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Abstract: In the article, the semi-global finite-time control strategy for stochastic nonlinear systems is
studied. Firstly, the general stochastic nonlinear system is considered and the required conditions
are provided. An important theorem that helps to construct the controller directly is subsequently
obtained by adopting a dynamic gain and homogeneous domination method. The equilibrium of the
whole system is semi-global finite-time stable in probability (SGFSP) under the designed controller.
Finally, the presented method is successfully applied to a second-order system. Simulation results
indicate the effectiveness of the method.
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1. Introduction

Numerous practical systems in engineering, for example, chemical reactor systems [1],
robot systems [2], and surface ships [3], have the characteristic of nonlinearity. Many
excellent methods have recently been reported to tackle control issues in different nonlinear
systems [4,5]. Because of work environments or other external factors, many dynamic
nonlinear systems inevitably suffer from random noise [6]. For example, ships with random
forces coming from the sea [7] and the mechanical system in the randomly changing
environment given in [8], and so on. Stochastic nonlinear systems contain plenty of
difficulties and challenges for system control and analysis. Since such types of systems
have different structures and conditions, it is not possible to use one method to study all
systems. In past years, scholars have developed various theories and control strategies
to study systems with different structures, including the output feedback control [9], the
adaptive control [10], and the intelligent control [11]. However, many control issues remain.

Of the control studies, finite time control has received a lot of attention [12–14] since it
has more advantages, including faster convergence and better robustness. There currently
exist many results for this type of control. Specially, some new sufficient conditions have
been provided and finite-time cost controllers derived for the stochastic linear system [15].
For the stochastic nonlinear system, an adaptive finite-time control scheme is proposed
in [16]. On the other hand, in practical life, the systems constantly suffer from external
disturbances. Because of the existence of the disturbances, achieving the goal of finite
time stability is usually difficult. For this reason, semi-global finite-time control design has
received a lot of attention. For example, by employing the fuzzy method and command
filter approach, the studied systems were guaranteed to be SGFSP [17]. However, based on
the existing methods, the designed controllers are somewhat complicated. For example,
based on the backstepping method, the obtained controller has a complexity explosion
problem. The fuzzy method needs to appropriate the nonlinear functions. Naturally, a
question is asked:
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Can we present a new semi-global finite control method for a general stochastic nonlinear
system to avoid the above problem?

In this article, we plan to consider the above issue. The contributions are twofold.

(i) This paper presents a new control strategy. For a general stochastic nonlinear sys-
tem, we introduce the dynamic-gain-based transformation and obtain a transformed
dynamic system. By providing the required conditions and adopting the idea of ho-
mogeneous domination, we present a new scheme to construct a dynamic controller,
which guarantees that the whole system is SGFSP.

(ii) The presented strategy is successfully applied to stabilize stochastic nonlinear systems.
By imposing the assumptions and verifying all the needed conditions, we flexibly
select a new Lyapunov function and provide a detailed design procedure for the
studied system. Finally, a dynamic controller is designed.

Notations: The nomenclatures are as follows. R denotes the set of all real numbers;
Rr and Rn are the r-dimensional and n-dimensional real number spaces, respectively;
Rn×r is the set of n × r real matrix; Tr{X} is the trace of X when X is square; E(·) is the
mathematical expectation; dx is the differentiation of x; ∂V(z)/∂z represents the partial
derivative of the function V(z) for the variable z; ∂2V(z)/∂z2

1 represents the second-order
partial derivative of the function V(z) for the variable z1;

.
a(t) is the time derivative of

the function a(t); max{b, c} represents the maximum number between b and c; min{b, c}
represents the minimum value between b and c; LV denotes the differential operator of the
function V.

2. System, Definition, and Useful Lemmas

In the work, we studied the stochastic nonlinear system [17]

dx = f (x, u)dt + g(x)dw, (1)

where x = (x1, . . . , xn)
⊤ ∈ Rn is the state vector, u ∈ R is the control input, f ∈ Rn,

g ∈ Rn×r are locally Lipschitz continuous function vector and matrix, respectively. w ∈ Rr

is the r-dimensional standard Wiener process. The goal of the study is to design the
controller u such that system (1) is SGFSP.

In stochastic nonlinear system (1), Gauss white noise
.

w is considered and is generally
viewed as an ideal white noise. The power spectral density of Gaussian white noise follows
a uniform distribution, and the amplitude distribution follows a Gaussian distribution. The
system states x1, . . . , xn are disturbed.

Remark 1. The noise used in the proposed model is Gaussian white noise. Its amplitude statistical
law follows a Gaussian distribution and the related power spectrum is a constant. The additive
noise generally refers to the noise superimposed on a signal, and it always exists regardless of the
presence or absence of the signal. It may not necessarily follow a Gaussian distribution, and its
power spectral density may not be a constant. The Gaussian white noise has the following benefits:
(1) In the process of modeling some stochastic dynamic systems, by assuming that the suffered noise
is Gaussian white noise, we can greatly simplify the mathematical modeling problem and provide a
more convenient stochastic differential equation model. (2) It has clear characteristics and is easy to
handle, so the related analysis will be simplified. (3) It can approximate many noises in the practical
world and hence has a wide range of applications in practical engineering.

We need the definition and lemmas as follows.

