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Abstract

Recombination processes heavily influence the ionization balance and level populations of
Non-Local Thermodynamic Equilibrium (Non-LTE) plasmas. This is especially relevant for
kilonovae, whose ejecta rapidly evolves into a Non-LTE regime. Collisional-radiative mod-
els become necessary, but are limited by the scarcity of data for heavy r-process elements.
In this work, we present radiative recombination (RR) rate coefficients for Pm-like tungsten
(W XIV) using the Flexible Atomic Code (FAC). W XIV makes a reliable benchmark for
two primary reasons: tungsten is one of the heavy elements best characterized across its
ionization sequence, providing a wealth of available data for comparison, and this charge
state shares the complicated open f -shell structure of key r-process elements, consequently
presenting similar challenges that emerge when executing this type of calculation. Vali-
dating our approach here provides the foundation for extending this methodology to the
lanthanide sequence. The calculations performed in this work show good agreement with
previous relevant works. Additionally, an RR calculation with a set of configurations that
captured the low-lying energy structure of the recombined ion was performed. The results
remain within the same order of magnitude as the standard method across the 103 to 109 K
temperature range.

Keywords: radiative recombination; Pm-like tungsten; atomic data; lanthanides; astrophysical
plasmas; kilonovae

1. Introduction
Following the recent detection of the events GW170817 and GRB230307A, neutron star

mergers are now considered possible prime sites for r-process nucleosynthesis, creating
heavy nuclei such as lanthanides and actinides [1–6]. Validating this hypothesis relies
on analyzing their electromagnetic transients, so called kilonovae. These spectra had
an exceptionally rapid spectral evolution across all observed epochs, unlike any other
observed astrophysical transients [7].

Modelling these observed kilonova spectra rests on an accurate and highly compre-
hensive description in terms of atomic data [8–10]. Small errors in predicted wavelengths
can invalidate the correspondence between theoretical spectral features and observed
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lines, with discrepancies sometimes exceeding 50% between theoretical and experimental
values [11,12].

Especially in Non-LTE regimes, where ionization balance and level populations are
no longer described by Maxwell–Boltzmann distributions, explicit collisional-radiative
models become necessary. As the ejecta expands and cools, the density and ionization
conditions vary drastically across the different ejecta layers and timescales. Here the
LTE approximation starts to break down, giving way to a far more heterogeneous and
time-dependent environment. Processes such as radiative recombination (RR) emerge as
principal contributors to the overall cooling influencing the spectrum shape, highlighting
the need for a broad and complete range of atomic parameters [13,14].

Although these observations have strongly accelerated research in this area, the vol-
ume of atomic data produced to date remains insufficient, as the research pathways
are numerous, spanning multiple ionization stages, elements, physical processes, and
derived quantities.

For recombination processes, the scarcity of data for key r-process elements is partic-
ularly concerning. Often, models rely on extrapolations from lighter elements or simpli-
fied approximations, leading to discrepancies reaching an order of magnitude [15]. The
dense-energy-level structures of heavy elements impose substantial computational costs.
Simultaneously, experimental measurements of RR rates for low-charged heavy ions such
as lanthanides remain highly challenging due to difficulties in ion source generation and
high background noise [15].

In this context, the choice of tungsten as the subject of this work is well motivated.
Structurally, tungsten ions in low charge states have an open f -shell, giving rise to a dense
and complex energy level structure. This enhances the difficulty of the calculations, as
demonstrated by Krantz et al. [16], which we expect to encounter equally in lanthanide ions
given their structural similarity. Simultaneously, tungsten is among the most thoroughly
studied heavy elements across its ionization sequence, given its importance as a plasma-
facing material in tokamak devices such as ITER, where it acts as an impurity whose
properties must be precisely known for plasma diagnostics [17]. Because of these factors,
tungsten is a solid starting point for this work: by first benchmarking our approach
against existing data, we can then apply the same methodology to lanthanide ions with
greater confidence.

