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Abstract: The present numerical investigation is focused on analyzing the characteristics of steady 
laminar mixed convection flow in a lid-driven square cavity, specifically considering the utilization 
of Al2O3–water nanofluid. The Al2O3–water nanofluid is assumed to be Newtonian and incompress-
ible. Within the cavity, a square blockage is positioned at its center, which is subjected to isothermal 
heating. The blockage ratio of the square is B = 1/4, and the Grashof number is Gr = 100. The walls 
of the cavity are maintained at a constant temperature, Tc, while the square blockage remains at a 
constant temperature, Th. The primary objective of this study is to investigate the flow and heat 
transfer mechanisms, as well as the entropy generation within the cavity. This investigation is con-
ducted for a range of Richardson numbers (0.01 ≤ Ri ≤ 100) and volume fractions of the nanofluid (0 
≤ ϕ ≤ 0.05). Several parameters are obtained and analyzed, including streamlines, isotherms, velocity 
variations on the vertical and horizontal midplanes, local Nusselt number variations on the surfaces 
of the square blockage, the average Nusselt number on the square blockage, and the total dimen-
sionless entropy generation of the system. The results of the investigation revealed that both the 
average Nusselt number on the square blockage and the total dimensionless entropy generation of 
the system exhibit an increasing trend with an increasing volume fraction of the nanofluid and a 
decreasing Richardson number. Furthermore, correlations for the average Nusselt number and the 
total dimensionless entropy generation with the Richardson number, and the nanofluid volume 
fraction are derived. 
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1. Introduction 
The lid-driven cavity flow problem holds substantial importance in both engineering 

