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Abstract

Forced periodic operation (FPO) has emerged as a promising process intensification strategy
for catalytic reactors. In this study, the nonlinear frequency response (NFR) methodology
was applied to investigate square-wave FPO of an isothermal CSTR for methanol synthesis.
The analysis focused on periodic modulation of the inlet CO and flow rate, considering both
single-input and simultaneous-input forcing. The reactor response was evaluated using
higher-order frequency response functions (FRFs) to quantify the non-periodic component
responsible for time-averaged process improvement. The results showed that individual
modulation of either inlet CO or flow rate does not provide significant improvement in
reactor performance and may even reduce methanol productivity. In contrast, simultaneous
modulation generates a strong positive nonlinear interaction that substantially improves
reactor performance. Under optimal forcing conditions, methanol productivity increased
from 336.9 mmol min−1kg−1

cat at steady-state to 553.6 mmol min−1kg−1
cat , corresponding to

a 64.3% improvement. Compared with previously reported cosine forcing, square-wave
modulation nearly doubled the attainable productivity improvement while also improving
hydrogen utilisation efficiency. The results indicate that square-wave FPO represents an
effective intensification strategy for methanol synthesis in a laboratory-scale isothermal
CSTR and confirm the capability of the NFR methodology for the a priori evaluation and
optimisation of periodically operated catalytic reactor systems.

Keywords: process intensification; forced periodic operation; nonlinear frequency response
methodology; square-wave modulation; methanol synthesis; isothermal process; CSTR

1. Introduction
Methanol is widely recognised as a key platform chemical in the modern chemical

industry and one of the most promising liquid energy carriers for sustainable energy sys-
tems. In addition to its conventional applications in the production of formaldehyde, acetic
acid, methyl tert-butyl ether, dimethyl ether, and numerous petrochemical intermediates,
methanol has recently gained substantial importance within the concept of carbon-neutral
energy technologies and renewable energy storage systems [1,2]. Owing to its favourable
physicochemical properties, including a high hydrogen-to-carbon ratio, liquid state under
ambient conditions, relatively high volumetric energy density, and compatibility with
existing transportation and storage infrastructure, methanol represents a highly attractive
candidate for future low-carbon energy systems.

Of particular importance is the possibility of producing so-called green methanol
through catalytic hydrogenation of carbon dioxide using hydrogen generated by renewable
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electricity-driven water electrolysis. Such processes enable the simultaneous utilisation
of captured carbon dioxide and the storage of intermittent renewable energy in chemical
form [2]. Consequently, methanol synthesis technologies are increasingly viewed not only
as conventional catalytic processes but also as key components of renewable energy systems
and sustainable chemical manufacturing.

Despite substantial progress in catalyst development and reactor design, conventional
industrial methanol synthesis is still predominantly operated under steady-state conditions.
Steady-state reactor operation is generally preferred because of operational simplicity,
easier process control, and stable product quality. However, for strongly nonlinear cat-
alytic systems, steady-state operation does not necessarily correspond to optimal reactor
performance. Numerous theoretical and experimental investigations performed during
the last several decades demonstrated that periodically operated reactors may achieve
significantly improved time-averaged conversion, selectivity, and productivity compared
to corresponding steady-state systems [3–8].

Forced periodic operation (FPO) represents a process intensification strategy based on
intentional time-dependent modulation of one or more reactor inputs. Typical periodically
modulated variables include inlet concentration, total flow rate, reactor temperature, pres-
sure, and catalyst activity. The underlying principle of FPO is the exploitation of nonlinear
interactions between reaction kinetics, adsorption phenomena, catalyst surface dynamics,
heat transfer, and mass transport. Depending on the nature and degree of the nonlinearities
involved, periodic forcing may lead either to process intensification or process deterioration
relative to corresponding steady-state conditions [5,6].

Theoretical foundations of periodically operated reactors were established during the
1960s and 1970s through pioneering investigations of Douglas, Bailey, Horn, and other
researchers [3,9–11]. These studies demonstrated that periodically perturbed nonlinear
reactors may exhibit improved time-averaged performance compared to steady-state sys-
tems. Subsequent investigations expanded these concepts toward generalised optimisation
criteria, nonlinear dynamic analysis, waveform optimisation, and frequency-domain ap-
proaches for evaluation of periodically operated systems [7,12–14].

One of the most important analytical approaches developed for the evaluation of
periodically operated nonlinear systems is the nonlinear frequency response (NFR) method-
ology. The NFR method is based on Volterra series representation of nonlinear systems
and higher-order frequency response functions (FRFs), enabling analytical prediction of
time-averaged process improvements without extensive transient simulations [15–18]. The
methodology enables rapid identification of favourable forcing strategies, forcing frequen-
cies, modulation amplitudes, waveform characteristics, and phase differences between
simultaneously modulated inputs.

The NFR methodology has been successfully applied to chemical and electrochemical
systems, including adsorption systems, membrane reactors, electrochemical cells, heteroge-
neous catalytic reactors, fixed-bed reactors, and continuous stirred tank reactors (CSTRs)
operating under both isothermal and non-isothermal conditions [15–20]. Methanol syn-
thesis reactors were identified as particularly suitable candidates for periodic operation
because of pronounced nonlinearities associated with catalytic kinetics, reversible reactions,
adsorption equilibria, and catalyst surface transformations [19].

Previous investigations specifically analysed FPO of methanol synthesis reactors
under both single input modulation and simultaneous modulation of two inputs [15,16].
These studies demonstrated that periodic modulation of inlet concentration and flow rate
may substantially improve methanol productivity compared to steady-state operation.
However, the majority of previously analysed cases focused primarily on cosine forcing or
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generalised waveform analysis, while square-wave forcing strategies received considerably
less attention despite their practical advantages and industrial applicability [21].

Square-wave forcing possesses several characteristics that make it highly attractive for
industrial implementation. First, square-wave signals can be relatively easily generated
using standard industrial control systems and switching equipment. Second, abrupt tran-
sitions between forcing states provide stronger nonlinear excitation compared to smooth
cosine forcing. Third, square-wave modulation often allows longer residence time near
extreme operating conditions, potentially producing larger time-averaged process im-
provements. Finally, square-wave forcing is compatible with practical process operation
strategies involving periodic switching between operating states.

Although FPO of methanol synthesis reactors has already been investigated using the
NFR methodology for both single-input and simultaneous-input modulation under cosine
(harmonic) forcing conditions [15,16], NFR analysis of square-wave FPO of an isothermal
CSTR for methanol synthesis has not yet been reported.

While our previous studies investigated methanol synthesis under cosine forcing using
the NFR methodology [15,16], the present work focuses on square-wave forcing represented
through a finite Fourier series. In contrast to cosine forcing, square-wave modulation
contains multiple odd harmonics whose combined contribution may significantly alter the
reactor response. Therefore, the objective of this work is not only to evaluate the process
intensification potential of square-wave operation, but also to quantify the influence of
higher harmonics on the attainable productivity improvement and to establish a direct
comparison between cosine and square-wave forcing within the same NFR framework.
Therefore, the present study extends previous FPO optimisation efforts [15,16] by examining
forcing waveform design as an additional degree of freedom for process intensification.

2. Nonlinear Frequency Response Methodology
The NFR method is an analytical framework that provides approximate predictions

of the performance of FPO processes [22]. The approach is founded on the analysis of
the frequency response of weakly nonlinear systems subjected to periodic forcing around
a corresponding steady state [23]. By applying the NFR methodology, it is possible to
determine: (i) whether periodic modulation of one or more process inputs can result in
process intensification; (ii) which operating conditions should be fulfilled to achieve such
improvement, including the choice of manipulated input(s), waveform(s), forcing ampli-
tudes, forcing frequencies, and phase difference in the case of simultaneous modulation of
two inputs; and (iii) the magnitude of the expected improvement for a selected reactor per-
formance criterion, thereby indicating whether the improvement is practically significant
or not.

