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Abstract

High-fidelity two-qubit entangling gates are essential for the realization of useful quantum
algorithms on quantum processors. The Melmer-Serensen (MS) gate has become a common
choice for trapped-ion quantum computing due to its resilience to ion temperature and
its demonstrated record fidelities. However, the spectral impurity of the driving laser
field impacts gate performance, with phase noise influencing the qubit dynamics through
mechanisms operating on different timescales. In this work, we present a comprehensive
theoretical analysis of laser phase noise in the MS gate, identifying two spectral ranges
that influence the gate fidelity the most: “fast” noise at frequencies near the motional
mode spectrum, and “slow” noise at frequencies on the order of the inverse gate time. We
derive the noise Hamiltonians for two common laser beam geometries and obtain analytical
expressions for the average gate error in terms of the laser noise power spectral density and
gate parameters. For slowly varying noise spectra, we provide simplified error estimates.
In addition, we validate our findings against previously published numerical simulations.

Keywords: trapped-ion quantum computing; laser phase noise; MS gate

1. Introduction

The anticipated progress in the development of large- and intermediate-scale quantum
computers [1-3] relies on the ability to perform high-fidelity gates in many-qubit quantum
registers. Although there are algorithmic methods of compensating for imperfect gates,
such as error correction [4] and error mitigation [5], the computational and/or experimental
overhead imposed by these methods may significantly reduce their advantage and limit
their applicability. Thus, it remains an important task to identify, study and suppress the
various physical mechanisms that lead to gate errors.

Among all physical platforms for quantum computation, trapped ions continue to
prove their efficacy, having already demonstrated record one- and two-qubit gate fideli-
ties [6] and quantum volume [7], with recent larger-scale high-connectivity systems ap-
proaching 100 qubits [3]. The long-range strong Coulomb interaction between the ions, as
well as the invention of the quantum charge-coupled device (QCCD) architecture [8], allow
efficient and flexible scaling and high-fidelity entanglement [9,10].

One of the major challenges, characteristic of any platform, is the fidelity of two-qubit
entangling gates. Any universal quantum computer requires at least one such gate to be
able to perform any unitary transformation of the whole register with a given accuracy
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in finite time [4]. With trapped ions in particular, one common choice is the Mglmer—
Serensen (MS) gate [11,12]. In the original proposal, it invokes a bichromatic laser field,
which contains two frequency components, symmetrically detuned (by +) from the qubit
carrier transition, called the red and blue components (Figure 1). The detuning is chosen
close to one of the motional modes of the ionic chain in the trap, creating four Raman-like
stimulated transitions, with the intermediate states being the motional sidebands. Due
to interference between the transitions, the effective frequency of the Rabi cycle between
states |00) and |11) will be independent on the motional number #. This is the main reason
the MS gate is used extensively in many setups that show high two-qubit fidelities [6,13,14].
Although the original idea assumed that the transition |0) — |1) is an optical transition
capable of being excited directly by each laser beam, the description is valid for hyperfine
qubits driven by two Raman laser beams [15,16], or even for laser-free setups [6,17,18].

11, n)

100,m)
Figure 1. The MS gate level scheme. The bichromatic field (wy, w;) creates 4 Raman paths between

states |00, 1) <> |11, n). The intermediate states are the blue and red motional sidebands of the I-th
mode with frequency wj.

By construction of the MS gate, it is clear that its fidelity will be sensitive to phase
fluctuations of the fields driving it, since the Raman process described above requires
coherence between the two bichromatic components. All those components for all ions
are usually generated by a single laser source, which then has its radiation split into
several beams and then modulated with various optoelectronics. Therefore, the intrinsic
phase noise of this source will transfer onto every field present in the gate. This will
lead to the bichromatic components depicted in Figure 1 having acquired an identical
spectrum Sg(w) in terms of the electric field power spectral density (PSD), which is centered
at the intermediate point between the red and blue parts (see Figure 2) and is related to
the phase noise PSD [19]. This spectrum will, in general, overlap with the levels of the
quantum system closest to the central peak, causing non-resonant parasitic transitions
to and from these levels. This is similar to how a small perturbation with a continuous
spectrum causes transitions between discrete levels with a rate obtained by applying the
Fermi’s golden rule.

There are two most significant interactions that influence the MS gate error. The first
one is the interaction with the carrier transition |0, n) — |1, n). It is caused by the Fourier
components of the phase noise that have frequencies close to the detuning y. Since this
detuning is, in turn, close to the motional frequencies of the ions (hundreds of kHz to
several MHz), the timescales at which this noise is present are on the order of the oscillation
period in the trap (~1 us and less). At these high frequencies the main physical source of
phase noise is the servo loop which is used to lock the laser to a stable reference, such as a
high-finesse Fabry—Pérot cavity [20-23]. At frequencies around the servo bandwidth (which
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also lies in the MHz range [24,25]), the noise of the free-running laser is amplified instead
of being suppressed, causing the so-called servo bumps [24]. These bumps have, therefore,
a sizable effect on the fidelity of the MS gate, if they have a sufficient spectral overlap with
the carrier transition. Another source of high-frequency errors are the relaxation oscillations
of the gain medium. For solid state lasers, the relaxation oscillation peak in the phase noise
spectrum lies in the sub-MHz range [25-28] and is thus also able to contribute to the gate
error. Due to the small timescale of the described interaction, we call this noise the “fast”
noise, since usually the gate time is much larger than the trap oscillation period.