and applied sciences. Primarily, it serves as a fundamental problem for validating code 
solutions for Navier–Stokes equations [1,2]. Additionally, it is employed in various appli-
cations, including the cooling of electronic equipment, nuclear reactors, solar energy col-
lection, heat exchangers, and crystal growth [3]. The forced convection is induced by the 
movement of the cavity’s lid, while the temperature disparity within the cavity gives rise 
to natural convection, resulting in the formation of a combined convection flow [4]. The 
mixed convection flow in a lid-driven cavity has been the subject of numerous research 
studies conducted by scholars. The cavity can be in different shapes such as waves, with 
fins, blockage inside the cavity, porous media, or inclined. To enhance the heat transfer, 
nanofluids can be used as Al3O2, Cu, CuO, TiO2, SiO2, Ag, and Fe3O4 [5]. Iwatsu et al. [6] 
conducted a study on the mixed convection flow within a square cavity, where the side-
walls were adiabatic while the top and bottom walls were maintained at varying temper-
atures. The study focused on analyzing the velocity and temperature profiles of the mixed 
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convection flow under different Grashof and Reynolds (Gr/Re2) numbers. The investiga-
tion carried out by Malleswaran and Sivasankan [7] focused on the analysis of magneto-
hydrodynamics mixed convection in a lid-driven cavity equipped with corner heaters. 
The researchers aimed to explore the influence of different heater lengths on the heat 
transfer rate. To regulate the flow and temperature within the lid-driven enclosure, the 
placement of an object inside the cavity was employed as a control mechanism. They re-
ported that the magnetic field affects the average heat transfer rate more on vertical heat-
ers than on horizontal heaters. In their study, Oztop et al. [8] examined the phenomenon 
of mixed convection in a square cavity with a circular body. The cavity was driven by a 
lid, with the left and right walls being heated. However, the left wall was maintained at a 
higher temperature compared to the right wall. The top and bottom walls of the cavity 
were adiabatic. The circular body within the cavity could be adiabatic, isothermal, or con-
ductive. The researchers explored various scenarios by considering different values of the 
Richardson number, the orientation of the lid, and the diameter of the circular body. 
Through their investigation, they found that the orientation of the moving lid had the 
most significant impact on the flow field and temperature distribution within the cavity. 
Another remarkable result was the thermal conductivity becomes insignificant for small 
values of the diameter of the circular body. In their study, Khanafer and Aithal [9] em-
ployed a finite element method to examine the flow and heat transfer properties of lami-
nar mixed convection in a square lid-driven cavity. Their findings revealed that the 
Nusselt number exhibited an upward trend when a built-in cylinder was present within 
the cavity, as opposed to an empty cavity. Additionally, they explored the influence of the 
Richardson number, non-dimensional circle diameter, and the positioning of the circular 
cylinder body on the Nusselt number. For dominant mixed convection, the average 
Nusselt number increases with an increase in the radius of the cylinder for various Rich-
ardson numbers. Zheng et al. [10] conducted an additional investigation on the mixed 
convection flow within a lid-driven cavity, taking into account the existence of a circular 
cylinder. The study focused on examining the impact of the cylinder’s position and the 
changes in Reynolds number while maintaining a constant Grashof number. The research-
ers reached a significant conclusion that the location of the cylinder has a notable influence 
on the fluid flow and heat transfer properties. Islam et al. [11] studied numerical simula-
tions of mixed convection in a lid-driven cavity with an isothermally heated square. For a 
fixed Reynolds number of Re = 100 and Prandtl number of Pr = 0.71 effects of the Grashof 
number, square eccentricity, and blockage ratio of the square on heat transfer and flow 
characteristics were investigated.  The average Nusselt number values of the square 
block for different positions of the square and the blockage ratio were obtained. The high-
est average Nusselt number values were obtained for the blockage near the top wall. The 
impact of the position of square cylinders on the average Nusselt number values was ex-
amined in a study conducted by Morshed et al. [12]. The study focused on the laminar 
mixed convection flow occurring in a lid-driven cavity, where two square cylinders were 
isothermally heated. While the researchers altered the position of the square cylinders and 
adjusted the Reynolds number, they kept the Prandtl number and Grashof number con-
stant. The results demonstrated a significant influence of the square cylinder location on 
the average Nusselt number values and the separation distance between the two blockages 
had a large effect on the total average Nusselt number. Gangawane [13] conducted a study on 
the mixed convection heat transfer characteristics in a lid-driven cavity with the presence of a 
triangular block. The research focused on examining the heat and flow characteristics when a 
constant heat flux was applied to the triangular block, considering various blockage ratios, 
Reynolds numbers, Grashof numbers, and Prandtl numbers. The investigation resulted in the 
determination of both local and average Nusselt number values on the triangular block. It was 
observed that an increase in Reynolds number enhances the heat transfer rate only up to Re = 
180–220 ; later, a decrease of heat transfer rate is observed. 
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The application of nanofluid leads to an improvement in the rate of heat transfer. 
According to Choi and Eastman [14], the addition of nanoparticles to the base fluid en-
hances its thermal conductivity. In their study, Xuan and Li [15] proposed a technique for 
creating nanofluids and found that the thermal conductivity of these fluids is influenced 
by various factors such as the volume fraction, shape, dimensions, and properties of the 
nanoparticles. In their study, Khanafer et al. [16] investigated the enhancement of buoy-
ancy-driven heat transfer in a two-dimensional enclosure using nanofluids. To solve the 
transport equations, they employed the finite volume method. The researchers explored 
the influence of the Grashof number and the volume fractions of the nanofluid, and sub-
sequently derived correlations for the Nusselt numbers. Abu-Nada and Chamkha [17] 
conducted a study where they provided numerical solutions for the mixed-convection 
flow in an inclined square cavity driven by a lid, using water–Al2O3 nanofluid. The non-
dimensional vorticity stream-function equations were solved using a second-order-accu-
rate finite volume method. The study examined the variations of the Nusselt number with 
the Richardson number, inclination angle, and volume fraction of the nanofluid. The pres-
ence of nanoparticles increased heat transfer, and this was accentuated by the inclination 
of the enclosure at moderate and large Richardson numbers. In their investigation, 
Mansour et al. [18] explored the numerical simulation of mixed convection flows in a 
square cavity with a lid-driven motion. The cavity was partially heated from below and 
filled with a nanofluid. To solve the dimensionless governing equations, the researchers 
employed a finite difference method. Specifically, they focused on water-based nanofluids 
containing Cu, Ag, Al2O3, and TiO2 particles. The study aimed to analyze the impact of 
various factors, including the Reynolds number, solid volume fraction, heat source length, 
and heat source location, on the characteristics of heat transfer and fluid flow. They re-
ported that when the heat source length was increased, heat transfer was decreased, and 
placing the heat source at the left half of the bottom wall gave large rates of heat transfer. 
In their study, Talebi et al. [19] conducted numerical simulations to investigate the mixed 
convection phenomenon in a square lid-driven cavity using Cu–water nanofluid. The re-
searchers analyzed the hydrodynamics and thermal properties of the flow under various 
conditions, including different Rayleigh numbers, Reynolds numbers, and solid volume 
fractions of the nanofluid. The authors found that at the fixed Reynolds number, the solid 
concentration affects the flow pattern and thermal behavior, particularly for a higher Ray-
leigh number. Chamkha and Abu-Nada [20] examined the impact of different viscosity 
models on the mixed convection flow within single and double-lid-driven cavities using 
water–Al2O3 nanofluid. Specifically, they compared the Brinkman model with the Pak and 
Cho correlation. The researchers discovered that when the nanofluid was modeled using 
Pak and Cho’s approach, there was a decrease in the average Nusselt number for the sin-
gle lid-driven case. Mojumder et al. [21] investigated the impact of Reynolds and Grashof 
numbers on mixed convection within a lid-driven T-shaped cavity containing water–
Al2O3 nanofluid. The study revealed that the Grashof, Reynolds, Richardson, and volume 
fractions of the nanoparticles play a crucial role in determining the heat transfer charac-
teristics. Additionally, the researchers provided visual representations of the flow through 
isotherm and streamlines and calculated the average Nusselt numbers for the heated mov-
ing wall. In their study, Kareem et al. [22] conducted an investigation on the mixed con-
vection of nanofluids within a trapezoidal cavity driven by a lid. To solve the governing 
equations, they employed a finite volume method. The researchers utilized four different 
types of nanofluids, namely Al2O3, CuO, SiO2, and TiO2, mixed with water. They examined 
the impact of various factors such as the aspect ratio and inclination of the cavity, nano-
particle volume fraction, nanoparticle diameter, Reynolds number, and Richardson num-
ber on the heat transfer characteristics. Notably, the nanofluid containing SiO2 exhibited 
higher Reynolds numbers compared to the other nanofluids. Numerical simulations were 
conducted by Taamneh and Bataineh [23] to investigate the mixed convection flow in a 
square lid-driven cavity that was filled with water–Al2O3 nanofluid. The study focused on 
analyzing the variations of streamlines, isotherms, and the average Nusselt number of the 
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hot-moving lid. These variations were observed for different volume fractions of the 
nanofluid, Reynolds numbers, and Richardson numbers. The findings of the study were 
presented and discussed in detail. A study conducted by Astanina et al. [24] investigated 
the mixed convection of a water–Al2O3 nanofluid in a lid-driven cavity with two porous 
layers. The researchers employed the stream function and vorticity equations to solve the 
flow field, while the Brinkman-extended Darcy model was utilized for the porous layers. 
The study focused on examining the impact of various factors, including the Richardson 
number, Darcy number, porous layer thickness, and volume fraction of the nanofluid, on 
the heat transfer characteristics. It was found that in the natural convection regime, an 
addition of nanoparticles leads to heat transfer enhancement, while for mixed convection 
and forced convection regimes, an increase in nanoparticle volume fraction leads to heat 
transfer reduction. Cho [25] conducted a study that examined the heat transfer and en-
tropy generation of a mixed convection flow of Cu–water nanofluid in a lid-driven cavity 
with a wavy surface. The research aimed to determine the total entropy generation, 
Nusselt number, and Bejan numbers under different conditions, including Richardson 
numbers, the amplitude of the wavy surface, and the volume fraction of the nanofluid. An 
optimal heat transfer effect was obtained given an appropriate wavelength of the wavy 
surface depending on the Richardson numbers. In their research, Mehmood et al. [26] in-
vestigated the phenomenon of mixed convection within a lid-driven cavity filled with a 
water–Al2O3 nanofluid. The cavity contained a square object that was heated isothermally, 
and the study also considered the influence of a magnetic field. To solve the governing 
equations, the researchers employed the Galerkin finite element method. By varying the 
Reynolds number, Richardson number, Hartmann number, and Eckert number, they were 
able to obtain the average Nusselt number, entropy generation, and average temperature 
values. An increase in average temperature in the cavity has been noticed with an aug-
mentation in Eckert number and magnetic field strength. The investigation carried out by 
Karbasifar et al. [27] involved numerical simulations of mixed convection in a lid-driven 
cavity filled with water–Al2O3 nanofluid. The cavity contained a hot elliptic cylinder, and 
the researchers examined the heat transfer characteristics under various conditions. Spe-
cifically, they studied the effects of Richardson numbers, volume fraction of the nanofluid, 
and inclination angles while maintaining a constant temperature difference. They con-
cluded that the effect of changing the cavity angle on heat transfer and Nusselt number is 
much smaller than the Richardson number and volume fraction. Azizul et al. [4] utilized 
the finite element method to address the mixed convection flow occurring in a wavy 
heated cavity. The investigation focused on the inclusion of nanofluids and an inner solid 
block within the cavity. Various parameters, such as Reynolds number, Grashof number, 
volume fraction of nanoparticles, fraction of undulations, and blockage of the inner solid 
block, were considered to analyze the flow and heat transfer characteristics. According to 
the results, the size of the internal object minimizes the space inside the wavy cavity, and 
it was found that D = 0.3 is the perfect size located within the center of the cavity. Rajesh 
and Sheremet [28] performed numerical simulations to investigate the phenomenon of 
free convection in a square cavity with a lid-driven flow. The cavity was filled with a ter-
nary hybrid nanofluid, specifically composed of Cu–CuO–Al2O3 and water. They showed 
that ternary nanofluids can be more effective compared to mono- and hybrid nanofluids. 

