the calculation rather
than an assumption.

In particular, we show that, before the inverse sheath mode is reached, a new regime
emerges in which ions are confined in the presheath, and the ion flux towards the surface
vanishes. In this regime, the double-sheath structure associated with the virtual cathode is
still present, as in the SCL regime. The transition to a fully developed inverse sheath occurs
only when the potential at the bottom of the virtual cathode reaches the plasma potential.
At this stage, the surface potential exceeds the plasma potential, leading to a monotonic
potential profile across the sheath and a flat, non-accelerating profile in the presheath.
Finally, we determine the variation of the floating potential with wall temperature and
find a linear trend towards the plasma potential, consistent with the observations of Jilek
Z. et al. [56]. The TL and SCL potential profiles, together with the α/β-region notation used
below, are summarised in Figure 1.
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Figure 1. (a) Illustration of the α and β-regions. (b) Different potential profiles for constant values
of Tw, rw, P, Tg, Te, ne1,0 and different values of ϕw in the temperature-limited (TL) and space-
charge-limited (SCL) regimes, labelled with the net current emitted by the probe Ie2,w according to
Ref. [42].

2. The Model
In the fluid model used here, a thermionic probe may be held at an arbitrary potential

relative to the plasma. The plasma–probe interaction is described by the ion continuity and
momentum equations, the latter also referred to here as the ion equation of motion [41,42]:

(r nivi)
′ = rνizne1, (1a)

Mniviv′i = −eniϕ
′ − νiz Mne1vi − νc Mnivi, (1b)

where r is the radial distance from the probe centre; a prime denotes differentiation with
respect to r; M, ni and vi are the ion mass, density and velocity, respectively; ϕ is the electric
potential relative to the plasma potential; νiz is the ionisation frequency (only ionisation by
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plasma electrons is considered, because emitted electrons have a negligible ionisation rate
coefficient); and νc is the ion–neutral collision frequency. The plasma-electron continuity
and momentum equations are

(r ne1ve1)
′ = rνizne1, (2a)

mne1ve1v′e1 = ene1ϕ′ − νizmne1ve1 − n′
e1kBTe, (2b)

where Te is the plasma-electron temperature; m is the electron mass; and ne1 and ve1 are
the number density and velocity of the plasma electrons, respectively. Assuming that the
emitted electrons are Maxwellian, they satisfy

(r ne2ve2)
′ = 0, (3a)

mne2ve2v′e2 = ene2ϕ′ − n′
e2kBTw, (3b)

where Tw is the probe temperature, and the subscript e2 denotes emitted electrons. Finally,
Poisson’s equation is

ε0(rϕ′)′ = −er(ni − ne1 − ne2). (4)

To close the model, the following auxiliary equations are considered

νiz = Kizng = 22.59 × 1011 T0.59
e e−17.44/Te P/Tg, (5a)

νc = σcng|vi| = −9.65 × 106viP/Tg, (5b)

JRD = ARDT2
we−eW f /kBTw , (5c)

ve2,w =
√

2kBTw/πm (5d)

In these expressions, Kiz is given in m3 s−1 [61,62], νiz and νc in s−1, the neutral gas
pressure P in Torr, the neutral gas temperature Tg in K, and the ion velocity vi in m/s.
The electron temperature is given in eV and is taken in the range Te ∼ 2–7 eV. The sign
convention is such that ions moving towards the probe have vi < 0. Finally, JRD is
the classical Richardson–Dushman thermionic emission current density, W f is the work
function of the surface, and ve2,w is the emitted-electron velocity at the probe surface.

It is important to note that the model includes three independent presheath
mechanisms—ionisation, ion–neutral collisions, and geometric compression—each char-
acterised by its own length scale: λiz = cB/νiz, λc = cB/νc, and rw [63,64]. The actual
presheath scale is determined by the minimum of these three lengths, λ = min{λiz, λc, rw}.
Consequently, depending on the experimental parameters, the presheath may be dominated
by collisions, geometry, or ionisation. For the conditions considered here (P = 100 mTorr,
rw = 0.1 mm), the dominant scales are λc and rw, while λiz is much larger. The model
therefore remains fully valid even in the limit of negligible ionisation (νiz → 0), where it
reduces to a collisional/geometric presheath formulation.