Figure 2. The influence of laser phase noise on the MS gate. Parasitic interactions arise from the
overlap of the laser field power spectral density (PSD) Sg(w) with the closest states of the system,
outlining the “slow” and “fast” parts (see main text).

The second interaction is the interaction with the first motional sidebands |0, 1) —
|1,n &+ 1) The relevant noise components in this case are on the order of y — w; and lie in
the kHz to tens of kHz range. This frequency is approximately the inverse gate time, so
the timescale for this type of noise is 0.1 = 1 ms. Moreover, frequency deviations of the
laser that are slower than this timescale but have a large magnitude (< # — w;) can lead
to significant errors due to the bichromatic components being close to the resonance with
the sideband transition. This “slow” noise (compared to the “fast” noise described above)
can be caused by acoustic or thermal effects, and in the case of a cavity-stabilized laser,
they are mainly tied to the mechanical properties of the cavity itself, owing to the large
servo gain at such frequencies. These sources yield a 1/ f frequency noise PSD [29,30].
Another source with the same 1/ f PSD is the flicker noise, which is present in almost any
electronic device, including the servo loop which locks the laser to the cavity. Technical and
flicker noise together provide the low-frequency part of laser noise with a cutoff frequency
of 10 + 100 Hz [31,32], above which it is overtaken by white noise with a flat PSD [25,31,32].

To our knowledge, there seems to be limited attention to the two described types of
noise in the literature. Despite the existence of various methods of reducing the influence
of phase noise, such as using decoherence-free subspaces [33-37], as well as dynamical
decoupling techniques [38—41], they only deal with pure dephasing, whereas the noise
described above causes parasitic interactions, which these methods fail to adequately
address. Fast laser noise of this type was studied in [24]; however, the authors estimated
the error induced by this noise from numerical simulations, without calculating the error
analytically. Time-varying noise of the laser phase was analyzed in [42], but the analysis
there was confined to a specific laser beam geometry, and only fluctuations in the beam
optical paths were considered, not the inherent phase noise of the common laser source
which produces all individual addressing fields.

Here, we perform a theoretical analysis of intrinsic phase noise of the laser in the
MS gate. We derive the noise terms in the Hamiltonian for both spectral ranges (fast and
slow) and for all common beam geometries. We show that the average gate error is equal
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to the convolution between the phase or frequency noise PSD (depending on whether
fast or slow noise is considered, respectively) and the so-called filter function of the gate,
with the latter only depending on the gate parameters. We obtain analytical expressions
for the filter functions, as well as giving simplified estimates for the error in trivial cases.
Note that, despite our theory assuming laser radiation, as in the original description of
the MS gate, it is applicable to all alternative gate setups mentioned earlier. Our findings
complement previously published literature in two main ways. The first original result
are the analytical expressions for the filter functions in both common beam geometries
and both fast and slow spectral ranges. These filter functions expand on the filter function
theory for trapped ions developed in [42], where a different noise source was studied. The
second original result are the simplified estimations of the average error, which not only
confirm the numerical simulations from [24], but also can be used as a rule of thumb for
calculating the requirements on the spectral purity of the laser given the needed gate error.
In Section 2.1, we derive the MS gate Hamiltonians for two commonly used laser beam
configurations (see below) and define the noise terms contributing to fast and slow noise.
Sections 2.2 and 2.3 are devoted to calculating the filter functions for the fast and slow
parts of the noise, respectively. Section 3 presents the visual graphs of the calculated filter
functions, as well as estimates of the total gate error in the simplest cases. We discuss our
results and compare them to the findings of previously published works in Section 4.

2. Materials and Methods
2.1. Phase-Sensitive and Phase-Insensitive MS Gate Hamiltonians

We start by deriving the MS gate Hamiltonians for the two most widely used laser field
configurations: phase-sensitive and phase-insensitive [43]. In the phase-sensitive geometry,
the bichromatic beam components are co-propagating, whereas in the phase-insensitive
geometry they are counter-propagating (Figure 3).

phase-sensitive
Wr
_)i ® O
wp
phase-insensitive
T

Figure 3. The phase-sensitive and phase-insensitive laser beam geometries. In this example the axial
motional modes of the ionic chain are excited.