The field of thermal engineering not only focuses on heat transfer analyses but also 
recognizes the crucial role played by entropy generation. Viscosity is another important 
parameter in fluid flow analyses [29]. The research conducted by Chamka et al. [30] in-
volved numerical analyses of various electrical conductivity models for magneto-hydro-
dynamic mixed convection of nanofluids in a triangular cavity with a lid-driven flow. The 
finite element method was employed to carry out the simulations. The study aimed to 
explore the impact of Richardson and Hartman numbers on heat transfer and entropy 
generation. They stated that the magnetic field affected the behaviors of entropy genera-
tion rate versus solid particle volume fraction. Alshare et al. [31] conducted a study on the 
natural convection of Al2O3–water nanofluid in a lid-driven cavity with an elliptical shape 
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and a wavy boundary heated from the bottom. The research focused on examining the 
impact of the ovoid’s orientation at the center and the undulation number of the wave on 
both heat transfer and entropy generation. Heat transfer was responsible for entropy gen-
eration, while frictional and magnetic effects were marginal. Ishak et al. [32] conducted a 
study on a different mixed convection scenario involving Al2O3–water nanofluid. In their 
investigation, they focused on evaluating the entropy generation of the mixed convection 
flow within a trapezoidal lid-driven cavity that contained a solid cylinder. The researchers 
determined that the size and position of the solid cylinder played a crucial role in influ-
encing heat transfer properties and entropy generation. The maximum average Nusselt 
numbers were obtained for high radius values, where the average Nusselt number was 
increased by 30% when the radius was raised from 0 to 0.25. Laidoudi et al. [33] conducted 
a study where they examined a lid-driven cavity with a 3D elliptical obstacle. They used 
the Galerkin finite element method to analyze the effects of different factors, such as prop-
erties of Al2O3–Cu–water nanofluid, Lorentz force, thermal buoyancy, and space porosity, 
on heat transfer and entropy generation. According to their results, increasing the value 
of Darcy and/or Reynolds number increases the average Nusselt of the obstacle and the 
magnetic field decreases the heat transfer rate. Maneengam et al. [34] also investigated 
heat transfer, flow mechanism, and entropy generation in a corrugated porous cavity 
filled with a hybrid nanofluid Fe3O4–MWCNT–water. They specifically focused on these 
phenomena in the presence of a magnetic field. The change in the shape of the obstacle 
from the elliptical to triangular raised the value of Nusselt number at a rate of 15.54% for 
Ha = 0, N = 8, and Gr = 10,000. Maneengam et al. [35] conducted another study where they 
explored the generation of entropy in a porous cavity driven by a lid. The cavity was filled 
with different obstacles and subjected to buoyancy and Lorentz forces. The researchers 
modified the shapes of the obstacles, including elliptical, square, triangular, and circular 
forms, while the lower wall of the cavity was designed with wave patterns. Increasing the 
Hartman and decreasing the Reynolds numbers drops both the irreversibility and the heat 
transfer rate. Taghizadeh and Adaditaheri [36] performed computational investigations 
on the heat transfer and entropy generation characteristics of laminar mixed convection 
within an inclined lid-driven enclosure containing a circular porous cylinder. They stated 
that the effect of the inclination angle on the heat transfer and entropy generation inside 
the enclosure is more noticeable at high Richardson numbers. Zeghbid and Bessaih [37] con-
ducted a study on the mixed convection and entropy generation in a square cavity using 
nanofluids. The researchers filled the cavity with water–Cu–Ag–Al2O3 and TiO2 nanofluids 
and introduced two heat sources. The investigation focused on examining the impact of the 
Richardson number, Reynolds number, and solid volume fraction of nanofluids on heat trans-
fer and entropy generation. They found that entropy generation decreased with increasing 
solid volume fraction, Rayleigh numbers, and Reynolds numbers.  