Definition 1 ([17]). For system (1), if there is a positive constant ε and a settling time T(ε, x0, w) <
∞ such that the mathematical expectation of x(t, w) satisfying E(∥x(t, w)∥) < ϵ, t ≥ t0 + T
then the system equilibrium x = 0 is SGFSP.
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Lemma 1 ([13]). There exists an inequality

∣∣∣h(w, r)wλrϵ
∣∣∣ ≤ c(w, r)|w|λ+ϵ + |h(w, r)|

λ+ϵ
ϵ |r|λ+ϵ ϵ

λ + ϵ

(
λ

(λ + ϵ)c(w, r)

) λ
ϵ

,

where λ, ϵ are positive constants, h(w, r) > 0, c(w, r) > 0 are functions.

Lemma 2 ([18]). Let 0 ≤ a1 ≤ · · · ≤ an and m1 > 0, · · · , mn > 0. If z ∈ R, there hold

m1|z|a1 + mn|z|an ≤
n

∑
k=1

mk|z|ak ≤
(

n

∑
k=1

mk

)(
|z|a1+|z|an

)
.

Lemma 3 ([19]). For k ≥ 1, and any real numbers s, z, there holds∣∣∣sk − zk
∣∣∣≤ a

∣∣∣s − z
∣∣∣ ·(|s − z|k−1+|z|k−1), where a > 1 is a constant.

Lemma 4 ([17]). For system (1), If there is a continuous differentiable Lyapunov function V(x),
class K∞ functions β1, β2 and constants c > 0, 0 < κ < 1, ρ > 0 such that
β1(|x|) < V(x) < β2(|x|), and LV(x) < −Vκ(x) + ρ, Then, the closed-loop system is semi-
global finite-time stable in probability.

3. Dynamic-Gain-Based Homogeneous Domination Method

For the dynamic gain a(t), which satisfies a(t) ≥ 1,
.
a(t) ≥ 0, suppose that there

exist coordinate transformations zi = φi(a(t), xi), i = 1, . . . , n, v = φn+1(a(t), u), such that
system (1) can be converted to

dz = (a(t)H(z, v)− ϕ(a(t))
.
a(t)D(z) + F(a(t), z))dt + G(a(t), z)dw, (2)

where z = (z1, . . . , zn)
⊤, φj(a(t), xj), j = 1, . . . , n + 1 are continuous functions, E ∈ Rn,

D ∈ Rn, F ∈ Rn are continuous function vectors, G ∈ Rn×r is a matrix, ϕ(a(t)) > 0 is a
continuous function.

In this paper, we present a new control strategy using the dynamic gain and homoge-
neous domination method. The strategy covers the following basic steps: Firstly, it needs to
introduce a dynamic-gain-based transformation and transform the original system (1) into a
new dynamic system (2). Secondly, consider system (2) when F(a(t), z) = 0, G(a(t), z) = 0,
select a Lyapunov function V(z) ∈ C2 and design a controller v(z) such that the partial
derivative of V(z) along the system satisfies the inequality (3). Thirdly, find the appropriate
bounds for nonlinear terms like (4). Fourthly, design the dynamic gain to regulate the
bounds of nonlinear terms and compute the differential operator of V(z) such that it satis-
fies a form that is convenient for stability analysis. Finally, construct the controller of the
original system (1) using the controller v(z) and the dynamic-gain-based transformation
and analyze the system stability. The diagram of the control strategy is provided in Figure 1.
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Figure 1. The diagram of the control strategy.

Next, we summarize the strategy using the following theorem.

Theorem 1. For system (2), suppose there is a continuously differentiable positive definite Lyapunov
function V(z) ∈ C2 and a smooth controllerv(z) = χ(z) such that

∂V(z)
∂z

(a(t)H(z, χ(z))− ϕ(a(t))
.
a(t)D(z)) ≤ −c1a(t)(

2

∑
i=1

Ui(z))− c2ϕ(a(t))
.
a(t)(

4

∑
i=3

Ui(z)), (3)

and ∣∣∣∣∂V(z)
∂z

F +
1
2

Tr
{

G
∂2V(z)

∂z2 G⊤
}∣∣∣∣ ≤ c3a1−s(t)

2

∑
i=1

Ui(z) + δ0, (4)

where cj > 0, 1 ≤ j ≤ 3 are constants, Ui(z), 1 ≤ i ≤ 4 are positive definite functions, V(z) sat-

isfies c4Vα(z) ≤
2
∑

i=1
Ui(z) + d0 for some positive constants c4 and d0. Uj(z), 1 ≤ j ≤ 2 sat-

isfy the inequality Uj(z) ≤ U3(z)ψj(z), where ψj(z) ≥ 0 is a continuous function. a(t) satis-
fies

.
a(t) ≥ 0. Afterward, we can construct a dynamic-gain-based controller that is specified as

u = T−1
2 (a(t), χ(T1(a(t), x))),

.
a(t) =

2
∑

j=1
ψj(z)max

{
− c1

2c2ϕ(a(t))
a(t) +

c3

c2ϕ(a(t))
a1−s(t), 0

}
,

a(0) ≥ 1, which guarantees system (1) is SGFSP.

Proof of Theorem 1. For system (2), we choose the Lyapunov function V(z), then the
differential operator of V(z) satisfies

LV = ∂V(z)
∂z (a(t)H(z, χ(z))− ϕ(a(t))

.
a(t)D(z)) +

∣∣∣ ∂V(z)
∂z F + 1

2 Tr
{

GT ∂2V(z)
∂z2 G

}∣∣∣
≤ −c1a(t)(

2
∑

i=1
Ui(z))− c2ϕ(a(t))

.
a(t)(

4
∑

i=3
Ui(z))n + c3a1−s(t)(

2
∑

i=1
Ui(z)) + δ0.