The names of the configurations come from the different sensitivity of the entangling
term in the evolution operator to fluctuations in the beams’ optical paths [43]. In both cases,
we assume the intensities of the bichromatic components to be equal at the ion’s position.
The Hamiltonian for both configurations will have the following form:

~ Q; ; ) . ()
Hvs(t) =) 2]{ [‘7(1) exp <ii Y (a0t + [zfe’“’lt)> @ 1) 4 he,
] I

+

: - - )
0'(+]) exp (ii Y (a4 ﬁfe“"’t)> @) 4 he,
1

o
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where (); is the Rabi frequency of the bichromatic field (the index j denotes the jth ion),
(TJ(Z) is the raising Pauli matrix, and 7;; the Lamb-Dicke parameter of the /th motional
mode with frequency w; and ladder operators ﬁl,ﬁ;r. The phases of the red and blue

field components are qbr(j ) and gbéj ) respectively, and their detuning relative to the carrier
transition is symmetric and equal to y#. Note that this expression is valid for both purely
optical transitions and hyperfine Raman transitions, as long as the Lamb-Dicke parameters
are defined properly [44]. The signs + are picked according to the specific laser field
configuration; see below.

2.1.1. Phase-Sensitive Configuration

In this configuration, both signs are chosen as “+4”. In the Lamb-Dicke regime, the
full Hamiltonian can be reduced to

H<S ZQ (7 cos(yt + ¢>M 2171] 0; (T( j) cos(ut + ‘PM )(ae~rt 4 a At ety (2)
Lj
where the “rotated” Pauli matrices are
(74(,]3 ,E CcoSs 4) ay sin (PS , )
(74(]) = ()sm4> +(7y( cos¢5 ,

and the motional and spin phases gbl(él), ([)éj ) are defined as

o0 = (@7 + ) /2. @)

2.1.2. Phase-Insensitive Configuration

”

“—". Keeping the same
definitions from above, the Hamiltonian in the Lamb-Dicke regime is

In this configuration, one sign is “4”, while the other is

AIE/I[)S(t) ~ ZQjagj cos(ut + (P](\Q) + 12;171]- Q]Ugl) sin(ut + gbz(@)(ﬁle_i“’lt +afe @ty (5)
] )

2.1.3. Laser Noise Terms

The noise terms in the above Hamiltonians come from fluctuations of the phases 475] )

and 47[(]' ). If both bichromatic components come from the same source, which is usually
the case [6,15,45,46], their fluctuations are identical to the fluctuations in the source. This
means that, according to (4), only the phase ([)g ) is affected:

spd () = sp(t), 59l (1) =0, (6)

where 6¢(t) is the phase noise of the laser source. These fluctuations, in turn, lead to the
following fluctuations in the spin operators:

(])(t) ~ U(;]') 4 (T(])&p(t), ,
0‘(] (t) ~ U(f) _ U(])5¢(t) @
[ ¢
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Inserting these expressions into (2) and (5), we obtain the noise terms for the phase-
sensitive configuration:

VO(t) = —sg(t [ZQ o, cos(ytJrq‘)M)
+Z’71] COS ]/lt+¢M)( lw1t+ﬁ+elw1t)‘| (8)

and for the phase-insensitive configuration:

V() = —6¢(t [ZQ o cos(yt—i-(pM)
+2171]Q 0.(]) Sln Vt+¢](\£1))(A 1a;,t+ ~t uult)] (9)

The two sums in square brackets for each configuration represent the fast and slow
parts of the noise, respectively, due to the reasons provided in the introduction. Further-
more, the separation between the relevant spectral ranges of the noise terms allows their
independent treatment, since their spectral overlap is insignificant.

2.1.4. Mean Noisy Gate Fidelity
In a general qubit system, the Hamiltonian of a noisy gate can be written as

-~ ~ ~

H(t) = Ho(t) + V (t), (10)

where Hy(t) is the ideal Hamiltonian and V (t) is the noise. The full evolution operator can
be represented in the following way:

U = Uy(1—iT), (11)

where ﬁo is the evolution operator with only ﬁo (ideal evolution) and T is the noise
correction. We define the fidelity of a noisy gate with a specific starting state |¢p) as

F = (ol G 1yo) | (12)

The gate error is then [47]

~p o~ ~ 2
e(o) = 1= F = (3ol T"Tl) — | (wo|Tlo) | - (13)

The noise correction can be approximated by the first-order term of the Dyson series:

T

~

Tz/ug(t’)?(t’)ﬁo(t’)dt’, (14)

where 7 is the gate time.

We are interested in evaluating the mean error over all starting states. For the purposes
of this work, we consider all starting states to be separable into the pure qubit part and
the motional part, with the latter assumed to be a diagonal density matrix (i.e., a thermal
distribution):

Y@l @Y puln)(n], (15)
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where |¢) is a random two-qubit state, |n) is the multi-mode Fock basis state, and p;, is the
probability of being in this state (n is thought of as a multi-index running over all modes
and their motional numbers). It can be shown (see Appendix A) that the mean error in this
case is calculated in a similar way to (13):

2

= % Xn: Pn [Tr(TJrT)} ’ (16)

nn B 2% ;Pm ‘ (TI' T)nm
where Ty, = (1| T|m), and the trace is taken over the two-qubit space.