This study focuses on analyzing the laminar mixed convection flow in a square lid-
driven cavity. The cavity contains a square blockage at its center and is filled with Al2O3–
water nanofluid. The Grashof number is kept constant while the Reynolds number is var-
ied, and different volume fractions of Al2O3 nanoparticles are considered. The study vis-
ually presents the streamlines and isotherms of the flow to understand the fluid behavior. 
It also calculates the local and average Nusselt numbers on the surfaces of the square 
blockage to analyze the heat transfer characteristics. Additionally, the total dimensionless 
entropy generation of the system is determined to gain insights into the overall thermo-
dynamic behavior. To establish relationships between the average Nusselt number and 
the total dimensionless entropy generation, correlations are derived. These correlations 
take into account different values of the Richardson number and the volume fraction of 
the nanofluid. By examining these correlations, it becomes possible to predict the heat 
transfer and entropy generation characteristics of the system under different conditions. 
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2. Materials and Methods 
2.1. Problem Description 

The current investigation focuses on the analysis of a mixed convection problem oc-
curring in a lid-driven cavity that is filled with Al2O3–water nanofluid. The cavity contains 
a square blockage positioned at its center, as depicted in Figure 1. Both the height (H = 1 
m) and length (L = 1 m) of the cavity are identical, and the square blockage has a dimension 
of B = D/H, where D represents the length of the blockage (B = H/4). The walls of the cavity 
are maintained at a cold temperature (Tc), while the walls of the square blockage are kept 
at a hot temperature (Th). The right, left, and bottom walls of the cavity remain stationary, 
while the top wall moves towards the right with a velocity of Ulid. Additionally, a negative 
gravitational acceleration is considered in the y-direction within the cavity. 

 
Figure 1. Physical model of the problem. 

2.2. Governing Equations 
The Navier–Stokes and energy equations are employed to solve the steady, two-di-

mensional, incompressible laminar mixed convection flow of Al2O3–water nanofluid. The 
thermophysical properties of the nanofluid remain constant throughout the analysis, ex-
cept for the buoyancy term, which is approximated using the Boussinesq approximation. 
Table 1 provides the thermophysical properties of both water and Al2O3. 

Table 1. Thermophysical properties of water and Al2O3 at 293 K [17]. 

Thermophysical Property Water Al2O3 
Cp (J/kgK) 4179 765 
ρ (kg/m3) 997.1 3970 
k (W/mK) 0.613 25 
β × 105 (1/Κ) 21 0.85 
μ (Ns/m2) 0.001003 - 
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The density, heat capacitance, and thermal expansion coefficient of the nanofluid can 
be determined using the physical mixture rule, as stated in [16]. 

𝜌𝜌𝑛𝑛𝑛𝑛 = (1 − 𝜙𝜙)𝜌𝜌𝑛𝑛 + 𝜙𝜙𝜌𝜌𝑠𝑠𝑠𝑠 (1) 

(𝜌𝜌𝐶𝐶𝑠𝑠)𝑛𝑛𝑛𝑛 = (1 − 𝜙𝜙)�𝜌𝜌𝐶𝐶𝑠𝑠�𝑛𝑛 + 𝜙𝜙(𝜌𝜌𝐶𝐶𝑠𝑠)𝑠𝑠𝑠𝑠 (2) 

(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛 = (1 − 𝜙𝜙)(𝜌𝜌𝜌𝜌)𝑛𝑛 + 𝜙𝜙(𝜌𝜌𝜌𝜌)𝑠𝑠𝑠𝑠 (3) 

where f and sp represent the fluid and solid, respectively. The solid volume fraction is ϕ. 
The thermal conductivity of the nanofluid can be calculated by Maxwell–Garnett’s 

model [38]: 

𝑘𝑘𝑛𝑛𝑛𝑛 = 𝑘𝑘𝑛𝑛 �
�𝑘𝑘𝑠𝑠𝑠𝑠 + 2𝑘𝑘𝑛𝑛� − 2𝜙𝜙(𝑘𝑘𝑛𝑛 − 𝑘𝑘𝑠𝑠𝑠𝑠)
�𝑘𝑘𝑠𝑠𝑠𝑠 + 2𝑘𝑘𝑛𝑛� + 𝜙𝜙(𝑘𝑘𝑛𝑛 − 𝑘𝑘𝑠𝑠𝑠𝑠)

� (4) 

Nanofluid viscosity is expressed by using the Brinkman relation [39]: 

𝜇𝜇𝑛𝑛𝑛𝑛 = 𝜇𝜇𝑛𝑛(1 − 𝜙𝜙)−2.5 (5) 

The continuity, momentum, and energy equations in a 2D Cartesian  coordinate sys-
tem for Newtonian incompressible fluid are as follows [18]: 
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Non-dimensional continuity, momentum, and energy equations can be written as 
follows [23]: 
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𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+
𝜇𝜇𝑛𝑛𝑛𝑛
𝜌𝜌𝑛𝑛𝑛𝑛𝜈𝜈𝑛𝑛

1
𝑅𝑅𝑅𝑅

�
𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2

+
𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2

� +
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛
𝜌𝜌𝑛𝑛𝑛𝑛𝜌𝜌𝑛𝑛

𝑅𝑅𝑅𝑅𝑅𝑅 (12) 