The potential profile is obtained using a shooting method [41,42]. Rather than impos-
ing the boundary condition at the probe surface directly, the method starts from a point
r = L in the presheath, where the quasineutrality condition ni = ne1 + ne2 holds, and varies
L until the required surface condition is satisfied (see Appendix A). In this formulation,
the model is solved on the semi-infinite physical domain r ∈ [rw, ∞). The point r = L
is chosen sufficiently far from the probe in the quasineutral plasma (ϕ ≈ −10−8kBTe/e)
to serve as the starting point for the numerical integration. For r ≥ L, the potential and
density profiles are given by the quasineutral solution.

Operating the probe in the TL regime results in a probe potential below the plasma
potential, with a monotonic potential profile that slows down the plasma electrons. In this
case, (2a,b) reduce to the Boltzmann relation ne1 = ne1,0eϕ/kBTe , where ne1,0 is the electron

https://doi.org/10.3390/plasma9030029

https://doi.org/10.3390/plasma9030029


Plasma 2026, 9, 29 5 of 19

density in the plasma. In contrast, when operating the probe within the SCL regime
(Figure 1), a virtual cathode appears characterised by a non-monotonic potential profile,
and the model is solved in two steps as detailed in Appendix A. As a first step, we obtain
the electric potential profile ϕ(r) in the α-region (Figure 1), extending from the quasineutral
plasma at r = L, where quasineutrality holds, up to the point where the electric field
vanishes. This point defines the virtual cathode ’dip’, characterised by its location r = rv

and potential value ϕv, which are determined by the condition ϕ′(rv) = 0. Then, as a
second step, we solve the model from r = rv to the probe surface r = rw (known as the
β-region), in which the electric field is repulsive to the emitted electrons. As shown in
Appendix A, Equations (3a,b) reduce in this region to

ne2 = ne2,vee(ϕ−ϕv)/kBTw . (6)

Finally, we repeat this two-step procedure successively while varying only the param-
eter L until the solution satisfies the following boundary condition on the probe surface

Je2,w = Je2,vee(ϕv−ϕw)/kBTe , (7)

where Je2,w = JRD(Tw), Je2,v = Ie2,v/2πrv and Ie2,v is the net emitted current per unit length
overcoming the virtual cathode.

Thus, operating this way, for fixed values of Tw, P, Te, and rw, we can obtain the
potential profile ϕ; the particle density profiles ni, ne1, and ne2; the location of the virtual
cathode rv; the probe potential ϕw; and the net emitted current overcoming the virtual
cathode Ie2,v. As shown in Appendix A, the virtual cathode potential ϕv is therefore used
below as an internal continuation parameter that labels self-consistent solutions of the
shooting method, not as a directly imposed experimental control.

3. Results
In contrast to previous models [4,8,24], in this approach the probe potential ϕw in the

SCL regime is an output of the calculation, not an initially assumed value. This allows us
to solve the plasma–surface interaction without assuming a priori that ϕw must become
positive, i.e., above the plasma potential, for an inverse sheath to form. The model can
therefore describe how this interaction evolves from the TL regime to the IS regime as ϕw

changes from values below the plasma potential to values above it. This makes it possible to
solve the plasma–wall interaction without assuming a specific sign for ϕw, thereby allowing
us to study how this interaction transits from the TL regime to the IS regime.

Figure 1a sketches the α and β-regions of a probe working in the SCL regime, while
Figure 1b represents some of the calculated potential profiles when it operates in both the
TL and SCL regimes. For negative probe potentials far below the plasma potential, all
emitted electrons reach the plasma, following an accelerating monotonic potential profile.
In this regime, the emission is governed solely by the probe temperature, and the probe
operates in the temperature-limited (TL) regime, also referred to as the T-region of the I–V
characteristic curve (potential profiles depicted by the blue curves in Figure 1b). Unlike
passive collecting probes, as the probe potential approaches the plasma potential (ϕw → 0),
the electric field at the probe surface can vanish due to the presence of emitted electrons,
marking the space-charge limit (SCL limit) (red curve in Figure 1b). Beyond this limit,
for probe potentials even closer to the plasma potential, the electric field at the probe surface
reverses its sign, resulting in the formation of a virtual cathode—a potential well in front
of the probe. This non-monotonic potential structure is caused by the accumulation of
negative charge near the probe, which reflects a fraction of the emitted electrons back to
the probe. In this case, the emission is controlled by this accumulated charge. This regime
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is referred to as the space-charge-limited (SCL) regime, or the S-region (green curves in
Figure 1b).