For a nonlinear system, the response to periodic input modulation around the corre-
sponding steady-state operating point is defined as a quasi-stationary response in the form
of a complex periodic function (Figure 1) [24]. The NFR method is based on the concept of
higher-order FRFs, which originate from the generalised Fourier transform and the Volterra
series representation of nonlinear systems [15–18].

The response of a weakly nonlinear system subjected to periodic forcing can be repre-
sented as a sum of a DC component and first, second and higher harmonics. For weakly
nonlinear systems, the dominant contributions to the time-averaged reactor response are
commonly determined by first-order and second-order FRFs, while higher-order contri-
butions are often significantly smaller and may be neglected without substantial loss of
accuracy [21]. Although an exact representation of a nonlinear system requires an infi-
nite sequence of higher-order FRFs, numerous studies have demonstrated that first- and
second-order approximations are sufficient to capture the dominant nonlinear effects in
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many chemical engineering applications [5,13,15,16,25]. Therefore, the present analysis is
based on the conventional second-order NFR methodology.

 

Figure 1. Schematic representation of square-wave FPO and deviation of time-averaged reactor
response from steady-state conditions.

For a nonlinear system subjected to periodic forcing around the corresponding steady-
state operating point, the system response can be represented using the Volterra series
expansion (Equation (A1) in Supplement A) [26]. Then, the output response of the nonlinear
system can be presented as the sum of the steady-state component and an infinite number
of higher-order contributions. Each term of the Volterra series corresponds to a particular
order of nonlinearity of the system. The frequency-domain representation of these terms
leads to generalised higher-order FRFs. The generalised FRFs represent the fundamental
quantities of the NFR methodology and characterise the nonlinear dynamic response of the
system in the frequency domain.

2.1. Periodic Forcing with Single and Simultaneous Input(s) Modulation(s)

The input x(t) of the nonlinear system is periodically modulated in a general form
around a previously established steady state (xss) (Equation (1)). The frequency response
of the weakly nonlinear system output is a complex periodic function which can be rep-
resented as the sum of the output steady-state value (yss), the basic harmonic (yI), a non-
periodic term (yDC, so-called DC component) and an infinite number of higher harmonics
(Equation (2)) [15,16]. The DC component represents the time-averaged deviation of the
reactor response from the corresponding steady-state value and is the quantity used to
evaluate the potential process improvement under forced periodic operation.

x(t) =
n

∑
k=1

Akejωkt

︸ ︷︷ ︸
general f orm o f a periodic f unction

(1)

where Ak is the forcing amplitude, and ωk is the forcing frequency.

y(t) = yss︸︷︷︸
steady−state term

+ yDC︸︷︷︸
non−periodic DC term

+ BIcos(ωt + φI)︸ ︷︷ ︸
I harmonic

+ BI Icos(2ωt + φI I)︸ ︷︷ ︸
I I harmonic

+ BI I Icos(3ωt + φI I I)︸ ︷︷ ︸+ . . .

I I I harmonic

(2)

where Bi and φi are the amplitude and the phase shift of the ith output harmonic, respectively.
On the other hand, the nonlinear system, based on the Volterra series [27], generalised

Fourier transform, and the concept of higher-order frequency response functions, can be
replaced with a set of linear FRFs of different orders [5]. Those FRFs are directly related to
the different harmonics and the DC component of the frequency response of the nonlinear
system [14].

To evaluate the possible improvement of the reactor system subjected to the FPO,
only the non-periodic term, i.e., the DC component, which describes the time-averaged
behaviour, needs to be evaluated [13].
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If the input of the reactor system is modulated in a cosine shape

x(t) = xss + Acos(ωt) = xss +
A
2

ejωt +
A
2

e−jωt (3)

Based on the NFR method, the DC component of output yDC can be approximately
evaluated only based on a second-order approximation and thus, the corresponding asym-
metrical second-order (ASO) FRF, G(2)

x (ω,−ω), which corresponds to the output y of the
modulated input x, as shown [5]:

yx,DC ≈ 2
(

A
2

)2
G(2)

x (ω,−ω) (4)

For weakly nonlinear systems subjected to periodic modulation of multiple manipu-
lated variables, the dynamic model of the nonlinear system in the frequency domain can be
represented by several sets of FRFs [13]. In the present study, the analysis is given for a
nonlinear system with two periodically modulated inputs and one output variable. Then,
three series of FRFs are required for the complete evaluation of the influence of FPO on
system performance [13]. Two of these series describe the individual influence of each
input on the system output, while the third series consists of cross-FRFs that account for the
cross-effect of simultaneous modulation of two inputs [5]. Unlike the individual FRF series,
which contains first, second, etc., FRFs, the cross-series contains second- and higher-order
functions [5].

The DC component of output y from the system, where two inputs (x and z) are period-
ically modulated around the previously established steady states (xs and zs), corresponds to
the sum of the DC components of the individual inputs and the contribution corresponding
to the cross-influence of both inputs [13]:

yDC = yx,DC + yz,DC + yxz,DC (5)

The DC component of output z (yz,DC) is defined in an analogous way for the modu-
lation of input x (Equation (4)), while the cross-DC component, yxz;DC, for simultaneous
modulation of two inputs, can be given by the following expression [13]:

yxz,DC ≈ 2
(

Ax

2

)(
Az

2

)
G(2∗)

x,z (ω, φ) (6)

The cross term, (G(2∗)
x,z (ω, φ)), which indicates the cross effect, is introduced, and

it depends on the phase shift between two modulated inputs (φ) as well as the cross
asymmetrical second-order frequency response function (cross-ASO FRF, G(2)

x,z (ω, −ω)).
This cross-ASO FRF is defined as follows [13]:

G(2∗)
x,z (ω, φ) = cos(φ)Re

(
G(2)

x,z (ω, −ω)
)
+ sin(φ)Im

(
G(2)

x,z (ω,− ω)
)

(7)

We have investigated the simultaneous modulation of two inputs with the same
forcing frequency, considering that the highest contribution of the cross term to the overall
DC component can be achieved in such conditions, as concluded by Nikolić et al. [15].
Therefore, the overall expression of the non-periodic DC term of the output for simultaneous
modulations of two inputs can be written as follows:

yDC ≈ 2
(

Ax

2

)2
G(2)

x (ω,−ω) + 2
(

Az

2

)2
G(2)

z (ω,−ω) + 2
(

Ax

2

)(
Az

2

)
G(2∗)

x,z (ω, φ) (8)
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The derivation procedure of FRFs using the NFR method is standardised and can be
found in our previous publications [15,16].

2.2. Application of the NFR Methodology for Square-Wave Modulation

In the present study, periodic operation with square-wave forcing is considered.
Square-wave modulation is particularly attractive from the practical point of view because
it can be experimentally implemented by simple switching between predefined operating
levels. Also, previous studies have shown that the use of square-wave modulation results
in greater improvements to the reactor system than the use of cosine modulation [21,28].

Since a square-wave periodic function can be approximated and presented in Fourier
series form as a sum of harmonic functions of different frequencies [28], the periodic
modulation of inputs x(t) and z(t) in a square-wave shape can be given as follows:

x(t) ≈ 4Ax

π ∑N
n=1,3,...

1
n

sin(nωt) =
4Ax

π ∑N
n=1,3,...

1
n

cos
(

nωt − π

2

)
(9)

z(t) ≈ 4Az

π ∑N
n=1,3,...

1
n

sin(n(ωt + φ)) =
4Az

π ∑N
n=1,3,...

1
n

cos
(

n(ωt + φ)− π

2

)
(10)

The Fourier series for the square-wave function contains only the odd harmonics,
while even harmonics are equal to zero [28]. For practical application, approximated
Fourier series of square-wave inputs are used by taking into account only the first N
harmonics given in cosine form [28]. In accordance with this and previously introduced
Equation (1), the square-wave inputs can be written in the complex form in the following
way [28]:

x(t) ≈ ∑N
−N

1
2

4Ax

nπ
e−j π

2︸ ︷︷ ︸
Ax(n)

ejnωt, n = 1, 3, . . . , N (11)

z(t) ≈ ∑N
−N

1
2

4Az

nπ
e−j π

2︸ ︷︷ ︸
Az(n)

ej(n(ωt+φ)), n = 1, 3, . . . , N (12)

where Ax(n) and Az(n) denote the complex amplitudes of the nth harmonic of the Fourier
representation of the corresponding square-wave input signals.