The ideal evolution operator can be approximated by neglecting the carrier terms in
both Hamiltonians (2) and (5), which are the first sums in each expression (without the
motional operators). This approximation is valid in the limit (; < p [48,49], which holds
when the gate time is much longer than the period of motional oscillations of ions in the
trap. The noiseless evolution operator is therefore

U()(t) _ €iX(t)(7<5’l)‘7($>2) HDI <Z’Xl](t)0-f(ﬂj)> , (17)
]

where x(t), a;;(t) are the entanglement phase and motional mode displacements, respec-
tively [48,49], ¢ is either ¢ or ¢, depending on the beam geometry, and D;(«) is the
displacement operator acting in the phase space of the /th mode. A more convenient expres-

sion for this operator is obtained is the eigenbasis of ag ) The (single-qubit) eigenvalues

and eigenstates are denoted s i and |sj>, respectively, where s j € {+1, —1}. On this basis,
the evolution operator takes the form

=Y [s)(s| X2 T, <Z“lj(t)sj>/ (18)
s I 7

where [s) = [s1sp) is the two-qubit eigenstate. In this representation, we arrive at the
following expression for T, using (14):

ss’ 1

TNZ| /’/ 712( (s152—5] 52 HD]<_ZDC;]S]> SS/HD[ (20611 ]> dt (19)
]

where ] ;= agi(t), x" = x(t'), V' = V(). Since the trace is invariant with respect to basis
changes, it is straightforward to use (19) to obtain the terms in (16):

T
TrT ~ Z/HDZ ( Za{]«s]) VLIID (Z “;]‘S]) dt’, (20)
s 1 i 1 j

// (X' —x")(s152—ssh)—ie(t' ")
ss’

(21)
<[1P < Lo J) HDZ<E agj — ajj)s )ss’HDl<2“;; ;) dt'dt”,

1

where
e(t', ") = Zs] i Zlm ocl]oc;;* (22)

appeared from the identity

D(w)D(p) = ™ F)D(a + p). (23)
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The limits of double integration are omitted in (21) and henceforth for clarity. We use (20)
and (21) to calculate the error in each spectral range for each laser configuration, with
respective noise Hamiltonians V.

2.2. Fast Noise

This section is devoted to the analysis of the fast noise terms in (8) and (9). For both
configurations, the noise terms commute with the displacement operators D, since they do
not contain any motional parts. Taking this into account, the expressions (20) and (21) will
be simplified as

TTT~). / VL at, (24)
S

//exp (X' — x")(s150 — sis5) +i(e — &) (s155 — sy52) — ifssr (¢, £)]
ss’

(25
x VI, V!, HDI (Z a,] af})(s]- — S;)) ar'dt”,
where
¢ =ImEafiel, ¢ =Im Sl
1
26
Oso (£, 8") =Y (s; — Imsz,]zx;;* (26)
i
We now proceed to calculating the gate error in each configuration, using (24) and (25).
2.2.1. Phase-Sensitive Configuration
In this case we get
~ S i
VS(S,) = —0¢(t)dss Zstj cos(ut + <p§\£[>) (27)
]
Note that
YU = ot ZQ cos(ut + ¢\ Zs] =0, (28)
S

therefore, Tr T = 0. For Tr(T"T), we obtain
To(THT) = Z//&p(t')&(,b(t") Y55y QU cos(ut + i) cos(ut” + gy di'ar”.  (29)
s i’
Firstly, we make use of the fact that
S

Secondly, assuming the noise d¢(t) is stationary, we use the Wiener-Khinchin theorem:

+00
(@939} = [ 5 () costamf(t 1), (31)
0

where S((Pl) (f) is the one-sided phase noise PSD. Substituting (30) and (31) into (16), we obtain the
expression for the error, averaged over all noise trajectories:

efast /S fast )df’ (32)
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where the filter function ) (f) (in Hz/Hz) is
. 2
S 4 ift' i
#50 = 45| [ et ageosur + ol ] -
1o

For the simplest case of constant laser power ((}; = const) the time integral can be calculated
analytically. From the form of F(5)(f), it is clear that the filter function will peak (in Fourier domain)
at p/27. Around this peak, assuming ut > 1 (this is the same assumption that was made when the
carrier term was neglected earlier), and a uniform laser power across both ions: (); = () = const, we
arrive at a simple formula for the filter function:

(f) = 2(QTT)ZsiHCZ(M). (34)

S
i 2

fast

This result can be generalized to make its physical meaning clearer. Many state-of-the-art

trapped-ion setups use some form of pulse shaping of the driving field, that is, a certain modulation

of the pulse which helps reduce errors [14,15,50-55]. A general shaped pulse will have its driving
function changed in the following way:

Q;(t) cos(pt + ‘PI(\]/I)) — gj(t), (35)

where g;(t) is the pulse function, that is both amplitude and frequency modulated. In this case,
we can see that the filter function (33) is, up to a constant factor and the sum over all ions, the
squared T-windowed Fourier transform of the pulse function. For a constant amplitude (square)
pulse, the Fourier transform is known to be the sinc function centered at y/(277), which Equation (34)
shows. In a more complicated case of an amplitude modulated pulse, such as in [15] or [52], the
filter function will be centered around the “carrier frequency” of the pulse yi/(277), and the sideband
Fourier components of the pulse envelope will be placed at frequencies ~1/7 from the carrier. Those
components will be additionally “smeared out” by approximately 1/t as well due to the convolution
with the sinc function, which is the Fourier transform of the square pulse, as in the constant amplitude
case. For an amplitude and frequency modulated pulse, we can expect its most prominent Fourier
components to be around one or several normal mode frequencies of the ionic chain [50]; therefore,
the filter function will still be localized around the motional spectrum and “smeared” by ~1/7.