2. Methods
2.1. Atomic Structure

All calculations in this work were performed with the fully relativistic Distorted Wave
(DW) method within the Flexible Atomic Code (FAC) [18]. The atomic structure is based
on the diagonalization of the Dirac–Coulomb Hamiltonian:

HDC =
N

∑
i=1

(
cαi · pi + (βi − 1)c2 + Vi

)
+

N

∑
i<j

1
rij

, (1)

where αi and βi are the 4 × 4 Dirac matrices and Vi accounts for the nuclear potential.
Higher-order QED corrections, including self-energy and vacuum polarization, are incorpo-
rated within the screened hydrogenic approximation, and the Breit interaction is included
in the zero-frequency limit.

The electron–electron repulsion is treated under the central field approximation, sim-
plifying the many-body problem into N independent one-electron equations. Each is
solved in a mean field representing the averaged charge distribution of the remaining
electrons. This central potential is obtained through a self-consistent Dirac–Hartree–Fock–
Slater (DHFS) method, optimized for the ground-state configuration of the recombined ion
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(W XIII, [Pd] 4 f 145s2), as is standard practice using this code in RR [19], and from which
the radial orbitals are derived.

The Atomic State Function (ASF) is represented, in the Relativistic Configuration
Interaction (RCI) approach, as a linear combination of configuration state functions (CSFs),
each of which is an antisymmetrized linear combination of products of single-electron
Dirac orbitals. By solving the eigenvalue problems, energy levels and wavefunctions can
be obtained and used as the input for the RR calculations.

2.2. Radiative Recombination

Electron–ion recombination can be divided into two distinct channels. The radiative
recombination is a direct and continuous process in which a continuum electron with
kinetic energy ϵ and angular momentum κ is captured with simultaneous photon emission.
The other channel is dielectronic recombination (DR), which occurs through autoionizing
resonances producing sharp features in the capture cross-sections. In this work, we restrict
ourselves to the RR channel. Particularly, for the RR of W XIV (or W13+):

e−(ϵ, κ) + [W13+]i → [W12+] f + hν. (2)

Since RR is the time-reversed process of photoionization (PI), the RR cross-section
(RRCS) follows from the PI cross-section via the Milne relation [20]:

σRR =
α2

2
g f

gi

ω2

ϵ(1 + α2ϵ/2)
σPI , (3)

where α is the fine-structure constant, gi and g f are the statistical weights of the initial and
final states, and ω is the photon energy in atomic units. Similarly, the PI cross-section can
be defined as [18]

σPI = 2πα
ω(αω)2L−2

(2L + 1)g f
S f i, (4)

where L is the rank of the multipole inducing the transition and S f i is the line strength of
the process

S f i = ∑
κ JT

∣∣∣⟨ψ f , κ; JT | OL | ψi⟩
∣∣∣2. (5)

Here, OL denotes the multipole operator of rank L that mediates the interaction, with
JT being the coupled total angular momentum of the recombined ion and the free electron.
The full treatment decomposes the matrix element into angular and radial parts via the
Wigner–Eckart theorem [18].

The state-resolved RR rate coefficients are obtained through a weighted integral of
the cross-sections over the Maxwell–Boltzmann electron velocity distribution for a given
electron temperature Te [21,22]:

Ri(Te) =

√
2
π

(
me

kBTe

)3/2 ∫ ∞

0
v3

e σRR
i (ve) exp

(
− mev2

e
2kBTe

)
dve. (6)

where me is the electron mass and kB is the Boltzmann constant. The total RR rate coefficient
is obtained by summing over all bound levels i, such that

αRR
total = ∑

i
Ri. (7)

Following the convention adopted in plasma and astrophysical contexts [21], the
resulting rate coefficients are expressed in cm3 s−1.
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We stress that for spectral modelling, the relevant quantity is the total recombination
rate coefficient αtotal(T) = αRR(T) + αDR(T) [23], since DR can dominate the radiative
counterpart by orders of magnitude at low-to-moderate temperatures [23,24]. Within the
DW approximation as implemented in FAC, RR and DR are treated as separate and in-
dependent processes, in contrast to codes employing the R-matrix formalism, where the
complex resonant structures are included through channel couplings and both contribu-
tions are obtained in a unified manner [23]. The DR calculation for this charge state is
considerably more demanding and is currently in progress; the corresponding results will
be published elsewhere.