The overall expression of the non-periodic DC term of the output for simultaneous
modulation of two inputs in a square-wave form, approximated with N harmonics by
analogy with Equation (8), is given as follows:

yDC ≈ ∑N
n=1,3,... 2

( Ax(n)
2

)2
G(2)

x (nω,−nω)︸ ︷︷ ︸
ASO FRF

+ ∑N
n=1.3,... 2

( Az(n)
2

)2
G(2)

z (nω,−nω)︸ ︷︷ ︸
ASO FRF

+

∑N
n=1,3,... 2

( Ax(n)
2

)( Az(n)
2

)[
cos(nφ)Re

(
G(2)

x,z (nω, −nω)
)
+ sin(nφ)Im

(
G(2)

x,z (nω,− nω)
)]

︸ ︷︷ ︸
cross−ASO FRF

(13)

For the evaluation of the DC component for square-wave simultaneous modulation of
two inputs (Equation (13)), the ASO-FRFs for each single input modulation, as well as the
cross-ASO FRF for the Nth harmonic of the output, should be derived and evaluated. The
resulting sets of algebraic equations are convenient to present and solve in matrix form.
These equations have already been derived in a previous study for cosine modulation (first
and second harmonics) [15,16], and now selected harmonics that give sufficient accuracy
have been analysed. Previous NFR studies of square-wave forcing demonstrated that
accurate predictions can be obtained using only a limited number of odd harmonics, while
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the contribution of higher harmonics progressively decreases with increasing harmonic
order [21,28].

2.3. Mathematical Model of the Methanol Synthesis in the Isothermal CSTR

Methanol is still predominantly industrially synthesised from synthesis gas, a gaseous
mixture primarily composed of CO, CO2, and H2, and represents one of the most important
bulk chemical production processes. These feedstocks can also originate from renewable
sources [2]. The synthesis proceeds through the hydrogenation of both carbon monoxide
and carbon dioxide according to the following reactions:

CO + 2H2 ⇆ CH3OH (14)

CO2 + 3H2 ⇆ CH3OH + H2O (15)

Both methanol synthesis reactions are exothermic and involve a reduction in the total
number of moles, i.e., a decrease in system volume. Consequently, thermodynamic equilib-
rium favours methanol formation at elevated pressures and relatively low temperatures.
Simultaneously with methanol synthesis, the reverse water–gas shift (RWGS) reaction
also occurs:

CO2 + H2 ⇆ CO + H2O (16)

Industrial methanol production is still predominantly based on low-pressure cat-
alytic synthesis from syngas [29]. In these processes, Cu/ZnO/Al2O3 catalysts are most
commonly employed due to their high activity and selectivity toward methanol formation.

Application of the NFR methodology requires, as an initial step, the formulation
of an appropriate mathematical model of the investigated system. A detailed deriva-
tion and description of the model were presented in our previous studies [15,16], while
only the essential aspects are briefly summarised here. The developed model is based
on a reactor model incorporating a detailed kinetic description of methanol synthesis
previously developed and validated against both steady-state and dynamic experimental
data obtained in the Micro-Berty reactor system [19]. The kinetic formulation follows the
Langmuir–Hinshelwood reaction mechanism, assuming that the overall process proceeds
through adsorption of reactants on the catalyst surface, surface reactions between adsorbed
species, and subsequent desorption of the reaction products [19].

The catalytic surface is assumed to contain three different categories of active sites: ox-
idised surface centres, reduced surface centres, and active sites responsible for heterolytic
hydrogen dissociation. The fraction of reduced active centres is represented by the variable
ϕ, whose temporal evolution is governed by catalyst oxidation–reduction dynamics with
the corresponding dynamic equation [16]:

dϕ

dt
= k+1

(
yCO(ϕmax − ϕ)− 1

K1
yCO2 ϕ

)
+ k+2

(
yH2(ϕmax − ϕ)− 1

K2
yH2Oϕ

)
(17)

where K1 and K2 are the equilibrium constants, and k1
+, k2

+ are the dynamic rate constants.
The kinetic model further assumes ideal gas-phase behaviour, negligible catalyst

deactivation, and absence of side reactions other than the methanol synthesis and RWGS
reactions introduced previously. Under these assumptions, the resulting kinetic expressions
for CO hydrogenation, CO2 hydrogenation, and the RWGS reaction are given as follows.

The reaction of CO hydrogenation:

r1 = (1 − ϕ)k1

(
pCO pH2

2 − 1
KP1

pCH3OH

)
θ⊙θ⊗

4 (18)
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The reaction of CO2 hydrogenation:

r2 = ϕ2k2

(
pCO2 pH2

2 − 1
KP2

pCH3OH pH2O

pH2

)
θ∗2θ⊗

4 (19)

The RWGS reaction:

r3 = ϕ(1 − ϕ)−1k3

(
pCO2 −

1
KP3

pCO pH2O

pH2

)
θ∗θ⊙ (20)

where ri, i = 1, 2, 3, is the reaction rate, ki, i = 1, 2, 3, is the reaction rate constant, pi, i = 1, . . ., 6,
is the partial pressure of the component, Kpi, i = 1, 2, 3, is the equilibrium constant, θ⊙ is
the surface coverage for oxidised surface centres, θ∗ is for reduced surface centres, and θ⊗

is for active surface centres for heterolytic decomposition of hydrogen.
Corresponding adsorption relationships, equilibrium expressions, and kinetic and

adsorption parameters are summarised in Supplement B.
The mathematical model of the methanol synthesis reactor was formulated using

several assumptions: methanol synthesis is carried out in an isothermal and isobaric
CSTR, the gas mixture behaves ideally within the investigated operating range, adsorption
equilibrium between the fluid and catalyst phases is established, adsorption phenomena
follow the Langmuir–Hinshelwood mechanism, catalyst deactivation effects are neglected,
and only the reactions defined by Equations (14)–(16) are considered.

Under these assumptions, the dynamic behaviour of the reactor system is described
by a set of eight ordinary differential equations. These equations include the equation
describing the catalyst dynamics (Equation (17)), the material balances for all six species
present in the system (CH3OH, CO2, CO, H2, H2O, and inert N2) (Equation (21)), and
the overall material balance used for the determination of the outlet volumetric flow rate
(Equation (22)).

VG
dpi
dt

+ mcatqsatRT
6

∑
l=1

∂θi
∂pl

dpl
dt

=
.

V0 pi,0 −
.

Vpi + mcatRT
3

∑
j=1

νijrj, i = 1, . . . , 6 (21)

mcatqsatRT
6

∑
i=1

6

∑
l=1

∂θi
∂pl

dpl
dt

=
.

V0 ptot −
.

Vptot + mcatRT
6

∑
i=1

3

∑
j=1

νijrj (22)

where, VG is the volume of the gas phase in the reactor, mcat is the mass of the catalyst, qsat

is the specific amount of surface centres, θi is the relative amount of free active centre stated
for each component,

.
V0 is the inlet volumetric flow rate, pi is the partial pressure of the

component i, ptot is the total pressure in the system, νij is the stoichiometric coefficient, and
rj is the reaction rate.

Since the NFR analysis is more conveniently performed using a dimensionless formu-
lation of the model, the process variables are transformed into dimensionless form by defining
them as relative deviations from the corresponding steady-state values (Supplement C). These
dimensionless variables are subsequently introduced into the governing model equations.