Using (4) and the relationship Uj(z) = U3(z)ψj(z), 1 ≤ j ≤ 2, we get

LV =
∂V(z)

∂z
(a(t)H(z, χ(z))− ϕ(a(t))

.
a(t)D(z))

≤ −c1a(t)(
2
∑

i=1
Ui(z))− c2ϕ(a(t))

.
a(t)U3(z) + c3a1−s(t)(

2
∑

i=1
Ui(z)) + δ0

≤ − c1

2
a(t)(

2
∑

i=1
Ui(z))− U3(z)(c2ϕ(a(t))

.
a(t) +

c1

2
a(t)

2
∑

j=1
ψj(z)− c3a1−s(t)

2
∑

j=1
ψj(z)) + δ0.

Choosing the dynamic gain
.
a(t) =

2
∑

j=1
ψj(z)max

{
c1

2c2ϕ(a(t))
a(t) +

c3

c2ϕ(a(t))
a1−s(t), 0

}
,

one has
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LV ≤ − c1

2
a(t)(

2

∑
i=1

Ui(z)) + δ0 ≤ − c1

2
(

2

∑
i=1

Ui(z)) + δ0 ≤ c1

2
(−Vα(z) + d0) + δ0 ≤ −cVα(z) + d,

where c = c1
2 , d = c1

2 d0 + δ0. Using Theorem 1 in [17], we see the equilibrium z = 0 of
system (2) is SGFTS, that is, there is a ϵ1 > 0 and a settling time Ts(ϵ1, z0, w) < ∞ such
that mathematical expectation of z(t, w) satisfying E(∥z(t, w)∥) < ϵ1, t ≥ Ts. In view
of the constructed dynamic gain a(t) assuming the existence of finite time T0 to make
a(T0) ≥ (c1/(2c3))

1/s, one has
.
a(t) < 0, ∀t ∈ [T0,+∞). Thus, the boundedness of a(t)

has been proven. Otherwise, one gets a(t) ≤ (c1/(2c3))
1/s, ∀t ∈ [0, T0). Using the above

proof, it can be inferred that a(t) < ϵ2, ∀t ∈ [0,+∞) with ϵ2 being a constant. For a
continuous function zi = φi(a(t), xi), its inverse function xi = φ−1

i (a(t), zi) is also a con-
tinuous function. Due to the boundedness of continuous functions on closed intervals,
when the conditions E(zi) ∈ [0, ϵ1], a(t) ∈ [0, ϵ2] are met, there is a constant ϵ that makes
E(∥xi(t, w)∥) = E(

∥∥∥φ−1
i (a(t), zi(t))

∥∥∥) < ϵ. Therefore, there exists the constant σ ≥ ϵ to-
gether with a settling time Ts(σ, x0, w) < ∞ such that mathematical expectations of xi(t, w)
satisfy E(∥xi(t, w)∥) < σ, 1 ≤ i ≤ n, t ≥ Ts, which shows that system (1) is SGFSP. □

4. Control of Second-Order Stochastic Nonlinear System

As an application, we consider the following system{
dx1 = (xp

2 + f1(x1))dt + g1(x1)dw,
dx2 = (up + f2(x1, x2))dt + g2(x1, x2)dw,

(5)

where x1, x2 are the states, u is the control input, and p ≥ 1 is an odd integer. The other
symbols are defined as in (1).

We next provide some conditions.

Assumption 1. For 1 ≤ i ≤ 2, functions fi and gi satisfy

| fi(·)| ≤ C
i

∑
j=1

∣∣xj
∣∣p + δ, |gi(·)| ≤ C

i

∑
j=1

∣∣xj
∣∣ p+1

2 + δ,

where C, δ are positive constants.

Introduce the transformations z1 = x1/aε1(t), z2 = x2/aε2(t), v = u/aε3(t), where
s > 0 is a constant (s = 1 for p = 1; s = 1/pn−1 − (p − 1)ε1/pn−1 for p > 1), ε1 ≤
pn−1/(p − 1 + pn−1), ε2 = (ε1 + 1)/p, ε3 = (ε2 + 1)/p are constants. Then, system (5) is
transformed into

dz = (a(t)H(z, v)− ϕ(a(t))
.
a(t)D(z) + F(a(t), z))dt + G(a(t), z)dw,

with H(z, v) = (zp
2 , vp)

⊤
, ϕ(a(t)) = 1/a(t), D(z) = (ε1z1, ε2z2)

⊤,
F(a(t), z) = ( f1/aε1(t), f2/aε2(t))⊤ and G(a(t), z) = (g1/aε1(t), g2/aε2(t))⊤. Next, we
have the following control results.

Theorem 2. For system (2) under Assumption 1, there is the following dynamic-gain-based
controller 

u = −aε3(t)β2χ2(z),
.
a(t) =

c1

2c2
(

2
∑

j=1
ψj(z))max{2c3

c1
a2−s(t)− a2(t), 0},

where χ1(z) = z1, χ2(z) = z2 + β1z1. β1, β2 are positive constants to be defined. The designed
controller ensures that the equilibrium x1 = x2 = 0 of system (5) is SGFSP.
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Proof. We choose the Lyapunov function V = ρV1 +V2, Vi = 1/4χ4
i (z)+ 1/(p+ 3)χp+3

i (z),
i = 1, 2, where ρ is a positive constant. It can be verified that γ1(|z|) ≤ V(z) ≤ γ2(|z|),where
γj, j = 1, 2 are class K∞ functions. Considering the auxiliary system

dz = (a(t)H(z, v)− ϕ(a(t))
.
a(t)D(z))dt, (6)

i.e., the following system{
dz1 = (a(t)zp

2 − ϕ(a(t))
.
a(t)ε1z1)dt,

dz2 = (a(t)vp − ϕ(a(t))
.
a(t)ε2z2)dt.

