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Abstract

We investigate finite-size effects on the density-driven deconfinement phase transition
in Quantum Chromodynamics (QCD) using a phase coexistence model of hadronic and
quark-gluon plasma (QGP) phases in a finite size. The QGP is described via the MIT
bag model, incorporating the color-singletness constraint to enforce exact color neutrality.
In this study, we analyze the first- and second-order derivatives of the order parameter,
defined as the mean hadronic volume fraction (1), with respect to the quark chemical
potential (u) at fixed temperature (T) and for several system volumes (V), to identify the
effective transition point. Our results show that the effective quark chemical potential i (V')
increases as the volume decreases, and the transition becomes progressively smoother, with
a width du(V) that broadens with decreasing volume.

Keywords: finite-size effects; density-driven deconfinement phase transition; coexistence
model; color-singletness constraint; effective transition point

1. Introduction

The phase transition from confined hadronic matter to a deconfined quark—gluon
plasma (QGP) is a fundamental prediction of Quantum Chromodynamics (QCD) [1]. Such
a transition is expected to occur under extreme conditions of high temperature and/or
large quark chemical potential. While thermally driven deconfinement phase transitions
(DPT) have been extensively investigated [2—4], density-driven transitions in finite systems
remain less explored [5], despite their relevance to heavy-ion collision experiments, where
the produced matter is finite in size and short-lived.

In this context, the phase coexistence model (PCM) [6] provides an effective framework
for describing the mixed system of hadronic gas (HG) and QGP phases. The QGP sector is
modeled using a modified MIT bag model that explicitly incorporates the color-singletness
constraint [6,7], ensuring global color neutrality and yielding a more realistic description of
the confinement—deconfinement transition in finite volumes.

As a continuation of our previous work [5], in the present study, we will analyze
the first and second chemical derivatives of the order parameter across a range of quark
chemical potentials (y), at fixed temperature (T) and for several volume (V) selections, to
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determine the effective transition point in a finite volume. Extending earlier studies [3,4],
we systematically examine finite-volume effects on the density-driven DPT within the
framework of the PCM, and quantify the volume dependence of the transition point as
well as its width. The obtained results provide a comprehensive understanding of how
finite-volume constraints influence the QCD phase structure, offering important insights
for interpreting results from heavy-ion collisions and other high-energy experiments where
the system size is inherently limited.

2. The Mixed QGP-Hadronic Gas Equation of State at Non-Vanishing
Quark Chemical Potential

We consider a mixed finite system of volume V containing an HG phase in a fractional
volume Vi = hV and a QGP phase in a fractional volume Vogp = (1 — h)V. Assuming
noninteracting phases (separability of the energy spectra of the two phases) and using
the PCM, the mean value of a physical quantity (Q(T, u#, V)) of the mixed system can be
written as [6]:

Jy Qb T, 1, V)Z(h, T, u, V)dh

QT V) I3 Z(h, T, u, V)dh

1)

where Q(h, T, u, V) is the total thermodynamic quantity in the state , given in the case of
an extensive quantity by

Qh, T, u,V) = Quc(T, u, hV) + Qqcr(T, u, (1 = h)V), 2)

and in the case of an intensive quantity by

Qh, T, p, V) = hQug(T, 4, hV) + (1 = h)Qqep(T, 1, 1 =)V, €)

where Qpc and Qqcp are the contributions of the individual HG and QGP phases, respec-
tively, and Z(h, T, u, V) is the total partition function of the system in the state /1, whose
detailed derivation is provided in Ref. [5], and reads

4 2 Toopm
20 7,0V) = grzerp (35VT) [ [ dodyM(pplexpl(t - DR(T, 1 Vig, ), @

where M(¢, 1) is the weight function (Haar measure) for the SU,(3) group integration:

2
M(p,¢) = {sin(é(l/H—g))sin(g)sin<;<l/)—;)))] , (5)
and the function R(T, u, V; @, ¢) is defined by
R(T, 1, Vg, p) = VT’ (g(qv, 05— % - T4) (6)

where ¢(@, 9, %) = go(9, ) + g1(9, ¥, %), with the two functions go(¢, %) and g1(¢, ),

respectively, given by

2
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where dg = 2Nf (Ny is the number of quark flavors) and dg = 2 are the degeneracy
factors of quarks and gluons, respectively. The angles 6;(q = r; b; g) are given by