In the next step, all nonlinear terms appearing in the mathematical model are ex-
panded into Taylor series around the selected steady-state operating point [5]. After
introducing the dimensionless variables and incorporating the Taylor-expanded nonlin-
ear terms into the governing equations, the complete dimensionless reactor model is
obtained (Supplement C). The resulting dimensionless formulation serves as the basis for
the derivation of higher-order frequency response functions and subsequent NFR analysis
of periodically operated methanol synthesis reactors.
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2.4. Process Improvement Evaluation

The outlet molar flow rate of methanol is chosen to be an indicator of improvement for
square-wave single and simultaneous modulation of the inlet fraction of CO (x = CO) and
flow rate (z = F). The dimensionless DC component of the outlet molar flow rate should
be evaluated to calculate the improvement. Based on (Equation (13)), for simultaneous
modulation, it can be given as follows:

NDC ≈ ∑N
n=1,3,... 2

( ACO(n)
2

)2
H(2)

CO(nω,−nω)

+∑N
n=1,3,... 2

( AF(n)
2

)2
H(2)

F (nω,−nω)

+∑N
n=1,3,... 2

( ACO(n)
2

)( AF(n)
2

)
[cos(nφ)Re

(
H(2)

CO,F(nω, −nω)
)

+sin(nφ)Im
(

H(2)
CO,F(nω,− nω)

)
]

(23)

where ACO(n) and AF(n) are the forcing amplitudes of CO and flow rate of the Nth harmonic,

respectively; H(2)
CO,F(nω, −nω) and H(2)

CO,F(nω,− nω) are ASO H-FRFs of CO and flow rate
related to the Nth harmonic, respectively.

The DC components for all analysed cases are approximated with N first harmonics.
ASO H-FRFs, which are directly related to the previously derived G-FRFs (given in [16]),
correlate the outlet molar flow rate of methanol with the modulation of the inlet fraction
of CO (H(2)

CO(nω,−nω)), flow rate (H(2)
F (nω,−nω)) and the cross-effect for simultaneous

modulation of those inputs H(2∗)
CO,F(nω, −nω).

For the single-input modulation case of the molar fraction of CO or total inlet volu-
metric flow rate, dimensionless DC components are reduced to the following:

NDC,CO ≈ ∑N
n=1,3,... 2

(ACO(n)

2

)2

H(2)
CO(nω,−nω) (24)

NDC,F ≈ ∑N
n=1.3,... 2

(AF(n)

2

)2

H(2)
F (nω,−nω) (25)

The mean, i.e., time-averaged, outlet molar flow rate of methanol can then be evaluated
from derived DC components (Equations (24) and (25)) and the steady-state molar flow
rate of methanol:

.
nmean(CH3OH) ≈ .

nss(CH3OH)(1 + NDC) (26)

In the case of square-wave simultaneous modulation of the mole fraction of CO and in-
let volumetric flow rate, the value of the inlet molar flow rate of CO is, in principle, different
from the steady-state value, and it can be calculated using the following expression:

.
nCO,mean(i) =

.
nCO,ss

(
1 +

N

∑
n=1,3,...

(ACO(n)

2

)(AF(n)

2

)
cos(nφ)

)
(27)

Based on the time-averaged value of the molar flow rate of methanol (Equation (26)),
the following additional performance indicators can be defined [15]:

1. Yield of methanol based on total carbon

YtotC(CH3OH) =

.
nmean(CH3OH)

.
n0,ss(CO2) +

.
n0,mean(CO)

(28)

2. Yield of methanol based on hydrogen
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YH2(CH3OH) = 2
.
nmean(CH3OH)

.
n0,ss(H2)

(29)

3. Normalised methanol production per unit of catalyst

.
nnorm(CH3OH) =

.
nmean(CH3OH)

mcat
(30)

For simultaneous modulation of two inputs, the phase difference has a decisive role,
and it is possible to obtain improvement even in cases when single-input modulations
would lead to deterioration of reactor performances [13]. The forcing amplitudes and
phase difference should be optimised in such a way that the maximal value of outlet
molar flow rate is achieved through maximisation of the corresponding DC component
(Equation (23)). Considering that for a square-wave, the DC component of the first har-
monic is dominant [28], in the optimisation of forcing parameters, only the first harmonic
and corresponding ASO FRFs are included.

The optimal phase difference was analytically determined as a function of forcing
frequency, as follows [15]:

φopt,CO,F = arctang

 Im
(

H(2∗)
CO,F(ω,−ω)

)
Re
(

H(2∗)
CO,F(ω,−ω)

)
 (31)

Then, the optimal forcing amplitudes were determined using the fminimax solver in
MATLAB R2025b based on derived cross-ASO H-FRFs, a defined DC component with
Equation (23), and values of optimal phased difference (Equation (31)). The optimization
was performed to maximise the methanol productivity (Equation (30)). The amplitudes of
the inlet CO concentration and volumetric flow rate were used as optimization variables,
whereas the optimal phase difference was calculated analytically according to Equation (31),
with the limitation that it is not physically meaningful to have a phase difference between
periodically modulated inputs if their modulation amplitudes are zero. The volumetric
flow rate amplitude was bounded to the interval 0 ≤ AF ≤ 1, while the amplitudes of the
CO modulations were restricted by the requirement of maintaining constant total pressure.
The details can be found in Nikolić et al. (Appendices B and C) [15].

3. Results and Discussion
The present study focuses on square-wave FPO of the isothermal CSTR for methanol

synthesis previously investigated under cosine forcing conditions by Nikolić et al. [15,16].
In the preceding study, simultaneous modulation of the inlet CO concentration and inlet
volumetric flow rate was identified as the most favourable forcing scenario among all
investigated combinations of manipulated variables. Therefore, the current analysis is
restricted to this previously established optimal pair of inputs, while the influence of the
forcing waveform on the attainable reactor performance is investigated in detail.

The comparison between cosine (reported by Nikolić et al. in Part I [16] and Part II [15])
and square-wave forcing was performed using the same reactor model, operating point,
manipulated variables, optimisation procedure, and admissible amplitude bounds. The
higher harmonics present in the square-wave case were not introduced as independent
optimisation variables but arise naturally from the Fourier representation of the square-
wave waveform. Therefore, the comparison reflects the attainable process intensification
achievable by two different forcing waveforms under identical operating constraints.

Square-wave forcing introduces a significantly richer frequency spectrum compared to
cosine forcing. While cosine forcing contains only the fundamental frequency, square-wave
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signals consist of an infinite series of odd harmonics whose amplitudes decrease propor-
tionally to the inverse harmonic order. As demonstrated previously for generic nonlinear
systems and adiabatic CSTRs, these additional harmonics may contribute substantially to
the non-periodic component of the reactor response and consequently modify the attainable
process improvement [21,28]. The present section, therefore, combines NFR analysis with
productivity and yield calculations in order to evaluate the potential of square-wave forcing
for intensification of methanol synthesis.

Although the present analysis assumes ideal square-wave forcing, practical implemen-
tation inevitably results in non-ideal waveforms due to finite valve response times, actuator
dynamics, mixing limitations, and process-control constraints. Consequently, the imposed
forcing signal is expected to resemble a trapezoidal or smoothed switching profile rather
than an ideal square wave.

Previous studies on periodically operated reactor systems have demonstrated that
near-square-wave forcing can nevertheless be achieved in several practical situations.
For example, on–off modulation of liquid flow may closely approximate ideal square-
wave operation, while temperature modulation often exhibits a trapezoidal profile due to
thermal inertia but approaches square-wave behaviour at sufficiently long cycle periods [30].
Similarly, periodic flow-reversal and adsorption-based processes frequently develop quasi-
square-wave profiles after several operating cycles [31,32]. These observations indicate
that square-wave forcing should be viewed not only as a theoretical construct but also as a
useful approximation of practically attainable operating modes.