𝜕𝜕
𝜕𝜕𝑅𝑅
𝜕𝜕𝜕𝜕

+ 𝜕𝜕
𝜕𝜕𝑅𝑅
𝜕𝜕𝜕𝜕

=
𝛼𝛼𝑛𝑛𝑛𝑛
𝛼𝛼𝑛𝑛

1
𝑅𝑅𝑅𝑅𝜕𝜕𝑅𝑅

�
𝜕𝜕2𝑅𝑅
𝜕𝜕𝜕𝜕2

+
𝜕𝜕2𝑅𝑅
𝜕𝜕𝜕𝜕2

� (13) 

Non-dimensional parameters are written as follows: 

𝜕𝜕 =
𝜕𝜕
𝐻𝐻

 𝜕𝜕 =
𝜕𝜕
𝐻𝐻

 𝜕𝜕 =
𝜕𝜕
𝜕𝜕𝑙𝑙𝑙𝑙𝑙𝑙

 𝜕𝜕 =
𝜕𝜕
𝜕𝜕𝑙𝑙𝑙𝑙𝑙𝑙

 𝜕𝜕 =
𝜕𝜕

𝜌𝜌𝑛𝑛𝑛𝑛𝜕𝜕𝑙𝑙𝑙𝑙𝑙𝑙2
 

𝑅𝑅 =
(𝑇𝑇 − 𝑇𝑇𝑐𝑐)
(𝑇𝑇ℎ − 𝑇𝑇𝑐𝑐)

 𝑅𝑅𝑅𝑅 =
𝜌𝜌𝑛𝑛𝜕𝜕𝑙𝑙𝑙𝑙𝑙𝑙𝐻𝐻
𝜇𝜇𝑛𝑛

 𝜕𝜕𝑅𝑅 =
(𝜇𝜇𝐶𝐶𝑠𝑠)𝑛𝑛
𝑘𝑘𝑛𝑛

 𝛼𝛼 =
𝑘𝑘𝑛𝑛𝑛𝑛

(𝜌𝜌𝐶𝐶𝑠𝑠)𝑛𝑛𝑛𝑛
 𝑅𝑅𝑅𝑅 =

𝐺𝐺𝑅𝑅
𝑅𝑅𝑅𝑅2

 

 𝑁𝑁𝜕𝜕 = −
𝑘𝑘𝑛𝑛𝑛𝑛
𝑘𝑘𝑛𝑛

𝜕𝜕𝑅𝑅
𝜕𝜕𝜕𝜕

 𝐺𝐺𝑅𝑅 =
𝑔𝑔𝜌𝜌𝑛𝑛2𝜌𝜌𝑛𝑛(𝑇𝑇ℎ − 𝑇𝑇𝑐𝑐)𝐻𝐻3

𝜇𝜇𝑛𝑛2
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where Re is the Reynolds number, Pr is the Prandtl number, Gr is the Grashof number, Ri 
is the Richardson number, and Nu is the Nusselt number. The average Nusselt number 
on the square blockage can be calculated by integrating the local Nusselt number on the 
surfaces and dividing it by the total length of the surfaces.  

The local entropy generation due to heat transfer and fluid flow can be found as fol-
lows [37]: 

𝑠𝑠𝑔𝑔𝑔𝑔𝑛𝑛 =
κnf
𝑇𝑇02

��
𝜕𝜕𝑇𝑇
𝜕𝜕𝜕𝜕
�
2

+ �
𝜕𝜕𝑇𝑇
𝜕𝜕𝜕𝜕
�
2

� +
𝜇𝜇𝑛𝑛𝑛𝑛
𝑇𝑇0

�2 �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
2

+ 2 �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
2

+ ��
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
� + �

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
��

2

� (14) 

Dimensionless entropy generation or entropy generation number is calculated as fol-
lows: 

𝑆𝑆𝑔𝑔𝑔𝑔𝑛𝑛 = κnf
κf
��𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
�
2

+ �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
2
� + 𝜇𝜇𝑛𝑛𝑛𝑛

𝜇𝜇𝑛𝑛
𝑁𝑁𝜇𝜇 �2 �

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
2

+ 2 �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
2

+ ��𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
� + �𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
��
2
�  (15) 

where 𝑁𝑁𝜇𝜇 is the irreversibility distribution ratio: 

𝑁𝑁𝜇𝜇 =
𝜇𝜇𝑛𝑛𝑇𝑇0
𝑘𝑘𝑛𝑛

�
𝛼𝛼𝑛𝑛
𝐿𝐿∆𝑇𝑇

�
2
 (16) 

𝑇𝑇0 = 𝑇𝑇ℎ+𝑇𝑇𝑐𝑐
2

         ∆𝑇𝑇 = 𝑇𝑇ℎ + 𝑇𝑇𝑐𝑐  

The total dimensionless entropy generation can be found with the integration of 
Equation (13). 

𝑆𝑆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑙𝑙 = �𝑆𝑆𝑔𝑔𝑔𝑔𝑛𝑛𝑑𝑑𝜕𝜕 (17) 

2.3. Boundary Conditions 
The dimensionless boundary conditions of the problem are as follows: 

1. On the top wall: 𝜕𝜕 = 1 𝜕𝜕 = 𝑅𝑅 = 0 
2. On the left wall: 𝜕𝜕 = 𝜕𝜕 = 𝑅𝑅 = 0 
3. On the right wall: 𝜕𝜕 = 𝜕𝜕 = 𝑅𝑅 = 0 
4. On the bottom wall: 𝜕𝜕 = 𝜕𝜕 = 𝑅𝑅 = 0 
5. On the square blockage: 𝜕𝜕 = 𝜕𝜕 =0 𝑅𝑅 = 1 

2.4. Numerical Method 
The solutions to the continuity, momentum, and energy equations are obtained using 

ANSYS-FLUENT 18.2, a solver based on the finite volume method. The pressure–velocity 
coupling is resolved using the SIMPLE algorithm. A second-order scheme is employed for 
mixed convection, while the momentum equations utilize the second-order upwind 
scheme. The energy equations, on the other hand, are solved using the first-order upwind 
scheme. To achieve convergence, a criterion of 10−6 is set for the continuity, momentum, 
and energy equations. 