_ Y —¢_ ¥ 2y
r 2 + 3’ b 2 + 3’ g 3 (9)
and (G =1, ..., 4) is expressed as
01 =0, —0;,00 =0, — 6,03 =0,—0,, 04, =0, (10)

The main quantities of interest in this study are the order parameter (h(T,u,V)) and
its first and second derivatives with respect to chemical potential. The order parameter in
this case is the mean value of the HG volume fraction in the PCM, which may be written
as [6]:

Iy h(T, 1, V)Z(h, T, p, V)dh

11
Iy Z(h, T, u, V)dh =

(T, 1, V))

The first-order chemical susceptibility x), is defined as the first derivative of the order
parameter (h(T, u, V)) with respect to the quark chemical potential:

I(T, 1, V)

xu(Tou, V) = , (12)
' op TV
and the second-order derivative X;i is given by
P (h(T,u, vV
X (1, v) = LT V) (a V) (13)
# T,V

In the following section, we discuss the finite-size effects on the density-driven DPT
at fixed temperature, under the color-singletness condition, by examining the behavior of
the order parameter and its chemical susceptibilities as functions of the quark chemical
potential for several system volumes.

3. Finite-Size Effects on the Density-Driven Phase Transition:
Response Functions

In this section, we investigate the finite-size effects on the location of the transition
point at finite volume by analyzing the behavior of some characteristic response functions,
namely, the order parameter (1) and its first- and second-order derivatives with respect
to chemical potential, called chemical susceptibilities, over a range of quark chemical
potentials around the transition point, at fixed temperature and for several finite volumes.
The calculations are performed for volumes of 300, 500, 700, 900 and 1200 fm3, which
lie within the range of effective system sizes realized at the relativistic heavy-ion collider
(RHIC), estimated to be approximately 268-2144 fm® [8], where the QGP formation is
expected in ultra-relativistic heavy-ion collisions. Throughout this work, the bag constant
is fixed at B1/4 = 200 MeV, a value that lies within the typical range of 145 MeV < B/4 <
235 MeV. This choice reproduces the transition temperature at # = 0 for an infinite volume,
denoted as T;(o0), which agrees with the value given by lattice QCD for two quark flavors.
As an example, B/# = 215 MeV gives T,(c0) =~ 155 MeV (see ref [7] and references therein).
The transition parameters are conveniently obtained from the mechanical equilibrium
condition following the Gibbs criterion. Also, the present study is carried out with varying
chemical potential and at two specific temperatures, T = 95 MeV and T = 125 MeV, which
are chosen so as to fall within the range of intermediate temperatures, since the transition
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parameters (T, y.) exhibit no significant dependence on the pion mass in this intermediate
range (see [6]).

Figure 1 shows the behavior of (a) the order parameter (i) and (b) the first-order
chemical susceptibility ), as functions of the quark chemical potential y, at T = 95 MeV,
for several volume selections. One can see that the order parameter shows a pronounced
decrease from values close to unity to nearly zero as y increases, which clearly signals
the transition from the hadronic phase to the deconfined QGP phase. Strong finite-size
effects can clearly be observed: for small volumes, the transition is smoothed and broad-
ened over a wider y interval, while for larger volumes, the drop becomes significantly
steeper, approaching a step-like behavior characteristic of a first-order transition in the
thermodynamic limit. This interpretation is reinforced by the behavior of the first-order
chemical susceptibility, which develops increasingly deep and localized negative peaks in
the vicinity of the transition point as the volume increases. The sharpening and amplifica-
tion of these extrema indicate enhanced critical fluctuations and a progressive reduction
in finite-size smoothing. Also, a slight shift in the effective transition chemical potential
#e(V) to higher values when the volume decreases can be noted. This shift is induced
by the color-singletness constraint, which was found to lead to a gradual freezing of the
effective number of degrees of freedom in the QGP [2,9]. It can also be observed that the
width 6u(V) over which the transition is broadened increases as the volume decreases.
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Figure 1. Variations in (a) the order parameter (k) and (b) the first-order chemical susceptibility
Xu as functions of quark chemical potential, at T = 95 MeV, for several volume selections with
B/4 =200 MeV.