From a frequency-domain perspective, deviations from an ideal square-wave primarily
attenuate the higher-order harmonic components while preserving the dominant low-order
harmonics. Since the first harmonic provides the largest contribution to the reactor response
and the contribution of higher harmonics decreases progressively with harmonic order,
moderate waveform distortions are expected to reduce the magnitude of the predicted
productivity improvement but not to alter the qualitative conclusion that simultaneous
modulation of inlet CO concentration and inlet flow rate is beneficial. Consequently, the
productivity improvement predicted for ideal square-wave forcing should be regarded as an
upper-bound estimate of the attainable improvement, whereas practical implementations
employing finite switching times are expected to exhibit the same qualitative behaviour
with somewhat reduced quantitative gains.

The present study is limited to an isothermal laboratory-scale CSTR model. Methanol
synthesis is a strongly exothermic process and, in principle, thermal effects could introduce
additional nonlinearities associated with heat generation, heat accumulation, and heat
removal. These effects may influence the optimal operating conditions and the quantitative
magnitude of the attainable process improvement under FPO. However, previous investi-
gations of methanol synthesis in non-isothermal fixed-bed reactors have shown that the
qualitative trends observed under periodic operation remain largely consistent with those
obtained for corresponding isothermal systems, with the primary differences arising from
shifts in the optimal operating conditions imposed by thermal constraints [6,33]. Therefore,
the beneficial effect of square-wave forcing identified in the present work is expected
to remain relevant beyond the considered isothermal framework, although the quantita-
tive improvements reported here should be interpreted specifically for the investigated
isothermal CSTR.

3.1. Reference Productivity Results Under Cosine Forcing

Before discussing the reactor performance obtained under square-wave forcing, it is
useful to briefly recall the productivity trends previously reported for cosine forcing of the
same methanol synthesis reactor. The corresponding productivity trends are summarised
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in Figure S1, reproduced from the earlier studies and included in Supplement D for
completeness [15,16]. The performance indicators of the chosen optimal steady-state are as
follows [16]:

1. Methanol productivity of 336.91 mmol min−1 kg−1
cat ;

2. Yield of methanol based on total carbon of 61.05%;
3. Yield of methanol based on total hydrogen of 39.09%.

As shown in Figure S1, periodic modulation of the inlet CO alone produces only a
minor deviation from the steady-state productivity, after which methanol productivity
asymptotically approaches the steady-state value. A more pronounced effect was reported
for periodic modulation of the inlet volumetric flow rate. In this case, the productivity de-
creases significantly below the steady-state value over a broad range of forcing frequencies.
The strongest deterioration occurs in the intermediate-frequency region, where the negative
contribution of the corresponding ASO FRFs reaches its maximum magnitude [16].

In contrast to the individual forcing scenarios, simultaneous cosine modulation of
the inlet CO and inlet volumetric flow rate produces a substantial increase in methanol
productivity. As demonstrated by Nikolić et al. [15], the positive nonlinear interaction be-
tween the two manipulated variables overcomes the unfavourable individual contributions
and generates a significant positive DC component of the reactor response. As a result,
methanol productivity increases considerably above the steady-state value and reaches
a maximum improvement of approximately 33% under the optimal forcing conditions [15].

Figure S1 (Supplement D), therefore, serves two important purposes in the context
of the present study. First, it establishes the previously reported productivity benchmark
obtained under cosine forcing. Second, it provides the rationale for restricting the cur-
rent analysis exclusively to simultaneous modulation of the inlet CO concentration and
inlet volumetric flow rate. Since this forcing pair was already identified as the optimal
simultaneous modulation scenario [15], the present work focuses on determining whether
the productivity improvement previously achieved under cosine forcing can be further
increased by replacing the forcing waveform with a square-wave signal.

3.2. Nonlinear Frequency Response Analysis of Square-Wave CO and Flow Rate Modulation

The ASO H-FRFs, which correlate the outlet molar flow rate to the inlet modulation of
the CO fraction, corresponding to square-wave modulation for up to the ninth harmonics,
are presented in Figure 2. All investigated odd harmonics produce negative contributions
over the entire frequency range. The first harmonic exhibits the largest absolute magnitude
and therefore dominates the overall response, while the contributions of higher harmon-
ics decrease progressively with increasing harmonic order. This behaviour is consistent
with previous theoretical analyses of square-wave forcing, where it was shown that the
contribution of individual harmonics generally decreases with harmonic number [28].

The ASO H-FRFs, which correlate the outlet molar flow rate of methanol to the
modulated inlet volumetric flow rate, for square-wave modulation for up to the ninth
harmonics, are presented in Figure 3. The overall behaviour is qualitatively similar to that
observed for CO modulation. Again, all harmonics exhibit negative values over the entire
frequency domain, indicating that single input modulation of the inlet flow rate would also
lead to deterioration of the time-averaged reactor performance. The first harmonic remains
dominant and reaches significantly larger absolute values than higher harmonics, meaning
that its influence is highest.
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Figure 2. The ASO H-FRFs for CO single-input square-wave modulation around an optimal steady
state (contribution of different harmonics).

 
Figure 3. The ASO H-FRFs for flow rate single-input square-wave modulation around an optimal
steady state (contribution of different harmonics).

Since ASO H-FRFs for single CO and flow rate modulations are negative throughout
the investigated frequency range, they would not generate an improvement relative to
steady-state operation. This observation is consistent with the conclusions previously ob-
tained for cosine forcing [15,16]. In those studies, both CO and flow rate single modulations
would lead to a worsening of reactor performance.

The real and imaginary parts of the cross-ASO H-FRFs for simultaneous modula-
tion of those two inputs in a square-wave shape, for up to the ninth harmonics, are
presented in Figure 4. According to the NFR theory for systems with two periodically
modulated inputs, the cross contribution depends simultaneously on the values of cross-
ASO H-FRFs as well as the phase difference between the input signals, as explained above
(Equations (7) and (31)) [5]. The real and imaginary parts of the cross-ASO H-FRF for the
first, dominant harmonic provide the information necessary for the determination of the
optimal phase difference (Equation (31)) [5,21].
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Figure 4. The cross-ASO H-FRF imaginary and real parts for square-wave simultaneous modulation
of CO and flow rate around an optimal steady state (contribution of different harmonics).

The optimal phase difference and the corresponding optimal forcing amplitudes
obtained from the NFR analysis are shown in Figure 5. The optimal phase shift exhibits
an s-profile curve decreasing from 0 rad to −2π rad as the frequency increases. At higher
frequencies, the phase difference asymptotically approaches an approximately constant
value (−2π rad).

 
Figure 5. The optimal forcing parameters that maximise the methanol productivity for simultaneous
modulations of CO and flow rate.

At frequencies below ω = 0.62, corresponding to a dimensional period (Pd) longer
than 143.8 s, the optimal amplitudes of the CO and flow rate modulations are equal to 0;
therefore, operation under FPO is not meaningful in this frequency range, i.e., FPOs would
not lead to improvement. As the forcing frequency increases, the amplitudes increase
sharply, reaching maximum values (ACO of 0.81 and Af of 1.0). This trend is consistent with
the methanol productivity improvement observed later in Figure 6.
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Figure 6. The methanol productivity obtained with square-wave single inputs (CO and flow rate
individually) and simultaneous modulation (CO and flow rate) around the optimal steady state with
optimal forcing parameters.

The optimal phase difference shown in Figure 5 is determined by the frequency-
dependent real and imaginary parts of the cross-ASO H-FRF according to Equation (31).
Physically, the phase difference controls the synchronisation between the periodically mod-
ulated inlet CO concentration and volumetric flow rate. At low frequencies, lower than
0.62, the reactor response follows the forcing almost quasi-stationary (see Figure 6). As the
forcing frequency increases, the characteristic time scales associated with reaction kinetics,
catalyst-state dynamics, and adsorption phenomena become increasingly important, lead-
ing to dynamic lags between the imposed forcing and the reactor response. Consequently,
the phase relationship that maximises the positive cross contribution to the DC component
of methanol productivity changes with frequency, resulting in the observed variation in the
optimal phase difference.