(7)

In the following, we provide the detailed control design steps for system (7) and show that
the inequality (3) holds.

Step 1. By the definition χ1(z) = z1, choose the function V1 = 1/4χ4
1(z) + 1/(p +

3)χp+3
1 (z), then the differential operator of V1(z) satisfies

LV1 = ∂V1(z)
∂z1

(a(t)zp
2 − ϕ(a(t))

.
a(t)ε1z1)

= (χ3
1(z) + χ

p+2
1 (z))a(t)(zp

2 − πp(z))
+(χ3

1(z) + χ
p+2
1 (z))a(t)πp(z)− ϕ(a(t))

.
a(t)ε1(χ

4
1(z) + χ

p+3
1 (z)).

(8)

Choosing the virtual controller π(z) = −β1χ1, β1 ≥ b1/p
0 with b0 being a positive constant

and substituting it into (8), we get

LV1 ≤ −b0a(t)(χp+3
1 (z) + χ

2p+2
1 (z))− ϕ(a(t))

.
a(t)ε1(χ

4
1(z) + χ

p+3
1 (z))

+(χ3
1(z) + χ

p+2
1 (z))a(t)(zp

2 − πp(z)).

Step 2. Noting χ2(z) = z2 + β1z1, V = ρV1 + (1/4χ4
1(z) + 1/(p + 3)χp+3

2 (z)), it is deduced
that

LV ≤ ρLV1 + (χ3
2(z) + χ

p+2
2 (z))a(t)vp + β1(χ

3
2(z) + χ

p+2
2 (z))(a(t)zp

2 − ϕ(a(t))
.
a(t)ε1z1)

−ϕ(a(t))
.
a(t)ε2(χ

3
2(z) + χ

p+2
2 (z))z2

≤ (χ3
2(z) + χ

p+2
2 (z))a(t)vp + β1(χ

3
2(z) + χ

p+2
2 (z))(a(t)zp

2 − ϕ(a(t))
.
a(t)ε1z1)

−ϕ(a(t))
.
a(t)ε2(χ

3
2(z) + χ

p+2
2 (z))z2 − b0ρa(t)(χp+3

1 (z) + χ
2p+2
1 (z))

−ϕ(a(t))
.
a(t)ε1ρ(χ4

1(z) + χ
p+3
1 (z)) + ρ(χ3

1(z) + χ
p+2
1 (z))a(t)(zp

2 − πp(z)).
(9)

Using Lemma 3, we have |zp
2 − πp| ≤ p|χ2|(|χ2|p−1 + |β1χ1|p−1) ≤ p|χ2|p+

pβ
p−1
1 |χ2||χ1|p−1, from which Lemma 1 indicates

ρ(χ3
1(z) + χ

p+2
1 (z))a(t)(zp

2 − πp(z))
≤ a(t)ρb0/2(χp+3

1 (z) + χ
2p+2
1 (z)) + a(t)ρ(A1 + A2)(χ

p+3
2 (z) + χ

2p+2
2 (z)),

(10)

where A1 = p
p+3 (

12
b0(p+3) )

p+3
p p

p+3
p + p

2p+2 (
4(p+2)

b0(2p+2) )
p+2

p p
2p+2

p , A2 = 1
p+3 (

4(p+2)
b0(p+3) )

p+2

·(pβ
p−1
1 )

p+3
+ 1

2p+2 (
4(2p+1)
b0(2p+2) )

2p+1
(pβ

p−1
1 )

2p+2
. Given Lemma 1 and z2 = χ2(z) −β1χ1(z),

there holds

−ϕ(a(t))
.
a(t)ε2(χ

3
2(z) + χ

p+2
2 (z))z2

≤ −ϕ(a(t))
.
a(t)ε2(1 − γ1)(χ

4
2(z) + χ

p+3
2 (z)) + ϕ(a(t))

.
a(t)B1(χ

4
1(z) + χ

p+3
1 (z)),

(11)

where 0 < γ1 < 1 and B1 = 1
4(

3
4γ1

)
3
β4

1ε2 +
1

p+3(
p+2

γ1(p+3) )
p+2

β
p+3
1 ε2 are constants. Considering

z1 = χ1(z), z2 = χ2(z)− β1χ1(z) and applying
∣∣∣y1 + y2

∣∣∣k ≤ 2k−1(
∣∣∣y1

∣∣∣k+∣∣∣y2

∣∣∣k), it yields that
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∣∣∣z2

∣∣∣p =
∣∣∣χ2(z)− β1χ1(z)

∣∣∣p ≤ 2p−1(
∣∣∣χ2(z)

∣∣∣p+∣∣∣β1χ1(z)
∣∣∣p) ≤ 2p−1

∣∣∣χ2(z)
∣∣∣p + 2p−1β

p
1

∣∣∣χ1(z)
∣∣∣p.

