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Abstract: This work examines several analytical evaluations of the Voigt profile, which is a con-
volution of the Gaussian and Lorentzian profiles, theoretically and numerically. Mathematical
derivations are performed concisely to illustrate some closed forms of the considered profile. A
representation in terms of special function and a simple and interesting approximation of the Voigt
function are well demonstrated, which could have promising applications in several fields of physics,
e.g., atmospheric radiative transfer, neutron reactions, molecular spectroscopy, plasma waves, and
astrophysical spectroscopy.
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1. Introduction

Special interest has been paid since the beginning of the last century to the Voigt
function introduced in the literature by Reiche [1] and emerged intensively in a wide variety
of fields of physics due to their novel features, such as infrared lines [2], astrophysics [3],
normal atmosphere and the spectrum line profiles [4–6], and astrophysical spectroscopy [7].
In this last field, the Voigt function plays an important role such as to evaluate the opacities
of hot stellar gases. In spectral line theory, the combined Doppler and Lorentz broadening
of the spectral line is described by the Voigt function because the absorption coefficient of a
gas is proportional to the considered function.

As is known, many computational procedures used to evaluate the Voigt function are
published [8–17]. On the other hand, Srivastava and Miller have investigated a unified
study of the Voigt functions [18]. In fact, the difficulty of programming the exact expression
of the Voigt function prevents the advancement of certain studies in physics. Motivated by
this reason, in this work, the authors provide researchers with a simple and easy-to-handle
approximation in terms of some special functions of one and two variables.

In 1995, we used this profile to treat about 400 absolute measured intensities of Carbon
Oxysulfide recorded in the range between 2500 and 3100 cm−1 using a Bruker IFS120HR
spectrometer [19]. Additionally, we investigated [20] the shape of spectral lines given by
the Voigt profile by establishing a numerical evaluation of the integrated absorption of a
spectral line with the considered profile. Earlier, AlOmar [21] presented some Chebyshev
approximations for the spectral features of the Voigt profile.

In the present study, we will derive several representations of the Voigt profile V(x, y)
defined by

V(x, y) =
1

αD

(
ln 2
π

)1/2
K(x, y), (1)

where

K(x, y) =
y
π

+∞∫
−∞

e−t2

y2 + (x− t)2 dt, (2)
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is the Voigt function or the Voigt profile function, with

x =
(ν− ν0)

αD
(ln 2)1/2, (3)

and
y =

αL
αD

(ln 2)1/2. (4)

These last quantities are called the wavenumber scale in units of Doppler width and
the ratio of Lorentz to Doppler widths, respectively. In these last equations, αD and αL are
the Doppler half-width and the Lorentz half-width; ν0 is the wave number at the line center,
and ν is the wave number at which the Voigt function is to be evaluated.

The results of the present investigation will be given in terms of some series of familiar
special functions of mathematical physics. This paper is organized as follows: in Section 2,
the evolution of the Voigt profile in terms of the Humbert function, and as a simple
approximation, is given. Of our main results, numerical discussions are performed in
Section 3. Finally, the conclusion of our work is presented in Section 4.

2. Evaluation of the Voigt Profile
2.1. Expression of V in Terms of the Humbert Function

The Voigt function can be expressed in the general form as follows

Kµ,ν(p, q, χ) =

√
χ

2

+∞∫
0

ρµe−pρ2+2qρ Jν(χρ)dρ. (5)

To compute the generalized Voigt function Kµ,ν(p, q, χ), we first evaluate the follow-
ing integral

+∞∫
0

ρµ Jν(χρ)e−pρ2+2qρdρ, with Re(p) > 0 and Re(µ) > −1. (6)

Using the identity ex = ch x + sh x and the following series representation of the Bessel
function [22]

Jν(z) =
( z

2

)ν+∞

∑
k=0

(
−z2/4

)k

k!
1

Γ(ν + 1 + k)
; ∀z ∈ C\(−∞, 0), (7)

one finds from Equation (5)