Using the aforementioned two-step method, we find that, in the SCL regime, as the
model is solved for decreasing values of the net current emitted by the probe Ie2,w, the elec-
tric potential at the bottom of the potential well approaches the plasma potential, ϕv → 0,
and the accumulation of negative particles near the probe also increases [42]. This occurs
due to the reduced acceleration with which emitted electrons are expelled into the plasma
in the α-region, the increased ability of plasma electrons to overcome the retarding po-
tential, and the reduced attraction of ions towards the probe. This increase in negative
charge near the surface deepens the virtual cathode potential, ϕw − ϕv, in the β-region,
while simultaneously reducing the electric field in the α-region. As a consequence of the
reduced acceleration experienced by ions in the α-region and the increased retardation in
the β-region, a threshold value of the net current emitted by the probe Ie2,w, and therefore
of the virtual cathode dip potential, ϕv, exists at which the ion velocity, vi, at the probe
surface vanishes. Beyond this threshold value, it becomes impossible to find a solution
that satisfies the boundary condition (7), as the ion fluid loses its velocity before reaching
the probe. This results in a mathematical singularity in the ion density within the fluid
framework, as demonstrated by combining Equations (1a,b), signalling the breakdown of
the fluid description at that location.

n′
i = (eM−1niϕ

′ + 2νizne1vi + νcnivi − niv2
i r−1)/vi (8)

Figure 2 represents the ion velocity profile for three self-consistent solutions labelled
by the virtual cathode dip ϕv. For ϕv = −3.2 V (green curve in Figure 2), the probe operates
in the SCL regime: positive ions reach the probe before their velocity vi vanishes, and it is
possible to find a solution that fulfils (7). Continuing the solution family towards virtual
cathode dips closer to the plasma potential (ϕv → 0), the threshold value ϕv = −1.52 V
is reached, at which vi vanishes exactly on the probe surface (blue curve). Beyond this
threshold, the fluid ion velocity asymptotically approaches zero before the probe surface is
reached. The resulting mathematical singularity (ni → ∞) makes it impossible to extend
the fluid solution to the probe surface while fulfilling (7), indicating the emergence of a
kinetically dominated layer. This means that beyond the threshold value ϕv = −1.52 V,
a third region appears between the quasineutral plasma and the probe (which we refer to
as the γ-region), which lacks ions, with the ions remaining confined to the α and β-regions.
Beyond this threshold value, the plasma–wall interaction would be characterised by an ion-
confinement (IC) regime and would still be compatible with the virtual cathode structure.

The mechanism causing this confinement is the increase in the potential depth of the
virtual cathode ϕw − ϕv as the probe potential approaches the plasma potential (ϕw → 0),
as shown in Figure 1b and more clearly in Figures 5–7 of Ref. [42]. This increase slows down
ions between rv and rw at a rate faster than the presheath can accelerate them from L to rv.
Consequently, as can be observed in Figure 2 for ϕv = −0.81 V, the macroscopic fluid ion
velocity asymptotically approaches zero at a finite distance before the ions reach the probe,
i.e., at a point located in front of the probe surface (r > rw). This zero-velocity location is
denoted as the critical point rc. Rather than representing a physical accumulation of infinite
density, this condition marks the position where the fluid approximation mathematically
diverges and reaches its limit of validity. At this location, kinetic dominance begins,
and phenomena such as ion trapping [54] would locally govern the potential. Therefore, we
truncate the fluid solution at rc and treat the remaining space rc → rw as a transition layer
(γ-region), reflecting the macroscopic onset of an inverse sheath structure as supported
by kinetic simulations [26,33,56]. This point is found between the virtual cathode and the
probe surface, i.e., rw < rc < rv.
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Figure 2. Positive-ion velocity vi in the SCL regime, at the ion-confinement limit (IC limit), where vi

vanishes at the probe surface, and in the ion-confinement (IC) regime, where vi = 0 before ions reach
the probe.

The net charge density is negative near the virtual cathode, but close to the confinement
point rc, the ion density ni rapidly grows and reaches the total electron density. To regularise
the solution at the fluid breakdown point, we define rc operationally as the location where
quasineutrality is recovered, i.e., ni = ne1 + ne2 (black circles in Figures 2, 3 and 4b). At this
point, the directed ion flux towards the probe is assumed to vanish. By imposing zero ion
flux (Γi = 0) and truncating the fluid ion density beyond rc, we obtain the modified Poisson
Equation (9). Physically, this operational truncation acknowledges that while trapped
ions may accumulate in the virtual cathode (altering the local microphysics via BGK-like
structures [54]), their macroscopic directed flux to the probe is halted. The region rc → rw

is thus treated macroscopically as an ion-depleted transition layer (γ-region), allowing
the fluid model to bridge the gap to the inverse sheath without requiring a full kinetic
resolution of the trapped particle phase-space.