The structured grid of the problem is depicted in Figure 2. A finer grid is employed 
in the vicinity of the moving lid and square blockage surfaces. To ensure the reliability of 
the results, a grid independence study is conducted using pure water (ϕ = 0) at Gr = 100 
and Ri = 0.1. The average Nusselt number on the square blockage surfaces is found to be 
almost identical for grids with 72,960 and 80,800 nodes, as indicated in Table 2. Therefore, 
the numerical results in this study are obtained using a grid consisting of 80,800 nodes 
and a constant Grashof number of Gr = 100. 
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Table 2. Grid convergence for Ri = 0.1 for pure water (ϕ = 0). 

Grid Nodes Nuavg 

150 × 150 20,400 7.416 
225 × 225 45,600 7.393 
255 × 255 58,480 7.383 
285 × 285 72,960 7.378 
300 × 300 80,800 7.376 

 

 

 

(a) (b) 

Figure 2. Computational grid; (a) Solution domain ; (b) Grid in the vicinity of the square block. 

2.5. Validation of Results 
Table 3 presents the validation of the results. It compares the average Nusselt number 

values on the hot moving lid in a square lid-driven cavity for Gr = 100 and Pr = 0.71 with 
multiple studies. Furthermore, the numerical results are also compared for average 
Nusselt numbers on a concentric square blockage (B = 1/4) for Ri = 0.1–1–10. Both Tables 3 
and 4 indicate a strong agreement between the numerical results obtained from the pre-
sent study and those of other studies. 

Table 3. Comparison of average Nusselt number for Gr = 100 and Pr = 0.71. 

Authors Re 
 100 400 1000 
Iwatsu et al. [6] 1.94 3.84 6.33 
Astanina et al. [24] 2.05 4.09 6.70 
Mehmood et al. [26] 2.03 4.07 6.58 
Sivasankaran et al. [3] - 4.09 6.48 
Abu-Nada and Chamka [17] 2.09 4.16 6.55 
Present Study  1.88 3.83 6.38 
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Table 4. Comparison of average Nusselt number for concentric square blockage with Islam et al. 
[11] and Mehmood et al. [26]. 

Ri Islam et al. [11] Mehmood et al. [26] Present Study 
0.1 5.6118 5.5317 5.5317 
1 5.6935 5.5684 5.5755 

10 7.9083 7.9029 7.9144 

3. Results 
The numerical calculations were conducted for a constant Grashof number (Gr) of 

100. The Richardson number (Ri) was varied within the range of 0.01 to 100, while the 
nanofluid particle range (ϕ) was set from 0 to 0.05. The Richardson number is defined as 
the ratio of Grashof number to the square of the Reynolds number (Ri = Gr/Re2). 

Figure 3a,b illustrates the streamlines and isotherms for a range of Richardson num-
bers (Ri) from 0.01 to 100, considering a nanofluid with a volume fraction (ϕ) of 0.04. In 
all cases, a single clockwise cell is observed. The nanofluid located over the left upper 
corner is pulled upwards towards the top lid and circulates due to the shear force exerted 
by the moving top lid. For Ri = 0.01, a single cell appears over the right top corner of the 
blockage. As the Richardson number increases, the cells grow in size until Ri = 10, and the 
center of the cell moves over the blockage. At Ri = 100, the cell further expands. The right-
ward movement of the lid leads to the formation of steep velocity gradients near the top 
lid. Throughout all cases, there exists a gap between the blockage and the left-right and 
lower walls of the cavity. This gap tends to widen as the Richardson number increases. 
Consequently, as the Richardson number increases, there is minimal flow over the block-
age surfaces. The isotherms provide insights into the influence of the Richardson number 
within the cavity. Temperature gradients are more pronounced near the blockage sur-
faces. For lower Richardson number values, the movement of the top lid affects the block-
age, resulting in a temperature gradient over the left top corner of the blockage, which is 
observed up to Ri = 1. However, for Ri = 10–100, the effect of natural convection becomes 
dominant over forced convection, and only a temperature gradient is observed around 
the blockage. 

Figure 4a,b illustrates the velocity profiles for U-velocity and V-velocity along the 
horizontal and vertical midplane within the cavity. The U-velocity profiles exhibit similar 
characteristics, but the position of the bubble influences the U-velocity values. Between 
the blockage and the top lid, the U-velocity values initiate at the lid velocity, reach a min-
imum, and then increase to zero at the blockage surface. In the lower space between the 
blockage and the bottom wall of the cavity, the U-velocity values are negative due to the 
clockwise stream and remain nearly constant for all Richardson number values. On the 
other hand, the V-velocity values are positive due to the upward flow between the left 
wall and the blockage, and negative due to the downward flow between the right wall 
and the blockage. As the Richardson values increase, the maximum values of V-velocity 
and their corresponding positions tend to shift closer to the blockage. In the region be-
tween the right wall of the cavity and the blockage, the minimum values of V-velocity 
decrease with increasing Richardson number values, and the locations of these minimum 
V-velocity values tend to approach the right wall of the cavity. 
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(a) (b) 

Figure 3. Streamlines (a) and isotherms (b) for ϕ = 0.04. 
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(a) (b) 

Figure 4. Velocity profiles at vertical (a) and horizontal (b) mid-plane. 

In Figure 5a,b, the Nusselt number values for the square blockage surfaces are pre-
sented for the nanofluid volume fraction and Richardson numbers. It is observed that for 
Ri = 0.01–0.1–1, the right surface exhibits the highest Nusselt number values, followed by 
the top, bottom, and left surfaces, respectively. On the other hand, for Ri = 10–100, where 
the dominant heat transfer mode is natural convection, the highest Nusselt number values 
are obtained on the right surface of the blockage, followed by the bottom, top, and left 
surfaces. Furthermore, it is noted that the Nusselt number values decrease as the Richard-
son number increases and the nanofluid volume fraction decreases. 