2.2.2. Phase-Insensitive Configuration
()

For the phase-insensitive configuration, we calculate the matrix elements of T between two
eigenstates of (75)13 (74(,23:
(03))ss = i5} 05,5 = 1505, 05, s (36)
where k denotes the index of the other ion (not j). This means VSS =0,s0Tr T=o. Additionally, we
can simplify (25) by using

Vs/s Aslsl’ & ZQ Q,{ COS(}lt + (PM ) COS(yt + (P ) jS ’5sk S) 55 751‘55,(/ s ,‘ss]/,fsl,

= ZQ Qf cos(pt’ +¢M)cos(yt”+¢M 5570105, 5,05, s

- ZQ Qf cos(pt' + (,b%[)) cos(ut"” + 4)1(\51)) 0,510~ (37)
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This expression means that fixing s and j fixes s, so the sum over s’ in (25) is redundant.
Furthermore, we can use the expression above to obtain (for fixed s, j)

18y — S8 = 2518y, 815 — Sisp = 2515h,
o I
Oss = 4Imzl:“lj“lj ,

X (el — ) sy — ) = 25(af; — o).

)

(38)

Substituting into (25), we arrive at

Te(THT) ~ Z//exp {21’5152()(' —x") + 2isysh(e' — ") — 4i Imzl:a;jtx;;-*]
5/]
x 89 (#)6p(t")O cos(ut’ + g)) cos(ut” + ¢} [T D1 (25 (af; — af))) dt'at”,  (39)
1
where s’ is assumed to be a function of s, j, defined by

s;-(s,j) = —sj, sp(s,7) = s (40)

The arguments (s, j) are omitted henceforth for clarity. To calculate the sum over the motional
states in (16), we need to evaluate

([T D1 (251(af; — o) ) In). (41)
1

The diagonal matrix element of the displacement operator is expressed in terms of the Laguerre
polynomial Ly (x):
|2
(mi|Dy(a)) ) = e /2Ly (o). (42)

Assuming the motional density matrix to be a thermal state for all normal modes with the mean
motional numbers 7; in [-th mode respectively, we get

B B 1 7 \™
pn_np”'_nl+nl(1+n1) : (43)

1

The sum over all #; can be calculated using the generating function for L;, [56]:

e—xt/(1-t)

Y La(x)t" = ] (44)
n=0

Substituting t = 7; /(1 +7;), x = |a|?, we get

3 ptnlDr(@) ) = exp| (1 + 1 ) a2 )

I’l1=0

Finally, using (31), we arrive at an expression similar to (32), but with a different filter function
1
ff(algt(f) =3 Z//exp {Zislsz(){’ —x") +2isys5(e" — ") —4ilm ) | ajap”
5] 1

74}:(@ + %) | — a;;z} cos(2mf(t' —t"))
1
x QY cos(pt' +4>1(\£I)) cos(ut"” +4>1(\£I)) dr'dt”. (46)

There is no closed-form expression for this function, since it now depends on the dynamics
of the displacements a;;(f) and the entangling phase x (), but some qualitative analysis can still be
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T
chRe/ehift’(pn(t/)gj(t’) dt//e—znift”q)n(t// ¢ dt“ ZC
n

0

performed using the same reasoning as in the phase-sensitive case. Taking into account that the filter
function is real, the integral can be represented as

/ Bt ") cos(2mf(F — "))g;(H)g; (") dt'de”
:Re/ (e g (¢ )gi (¢ dt'dt’,  (47)

where
h(t',t") = cos {25152(7(’ —x") + 25185 (¢ — &) — 4Im2¢x,]zxz*}

xexp[ 42(7114- )|"‘l] ;.|2} (48)

and the general pulse function g;(t) is used. The function h is continuous and symmetric:
h(t,#") = h(t",t'); therefore, it can be decomposed inside the area of integration using the Hilbert—
Schmidt theorem as follows:

h(t', 1" chq)n Jon(t"), (49)

with both ¢, and ¢, (t) being real. Then the integral will become

T 2

/ 27l g, (1)g; (1) dt (50)

0
The final expression has the same form of the squared windowed Fourier transform as in the
phase-sensitive geometry. Since the functions ¢, (t) depend on a;;(t), x(t), which evolve on the
time scale of the total gate duration 7, the Fourier components of ¢,(t) will span a bandwidth
of approximately 1/7, and the “carrier” frequency of the transform will be close to the motional
spectrum for the same reason it was in the phase-sensitive case. Therefore, we expect both the
phase-sensitive and phase-insensitive fast noise filter functions to be located around the detuning
frequency and have widths of roughly the inverse gate time.