Each point on the curves presented in Figure 5 represents the optimal value of the
forcing parameters for the chosen dimensionless frequency. The meaningful improvement
is achieved for ω > 2.0, which corresponds to a Pd < 44.6 s (see Figure 6). Such periods are
potentially compatible with the response capabilities of modern process-control systems,
although implementation in large-scale methanol plants would still require consideration
of valve dynamics, gas-mixing limitations, compressor response times, and other process-
control constraints. Therefore, the productivity improvement predicted for ideal square-
wave forcing should be interpreted as the theoretical intensification potential achievable
under idealised operating conditions.

3.3. Process Intensification Under Square-Wave Forcing

The predicted methanol productivity under square-wave forcing is analysed in this sec-
tion. The methanol productivity calculated for single inputs and simultaneous modulations
of CO and flow rate is presented in Figure 6. The figure summarises the cumulative effect
of all harmonic contributions and directly reflects the overall DC component calculated by
the NFR methodology (Equations (23)–(25)).

The productivity obtained under periodic modulation of the inlet CO alone remains
close to the steady-state value over the entire investigated frequency range. A slight reduc-
tion is observed at intermediate frequencies (ω ≈ 0.62), corresponding to the frequency
region where the first harmonic ASO H-FRF reaches its minimum value (Figure 2). The
overall magnitude of the productivity change remains relatively small, confirming that
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modulation of the inlet CO concentration alone does not provide a practically signifi-
cant route toward reactor improvement nor deterioration. This result is fully consistent
with the conclusions previously obtained for cosine forcing of the same reactor system,
where concentration modulation alone also failed to generate substantial productivity
improvement [16].

Periodic modulation of the inlet volumetric flow rate produces a considerably larger
effect. In agreement with the negative values of the corresponding ASO H-FRFs shown in
Figure 3, a pronounced productivity decrease occurs over a broad frequency range (a max-
imum decrease of 13.8% relative to the steady state occurs in a very narrow frequency
range). The minimum productivity is observed in the intermediate-frequency region
(ω ∈ [0.62, 8.5]) where the negative contribution of the first harmonic is largest. Although
the productivity asymptotically returns toward the steady-state value at higher forcing fre-
quencies, no frequency region exists where flow rate modulation alone becomes beneficial.
Consequently, the results clearly demonstrate that periodic modulation of the inlet flow
rate cannot be considered an attractive forcing strategy when applied independently.

A fundamentally different behaviour is obtained when both inputs are modulated
simultaneously. In this case, at frequencies lower than 0.62, the system behaves quasi-
stationary, after which the reactor productivity increases significantly above the steady-state
value over a wide range of forcing frequencies. The improvement becomes particularly
pronounced in the intermediate- and high-frequency regions, where the positive cross
contribution dominates the overall DC component.

The maximum productivity predicted under simultaneous square-wave forcing
reaches approximately 553.6 mmol min−1 kg−1

cat for the frequencies higher than 10, com-
pared to approximately 336.9 mmol min−1 kg−1

cat under steady-state operation. This cor-
responds to a productivity increase of approximately 64.3%. Such an improvement is
particularly significant considering that no changes in catalytic reaction, reactor design,
operating pressure, or operating temperature are introduced. The productivity increase
is achieved exclusively through the dynamic operation of the reactor around the same
optimal steady-state operating point. It is important to note that this improvement is
achieved around exactly the same steady-state operating point employed previously for
cosine forcing studies [16]. Therefore, the observed improvement cannot be attributed to a
more favourable selection of operating conditions but must originate exclusively from the
different nonlinear reactor response generated by the square-wave forcing signal.

Another important feature visible in Figure 6 is the relatively broad frequency range
over which significant productivity improvement is obtained. The productivity maximum
is not restricted to a narrow frequency interval but extends over a wider region of forc-
ing frequencies. From a practical perspective, such behaviour is advantageous because
it reduces the sensitivity of reactor performance to small deviations from the optimal
operating conditions.

The results presented in Figure 6 demonstrate that square-wave forcing preserves
the favourable interaction mechanism previously identified under cosine operation while
simultaneously amplifying its effect through the contribution of higher harmonics. As
a consequence, substantially larger productivity improvements become attainable under
otherwise identical operating conditions. To evaluate the practical significance of this
improvement, a direct comparison between square-wave and cosine forcing is presented in
the following section.

3.4. Comparison with Cosine Forcing

The results presented in the previous sections demonstrate that square-wave forcing
can substantially enhance methanol productivity through the combined action of favourable
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nonlinear interactions and the cumulative contribution of higher harmonics. However, the
practical significance of these findings can only be fully assessed through direct comparison
with the previously investigated cosine forcing strategy. Since the same reactor model,
kinetic scheme, catalyst dynamics, operating conditions, manipulated variables, and steady-
state operating point were employed in both studies [15,16], the comparison presented in
this section allows the influence of the forcing waveform itself to be isolated and evaluated.

3.4.1. Methanol Productivity

The comparison between the maximum methanol productivities obtained under
steady-state operation, cosine forcing, and square-wave forcing is presented in Figure 7.
The figure clearly demonstrates that the forcing waveform exerts a substantial influence on
the attainable process improvement.

Figure 7. The comparison of methanol productivity obtained with square-wave simultaneous
modulation of CO and flow rate with that obtained by cosine modulation and an optimal steady state.

As previously reported by Nikolić et al. [15], simultaneous cosine modulation of
the inlet CO and inlet volumetric flow rate produces a significant increase in methanol
productivity compared to steady-state operation. The productivity increases from approxi-
mately 336.9 mmol min−1 kg−1

cat under optimal steady-state conditions to approximately
450 mmol min−1 kg−1

cat under optimal cosine forcing. This corresponds to a productivity
improvement of approximately 33%, confirming the strong potential of periodic operation
for methanol synthesis intensification. When the cosine forcing signal is replaced by a
square-wave signal, the attainable productivity increases even further. The maximum
productivity reaches an improvement of approximately 64.3% relative to steady-state op-
eration. Therefore, the productivity improvement obtained under square-wave forcing is
almost twice as large as that previously achieved under cosine forcing.

The comparison presented in Figure 7 suggests that the additional productivity im-
provement obtained under square-wave forcing originates primarily from amplification of
the positive nonlinear interaction terms (Figure 4). Since the same manipulated variables,
operating conditions, and optimisation procedure were employed in both studies, the
observed difference must be associated with the higher harmonic content of the forcing sig-
nal. Consequently, the additional productivity improvement observed under square-wave
operation must originate exclusively from the different spectral composition of the forcing
waveform. The present results, therefore, provide strong support for earlier theoretical pre-
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dictions indicating that generalised periodic waveforms may generate larger non-periodic
shifts than purely harmonic forcing functions [21,28].

Under cosine forcing, the reactor response is governed primarily by the contribution of
the first and second harmonics. In contrast, square-wave forcing introduces a sequence of
odd harmonics, each contributing to the overall DC component through the corresponding
H-ASO- and cross-ASO H-FRFs. Although the magnitude of these individual contributions
decreases with harmonic order, their cumulative effect eventually becomes significant. The
higher harmonics, therefore, provide additional positive contributions to the nonlinear in-
teraction term and increase the overall productivity improvement. The observed behaviour
is also consistent with the conclusions of previous theoretical studies with simple ideal
reaction conditions [21,28].

From a process intensification perspective, the increase from approximately 33% to
approximately 64% is particularly significant. From a practical perspective, square-wave
forcing can be more readily implemented using industrial control and switching strategies
than harmonic forcing.

3.4.2. Methanol Yield Based on Total Carbon

Although productivity is generally the primary performance indicator for industrial
methanol synthesis, evaluation of the methanol yield provides additional insight into the
utilisation efficiency of reactants. Therefore, the influence of the forcing waveform on the
carbon-based methanol yield was also investigated.

The results are presented in Figure 8. Under steady-state conditions, the reactor
exhibits the highest carbon-based methanol yield among the three operating modes con-
sidered. Both periodic operating strategies lead to a slight reduction of this performance
indicator relative to steady-state operation. The decrease in carbon-based yield is not
unexpected. Increasing reactor productivity generally requires operation under conditions
that favour larger overall reaction rates, which do not necessarily coincide with conditions
maximising conversion efficiency of the carbon-containing reactants. Consequently, a
trade-off between productivity and carbon utilisation efficiency appears.