Table 5 displays the average Nusselt number values for the various surfaces, namely 
the right, bottom, left, and top surfaces. In Figure 5a,b, the Nusselt number values for the 
square blockage surfaces are presented, considering the nanofluid volume fraction and 
Richardson numbers. When Ri = 0.01–0.1–1, it is observed that the right surface exhibits 
the highest Nusselt number values, followed by the top, bottom, and left surfaces, respec-
tively. However, for Ri = 10–100, where the dominant heat transfer mode is natural convec-
tion, the right surface of the blockage obtains the highest Nusselt number values, followed by 
the bottom, top, and left surfaces. It is worth noting that the Nusselt number values decrease 
as the Richardson number increases and the nanofluid volume fraction decreases. 

The average Nusselt number on square blockage for all cases examined in the study 
is presented in Table 6. Figure 6 provides a visual representation of how the average 
Nusselt number on the surface of square blockages varies with changes in the Richardson 
number and the volume fraction of the nanofluid. It is observed that as the Richardson 
number increases, there is a corresponding decrease in the average Nusselt number on the 
surface of square blockages. On the other hand, an increase in the nanofluid volume frac-
tion increases the average Nusselt number on the surface of square blockages. Based on 
these findings, a relationship between the average Nusselt number, the Richardson num-
ber, and the nanofluid volume fraction is established. This relationship is valid within the 
range of 0.01 ≤ Ri ≤ 100 and 0 ≤ ϕ ≤ 0.05. 

𝑁𝑁𝜕𝜕𝑡𝑡𝑎𝑎𝑔𝑔 = 6.3572𝑅𝑅𝑅𝑅−0.07928.9695𝜙𝜙             (r2 = 0.926) (18) 
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Table 5. Average Nusselt number values of square blockage right, bottom, left, and top faces for 
Richardson number and nanofluid particle range values. 

Nuavg 

𝝓𝝓 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 
 Ri = 0.01 Ri = 0.1 Ri = 1 Ri = 10 Ri = 100 
Right 14.14 10.51 7.27 5.76 5.37 
Bottom 8.87 7.02 5.61 5.34 5.31 
Left 6.74 5.37 4.71 4.89 5.09 
Top 9.97 8.49 6.01 5.23 5.13 

𝝓𝝓 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 
 Ri = 0.01 Ri = 0.1 Ri = 1 Ri = 10 Ri = 100 
Right 14.44 10.71 7.40 5.90 5.51 
Bottom 9.07 7.15 5.75 5.49 5.45 
Left 6.89 5.47 4.84 5.03 5.23 
Top 10.18 8.63 6.14 5.38 5.27 

𝝓𝝓 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 
 Ri = 0.01 Ri = 0.1 Ri = 1 Ri = 10 Ri = 100 
Right 14.76 10.92 7.54 6.04 5.66 
Bottom 9.26 7.30 5.89 5.63 5.60 
Left 7.04 5.58 4.97 5.18 5.39 
Top 10.38 8.79 6.27 5.53 5.43 

𝝓𝝓 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 
 Ri = 0.01 Ri = 0.1 Ri = 1 Ri = 10 Ri = 100 
Right 15.08 11.13 7.68 6.18 5.80 
Bottom 9.47 7.44 6.03 5.78 5.76 
Left 7.19 5.70 5.11 5.33 5.53 
Top 10.60 8.93 6.39 5.67 5.58 

𝝓𝝓 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 
 Ri = 0.01 Ri = 0.1 Ri = 1 Ri = 10 Ri = 100 
Right 15.39 11.34 7.82 6.34 5.96 
Bottom 9.69 7.59 6.18 5.94 5.90 
Left 7.35 5.82 5.24 5.48 5.69 
Top 10.83 9.09 6.53 5.82 5.73 
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(a) (b) 

Figure 5. Nusselt number variation on blockage surfaces for ϕ = 0.01–0.05 (a) and Ri = 0.01–100 (b). 
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Table 6. Average Nusselt number values of square blockage for Richardson number and nanofluid 
particle range values. 

 Nuavg 

Ri 𝝓𝝓 = 𝟎𝟎 𝝓𝝓 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 𝝓𝝓 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 𝝓𝝓 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 𝝓𝝓 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 𝝓𝝓 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 
0.01 9.52 9.73 9.94 10.15 10.37 10.59 
0.1 7.54 7.68 7.83 7.98 8.13 8.28 
1 5.68 5.80 5.93 6.06 6.19 6.33 

10 5.10 5.24 5.38 5.52 5.67 5.82 
100 5.02 5.15 5.31 5.45 5.60 5.76 

 
Figure 6. Average Nusselt number on blockage surface for ϕ = 0.01–0.05 and Ri = 0.01–100. 

Table 7 presents the dimensionless total entropy generation of the system with the 
Richardson number and nanofluid particle fraction. The findings indicate that the dimen-
sionless total entropy generation of the system increases as the nanofluid particle fraction 
increases. Conversely, the dimensionless entropy generation of the system increases as 
the Richardson numbers decrease, particularly when forced convection is dominant. As 
the Richardson numbers increase, natural convection takes over as the primary heat trans-
fer mechanism. For Richardson numbers of Ri = 10 and Ri = 100, the changes in the dimen-
sionless total entropy value are not significant due to the dominance of natural convection. 
The calculations demonstrate that heat transfer irreversibility plays a major role in the 
total entropy generation. Figure 7 illustrates the variation of total dimensionless entropy 
with the Richardson number and nanofluid volume fraction. It is evident from Figure 7 
that the total dimensionless entropy values exhibit a sharp decrease until Richardson 
number values of Ri = 1, where the Reynolds number becomes dominant. Furthermore, 
Equation (15) provides a derived relationship for the total dimensionless entropy genera-
tion with the Richardson number and nanofluid volume fraction. 
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Table 7. Dimensionless total entropy generation for Richardson number and nanofluid particle 
range values. 