Figure 2 illustrates the same thermodynamic observables plotted in Figure 1, now
analyzed at a higher temperature T = 125 MeV, allowing for a direct assessment of thermal
effects on the transition. The order parameter (h) still exhibits a rapid decrease with p,
confirming the persistence of the HG-QGP transition; however, the transition region at
a fixed volume is systematically shifted towards lower chemical potentials compared to
Figure 1, reflecting the expected thermal facilitation of deconfinement. While the same
finite-size pattern is preserved, namely, smoother crossovers at small volumes and sharper
transitions at larger volumes, the overall transition appears slightly less abrupt due to
stronger thermal fluctuations at higher temperatures. Consistently, the susceptibility peaks
remain volume-enhanced but are displaced to lower y and are slightly more broadened,
relatively to those in Figure 1. This comparative analysis demonstrates that the phase struc-
ture is governed by a combined interplay of temperature and finite-size effects: increasing
volume drives the system toward a quasi-singular thermodynamic behavior, as already
evidenced in Figure 1, whereas increasing temperature shifts the transition region and
partially softens the transition without altering its underlying first-order-like character
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in finite systems. Moreover, the shift in the effective transition quark chemical potential
#e(V) and the transition width du (V') exhibit the same qualitative volume dependence as
at T = 95 MeV, with the shift and width both increasing with increasing temperature at a
fixed volume. Following the same approach, finite-volume effects in the QCD chiral phase
diagram are studied by considering a cubic box [10].
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Figure 2. Variations in (a) the order parameter (i) and (b) the first-order chemical susceptibility
Xu as functions of quark chemical potential at T = 125 MeV for several volume selections with
B/% = 200 MeV.

Figure 3 illustrates the variations in the second-order derivative of the order parameter
X} as a function of the chemical potential, at T = 95 MeV (panel a) and T = 125 MeV (panel
b), for various system volumes. In both panels, x}, develops a pronounced peak-dip struc-
ture in the vicinity of the transition region, characterized by a negative minimum at a chem-
ical potential y1(V), followed by a positive maximum at y(V), with the gap between the
two extrema locations defining the width of the transition region, 6y (V) = p,(V) — u1 (V).
The amplitude and sharpness of these extrema increase significantly with increasing vol-
ume, while smaller volumes lead to smoother and broader curves with reduced amplitudes
and slight shifts in the peak positions. This behavior clearly reflects finite-size effects,
where the singular response expected in the thermodynamic limit is rounded into a volume-
dependent pseudo-critical signal. Moreover, the transition signature is more prominent at
T = 95 MeV, indicating stronger critical behavior, whereas at T = 125 MeV, the extrema
become less intense and more damped, suggesting a weakening of the transition strength
with increasing temperature. These results confirm that the second-order derivative of the

order parameter provides a highly sensitive probe of the deconfinement transition and its
finite-size scaling properties.
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Figure 3. Plots of the second-order derivative of the order parameter x), as a function of quark

chemical potential, at (a) T = 95 MeV and (b) T = 125 MeV, for several volume selections with
B/4 =200 MeV.
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4. Conclusions

In this work, we numerically investigate a density-driven deconfinement phase tran-
sition from a hadronic gas composed of massless pions to a color-singlet QGP consisting
of gluons and massless up and down quarks, along with their antiquarks. The analysis
is carried out within a phase coexistence model (PCM) describing both phases in a finite
volume, formulated in the framework of Quantum Chromodynamics (QCD).

The transition is studied by varying the quark chemical potential, which governs
the baryon density, at fixed temperature values. Finite-size effects on the deconfinement
transition are examined through the study of the quark chemical potential dependence
of the order parameter and its first and second derivatives with respect to the quark
chemical potential. These derivatives act as response functions that are highly sensitive to
critical behavior and provide clear signatures of the transition region. The calculations are
performed for several system volumes and for a bag constant value of B'/4 = 200 MeV.

Our results indicate that decreasing the system volume leads to a progressive smooth-
ing of the order parameter across the transition region, around the transition chemical
potential. In parallel, the first derivative exhibits pronounced peaks, while the second
derivative shows rapid variations whose amplitudes and locations are strongly volume-
dependent. These features signal a modification of the effective transition point due to
finite-size effects and highlight the role of exact conservation constraints in small systems.
The chemical behavior of the order parameter and its derivatives thus provides a reliable
framework for characterizing the deconfinement transition in finite systems relevant to
ultra-relativistic heavy-ion collisions at a fixed temperature and varying chemical potentials.
Moreover, increasing the temperature at which the density-driven deconfining phase tran-
sition occurs shifts the transition chemical potential to lower values and partially softens
the transition without altering its underlying first-order-like character in finite systems.
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