Figure 8. The comparison of yields of methanol based on total carbon obtained with square-wave
simultaneous modulation of CO and flow rate with that obtained by cosine modulation and an
optimal steady state.
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The reduction in carbon-based methanol yield can be partially attributed to the fact
that, under simultaneous modulation of inlet CO concentration and volumetric flow rate,
the time-averaged inlet molar flow rate of CO is not necessarily equal to the corresponding
steady-state value. Consequently, part of the productivity improvement is associated with
an increased average carbon feed. Nevertheless, the substantial productivity improve-
ment cannot be explained solely by this effect, since individual modulation of either CO
concentration or flow rate does not produce productivity improvement. The observed
improvement therefore originates primarily from the favourable nonlinear interaction
between the two simultaneously modulated inputs. This behaviour is consistent with
previous results obtained for cosine forcing of the same reactor, where the reduction in
carbon-based methanol yield was partially associated with an increased time-averaged
inlet molar flow rate of CO compared to steady-state operation [15].

Nevertheless, several important observations can be made. First, the reduction in
carbon-based yield remains relatively moderate compared to the corresponding increase in
productivity. While productivity increases by more than 64% under square-wave forcing,
the associated decrease in carbon-based yield is considerably smaller (19%). Second, the
differences between cosine and square-wave forcing remain relatively limited. Both forcing
strategies exhibit similar trends, indicating that the fundamental reactor behaviour consid-
ering this indicator remains unchanged despite the different waveforms. From a practical
perspective, this observation is encouraging because it indicates that the productivity im-
provement is achieved without severely compromising overall reactor selectivity toward
methanol formation.

3.4.3. Methanol Yield Based on Hydrogen Utilisation

The influence of the forcing waveform on hydrogen utilisation is presented in Figure 9.
In contrast to the carbon-based yield, the hydrogen-based methanol yield exhibits a
markedly different behaviour. Under steady-state operation, the hydrogen-based yield
attains the lowest value among the three investigated operating modes. The introduction
of periodic forcing significantly improves hydrogen utilisation, and the magnitude of this
improvement depends strongly on the forcing waveform.

 
Figure 9. The comparison of yields of methanol based on hydrogen obtained with square-wave
simultaneous modulation of CO and flow rate with that obtained by cosine modulation and an
optimal steady state.
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As previously reported for cosine forcing [15], simultaneous modulation of the inlet CO
and flow rate increases the hydrogen-based yield substantially above the steady-state value.
However, square-wave forcing produces an even larger improvement. The maximum
hydrogen-based yield obtained under square-wave operation reaches approximately 64.2%
(ω > 8), whereas cosine forcing achieves approximately 52.2%.

The improvement of hydrogen utilisation is particularly important in the context of
green methanol synthesis. In emerging power-to-methanol processes, hydrogen generated
by water electrolysis typically represents the most energy-intensive and economically
valuable reactant [2]. Consequently, efficient utilisation of hydrogen becomes one of the
most important performance criteria of the overall process assessment.

Although a detailed economic analysis is beyond the scope of the present work, the
observed increase in hydrogen-based yield clearly indicates that square-wave forcing im-
proves not only methanol productivity but also the effectiveness of hydrogen conversion
into the desired product. Therefore, the benefits of square-wave operation extend be-
yond simple productivity improvement and include improved utilisation of one of the
most valuable reactants involved in sustainable methanol production. The simultaneous
increase in productivity and hydrogen-based yield is particularly noteworthy because
such improvements often exhibit conflicting trends in catalytic reactor systems. In the
present case, however, both indicators improve simultaneously under optimal square-wave
forcing conditions.

Taken together, the results presented in Figures 7–9 demonstrate that replacing cosine
forcing with square-wave forcing significantly improves the overall performance of the
methanol synthesis reactor (CSTR). However, the richer harmonic structure of the square-
wave signal produces larger positive nonlinear interactions and consequently larger non-
periodic shifts of the reactor response. As a result, substantially greater productivity
improvement and improved hydrogen utilisation become attainable under otherwise
identical operating conditions.

3.5. Influence of Number of Harmonics

The accuracy of the NFR prediction depends on the number of odd harmonics retained
in the Fourier representation of the square-wave forcing signal. Although previous theo-
retical studies demonstrated that the contribution of higher harmonics decreases rapidly
with harmonic order [21,28], the convergence behaviour was additionally verified for the
present methanol synthesis reactor.

Table 1 summarizes the predicted methanol productivity obtained by progressively
increasing the number of odd harmonics included in the NFR analysis under the opti-
mal operating conditions (ω ≈ 5.0, ACO = 0.81, and AF = 1.0). The relative deviation
presented in Table 1 represents the deviation between consecutive odd harmonics. The
results show a clear convergence of the predicted productivity. While inclusion of higher
harmonics initially increases the predicted productivity, the improvement becomes pro-
gressively lower with increasing harmonic order. The predicted productivity changes from
542.9 mmol min−1 kg−1

cat for nine harmonics to only 546.1 mmol min−1 kg−1
cat when fifteen

harmonics are considered, corresponding to a relative deviation of only 0.59%.
These results confirm that inclusion of the first nine odd harmonics is sufficient to

obtain practically converged NFR predictions for the investigated reactor. Consequently,
truncation of the Fourier series after the ninth harmonic represents an appropriate compro-
mise between computational effort and prediction accuracy, while additional harmonics
have a negligible influence on the predicted reactor performance.
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Table 1. The influence of the number of odd harmonics on the accuracy of predicting methanol
productivity using the NFR method (ω ≈ 5.0, ACO = 0.81, and Af = 1.0).

Harmonic
Number

Methanol Productivity
[mmol min−1 kg−1

cat]
Relative

Deviation [%]

1 509.7 -
3 529.8 3.8
5 536.9 1.3
7 540.7 0.7
9 542.9 0.41
11 544.3 0.26
13 545.3 0.18
15 546.1 0.15

3.6. Verification of the NFR Methodology

To assess the accuracy of the NFR predictions, time-domain simulations of the original
nonlinear mathematical model of the analysed system were performed under the optimal
square-wave forcing conditions. The governing system of nonlinear ordinary differential
equations, i.e., the mathematical model (Equations (17), (21) and (22)), was numerically
integrated using the MATLAB solver ode15s, which is particularly suitable for stiff systems,
i.e., for the dynamically changed reactor systems [34]. The simulations were initialized from
the previously determined steady-state operating point, while the forcing frequency, forcing
amplitudes and phase difference were identical to those predicted by the optimisation
procedure. To avoid numerical difficulties associated with discontinuous excitation, the
ideal square-wave forcing was represented by a smooth hyperbolic tangent approximation
as follows [35]:

f (t) = 1 + Atanh
(

αsin
(

2πt
Pd

+ φ

))
(32)

where, A is the forcing amplitude, Pd is the forcing period, φ is the phase shift, and α

controls the sharpness of the transition between the two switching levels. A value of α = 50
was adopted, providing a very close approximation of an ideal square-wave modulation
while preserving the continuity and differentiability of the forcing function [35].

The reactor dynamics were simulated over a sufficient number of forcing periods until
a periodic steady state was reached, after which the cycle-averaged methanol productivity
was determined and compared with the corresponding NFR prediction.

Table 2 compares the methanol productivity predicted by the NFR methodology
with the corresponding values obtained by direct numerical integration of the complete
nonlinear mathematical model of the analysed reactor system. Overall, good agreement
is observed throughout the investigated frequency range. The NFR methodology slightly
overestimates the productivity at lower forcing frequencies, where neglected higher-order
nonlinear contributions are more pronounced. However, the relative deviation decreases
systematically with increasing forcing frequency, from 8.7% at ω = 1 to only 0.9% at
ω = 20. In particular, in the frequency region corresponding to the maximum process
intensification (ω ≈ 5–20), the deviation remains below 5%, confirming that the second-
order NFR methodology provides reliable quantitative predictions for optimisation of
square-wave forced periodic operation.
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Table 2. Comparison of productivity of methanol obtained by square-wave modulation of CO and
flow rate estimated by NFR method and numerical simulation.