 Stotal 

Ri 𝝓𝝓 = 𝟎𝟎 𝝓𝝓 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 𝝓𝝓 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 𝝓𝝓 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 𝝓𝝓 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 𝝓𝝓 = 𝟎𝟎. 𝟎𝟎𝟎𝟎 
0.01 25.44 26.71 28.03 29.41 30.85 32.35 
0.1 18.79 19.61 20.47 21.37 22.30 23.28 
1 12.60 13.20 13.84 14.51 15.21 15.95 
10 10.86 11.46 12.09 12.75 13.45 14.17 

100 10.63 11.24 11.87 12.53 13.23 13.95 
 

𝑆𝑆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑙𝑙 = 14.62𝑅𝑅𝑅𝑅−0.1131115.5095𝝓𝝓              (r2 = 0.941) (19) 

 
Figure 7. Total dimensionless entropy for ϕ = 0.01–0.05 and Ri = 0.01–100. 

4. Conclusions 
The main objective of the numerical study is to examine the mixed convection occur-

ring in a square cavity filled with a nanofluid consisting of Al2O3 particles and water. The 
cavity is being driven by a lid, and there is an isothermally heated square block positioned 
at the center of the cavity. The study investigates the heat transfer, flow characteristics, 
and the total dimensionless entropy of the flow. The influence of the Richardson number 
and the volume fraction of the nanofluid on heat transfer, the flow characteristics, and the 
total entropy generation of the nanofluid are investigated while maintaining a constant 
Grashof number of Gr = 100. Streamlines, isotherms, velocity profiles on the central plane 
of the cavity, variations in the Nusselt number on the square blockage surfaces, mean val-
ues of the Nusselt number on the square blockage surface, and the overall dimensionless 
entropy generation of the system are acquired. The following conclusions can be with-
drawn from the study: 
1. In each nanofluid volume fraction scenario, the dimensionless V-velocity remains 

constant on the horizontal midplane. However, the dimensionless V-velocity profile 
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on this plane is influenced by the Richardson number. As the Richardson number in-
creases, the maximum value of the dimensionless V-velocity also increases, and the po-
sition of this maximum value tends to shift toward the right. Nusselt number variations 
on the square blockage surfaces show that for Ri = 0.01–0.1–1, the highest Nusselt number 
values were obtained on the right surface, followed by top, bottom, and left surfaces, re-
spectively. For Ri = 10–100, the highest Nusselt number values are calculated on the right 
surface but followed by the bottom, top, and left surfaces, respectively. 

2. The dimensionless U-velocity values on the vertical midplane remain constant for 
every Richardson number and nanofluid volume fraction case. Similarly, the findings 
reveal that the velocity profile between the bottom wall of the square blockage and 
the bottom wall remains unchanged across all cases. However, a slightly different 
velocity profile is calculated between the top surface of the blockage and the top wall 
of the cavity in the Ri = 0.01 case, attributed to the positioning of the vortex cell. 

3. The streamlines reveal that a singular vortex cell is obtained for every Richardson 
number instance. When Ri = 0.01, the cell is located above the top-right corner of the 
square blockage, whereas for other Richardson number cases, the cell is positioned 
directly over the blockage. As the Richardson number increases, the gap between the 
bottom surface of the blockage and the bottom wall expands. 

4. As the Richardson number rises, there is a decrease in temperature values between the 
top surface and the top wall. When Ri = 100, a uniform temperature distribution is 
achieved as the natural convection heat transfer mechanism dominates. 

5. Increasing the volume fraction of the nanofluid and reducing the Richardson number 
leads to an increase in the average Nusselt number on the surface of the square blockage. 

6. By considering the Richardson number and the volume fraction of the nanofluid, a 
correlation is derived for the average Nusselt number on the surface of a square 
blockage with a high degree of certainty (r2 = 0.926). 

7. The total dimensionless entropy of the flow shows an increase as the Richardson 
number decreases and the volume fraction of the nanofluid increases. 

8. A correlation is established between the total dimensionless entropy and the varia-
tions in the Richardson number and the volume fraction of the nanofluid with a re-
gression coefficient of r2 = 0.941. 
In future studies, different cavity shapes, different nanofluid types, and optimization 

of blockage shapes and dimensions for enhancing heat transfer and minimizing the en-
tropy generation are planned.  
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Nomenclature 
h Hot 
B Blockage ratio  
c Cold 
Cp Specific heat at constant pressure (kJ/kgK) 
f Fluid 
g Gravitational acceleration (m/s2) 
Gr Grashof number 
H Height of the cavity (m) 
k Thermal conductivity (W/mK) 
L Length of the cavity (m) 
nf Nanofluid 
Nu Nusselt number 
p Dimensional pressure (Pa) 
P Dimensionless pressure 
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Pr Prandtl number 
Re Reynolds number 
Ri Richardson number 
s Local entropy (W/m3K) 
sp Solid particle 
S Dimensionless Entropy  
T Dimensional temperature (K) 
u, v Dimensional x and y velocity components (m/s) 
U, V Dimensionless x and y velocity  
Ulid Lid velocity (m/s) 
x, y Dimensional coordinates (m) 
X, Y Dimensionless coordinates 
Greek Symbols 
α Thermal diffusivity (m2/s) 
β Thermal expansion coefficient (1/K) 
ϕ Nanoparticle volume fraction 
ν Kinematic viscosity (m2/s) 
θ Dimensionless temperature 
ρ Density (kg/m3) 
μ Dynamic viscosity (Pa s) 
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