Kµ,ν(p, q, χ) =
(χ

2

)ν+ 1
2
+∞

∑
k=0

(
−χ2/4

)k

k!Γ(ν + 1 + k)
Ik, (8)

where

Ik =

∞∫
0

ρµ+2k+ν exp
(
−pρ2

)
ch(2qρ)dρ +

∞∫
0

ρµ+2k+ν exp
(
−pρ2

)
sh(2qρ)dρ. (9)

With the help of the following identities [23]

∞∫
0

x2α−1 exp
(
−βx2

)
ch(γx)dx =

Γ(2α)

2
(2β)−α exp

(
γ2

8β

)[
D−2α

(
− γ√

2β

)
+ D−2α

(
γ√
2β

)]
, (10)
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and
∞∫

0

x2α−1 exp
(
−βx2

)
sh(γx)dx =

Γ(2α)

2
(2β)−α exp

(
γ2

8β

)[
D−2α

(
− γ√

2β

)
− D−2α

(
γ√
2β

)]
, (11)

with Re(α) > 0, Re(β) > 0 and D−2α being the parabolic cylinder function given in terms
of the Kummer’s function 1F1 as

D−2α(z) =
√

π

2α
exp

(
−z2/4

) 1

Γ
(

α + 1
2

) 1F1

(
α;

1
2

;
z2

2

)
−
√

2
Γ(α)

z1F1

(
α +

1
2

;
3
2

;
z2

2

), (12)

and after some algebraic manipulations, one obtains the following expression of Equation
(5)

Kµ,ν(p, q, χ) =
√

χ
2

√
π

(4p)
µ+1

2

(
χ

4
√

p

)ν
[
+∞
∑

k=0

(−χ2/16p)
k

k!Γ(ν+1+k) η1,k1F1

(
µ+ν+1

2 + k; 1
2 ; q2

p

)
+ 2q√

p

+∞
∑

k=0

(−χ2/16p)
k

k!Γ(ν+1+k) η2,k1F1

(
µ+ν

2 + 1 + k; 3
2 ; q2

p

)]
,

(13)

where

η1,k =
Γ(µ + ν + 1 + 2k)

Γ
(

µ+ν
2 + 1 + k

) , (14)

and

η2,k =
Γ(µ + ν + 1 + 2k)

Γ
(

µ+ν+1
2 + k

) . (15)

Making use of the above equations and the two following identities [24]

(λ + m)n =
(λ)m+n
(λ)m

, (16)

and

Γ(2z) =
22z−1
√

π
Γ(z)Γ

(
z +

1
2

)
with z 6= 0, −1

2
, −1, −3

2
, . . . , (17)

Equation (12) can be written in the following form

Kµ,ν(p, q, χ) =
√

χ
2

1

2p
µ+1

2

(χ/2
√

p)
ν

ν!

{
Γ
(

µ+ν+1
2

)
Ψ2

[
µ+ν+1

2 ; ν + 1, 1
2 ;− χ2

4p , q2

p

]
+ 2q√

p Γ
(

µ+ν
2 + 1

)
Ψ2

[
µ+ν

2 + 1; ν + 1, 3
2 ;− χ2

4p , q2

p

]}
,

(18)

where Ψ2 is the Humbert function given by

Ψ2
[
α; γ, γ′; x, y

]
=

∞

∑
m,n=0

(α)m+n
(γ)m(γ

′)n

xm

m!
yn

n!
, (19)

with |x| < ∞ and |y| < ∞.
In the case of χ = x and q = − y

2 , Equation (18) can be written as

Kµ,ν(p, x, y) =
√

x
2

∞∫
0

tµ exp
(
−pt2 − yt

)
Jν(xt)dt

=
√

x
2

1

2p
µ+1

2

(x/2
√

p)
ν

ν!

{
Γ(σ)Ψ2

[
σ; ν + 1, 1

2 ;− x2

4p , y2

4p

]
− 2y√

p Γ
(

σ + 1
2

)
Ψ2

[
σ + 1

2 ; ν + 1, 3
2 ;− x2

4p , y2

4p

]}
,

(20)
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where
σ =

µ + ν + 1
2

. (21)

Equation (20) is a generalization of the Voigt function Kµ,ν(p, x, y) involving the Hum-
bert function. This equation represents our first main result in the current study.