2.3. Slow Noise

We begin this section by comparing the expressions for the Hamiltonians and the slow noise
terms in both geometries. For the phase-sensitive geometry:

15/[%( t) ~ 2771] Q 0'( ) cos(pt + ¢M )(ﬁle*lwzf + aJr zw,t)
Lj

v (51)
Vs )( t) = —b¢(t Z’?I]Q o )cos(]/tt +¢ )(A eiwit 4 g A+ 1w1t)
Lj
For the phase-insensitive geometry:
(8 2’71]0 o) sin(ut + gf))) (@™t + afel),
v ! (52)
V( = —0¢(t Z’?l] ) sin yt+¢ )(A —iwyt +a+ lwlt)

It is evident that up to an inconsequential sign change, as well as up to a redefinition of the
phases qﬁ](\]z, 4>g ), the expressions for both configurations are identical. Therefore, we may consider
only one of them in our analysis and then redefine the phases for the other one. Henceforth, we take
the expressions (51) as primary and omit the index (S).

The next step in our analysis is to simplify the problem by applying a unitary transformation of
the following form:

Ug(t) = exp (—i(m)z(t) Zaéj)) . (53)

]
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In the new reference frame defined by ﬁR, the full effective Hamiltonian will be

ol
Hy = UgAysUf + UgVUE + za—RuR (54)

To see why this transformation simplifies the problem, we write (51) as follows:
HMS Z [ /) W

1) = ot ZU

(55)

where VAV](t) is the motional part of the operator, identical in both terms. Using the commutation
relations between Pauli matrices, we can show that

URag) ﬁlg = ag) cos ¢ — é sind¢ ~ 4()] _ Ué;jf(5¢,
Uy U )l (56)
URO'(I(,]BUIE 0'4(7) cosdp + 4()) sino¢p ~ ‘74(;]3 + U(;])(S(,b

up to linear terms in J¢p. From this, neglecting (d¢)?, we obtain the first two terms in (54):

U AysUk + Ur VUL ~ Y0 — o 6p(0)) Wi (1) + p(6) (o) + 0 5p(6)) Wi 1)

The last term in (54) is

au S¢(t) H o dw(t) ;
iSE =2 e = —J&S% (58)

where dw(t) = 6¢(t) is the frequency deviation. The full effective Hamiltonian consists of the
laboratory frame unperturbed Hamiltonian ﬁMS and an additional term (58), which can be treated as
the noise term in the new rotating frame.
Note that the noise in this frame does not contain any motional operators; therefore, the same
argument that was made for the fast noise is valid here, and (24) and (25) apply. Furthermore, the
(7) (1) ()

matrix elements of 07" between two eigenstates of o, “ 0" are

(Uz(]))ss’ = =0, s,’fs/ —s} (59)

which is identical to (36) up to a constant factor of magnitude 1. Thus, all calculations made in
Section 2.2.2 will be the same here, up to the change

op(t)QY; cos(yt—k(p%[)) — (5(4)27(1?) (60)

The gate error will be of the form (32), but with frequency noise PSD S, (f) instead of Sy (f):

~+o00
Eslow = / St(ul) (f)]:slow(f) df/ (61)
0

where the filter function o, (f) (in (rad/s)~2—note the different units compared to Fae(f))—is
obtained from (46) with the aforementioned variable change:

}‘slrgvt, Z//exp [215132 X —X")+2isys5(¢ —€") — 4i ImZal]ncf;*

—4Z<n1 + )\ocl] a;;z] cos(2rf(t — ")) ar'dt”. (62)
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This expression is valid in the rotating frame (hence the superscript “(rot)”), where the ideal
gate evolution operator is assumed to be identical to the noiseless evolution operator Uy from (17).
However, in the lab frame, the noiseless evolution operator will be

and the ideal evolution operator is still Up. This leads to a modified expression for the fidelity, because
the unitary transformation (53) is itself dependent on the same phase noise. If the noise correction
induced by (58) is T, then the fidelity will equal
PN A = 2
F = |(yolUgUR (1) Uo (1 — iT) o) | - (64)

To find the filter function in this case, we calculate the factor LAI(J)r lAI;‘{(T)leO. Substituting (17)
and (53) and expanding up to terms linear in ¢, we get

Uit (1)Up ~ 1-iQ, (65)

where

Q:

/| ,—2i
| o 2is152X Z ‘SSk,S’k ‘Ss,»,fs} (66)
]

ss’

and x = x(7). The phase deviation d¢ can be expressed in terms of frequency deviation dw as

) = / Seo(t) dt, ©7)
0

so the rotation noise correction will be

T

3 LIs)e| / e B g (69

ss’

Substituting into (64), we obtain

~ ~ 2
= |(ol(1 = iQ)(1 = iD)lyo) |, (69)
which, up to linear terms in dw (or d¢), is
~ - 2
= (ol (1 = i(Q+ T)lyo)]| - (70)