Dimensionless
Forcing

Frequency

CO
Amplitude

Flow Rate
Amplitude

Optimal
Phase Shift

[rad]

Productivity
[mmol min−1 kg−1

cat ]
Productivity,

[mmol min−1 kg−1
cat ] Relative

Deviation [%]
NFR Numeric

Simulation

1 0.81 0.92 0.526 410.2 374.5 8.7
5 0.81 1.0 0.116 542.9 517.9 4.6

10 0.81 1.0 0.058 550.9 558.6 1.4
20 0.81 1.0 0.029 552.9 557.9 0.9

4. Conclusions
In the present study, the NFR methodology was applied to investigate square-wave

FPO of an isothermal CSTR for methanol synthesis. The analysis was focused exclusively
on simultaneous modulation of the inlet CO concentration and inlet volumetric flow rate,
corresponding to the most favourable pair of manipulated variables previously identified
for cosine forcing [15]. The objective was to determine whether replacement of the forcing
waveform could further intensify reactor performance while maintaining the same reactor
model, operating conditions, catalyst characteristics, and steady-state operating point.

The frequency-domain analysis showed that the overall reactor response under square-
wave forcing is determined not only by the fundamental harmonic but also by the cumula-
tive contribution of higher odd harmonics. Although the magnitude of individual harmonic
contributions decreases with increasing harmonic order, their combined effect produces an
additional positive shift of the time-averaged reactor response. Consequently, the attainable
process improvement under square-wave forcing exceeds that obtained under conventional
harmonic forcing.

The predicted methanol productivity under optimal square-wave forcing reached ap-
proximately 553.6 mmol min−1 kg−1

cat , compared with approximately 336.9 mmol min−1 kg−1
cat

under optimal steady-state operation. This corresponds to a productivity improvement
of more than 64%. A direct comparison with previously published cosine forcing showed
that replacing cosine forcing with square-wave forcing approximately doubles the pro-
ductivity improvement [15]. In addition to the productivity improvement, square-wave
forcing also improved hydrogen utilisation efficiency. The hydrogen-based methanol yield
increased substantially compared with both steady-state operation and cosine forcing
(64.3% increase compared to steady-state and 23.1% increase compared to cosine modu-
lation [15]). Considering the growing importance of hydrogen utilisation in sustainable
and power-to-methanol technologies, this observation further emphasises the potential
practical significance of the proposed operating strategy.

Overall, the results indicate that square-wave FPO represents an effective intensifica-
tion strategy for methanol synthesis in an isothermal CSTR. From a broader perspective,
the present results demonstrate that optimisation of the forcing waveform can be as im-
portant as optimisation of the manipulated variables themselves. While previous studies
identified the most favourable forcing variables for methanol synthesis in an isothermal
CSTR, the present study shows that substantial additional improvements can be achieved
through appropriate waveform design. This finding further extends the applicability of
NFR methodology as a systematic tool for process intensification and dynamic reactor
optimisation and highlights the potential of waveform engineering as a complementary
strategy for improving the performance of catalytic reactor systems, especially considering
that the application of square-wave modulation in reactor engineering is practically easier
and more affordable than, for example, cosine modulation.
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The present study was performed for an isothermal CSTR, and the reported produc-
tivity improvements should therefore be interpreted within this framework. Although
previous studies suggest that the qualitative benefits of forced periodic operation remain
valid in the presence of thermal effects, further research should extend the square-wave
NFR analysis to non-isothermal reactor systems in order to quantify the influence of thermal
nonlinearities on the attainable process intensification.
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Abbreviations and Nomenclature

Nomenclature:

A, Ak, BI, BII, . . . forcing amplitude of the input modulation

Ax(n), Az(n)
complex amplitudes of the nth harmonic of the Fourier representation of the
corresponding square-wave input signals

ACO(n),AF(n) forcing amplitudes of CO and flow rate of the nth harmonic, respectively

G(n)
x (ω,−ω) nth order ASO FRF, which correlates the output y to the modulated input x

G(n∗)
x,z (ω, φ) nth order cross-ASO term that defines the contribution of both inputs (x and z)

H(2)
x (ω,−ω)

H-ASO FRF, which correlates the outlet molar flow rate of component i to
modulated input x

H(2∗)
x,z (ω,−ω)

cross-H-ASO term, which correlates the outlet molar flow rate of component
i to modulated inputs x and z

H(2)
CO,F(nω,−nω),

ASO H-FRFs of CO and flow rate related to nth harmonic, respectively
H(2)

CO,F(nω,−nω)

k+1 ,k+2 [s−1] reaction rate constants for the oxidation–reduction of the catalyst
ki reaction rate constants (i = 1, . . ., 3)
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K1,K2 equilibrium constant for the oxidation–reduction of the catalyst
Kp1,Kp2 [bar−2] equilibrium constants for the reaction CO and CO2 hydrogenation, respectively
Kp1 [-] equilibrium constants for the RWGS reaction
mcat [kg] mass of catalyst
.
n [mmol min−1] molar flow rate
.
nmean [mmol min−1] mean value of the outlet molar flow rate of methanol (time-averaged)
.
nnorm normalised molar flow rate (per unit of mass of catalyst)
[mmol min−1 kgcat

−1]
.

N dimensionless molar flow rate
Pd [s] dimensional forcing period
ptot [bar] total pressure
pi [bar] partial pressure of component i (i=1, . . ., 6)
qsat [mol kg−1] specific amount of surface centres
rj [mol kgcat

−1 s−1] rate of reaction j (j = 1, . . ., 3)
t [s] time
T [K] temperature (reactor temperature)

.
V0 inlet volumetric flow rate
VG [ml] volume of the gas phase in the reactor
x, z input (general symbol)
y output (general symbol)
YtotC, YH2 methanol yield based on total carbon or hydrogen

yi,yk
molar fraction of component i (k) (I (k) = 1, . . ., 6; i = CH3OH, CO2 , CO,
H2, H2O, N2)

Greek letters:

α

parameter that controls the sharpness of the transition between the two
switching levels when square-wave forcing was represented by a smooth
hyperbolic tangent approximation

θi
relative amount of free active surface centres stated for each component
(i = 1, . . ., 6)

θ⊙ the surface coverage for oxidised surface centres
θ∗ the surface coverage for reduced surface centres

θ⊗
The surface coverage for active surface centres for heterolytic decomposition
of H2

νi,j stoichiometric coefficients
φ phase shift
ϕ fraction of reduced centres on the catalyst surface
ϕmax maximal value of the fraction of reduced centres on the catalyst surface
ω dimensionless forcing frequency

Subscripts:

DC non-periodic component (direct current)

i
component (i = 1 for CH3OH, i = 2 for CO2 , i = 3 for CO, i = 4 for H2 ,
i = 5 for H2O, i = 6 for N2)

I, II, III, . . ., n harmonic order
f, F volumetric flow rate modulation

j
reaction (j = 1 for CO2 hydrogenation, j = 2 for CO hydrogenation, j = 3
for RWGS)

0 feed stream (inlet)
mean mean value of periodic operation
norm normalised value
ss steady-state
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Abbreviations:

ASO asymmetrical second order
CSTR continuous stirred tank reactor
FPO forced periodic operation
FRF frequency response function
NFR nonlinear frequency
RWGS reverse water–gas shift
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17. Vidaković-Koch, T.; Miličić, T.; Živković, L.A.; Chan, H.S.; Krewer, U.; Petkovska, M. Nonlinear frequency response analysis: A re-
cent review and perspectives. Curr. Opin. Electrochem. 2021, 30, 100851. [CrossRef]
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