By taking p = 1
4 , Equation (20) becomes

Kµ,ν

(
1
4 , x, y

)
= Kµ,ν(x, y) =

√ x
2

∞∫
0

tµ exp
(
−yt− t2

4

)
Jν(xt)dt

=
√ x

2
2µ xν

ν!

{
Γ(σ)Ψ2

[
σ; ν + 1, 1

2 ;−x2, y2
]
− 2yΓ

(
σ + 1

2

)
Ψ2

[
σ + 1

2 ; ν + 1, 3
2 ;−x2, y2

]}
.

(22)

This particular case is the result published in Refs. [18,25].

In the following, we will use the case of ν = −1/2. We know that J− 1
2
(z) =

√
2

πz cos z
and Equation (22) can be expressed, in this case, as

Kµ,− 1
2
(x, y) =

1√
π

∞∫
0

tµ− 1
2 exp

(
−yt− t2

4

)
cos(xt)dt, (23)

which yields, for µ = 1/2, the formula

K 1
2 ,− 1

2
(x, y) =

{
Ψ2

[
1
2

;
1
2

,
1
2

;−x2, y2
]
− 2y√

π
Ψ2

[
1;

1
2

,
3
2

;−x2, y2
]}

. (24)

Finally, the Voigt profile is obtained as

V(x, y) =
1

πωG

{√
πΨ2

[
1
2

;
1
2

,
1
2

;−x2, y2
]
− 2yΨ2

[
1;

1
2

,
3
2

;−x2, y2
]}

, (25)

with ωG being the Gaussian width.

2.2. A Simple Approximation of the Voigt Profile

In 2011, Huang et al. [26] studied some laser beams’ diffraction phenomena by an
opaque disk. This application, used in optics and astrophysics domains, yields the use of a
particular integral that is similar to the Voigt profile with a difference in the integrand with
some modification involving a product of the Bessel function of zero order. This integral
given in Ref. [26] is defined by

T(α)(x, y) =
+∞∫
−∞

∆ω

1 + τ2(ω0 + ∆ωt)2 exp
(
−t2

)
J2
0 (α(ω0 + ∆ωt))dt, (26a)

where α ≥ 0
By taking y = 1

τ∆ω and x = − ω0
∆ω → ∆ω = −ω0

x , soτ∆ω = 1
y .Then,1+ τ2∆ω2( ω0

∆ω + t
)2

= 1 +
(

x−t
y

)2
.

Finally, the quantity T(α)(x, y) can be rewritten in the following form

T(α)(x, y) =
+∞∫
−∞

1

1 +
(

x−t
y

)2 exp
(
−t2

)
J2
0

[
α

(
1− t

x

)]
dt. (26b)

For α = 0, the last quantity can be performed by using theorem 2 of Ref. [27], but for
simplicity, we will follow the procedure below.
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Note that this integral cannot be evaluated analytically but one can use a Taylor-type
limited development versus the parameter 1/x of the integrand. For that, we will use the
fourth-order development and obtain the following expression

T(α)(x, y) ≈
√

π
C(x,y)

{
J2
0 (α)−

1
2y2C2(x,y)

[
1− 3x2

y2 + α2y2

x2 C2(x, y)
]

J2
0 (α)

+ 1
2x2C2(x,y)

[
α
(

1 + 6x2

y2 + 5x4

y4

)
J0(α)J1(α) + α2C2(x, y)J2

1 (α)
]}

O
(

1
x

)4
,

(27)

where

C(x, y) = 1 +
x2

y2 . (28)

Taking α = 0, so J0(α) = 1 and J1(α) = 0, and consequently Equation (27) becomes

T(0)(x, y) = T(x, y) ≈
√

π

C(x, y)

[
1− 1

2y2C2(x, y)

(
1− 3x2

y2

)]
+ O

(
1
x

)4
. (29)

Accordingly, the Voigt profile may be written as

V(x, y) =
1

αD

√
ln 2
π

K(x, y), (30)

where

K(x, y) =
1

πy
T(x, y) ≈ 1√

πyC(x, y)

[
1− 1

2y2C2(x, y)

(
1− 3x2

y2

)]
+ O

(
1
x

)4
. (31)

This last equation is our second main result obtained in the present investigation and
expresses the simple formula that describes the Voigt function.