2.3. Calculation Description

Following standard practices to produce RR rate coefficients [24–29], the present rates
were calculated from the RRCSs of the ground state of the recombining ion under the
electric-dipole (E1) approximation. Typically, the states considered for the recombined ion
consist of the ground state of the recombining ion coupled with an electron in an nl orbital.
Using this approach, the RR rate coefficients of Preval et al. [24] for this particular charge
state were reproduced using FAC. It included configurations that were formed by the free
electron being captured into the ground-state level of the recombining ion forming the set,
as listed in Table 1.

Table 1. Configuration set for W12+ used to reproduce Preval et al [24].

Ground Config. Single Excitations

4 f 145s2 4 f 135s2nl (n = 5, l = p, d, f , g)
4 f 135s2nl (n = 6 to 10, l = all)
4 f 135s2nl (n = 11 to 25, l ≤ 10)

Additionally, this work explores an alternative approach by focusing on the explicit
inclusion of the lowest-energy configurations of the recombined ion, giving priority to low-
lying states over the systematic expansion of shells with high n and l. The configuration set
for W XIII tested, listed in Table 2, was obtained by previously optimized atomic structure
calculations, with explicit shells up to n = 7 and l = 4.

Table 2. Configuration set for W12+ used for the low-lying state calculation.

Ground Config. Single Excitations Double Excitations

4 f 145s2 4 f 145snl (n = 5, l = p, d, f , g) 4 f 14nl2 (n = 5 − 7, l = p, d, f )
4 f 145snl (n = 6, l = s, p, d, f ) 4 f 145pnl (nl = 5d, 5 f , 5g)
4 f 145snl (n = 7, l = s, p, d, f ) 4 f 146s2, 6p2, 6d2, 6 f 2

4 f 135s2nl (nl = 5p, 5d) 4 f 147s2, 7p2, 7d2, 7 f 2

4 f 135s2nl (n = 6, l = s, p, d, f ) 4 f 135snl2 (n = 5, l = p, d, f )
4 f 135s2nl (n = 7, l = s, p, d, f ) 4 f 135snl2 (n = 6, l = s, p, d, f )

4 f 135s5pnl (nl = 5d, 6s, 6p, 6d, 6 f )
4 f 135s5dnl (nl = 6s, 6p, 6d, 6 f )
4 f 135s6snl (nl = 6p, 6d, 6 f )
4 f 135s6pnl (nl = 6d, 6 f )
4 f 135s6d6 f
4 f 125s25p2, 4 f 125s25p5d

Note that in the work of Preval et al. [24], the Rydberg nl electron states were taken
into account sequentially up to n = 25, and then quasi-logarithmically up to n = 999. In
our reproduction of the Preval et al. results, these high-n contributions were not explicitly
calculated, but rather recovered through a hydrogenic approximation using the Kramers
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formula. This analytical extrapolation was applied sequentially from n = 26 up to n = 1000,
and for the low-lying states calculation, from n = 8 up to n = 1000.

3. Results and Discussion
3.1. Energy Levels

The calculated energy levels relative to the structural calculation of the low-energy
states shown in Table 2 are in good agreement with the literature. The relative deviation
with respect to the comparison sources [30,31] is presented in Figure 1. Over the full energy
comparison range, a mean relative deviation of 3.0% with respect to Lu et al. (FAC) [31] and
4.6% with respect to Henderson et al. (Cowan) [30] is obtained. For the lowest-lying levels
(E < 30 eV), where the ratio metric is disproportionately sensitive to small differences, the
mean absolute deviation provides a more representative measure of the accuracy of the
calculation. It holds 0.1 ± 0.3 eV with respect to Lu et al. and 0.6 ± 0.2 eV with respect to
Henderson et al. These values are consistent with the expected accuracy of relativistic FAC
calculations for this type of highly correlated system.

Figure 1. Comparison of the excitation energies from the present FAC calculations with those of
Stuart Henderson et al. [30] (blue circles) and Lu et al. [31] (purple circles) for W XIII. On the left,
the ratio EFAC/ERef is shown over the full energy range, illustrating the global agreement between
calculations. On the right, the absolute energy difference is employed for levels below 30 eV.

3.2. Radiative Recombination Rates

The results of the FAC reproduction of Preval et al. and the low-lying states calculation
are presented in Figure 2.