Figure 3 represents the total electron density ne1 + ne2 and the ion density ni for
ϕv = −0.81 V. Close to the virtual cathode, the total electron density prevails over
the ion density until the fluid breakdown point, where ni diverges mathematically
(ascending branch).

Hence, in this new IC regime, valid for rw ≤ r ≤ rc where the fluid equations no
longer apply, the Poisson equation reduces to

ε0(rϕ′)′ = er(ne1 + ne2) (9)

where ne1 is determined by (2a,b) and ne2 by (6). The boundary conditions at rc are
given by

ϕ(rc) = ϕc, ϕ′(rc) = ϕ′
c, (10)

ne1(rc) = ne1,c, ve1(rc) = ve1,c, (11)

where the values ϕc, ϕ′
c, ne1,c and ve1,c are obtained from the corresponding solution in the

β-region.
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Figure 3. Ion and electron density profiles in the IC regime. Close to the critical point, the ion density
ni reaches the singularity.

The truncation of the fluid ion density at rc and the imposition of Γi = 0 for r < rc

are the macroscopic fluid-model counterpart of kinetic ion trapping. It is analogous to the
standard simplification made for electrons in a retarding electric field: when the electron
velocity tends to zero, the kinetic terms in the momentum equation are neglected, yielding
a Boltzmann-type equilibrium. In the cold-ion limit (Ti = 0), the condition vi → 0 in the
ion momentum equation leads to ni = 0, producing a step-front ion density profile. If ion
thermal motion were included, the singularity would be regularised, and the ion density
would decay smoothly as ni ∝ exp(−eϕ/kBTi), as shown by Zhang et al. [23] for inverse
sheaths with negative-ion emission.

Figure 4a shows four potential profiles for different self-consistent values of ϕv corre-
sponding to: the SCL limit (Ie2,w = 2.006 A m−1), for which the electric field vanishes at
the probe surface and therefore ϕ′

w = 0 and rv = rw; the SCL regime (Ie2,w = 1.195 A m−1),
for which the electric field has changed sign at the probe surface, leading to the formation
of a potential well in front of it and therefore rv > rw; the IC limit (Ie2,w = 0.543 A m−1),
for which the ion flux vanishes exactly at the probe surface and therefore vi,w = 0 and
rc = rw; and finally, the case in which the inverse sheath regime is almost reached
(Ie2,w = 0.231 A m−1), for which ϕv → 0 and rc → rv. Figure 4b shows in more de-
tail the variation of the potential profile when the probe operates within the IC regime,
and illustrates how the transition from the SCL regime to the IS regime takes place. Here,
we observe that (i) ion confinement and (ii) positive probe potential above the plasma
potential, which characterise inverse sheaths, occur while a virtual cathode structure sat-
isfying the boundary condition (7) is still present. When the virtual cathode minimum
reaches the plasma potential ϕv → 0, the fully developed inverse mode is finally reached.
In this limit, the potential profile is monotonic, and the probe potential is above the plasma
potential (ϕw > 0). The critical point then coincides with the virtual-cathode minimum,
i.e., rc = rv (see Figure 5 and the black circles in Figure 4b as they approach the virtual-
cathode minimum). This implies that the α-region (from L to rv) remains as a quasineutral,
flat-potential, non-accelerating region with no electric field; the β-region (from rv to rc)
disappears (Figure 5); and the γ-region (from rc to rw) is an ion-free region that occupies
the whole (inverse) sheath [26].
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Figure 4. (a) Potential profile for the transition from the SCL limit to the fully developed inverse
sheath regime. (b) Potential profiles when the probe operates within the IC regime. The black circles
represent the locations of the critical points.

Figure 6 shows the I–V curve [42] for the probe operating in the TL regime (T-region),
SCL regime (S-region), IC regime (C-region) and IS regime (I-region), as well as their
corresponding fitted curves for the first three regimes.