Thus, it follows from Lemma 1 that

β1(χ
3
2(z) + χ

p+2
2 (z))(a(t)zp

2 − ϕ(a(t))
.
a(t)ε1z1)

≤ a(t)ρb0/4(χp+3
1 (z) + χ

2p+2
1 (z)) + a(t)ρ(A3 + 2p−1β1)(χ

p+3
2 (z) + χ

2p+2
2 (z))

+ϕ(a(t))
.
a(t)ε2γ2(χ

4
2(z) + χ

p+3
2 (z)) + ϕ(a(t))

.
a(t)B2(χ

4
1(z) + χ

p+3
1 (z)),

(12)

where γ2 is a constant and satisfies 0 < γ2 < 1 − γ1, A3 = 3
p+3 (

4p
ρb0(p+3) )

p
3 (2p−1β

p+1
1 )

p+3
3

+ p+3
2p+2 (

2(p−1)
ρb3(p+1) )

p−1
p+3

(2p−1β
p+1
1 )

2p+2
p+3 , B2 = 1

4 (
3

4ε2γ2
)

3
(β1ε1)

4 + 1
p+3 (

p+2
γ2ε2(p+3) )

p+2
(β1ε1)

p+3.
Putting (10)–(12) into (9) gives

LV ≤ −1/4b0ρa(t)(χp+3
1 (z) + χ

2p+2
1 (z))− ϕ(a(t))

.
a(t)(ρε1 − B1 − B2)(χ

4
1(z) + χ

p+3
1 (z))

−ϕ(a(t))
.
a(t)ε2(1 − γ1 − γ2)(χ

4
2(z) + χ

p+3
2 (z)) + (χ3

2(z) + χ
p+2
2 (z))a(t)vp

+a(t)(ρ
3
∑

j=1
Aj + 2p−1β1)(χ

p+3
2 (z) + χ

2p+2
2 (z)).

If we choose ρ satisfying ρε1 − B1 − B2 > 0, define c1 = 1/4b0ρ, c2 = min

{ρε1 − B1 − B2, ε2(1 − γ1 − γ2)}, and design v = −(ρ
3
∑

j=1
Aj + 2p−1β1 + 1/4b0)χ2 =:

−β2χ2(z), then it follows that

LV ≤ −c1a(t)
2

∑
i=1

(χ
p+3
i (z) + χ

2p+2
i (z))− c2ϕ(a(t))

.
a(t)

2

∑
i=1

(χ4
i (z) + χ

p+3
i (z)). (13)

Now, considering (6) and (13), it yields ∂V(z)
∂z (a(t)H(z, χ(z))− ϕ(a(t))

.
a(t)D(z)) ≤ −c1a(t)

·
2
∑

i=1
Ui(z) − c2ϕ(a(t))

.
a(t)

4
∑

i=3
Ui(z), U1(z) =

2
∑

j=1
χ

p+3
j (z), U2(z) =

2
∑

j=1
χ

2p+2
j (z), U3(z) =

2
∑

j=1
χ

p+3
j (z), U4(z) =

2
∑

j=1
χ4

j (z). Besides, by the definition of V = ρ( 1
4 χ4

1(z) +
1

p+3 χ
p+3
1 (z)) +

( 1
4 χ4

2(z) +
1

p+3 χ
p+3
2 (z)) and χ2(z) = z2 + β1χ1(z), it is easy to deduce that

∂V(z)
∂z1

= ρ(χ3
1(z) + χ

p+2
1 (z)) + β1(χ

3
2(z) + χ

p+2
2 (z)),

∂V(z)
∂z2

= χ3
2(z) + χ

p+2
2 (z). (14)

In view of z1 = x1/aε1(t), z2 = x2/aε2(t), χ1(z) = z1, χ2(z) = z2 + β1z1 and based on
Assumption 1, one can find a constant c satisfying∣∣∣ f1a−ε1(t)

∣∣∣≤ a1−s(t)c
∣∣∣χ1

∣∣∣p + δ,
∣∣∣ f2a−ε2(t)

∣∣∣≤ a1−s(t)c(
∣∣∣χ1

∣∣∣p+∣∣∣χ2

∣∣∣p) + δ. (15)

Noting (14), (15), and Lemma 1, there are constants l21, l22, δ0 such that

∂V(z)
∂z F ≤

∣∣∣ ∂V(z)
∂z1

f1a−ε1(t)
∣∣∣+∣∣∣ ∂V(z)

∂z2
f2a−ε2(t)

∣∣∣
≤ a1−s(t)l21(χ

p+3
1 (z) + χ

2p+2
1 (z)) + a1−s(t)l22(χ

4
2(z) + χ

p+3
2 (z)) + δ0.

Defining c3 = max{l21, l22}, it shows that ∂V(z)
∂z F ≤ c3a1−s(t)

2
∑

i=1
Ui(z) + δ0. It is easy to get

∂2V(z)
∂z2

1
= ρ(3χ2

1(z) + (p + 2)χp+1
1 (z)) + β2

1(3χ2
2(z) + (p + 2)χp+1

2 (z)),
∂2V(z)
∂z1∂z2

= β1(3χ2
2(z) + (p + 2)χp+1

2 (z)), ∂2V(z)
∂z2

2
= 3χ2

2(z) + (p + 2)χp+1
2 (z).