Equation (30) corresponds to the Voigt profile and is valid only for an important region
of the parameters x and y, which we will discuss in the next Section and compare to our
evaluation [20] given by

V(x, y) =
S

παD

(
ln 2
π

) 1
2
πK(x, y), (32)

where
K(x, y) = Re

{
exp

(
−z2 − y2)[k1t + k2t2 + k3t3 + k4t4 + k5t5 − 1

2πy [(1− cos 2xy −i sin 2xy)]

− 2
π

∞
∑

n=1

exp(−n2/4)
n2+4y2 [ fn(y,−x) + ign(y,−x)]

]}
,

(33)

with
z = x + iy, k1 = 0.254829592, k2 = −0.284496736, k3 = 1.421413741, k4 = −1.453152027, k5 = 1.061405429,

p = 0.3275911,t = 1
(1+py) , fn(y,−x) = 2y− 2y cosh(−nx) cos(2xy)− nsinh(−nx) sin(2xy),

and
gn(y,−x) = −2y cosh(−nx) sin(2xy) + nsinh(−nx) cos(2xy).

Our focal point of the above Subpart is to present a simple formula that describes
a Voigt profile and indeed we have arrived at our main objective that is expressed by
Equation (31).

3. Analysis and Numerical Discussion

In the preceding Section, several expressions to approximate the Voigt function are
developed after tedious algebraic manipulations (see Equations (20) and (31)). In the
first step, a comparison between our simple approximation (Equation (31)) and that of
Teodorescu et al. [13] with the exact expression presented by Srivastava [18] is given.
Afterwards, the evolution of the generalized expression of the Voigt function given by
Equation (20) will be studied. Suitable parameters are chosen to perform it. Then, due to
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its accuracy and its fast compilation time, the simple approximation of the Voigt function
K(x, y) as a function of x and y, which is expressed by Equation (31) will be simulated.
To demonstrate the validity of our simple approach and the interval of its application,
graphical representations are used to compare it to our previous result (Equation (33)) and
the numerical integration of Equation (2). The numerical method used to compute the
integral form of the Voigt function is explained in detail in the following paragraph.

According to Gauss–Hermite quadrature, the integral cited in Equation (2) can be
rewritten in the below form

K(x, y) =
y
π

+∞∫
−∞

e−t2

y2 + (x− t)2 dt =
y
π

n

∑
i=1

wi f (ti), (34)

where f (ti) = 1
y2+(x−ti)

2 , with wi is the weight factors and ti is the abscissas which are

illustrated in Table 1. For more accuracy, we take n = 20.

Table 1. Table of abscissas and weight factors for Gauss–Hermite integration.

i Abscissas = ±ti wi

1 0.2453407083009 (−1) 4.622436696006
2 0.7374737285454 (−1) 2.866755053628
3 1.2340762153953 (−1) 1.090172060200
4 1.7385377121166 (−2) 2.481052088746
5 2.2549740020893 (−3) 3.243773342238
6 2.7888060584281 (−4) 2.283386360163
7 3.3478545673832 (−6) 7.802556478532
8 3.9447640401156 (−7) 1.086069370769
9 4.6036824495507 (−10) 4.399340992273

10 5.3874808900112 (−13) 2.229393645534

In the past decades, some studies have divided their fields of work into three regions
to evaluate the Voigt profile function, where each region has its own specificity in terms of
the method used in the treatment of the considered function. In this study, our work plan is
composed of two computational regions and is characterized by two analytical expressions.

As an indication, the mathematical writing (−1) 4.622436696006 is equivalent to
4.622436696006× 10−1.

The two regions used to examine the evolution of the Voigt function are identified in
Figure 1. This decomposition is made based on the simulation results.

Figure 2 illustrates a comparison between two approximations and an exact expression
of the Voigt function. From Figure 2 we can observe that our simple approach expressed
by Equation (31) fits the Voigt function very well with a relative average error of 5 × 10−6

and a running time of 0.141 s. On the other hand, the approximation of Teodorescu et al.
requires a time of 0.161 s and a relative average error of 3 × 10−5.