Thus, the effective noise correction term will be Q + T. For this noise correction, noting
that Tr Q =TrT =0, the gate error (16) will be

v = 3 Epa[ (T T+ QQ+T'Q+Q'D)] - 71)

nn

The TtT term will give the filter function (62). The remaining terms are calculated using the
same techniques that were used for calculating the previous filter functions:

~

ZP" [Tr Q Q ] = 2/ sw(t)dw (") d dt”,

an {Tr (TTO+0'T)| = 772//&0 0w (") cos (25152 (x — X') — 2s155¢") 72)

xexp[ 4Z(n1+ >|le]|2} dr'at”,
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which will lead to the following filter function:

lab 1 . . .
‘Fs,(lsw) (f) = 20 // 8+ Z(exp {215152()(/ —X") + 2isysh (e — ") — 4i Imth;jtxf;-*
s,] 7

1
—42(@ + E) |zx;]- - txmz] —2cos(2s152(x — ') — 2s155¢)
1

X exp [42(711 + %) |a§j|2} ) } cos(2rf(t —t"))dt'dt". (73)
1

3. Results

3.1.

Comparison of Sensitive and Insensitive Configurations in Terms of Error Induced by

Fast Noise

Based on the reasons listed earlier, the peak positions of the filter functions of the fast noise for

both configurations should not differ much. This assumption is confirmed numerically; see Figure 4.

The filter functions were calculated using the same parameters that were used for the numerical

simulations in [24]:

A single motional mode w; = 277 - 200 kHz;
Lamb-Dicke parameter for this mode # = 0.15;
Rabi frequency (identical for both ions) () = 277 - 20 kHz;
Motional phases 4’1(\]/1) =0;
Desired entanglement phase xo = 7/4;
. 27w [x0

tet = ——,/5% =167 us[12];
Gate time T an\ = 67 us [12]
Carrier detuning y = w; 4 27r/7 = 27 - 206 kHz.

We see that the peak positions for both functions coincide with the detuning y, and their widths

are on the order of the inverse gate time. The filter function is slightly wider for the insensitive

configuration, which can be attributed to the presence of other resonant frequencies that are close

to u and effectively “smear out” the function (see the previous discussion).

Fast noise filter functions

175 A \ —— Phase-sensitive
1 Phase-insensitive
150 1 : -— u
1 1/t span
125 1 1
|
|
100 1 1
|
75 :
|
50 1 ;
|
25 ;
|
0 - — | —~—————
T T T L T T T
180 190 200 210 220 230

Frequency, kHz

Figure 4. Filter functions for fast laser phase noise, both sensitive and insensitive configurations. The

dashed line represents the detuning from the carrier transition y. The width of the shaded region

is 1/, where 7 is the gate time. For other details of the calculation, see the main text.
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We can also obtain an estimate of the gate error for both cases, assuming the phase noise PSD
changes slowly in frequency compared to the width of the filter function. In this case, S((pl) (f) canbe
moved out of the integral:

+o0
e~sp o) [ (s, 74)
0

where fj is the peak frequency of F(f). For the phase-sensitive configuration, the integral of (34) can
be calculated analytically in the limit 7 > 1:

+o00 “+c0
S ) 2
/ ]:f(as)t (f) df ~ / ]:f(as)t (f) df = EQZT/ (75)
0 —0o0
therefore, in the phase-sensitive case:
S 4
ok = 5 So(n/270) 0%, (76)

where Sy (f) = S(g) (f)/2 is the two-sided phase noise PSD. To calculate the integral of (46), we
change the order of integration (integrating over the frequency first) and use the identity

—+00

/cos(27rf(t’ _ 7)) df = %5(# . )

0

Assuming, as for the phase-sensitive case, a constant laser power that is uniform across the ions,

we arrive at
+oo T

I 4 '
/ Fin(f)df = 20 /cosz(yt + o)) at. (78)
0 0
Since we assume ut >> 1, the squared cosine in the integral can be approximated by 1/2, its
average value. For the gate error, we obtain the expression

4
el = £ Sp(1/20)QPT, (79)

which is exactly the same expression as Formula (76) for the error in the phase-sensitive configuration.
Thus, both laser beam geometries lead to the same gate error induced by fast noise. In the general
modulation case, the approximate errors can be calculated in a similar way:

T
4
egs)t = eg)st ~ 554,(;4/27'() /Qz(t) dt, (80)
0

where Q)(t) is the envelope of the pulse function g(¢) (assuming the same one for both ions). Therefore,
Equations (76) and (79) are applicable in this case as well, if () is interpreted as the root mean square
Rabi frequency of the pulse.

3.2. Comparison of the Rotating and Lab Frames in Terms of Error Induced by Slow Noise

We expect the slow noise filter function to be prominent at frequencies around ~1/7 in both
rotating and lab frames. Example functions are shown in Figure 5. The parameters chosen were
identical to those used for the fast noise filter function in Figure 4.