(16)
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In addition, there is a constant ĉ > 0 such that

|g1a−ε1(t)| ≤ a
1−s

2 (t)ĉ|χ1|
p+1

2 + δ, |g2a−ε2(t)| ≤ a
1−s

2 (t)ĉ(|χ1|
p+1

2 + |χ2|
p+1

2 ) + δ. (17)

By Lemma 1, (16) and (17), there are constants ĉ3 and δ̂0 such that

1
2

Tr
{

G
∂2V(z)

∂z2 G⊤
}

≤ 1
2

2

∑
i,j=1

|∂
2V(z)

∂zi∂zj
||gia−εi (t)||gja

−ε j(t)| ≤ ĉ3a1−s(t)
2

∑
i=1

Ui(z) + δ̂0.

Then, we can deduce that 1
2 Tr
{

G ∂2V(z)
∂z2 G⊤

}
≤ ĉ3a1−s(t)

2
∑

i=1
Ui(z) + δ̂0,. Please refer to the

appendix for detailed proofs of the above inequalities. Now, defining c3 = c3 + ĉ3, and
δ0 = δ0 + δ̂0, it yields that (4) holds. In addition, it is not difficult to obtain c4Vα(z) ≤

2
∑

i=1
Ui(z) + d0, where c4 = min

{
(1/(p + 3))−α, (1/4)−α

}
, d0 = 4(1 − α) + 4(1 − 4α/(2p +

2)). Also, there holds Uj(z) ≤ U3(z)ψj(z), 1 ≤ j ≤ 2, where ψ1(z) = 1, ψ2(z) =
2
∑

j=1
χ

p−1
j (z).

Hence, all conditions of Theorem 1 are satisfied. Then, for system (5), using Theorem 1, we
can construct the dynamic-gain-based controller

u = −aε3(t)β2χ2(z),
.
a(t) =

c1

2c2
(

2
∑

j=1
ψj(z))max{2c3

c1
a2−s(t)− a2(t), 0},

such that the equilibrium x1 = x2 = 0 of system (5) is SGFSP. □

Remark 2. In fact, the presented approach can be applied to more general systems. For example,
consider the following stochastic nonlinear system{

dxi = (xi+1 + fi(x1, . . . , xn))dt + gi(x1, . . . , xn)dw, i = 1, 2, . . . n − 1,
dxn = (u + fn(x1, . . . , xn))dt + gn(x1, . . . , xn)dw,

where x1, . . . , xn are the system states and u is the control input. The other symbols are defined as
those in (1). When the nonlinear functions satisfy

| fi(·)| ≤ C
i

∑
j=1

∣∣xj
∣∣, |gi(·)| ≤ C

i

∑
j=1

∣∣xj
∣∣,

where C is a positive constant. It shows that the method in Theorem 1 can still be applied. Addition-
ally, due to space limitations, this paper studies the control of a second-order system. The method
can also be suitable for higher-order systems{

dxi = (xp
i+1 + fi(x1, . . . , xn))dt + gi(x1, . . . , xn)dw, i = 1, 2, . . . n − 1,

dxn = (up + fn(x1, . . . , xn))dt + gn(x1, . . . , xn)dw,

where the symbols are the same as those in (5). The nonlinear functions need to satisfy the same
conditions as Assumption 1. Following similar design steps and some tedious calculations, we can
obtain the controllers for the above systems.

Remark 3. In recent years, there have been some important results discussing similar research.
Particularly, Ref. [20] considered the finite control problem of low-order stochastic nonlinear systems
and presented an adaptive control method such that the system states are finite time stable in
probability. Ref. [21] further studied the high-order stochastic nonlinear systems and raised a
fuzzy prescribed performance control strategy. To simplify the control design, Ref. [17] investigated
low-order systems and presented a fuzzy control approach, and [22] discussed high-order systems
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and proposed a command-filtered control method using the neural network. Different from these
studies, this paper presents a new dynamic gain method that allows the control input to have a much
simpler structure. Additionally, the presented method does not need to approximate the nonlinear
functions but directly uses their bounds for control design. Furthermore, the complicated nonlinear
functions are not canceled out by designing the virtual controllers. Instead, we introduce dynamic
gain to regulate them flexibly.

Remark 4. Nonlinear system control theory is more challenging since nonlinear systems vary
from each other and often possess some complicated dynamic models and their own special char-
acteristics [4,5]. In recent years, there have been many excellent studies [23–25]. For nonlinear
systems, the backstepping control technique was widely used in past years [26,27]. In view of this
method needing a lot of computation for the derivatives of virtual controllers and always leading
to a controller that had the complexity explosion problem, the dynamic surface control approach
was presented [28,29]. Nevertheless, the stability of the obtained system method was discounted.
Recently, many other strategies have been proposed, for example, the neural network method, fuzzy
control method, sliding mode control method, and so on [16,30,31]. With more nonlinear models
being constructed in practical engineering, new control issues will be encountered. More novel
control theories and methods are needed to provide ideas and ways for system control.

Remark 5. Compared with the existing methods, the approach in this paper has the following
characteristics. (i) The approach in this paper has better stability. Different from the stability
results in [24–28], this paper guarantees semi-global finite-time stability. Despite that, [17,22]
also guaranteed this stability in a real number set; however, the method in this paper allows
a larger range, i.e., the whole real number space. (ii) Compared with the results based on the
backstepping method [26,32], the approach presented in this paper has a faster convergence speed
to the neighborhood of the origin. (iii) Different from the stabilization results in [12,19,26,33], the
provided method has stronger robustness in the presence of random noises and bounded external
disturbances.