When the probe operates in the TL regime, the whole thermionic emission current
density, JRD, reaches the plasma. In contrast, in the SCL and IC regimes, only the fraction
of the emitted current that overcomes the virtual cathode reaches the plasma, namely Ie2,v

per unit axial length. The remaining current, 2πrw JRD − Ie2,v, is reflected by the potential
well and returns to the probe. The net current density collected by the probe in these
three regimes is given by

Jw = Ji,w + Je2,w − Je1,w (12)
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where Ji,w, Je2,w and Je1,w are the ion, net emitted electron and plasma electron current
densities at the probe surface, respectively. In the TL regime, these currents can be expressed
as follows:

Ji,w = −eni,wvi,w, (13a)

Je2,w = JRD, (13b)

Je1,w = ene1,0eeϕw/kBTe
√

kBTe/2πm (13c)

where ni,w = ni(rw) and vi,w = vi(rw) < 0 are obtained from the model solution.
In the SCL regime, these same current densities can be determined from ne1,w = ne1(rw),
ve1,w = ve1(rw), and Ie2,v = 2πrvene2(rv)ve2(rv) (see Appendix A, Equation (A9a)), and are
written as

Ji,w = −eni,wvi,w, (14a)

Je2,w = Ie2,v/2πrw, (14b)

Je1,w = −ene1,wve1,w, (14c)

where vi,w < 0, ve1,w < 0 and Ie2,v > 0. Finally, in the IC regime:

Ji,w = 0, (15a)

Je2,w = Ie2,v/2πrw, (15b)

Je1,w = −ene1,wve1,w, (15c)

where ve1,w < 0 and Ie2,v > 0. For each probe temperature Tw, the corresponding fitted
expressions for the three regimes are

Jw(ϕw) = a0 + a1eeϕw/kBTe + c
√
−eϕw/kBTe, (16a)

Jw(ϕw) = a0 + a1eeϕw/kBTe + c
√
−eϕw/kBTe + a3(−eϕw/kBTe) +

+a4(−eϕw/kBTe)
2, (16b)

Jw(ϕw) = a0 + a1eeϕw/kBTe + a3(−eϕw/kBTe) + a4(−eϕw/kBTe)
2. (16c)

As has been experimentally observed by Yip C. S. et al. [65], Figure 6a shows an
increase in the slope of the I–V characteristic as the probe potential approaches the plasma
potential (ϕw → 0), which is related to the increase in the negative charge in the vicinity
of the emitting surface. This is due to the ion-confinement regime, which reduces the
saturation effect of the virtual cathode on the emitted current, leading to an increase in
this current.

These numerical fits allow us to obtain the floating potential ϕ f for each value of Tw

by solving the equation Jw(ϕw) = 0. This floating condition corresponds to the particular
case of a current-free emitting surface; any other point of the I–V characteristic describes
the probe biased at the corresponding potential with respect to the plasma. Furthermore,
Figure 7 shows the variation of ϕ f with Tw for a probe of radius rw = 0.5 mm. In the range
Tw ∼ 1700–2160 K, the probe operates in the T-region and ϕ f is strongly affected by Tw.
However, in the range Tw ∼ 2160–2270 K, the probe operates in the SCL regime and ϕ f

remains almost constant [42]. Finally, from Tw = 2300 K, when the probe begins to operate
in the IC regime, the floating potential gradually increases until it reaches values above
the plasma potential within the IS regime (ϕw ∼ 0.5 V). As reported by Jilek Z. et al. [56],
the inset in Figure 7 shows how ϕ f depends linearly on Tw when the probe operates in
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the ion-confinement regime for Tw ∼ 2300–2700 K before reaching the plasma potential,
the slope of the fit being 1.52 mV/K.

Figure 5. Variation of the β-region extent, defined as the distance from the virtual cathode rv to the
critical point rc.

Figure 6. (a) The current–voltage (IV) curve of an emitting probe working with different regimes.
(b) Details of the C- and I-regions of this characteristic curve.

https://doi.org/10.3390/plasma9030029

https://doi.org/10.3390/plasma9030029


Plasma 2026, 9, 29 12 of 19

Figure 7. Variation of the floating potential with the probe temperature.