In Figure 3a, the properties of the generalized Voigt function versus x with different
values of p were investigated, and in the same plot, the contour graph of a particular case
of our obtained result was presented (see Figure 3b). The calculation parameters are set as
µ = 1/2, ν = −1/2 and y = 2.5. According to Figure 3a, the profile of the generalized Voigt
function maintains symmetry when p varies. In addition, when p is large, the width of the
profile becomes more important. Furthermore, increasing the value of p will decrease the
maximum of the peak.

Figure 4 illustrates the evolution of the Voigt function in terms of x using our old
and new results as well as numerical integration. The difference between our old and
new approaches with the numerical integration is plotted to test the degree of agreement.
A disagreement between the two analytical expressions for 0.5 ≤ y ≤ 1.5 and x ≤ 2 is
observed in Figure 4. However, we can obtain 80% of agreement between our approaches
and numerical evaluations from y = 2 and for all values of x. Moreover, we can see that
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the Voigt profile function reaches its minimum values with the increase in the parameter y.
On the other hand, we find that the Voigt profile function vanishes at infinity faster with a
small value of y. The following conclusion can readily be drawn from Figure 4: Equation
(33) correctly characterizes the Voigt function in region I. Note that the curves obtained
in Figure 4d are identical to the curve plotted in Figure 3a for p = 1

4 , which proves the
equivalence between Equation (24) and Equations (31) and (33).
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0 ≤ x ≤ 2, the old formula oscillates because it is expressed as a function of cosine and sine
functions, whereas the new approximation remains valid for all values of x and large values
of y. Additionally, as the parameter y is increased, the maximum of the peak decreases.

Some plots are depicted in Figure 6 to analyze the behavior of the Voigt function
K(x, y) as a function of y and with several values of x. As shown in this figure, for a large
value of x the maximum of the peak reduces and the profile becomes wider.

Moreover, and by analyzing the comportment of this function from another viewpoint,
we notice that for x = 2 and small values of y the curve of the new approach does not
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coincide with the two other curves that represent the old approximation and the numerical
integration. Excellent compatibility between our analytical formulae and the numerical
solution using the Gauss–Hermite quadrature method, is obtained from x = 3 and for all
values of y.

Quantum Rep. 2022, 4, FOR PEER REVIEW  11 
 

 

 

Figure 5. Evolution of the Voigt function ( ),K x y  in terms of x  for different values of y : (a) 
3y = , (b) 6y = , (c) 8y =  (d) 10y =  and on the right side, the plots of the subtraction of the 

Gauss–Hermite result from the result of Equations (31) and (33). 

Figure 5. Evolution of the Voigt function K(x, y) in terms of x for different values of y: (a) y = 3,
(b) y = 6, (c) y = 8 (d) y = 10 and on the right side, the plots of the subtraction of the Gauss–Hermite
result from the result of Equations (31) and (33).



Quantum Rep. 2022, 4 45

Quantum Rep. 2022, 4, FOR PEER REVIEW  12 
 

 

Some plots are depicted in Figure 6 to analyze the behavior of the Voigt function 

( ),K x y  as a function of y  and with several values of x . As shown in this figure, for 
a large value of x  the maximum of the peak reduces and the profile becomes wider. 

 

Figure 6. The Voigt function ( ),K x y  in terms of y for different values of x: (a) 2x = , (b) 3x = , 
(c) 6x = , (d) 8x =  and on the right side, the simulations of the difference between Equation (33), 

Equation (2) ( 2 33Eq Eq−Δ ) and Equation (31), Equation (2) ( )2 31Eq Eq−Δ . 
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4. Conclusions

The Voigt profile is important place in several fields of physics. In the current inves-
tigation, an analytical formula, expressed in terms of a special function, is established. A
simple approach is examined to facilitate the manipulation of the Voigt profile. To prove
the validity of our new expression, some numerical examples are performed and discussed.
The main goal of this work is to present to the readers a simple formula and rapid cal-
culation. These benefits make the study of the Voigt profile more straightforward and
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convenient. The Voigt profile has an extensive range of applications in different domains
such as astrophysics, spectroscopy, and the theory of neutron reactions, among others.
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