Remark 6. Different from linear systems, nonlinear systems have more complex and richer dynamic
phenomenon, which is essentially in the form of nonlinearity and cannot be described or predicted
using linear model [4]. The nonlinear dynamic phenomena cover finite escape time, multiple isolated
equilibria, limit cycles, almost-periodic oscillations, chaos, and multiple modes of behavior. For
example, under periodic disturbances, the output of the nonlinear system may produce an almost
periodic oscillation. Sometimes a nonlinear system will have random chaotic motions. Considering
the complexity of nonlinear dynamic phenomena, many studies have studied this topic recently, for
more details, see [34,35] and references therein.

Remark 7. The advantages of the method in this paper are twofold. One is that the presented method
utilizes the dynamic gain to regulate the nonlinear terms so that the control input is made simpler.

In detail, the dynamic gain is employed to manage the bounds of ∂V(z)
∂z F and 1

2 Tr
{

G ∂2V(z)
∂z2 G⊤

}
,

and the control input does not have to include some complicated nonlinear terms to cancel out these
bounds and hence becomes simpler. Another advantage is that the designed controller ensures better
stability. Specifically, different from the semi-global stability and global stability in probability
of many results, the designed controller can guarantee the whole system to be semi-global finite-
time stable in probability. There is also a limitation to the presented method. That is, the system
condition is somewhat conservative. In detail, the nonlinear functions in Assumption 1 need some
strict constraints. There are some potential ways to mitigate it. For example, introducing some
more general transformations of dynamic gain and constructing the dynamic-gain-based Lyapunov
function (see [36]). The proposed method might not be effective for systems with unbounded
disturbances or time delays. In future studies, we will extend the method to more general systems
and relax the nonlinear growing conditions.
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Remark 8. We need to emphasize these points: (i) In the literature, there exist two methods that can
be utilized to analyze system stability, i.e., the largest Lyapunov exponent method and the Lyapunov
function method. The largest Lyapunov exponent method plays an important role in analyzing
linear Itô stochastic differential equations and there have been many important results [37,38]. This
paper considers nonlinear Itô stochastic differential equations. Due to the reasons claimed in [39],
computation of the largest Lyapunov exponent may be challenging work. In this case, we do not use
the largest Lyapunov exponent method. Instead, this paper constructs a new Lyapunov function
and uses the Lyapunov function for control and stability analysis. (ii) For system control issues in
the literature, the control studies mainly focus on how the system can be stabilized by designing
the appropriate controllers but pay little attention to the nonlinear dynamic phenomenon. This is
because the nonlinear dynamic phenomenon will be irregular and different for systems with different
nonlinear functions and system parameters. Moreover, even for the same system, the nonlinear
dynamic phenomena under the controller with different designed constants will be significantly
different. Considering this fact, scholars mainly focus on control effects such as the boundedness of
the system states, the convergence of the states, and so on.

5. Simulation Example

Consider the following system{
dx1 = (x3

2 + f1(x1))dt + g1(x1)dw,
dx2 = (u3 + f2(x))dt + g2(x)dw.

where x1, x2 are system states and u is the control input. In this example, the functions
are selected as f1 = 1/10, g1 = 0, f2 = 1/4x2x1, g2(x) = x1 sin t

4+4x2
1

. It shows that Assumption

1 holds. By using the strategy in Section 4, we construct the dynamic-gain-based con-

troller u = −aε3(t)β2χ2(z),
.
a(t) =

c1

2c2
(

2
∑

j=1
ψj(z))max{2c3

c1
a2−s(t) − a2(t), 0}, where the

functions are χ1(z) = z1 = x1
aε1 (t) , χ2(z) = z2 + β1z1 = x2

aε2 (t) + β1
x1

aε1 (t) , ψ1(z) = 1, ψ2(z) =
2
∑

j=1
χ

p−1
j (z).

In the example, we employ Malab 7.11.0(R2010b) software and use the Simulation part.
The parameters are chosen as ε1 = 1/3, ε2 = 4/9, ε3 = 13/27, β2 = 2, β2 = 50, c1 = 1

2 ,
c2 = 1/4, c3 = 2. The initial values area(0) = 5, x1(0) = −0.5, x2(0) = 0.5. In the
computational environment, we select the solver as ode23t and relative tolerance is set to
1e−4. We utilized the presented controller for the system (see the blue dotted curve). The
related system responses are provided in Figures 2–5. Specially, in Figure 2, the system
state x1 does not possess a periodic or non-periodic motion but behaves in a chaos motion.
x1 increases and converges to a constant, which indicates that it has a steady-state behavior.
As observed in Figure 3, the state x2 also has a chaos motion, i.e., it experiences a decrease
within the initial 5 s and subsequently exhibits a tendency towards steady-state behavior.
In Figure 4, we see that the control input is much bigger at the beginning of the control.
This is because the system at these times is not stable. After a little while, the amplitude
of the controller will decrease and keep a small value. The aforementioned phenomenon
implies that the system will be unstable in the absence of control input. However, under the
designed controller u, the system states continue to change. Notably, after approximately
5 s, the system achieves stability in probability. Figure 5 shows that the dynamic gain will
increase and converge to the value 8. It shows that the dynamic gain a(t) does not perform
a periodic or non-periodic motion but behaves in a chaos motion. Figures 2–5 show that all
the system signals are bounded in probability. Moreover, the system states converge into a
bounded set in a finite time.
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To provide a comparison with the existing method, we also make the simulation
using the well-known backstepping control method [26,32]. The responses are given in
Figures 2–4 (see the read solid-line curve). From Figures 2 and 3, we see that the proposed
method guarantees faster convergence speed. In detail, by using the proposed method,
the state x1 converges to a constant at about 4.5 s, which is faster than the speed of the
backstepping method (for this method, x1 converges to a constant at about 6.3 s). Addi-
tionally, x2 converges to a constant at about 4.8 s under the proposed method. Differently,
the backstepping method requires about 6.2 s and is much slower. Figure 4 shows that the
amplitude of the proposed controller is a little smaller. It shows that the proposed method
has some advantages compared with the backstepping method.