4. Limitations of the Fluid Approach and Kinetic Interpretation
While the fluid model accurately predicts macroscopic quantities (I–V curves and the

floating potential) for T- and S-regimes [41,42], the ion-confinement (IC) regime pushes it
to its theoretical boundary. The condition vi(rc) → 0 leads to a mathematical singularity
that physically corresponds to the onset of ion kinetic trapping. Recent kinetic studies [54]
demonstrate that for deep virtual cathodes, trapped ion populations form BGK-like struc-
tures, effectively smoothing the potential well locally. In our fluid framework, we interpret
the singular point as the boundary where kinetic corrections become essential. By imposing
Γi = 0 for r < rc, we bypass the microscopic resolution of the trapped-ion space charge
and instead model the macroscopic consequence of ion confinement: the cessation of the
directed ion beam towards the probe. This is conceptually similar to the step-front particle
model used in canonical sheath theory to describe electron depletion inside positive-ion
sheaths described by Sternberg and Godyak [66]. If ion thermal motion were retained,
the step-front would be replaced by a smooth exponential decay ni ∝ exp(−eϕ/kBTi),
as demonstrated by Zhang et al. [23] for inverse sheaths with negative-ion emission. Thus,
the IC regime is a physical feature of the transition to an inverse sheath, not an artefact of the
cold-fluid approximation. This approach agrees with the results obtained by Jilek et al. [56],
who performed PIC/MC simulations under conditions analogous to ours (cylindrical emis-
sive probe, collisional argon presheath) and observed SCL potential profiles with a floating
potential that increases linearly with Tw before reaching the plasma potential, precisely the
behaviour predicted by our fluid model (Figure 7, inset). Specifically, the predicted linear
slope of the floating potential with temperature (1.52 mV/K) and the transition thresh-
old (Tw ∼ 2300 K for the parameters of Figure 7) are in quantitative agreement with the
PIC/MC parameter scans reported by Jilek et al. (2022, Ref. [56]), where the SCL-to-IS tran-
sition occurs under analogous plasma conditions. Gyergyek et al. [58,59] further showed
that fluid models can accurately predict macroscopic sheath quantities even when kinetic
structures are locally present. Thus, the present model can be used to predict measurable
quantities, such as ϕ f and I–V curves, in cases where fluid averaging over kinetic details is
appropriate, as supported by the agreement with experimental trends [55,56]. It therefore
describes a continuous transition pathway from SCL to IS via ion confinement, consistent
with the parameter scans reported by Jilek et al. [56]. A full kinetic treatment resolving the
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detailed structure of the γ-region is beyond the scope of this work and will be addressed in
future publications.

5. Conclusions
In conclusion, when the probe operates in the SCL regime, the potential drop in the

virtual cathode ϕw − ϕv increases as the probe potential approaches the plasma potential
(ϕw → 0). This effect enhances ion deceleration in the β-region, from the virtual cathode to
the probe surface (rv to rw) as compared with the ion acceleration in the presheath from
L to rv. Therefore, ions eventually reach the limit of the fluid description (vi → 0) before
reaching the probe, becoming effectively confined while the virtual cathode structure still
exists. This fluid breakdown condition marks the transition to a kinetically dominated
layer that we model as an ion-depleted γ-region.

This mechanism results in a steeper slope of the I–V curve close to the plasma potential,
as reported by Yip et al. [65], and allows the floating potential to reach the plasma potential
linearly even in an SCL sheath. This regime can help control plasma–surface interactions
on highly emitting surfaces, mitigating sputtering and material erosion. Only when the
minimum value of the virtual cathode reaches the plasma potential, i.e., ϕv → 0, does the
potential profile become monotonic within the sheath, with a non-accelerating presheath,
meaning that the fully developed inverse sheath regime has been reached. Finally, we
note that the ion-confinement pathway identified here provides a macroscopic criterion
for the onset of kinetic trapping effects. While kinetic studies suggest that ionisation may
destabilise the SCL sheath [26,29–31,33,34,54], our fluid model captures the continuous
transition observed in PIC simulations [56], where the floating potential evolves linearly
from the SCL saturation value towards the plasma potential.
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Appendix A. Analysis of the Boundary Conditions for the T-
and S-Regions
Appendix A.1. The T-Region or TL Regime

Before the space-charge-limited (SCL) condition is reached, the potential profile de-
creases monotonically from the plasma to the probe, as illustrated in Figure 1b. In this
regime, the plasma electrons enter with zero velocity from the quasineutral plasma and
are subject to a retarding potential. Consequently, the kinetic term mne1ve1v′e1 and the
collisional term mνizne1ve1 in Equation (2b) are negligible compared with the pressure
and electric field terms. The resulting equation ene1ϕ′ = kBTen′

e1 integrates directly to the
Boltzmann relation

ne1 = ne1,0eeϕ/kBTe , (A1)
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where ne1,0 is the electron density in the plasma. In contrast, emitted electrons move
towards the plasma under an accelerating electric field in this region, so their inertia cannot
be neglected. In this case, integration of the continuity and motion Equations (3a,b) gives