For the Preval et al. comparison, the results show good agreement, with a mean
relative error of ≈6%. Both FAC and AUTOSTRUCTURE used in [24] by Preval et al. treat
the electron–electron interaction through a local central potential. Moreover, both codes
use the DW approximation and include the configuration interaction methodology, making
the two approaches reasonably comparable in this regard. A direct comparison with other
relevant works, such as Trzhaskovskaya et al. [25], that employ the full Dirac–Fock (DF)
method, may not be meaningful. The DF method treats the electron exchange interaction
exactly, in contrast to the Dirac–Hartree–Fock–Slater approach used in FAC. As noted
by Trzhaskovskaya et al., cross-sections obtained by these two methods may diverge by
several times at electron energies Ek ≲ 100 eV (≈1.16× 106 K), making a faithful replication
unfeasible within the scope of this work. With these methodological differences kept in
mind, the data from Trzhaskovskaya et al. [25] are nonetheless shown for comparison.
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Figure 2. RR rate coefficients for W XIV as a function of temperature. The green dashed line is
the original data from Preval et al. [24] (AUTOSTRUCTURE), with the solid green line being our
FAC reproduction. The blue line shows the rates obtained in this work from the low-lying states
calculation, including hydrogenic extrapolation up to n = 1000. The orange squares denote the data
from Trzhaskovskaya et al. [25] (RAINE).

The calculation of low-lying states, enhanced by the contribution of nl Rydberg states
which were hydrogenically approximated, successfully reproduces the rate coefficients
from [24] up to 105.5 K. Within this temperature range, the results fall slightly below the
other values, being on average 4% lower than the original data from Preval et al. and 6%
lower than our reproduction of their work. For T ≳ 105.5 K, the curve remains within the
same order of magnitude as the reproduced Preval et al. calculation, dropping on average
to approximately half of those values in this regime. It is worth noting that at these higher
temperatures, the slopes of the radiative recombination (RR) rate coefficients can increase
significantly due to electron capture into low-energy levels, which are not as effectively
screened from the nucleus as higher levels [28,29]. The present RR rate coefficients are
available in Table 3.

Table 3. FAC RR rate coefficients for W XIV from the Rep. Preval et al. calculation and the low-lying
states calculation with the hydrogenic extrapolation up to n = 1000 (this work).

T [K] αRep. Preval [cm3 s−1] αThis Work [cm3 s−1]

103.0 3.87 × 10−10 3.74 × 10−10

103.5 1.84 × 10−10 1.79 × 10−10

104.0 8.50 × 10−11 8.20 × 10−11

104.5 3.76 × 10−11 3.56 × 10−11

105.0 1.58 × 10−11 1.45 × 10−11

105.5 6.40 × 10−12 5.61 × 10−12

106.0 2.91 × 10−12 2.28 × 10−12

106.5 1.67 × 10−12 1.14 × 10−12

107.0 9.63 × 10−13 6.05 × 10−13

107.5 4.35 × 10−13 2.15 × 10−13

108.0 1.49 × 10−13 5.03 × 10−14

108.5 4.07 × 10−14 9.84 × 10−15

109.0 9.33 × 10−15 1.80 × 10−15
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4. Conclusions and Future Work
In this work, we present RR rate coefficients calculated using the fully relativistic

FAC under the DW approximation. Our results show good agreement with previous
studies that utilize a similar method. Regarding the effect of the lowest-energy states on
the RR rate coefficients, the explicit calculation of the low-lying energy levels results in
values comparable to the standard approach, where the captured electron is coupled with
the ground state of the recombining ion in an nl orbital. The agreement at temperatures
between 103 and 106 K is particularly notable, where the application of the hydrogenic
extrapolation further improves the alignment with the standard method. This work es-
tablishes our methodological baseline for calculating RR coefficients, using W XIV as a
benchmark since it shares a similar atomic structure with an open f -shell with lanthanides.
Unlike lanthanides, tungsten has a wealth of data for comparison, allowing us to pro-
ceed with greater confidence to the lanthanide series, which is one of the main focuses in
kilonova modelling.

In the future, it will be highly relevant to deepen the analysis of radiative processes,
namely by investigating the influence of triple excitations, which are not commonly con-
sidered in these calculations, and by extending the present methodology to include DR,
whose results will be published in another work.
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