To show how the controller makes the plant more stable, we also plot the results before
and after the use of the controller (before the use of the controller means that the system
input stays at u = 0; after the use of the controller means that u has the values as the
designed controller in (18)), see Figures 6 and 7. As shown in Figure 6, before the use of
the controller (at 0~7 s), the states x1 will increase from −0.5 to 1.2 and have free motion
without regulation of the system control input. After the use of the presented controller
(7 s later), the control input has values. The state will be driven back and converge to a
fixed constant under the designed controller. From Figure 7, we see that the state x2 has
a slow motion before the use of the controller (at 0~7 s). During this period, the state x2
is uncontrolled. When the controller is utilized (7 s later), the system input will follow
the values as in (18). State x2 will be pulled to −2.7 from 0.5 and subsequently possess a
tendency to converge to −0.5. Figures 6 and 7 show that the system will become unstable
without the appropriate controller. Moreover, after the use of the designed controller in
this paper, the system states are all guaranteed to be stable. In this example, we also plot
the results when there is no controller (see Figures 8 and 9). It shows that the states x1 and
x2 will tend to infinity if the system has no effect controller. The above simulation shows
that the presented strategy is valid.
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6. Conclusions 
In this article, we studied control problems for a class of stochastic nonlinear sys-

tems. First, a new control strategy that uses the dynamic gain and homogeneous domi-
nation method is presented in Theorem 1. It guarantees that the closed-loop system is a 
semi-global finite-time control issue in probability. Then, the presented strategy is ap-
plied to a second-order stochastic nonlinear system. By constructing an appropriate 
Lyapunov function and choosing the suitable dynamic gain, a new dynamic controller 
can be constructed to guarantee SGFSP for the system. However, there are still some is-
sues that need to be investigated, for instance, when the systems have uncertainties such 
as unknown parameters, can we present an adaptive control method? Specifically, when 
the system’s nonlinear functions have unknown parameters, we can estimate their upper 
bounds using the inequality in Lemma 1. Then, using the idea of parameter separation 
in [40], those upper bounds can have a form in which an unknown parameter is multi-
plied by a known function. A maximum value of unknown parameters that are obtained 
in the upper bounds of nonlinear functions is defined, and an updated law is designed 
using an adaptive control method to estimate it. Using the parameter estimation and 
combining the approach in this paper, we can finally design the adaptive controller. Fu-
ture work will focus on these issues. 

Author Contributions: Methodology, C.L. and Z.-G.L.; software, L.X.; formal analysis, L.R.; writ-
ing—original draft preparation, C.L. and Z.-G.L.; writing—review and editing, Z.L and L.X.; su-
pervision, L.R.; funding acquisition, L.X. and L.R. All authors have read and agreed to the pub-
lished version of the manuscript. 

Funding: This research was supported by the Fundamental Research Program of Shanxi Province, 
grant numbers 202303021221185, 20210302124559, and 202103021224289; the Humanities and Social 
Sciences Research Foundation of the Ministry of Education, grant numbers 23YJAZH118 and 
23YJCZH003. 

Data Availability Statement: Data are contained within the article. 

Conflicts of Interest: The authors declare no conflicts of interest. 

References 

 
 
1. Lv, L.N.; Sun, Z.Y.; Xie, X.J. Adaptive control for high-order time-delay uncertain nonlinear system and application to chemical 

reactor system. Int. J. Adapt. Control Signal Process. 2015, 29, 224–241. 
2. Sun, W.; Diao, S.Z.; Su, S.F.; Wu, Y.Q. Adaptive fuzzy tracking for flexible-joint robots with random noises via command filter 

control. Inform. Sci. 2023, 575, 116–132. 

Figure 9. Trajectory of state x2 without the system input u.

6. Conclusions

In this article, we studied control problems for a class of stochastic nonlinear systems.
First, a new control strategy that uses the dynamic gain and homogeneous domination
method is presented in Theorem 1. It guarantees that the closed-loop system is a semi-global
finite-time control issue in probability. Then, the presented strategy is applied to a second-
order stochastic nonlinear system. By constructing an appropriate Lyapunov function
and choosing the suitable dynamic gain, a new dynamic controller can be constructed
to guarantee SGFSP for the system. However, there are still some issues that need to
be investigated, for instance, when the systems have uncertainties such as unknown
parameters, can we present an adaptive control method? Specifically, when the system’s
nonlinear functions have unknown parameters, we can estimate their upper bounds using
the inequality in Lemma 1. Then, using the idea of parameter separation in [40], those
upper bounds can have a form in which an unknown parameter is multiplied by a known
function. A maximum value of unknown parameters that are obtained in the upper bounds
of nonlinear functions is defined, and an updated law is designed using an adaptive control
method to estimate it. Using the parameter estimation and combining the approach in this
paper, we can finally design the adaptive controller. Future work will focus on these issues.
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