Ie2,w = 2πrene2ve2 = 2πrwene2,wve2,w, (A2a)

ne2 = ne2,wee(ϕ−ϕw)/kBTw e−m(v2
e2−v2

e2,w)/2kBTw , (A2b)

where the subscript w denotes evaluation at the probe surface, and Ie2,w is the emitted
electron current per unit length, given by

Ie2,w = 2πrw JRD, (A3)

with the probe radius rw and potential ϕw satisfying

ϕ(rw) = ϕw. (A4)

Far from the probe, the quasineutrality condition applies:

ni = ne1 + ne2, (A5)

and the potential profile can be approximated by the quasineutral solution. We then
consider a point r = L in this region. Substituting (A5) into the ion continuity and motion
Equations (1a,b), together with (A1) and (A2a,b), and expanding around r = L while
retaining the leading-order terms, we obtain

vi = −νiz(L − r0)/(1 + G), (A6a)

ni = ne1(1 + G), (A6b)

ϕ = −Mν2
iz(L − r0)

2/e(1 + G)2, (A6c)

Differentiating (A6c) gives

ϕ′ = 2Mν2
iz(L − r0)/e(1 + G)2, (A7)

where G = ne2/ne1 and r0 is a point close to L that satisfies

2πr0ene2ve2 = 2πrw JRD. (A8)

For fixed values of P, Tg, Te, ne1,0, Tw, rw, and ϕw, and imposing ϕ(r0) = −10−8kBTe/e
to ensure that the starting point remains close to the quasineutral plasma, these equations
provide the numerical initial values required to integrate the model. Finally, by varying
L until the condition (A4) is satisfied, the boundary-value problem is converted into an
initial-value problem. For r ≥ L, the plasma is described by the quasineutral solution.

Appendix A.2. The S-Region or SCL Regime

For a constant probe temperature Tw, as the model is solved for probe potentials
increasingly close to the plasma potential from negative values, i.e., as ϕw → 0, one
finds a probe potential ϕw,SCL for which the electric field vanishes at the probe surface.
The value ϕw,SCL corresponds to the SCL limit, and the SCL regime starts beyond this value.
For ϕw ≥ ϕw,SCL, the potential profile features a potential well, as shown in Figure 1b.
In this regime, the solution requires dividing the problem into two regions: the α-region,
from the quasineutral plasma to the virtual cathode, and the β-region, from the virtual
cathode to the probe surface. This division allows us to account for the different behaviours
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of emitted electrons and plasma electrons, depending on their direction of motion relative
to the electric field, according to their equations of motion (2b) and (3b). First, we solve
the model in the α-region, from the plasma to the virtual cathode—where the electric field
vanishes—with the same governing equations used in Appendix A.1 to describe the TL
regime. In this region, Equations (1a,b), (4), (A1)–(A2b) and (A4) remain valid, but with the
subscript w replaced by v, which means evaluation at the virtual cathode, i.e., (A2a,b) and
(A4) are now rewritten as

Ie2,v = 2πrene2ve2 = 2πrvene2,vve2,v, (A9a)

ne2 = ne2,vee(ϕ−ϕv)/kBTw e−m(v2
e2−v2

e2,v)/2kBTw . (A9b)

and
ϕ(rv) = ϕv, (A10)

where rv is the position of the virtual cathode; Ie2,v is the emitted electron current at the
virtual cathode, i.e., the net emitted electron current that overcomes the potential well
towards the plasma; ne2,v, and ve2,v are the density and velocity of the emitted electrons
at the virtual cathode, and ϕv is the potential at the virtual cathode. Then, once we have
solved the model in the α-region, we solve the model in the β-region from the virtual
cathode to the probe surface. For this purpose, we assume that in this region the emitted
electrons move in a retarding potential, while the plasma electrons move in an accelerating
potential. Therefore, neglecting the inertial term in the equation of motion for the emitted
electrons (3b) gives

0 = ene2ϕ′ − n′
e2kBTe, (A11)

After integration from rv to rw, the emitted electrons are described by the
Boltzmann relationship:

ne2 = ne2,vee(ϕ−ϕv)/kBTw . (A12)

In contrast, the plasma electrons are now accelerated by the electric field in the
β-region, so their inertial terms must be retained, as described by Equations (2a,b),
which read

(r ne1ve1)
′ = rνizne1, (A13a)

mve1v′e1 = eϕ′ − mνizve1 − kBTe(ln ne1)
′. (A13b)

The values of the initial conditions for solving the model in this β-region are

vi(rv) = vi,v, ni(rv) = ni,v, (A14a)

ϕ(rv) = ϕv, ϕ′(rv) = 0, (A14b)

ne1(rv) = ne1,0eeϕv/kBTe , ve1(rv) = −
√

kBTe/2πm. (A14c)

where the positive ion velocity at the virtual cathode vi,v, the positive ion density at the
virtual cathode ni,v, ϕv and rv are obtained from the solution in the α-region, and ve1(rv) is
obtained assuming that the plasma electrons enter the β-region with a current density

Je1 = ene1,0eeϕv/kBTe
√

kBTe/2πm.

To obtain the entire solution in the α- and β-regions, we follow a two-step shooting
method; first, for a fixed value of r = L (where the quasineutral solution approximates
the model solution), we select an arbitrary potential value ϕv higher than ϕw,SCL (|ϕv| <
|ϕw,SCL|; see Figure 1) and integrate the model in the α-region for different values of Ie2,v
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until we find the right one, for which the electric field vanishes at that selected value of
ϕv. Once this value of Ie2,v is found, we determine the position of the virtual cathode rv

from (A10). In the second step, we integrate in the β-region, from rv to the probe surface rw,
using (1a,b), (4), (A12)–(A13b), where the values ni,v, vi,v, and rv in the initial conditions
(A14a–c) and ne2,v in (A12) are determined by the solution found above in the α-region.
Finally, the emitted current density at the probe surface Je2,w and the emitted current density
exceeding the virtual cathode Je2,v should be related by [44]

Je2,w = Je2,vee(ϕv−ϕw)/kBTe , (A15)

where Je2,w = JRD(Tw), Je2,v = Ie2,v/2πrv and ϕw is determined from the β-region
solution by

ϕw = ϕ(rw). (A16)

In contrast to the T-region, Equation (A16) is not imposed as a boundary condition;
instead, it defines ϕw from the β-region solution. In the SCL regime, Equation (A15)
provides the boundary condition used in the shooting method for this regime. The left-
hand side of (A15) depends only on the probe temperature. In contrast, the right-hand side
depends on the chosen position of the point r = L in the presheath near the plasma: the
α-region solution determines Ie2,v and rv, and the subsequent β-region solution determines
ϕw. Therefore, the complete integration of the model in the α and β regions is repeated for
different positions of L until expression (A15) is satisfied. Once this condition is fulfilled, we
obtain the corresponding values of the probe potential ϕw, the net emitted electron current
Ie2,v exceeding the virtual cathode, the virtual cathode position rv, the particle density
profiles ni(r), ne1(r) and ne2(r), and the potential profile ϕ(r) for the initially chosen value
of ϕv. The resulting values of Ie2,v and rv satisfy

rw < rv, Ie2,v < 2πrw JRD (A17)

This result is consistent with the model for two reasons: (i) the virtual cathode is located
in front of the probe surface, and (ii) although at a fixed temperature Tw the probe always
emits the same current 2πrw JRD(Tw), only a fraction of this current, namely Ie2,v, reaches
the plasma once the virtual cathode is formed. The remaining current, 2πrw JRD − Ie2,v, is
reflected by the potential well and reabsorbed by the probe. Thus, Ie2,v corresponds to the
net current emitted by the probe when it operates in the S-region, and the part of the I–V
curve corresponding to the net emitted current is

Ie2,w(ϕw) =

{
2πrw JRD(Tw) ϕw ≤ ϕw,SCL,
Ie2,v ϕw > ϕw,SCL.

(A18)

Here, ϕw ≤ ϕw,SCL corresponds to the T-region of the characteristic curve, whereas
ϕw > ϕw,SCL corresponds to the S-region, as shown in Figure 1 of Ye and Takamura [43].

In the β-region, when the ion velocity approaches zero, the ion momentum
Equation (1b) reduces to 0 = −eniϕ

′ (in the cold-ion limit). This is formally equiva-
lent to the neglect of kinetic terms in the electron momentum equation that leads to the
Boltzmann relation. The solution ni = 0 corresponds to a step-front particle model, consis-
tent with the description of positive-ion sheaths by Sternberg and Godyak [66] and with
the inverse-sheath model of Zhang et al. [23] in the limit Ti → 0.
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