The filter functions are indeed prominent at frequencies up to approximately the inverse gate
time, which also turns out to be the value after which the functions are almost the same. Therefore,
the difference between the rotating and lab frames in this case is significant only up to 1/7.
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1e—9 Slow noise filter functions
74 —— Rotating frame
Lab frame

61 -——— 1T
7 °]
o
31
&

2 4

1 4

~_
\w—»,,
04 -

00 25 50 75 100 125 150 175
Frequency, kHz

Figure 5. Slow laser frequency noise filter functions. The dashed line represents the value 1/7. Note
the different units compared to Fra(f).

We can estimate the error in the case of slowly-varying frequency noise PSD for both frames
in the same way as was done for fast noise: by moving the PSD out of the integral (61). As was
mentioned in the introduction, the laser that performs the gate is usually stabilized by being locked
to a frequency reference, such as a high-finesse Fabry-Pérot cavity [20-23], making the low-frequency
noise PSD flat (aka white frequency noise) up to approximately the servo bandwidth [25]. We can
then assume Sé,l ) (f) to be constant:

1
55)() = o (81)

The value hy is connected to the linewidth of the laser Aw (FWHM) via the following iden-

tity [57]:
hy = 2Aw. (82)

The integral [ F(f)df can be calculated using (77). Taking (82) into account, we obtain the

errors as follows:

(rot) __ 2
Eslow ~ gAUJT, (83)
(lab) Aw
sﬁw o / 8+ Z(l —2cos(2s152(x — X') — 2s155¢)
0 Y (84)

con| o+ 2] )

The expression (84) depends on the gate parameters. However, it is straightforward to obtain
the upper bound on the error, which is independent of these parameters:

T

Aw 8
el < %/ 8+ Y (142) p = zAwr, (85)
0 S

which has the same order of magnitude as the error in the rotating frame (83).

4. Discussion

It is important to emphasize the fact that the analysis that was done in the present work initially
considered the intrinsic laser phase noise, that is, the initial noise that comes from the source of
light and that is the same for all addressed ions and shifts the spin phase ¢g (the noise that shifts
the motional phase ¢); was studied in [42]). However, it is also applicable to all ¢g noise that is
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common to all ions. For example, it can be the optical path fluctuations in the beam before it gets
physically split into individual addressing beams, electronic noise in the generators that drive the
electro-optical or acousto-optical modulators of the same beam or bias magnetic field fluctuations
(assuming sufficient homogeneity of this field across the chain). The noise models and their respective
PSDs will differ depending on the physical source of ¢ noise, but the filter functions will remain the
same and can be used to describe each such source.

Furthermore, if there is noise that influences only one of the ¢s phases (like optical path
fluctuations in one of the individual beams or electronic noise in an individual driving signal
generator), our analysis can be adapted to that scenario as well. The noise Hamiltonians (8) and (9)
will lose the ion index j in the sum, which will lead to all filter functions simply losing their respective
summation index j as well. The fact that the filter function for both ions is simply the sum of
individual filter functions for each ion leads to the following observation: if there are two different ¢g
noise functions d¢;(t), the d;y terms make it so that the average gate error will only depend on
the individual noise autocorrelation functions (6¢(#')é¢ (")), even if the phase noise on the ions is
partially correlated. Therefore, our analysis is directly extendable to any ¢ noise of any nature as
follows: the total gate error is the sum of two terms, one for each ion; each term is a convolution of
the respective noise PSD (phase or frequency, for fast or slow noise, respectively) on that ion with the
filter function of the gate for that ion. This is independent of any ¢s fluctuation correlations between
the ions.

The influence of fast laser noise on the fidelity of two-qubit gates was studied before in [24]. In
the referenced work, the authors used numerical simulations to arrive at the following formula:

1—F =T-RPSD(f)), (86)

where T is the gate time, f; is the trap secular frequency, and RPSD(f) is the so-called Rabi PSD,
which is the laser field PSD, renormalized such that the area under the carrier peak is Q2. To compare
this result with expressions (76) (or (79)) presented in this work, we make the following observations.
First, the starting two-qubit state for the simulations in [24] was |00). It can be shown that if the
starting state is |00) rather than a random one, the numerical factors 4/5 in (76) and (79) become
unity. Second, the detuning y is assumed to be close to the motional frequency, so Sy (f;) ~ S¢(1/27).
Third, for small phase fluctuations, the electric field PSD of the laser at frequencies far from the
carrier is proportional to the phase noise PSD [19]; therefore, Sy ( f )2 ~ RPSD(f), according to the
definition of the latter. Combining all observations, we conclude that, under appropriate assumptions,
the results obtained in this work agree with those obtained in [24].

The fast noise parts in perturbations (8) and (9) come from the carrier term in the initial
Hamiltonians (2) and (5), respectively. However, this term was neglected in the noiseless evolution
operator, while the noise terms themselves remained. Even though this does not seem justified at
first, the errors introduced by the carrier term and the fast noise term are independent and therefore
their calculation can be separated into two distinct problems. The argument is based on the same
discussion that we made before when considering slow noise originating from uncorrelated sources.
The fidelity in the presence of both systematic and stochastic errors can be represented in the form (69),
where Q is the systematic error introduced by the carrier term. The cross terms in this case will
be linear in the fluctuation; therefore, they cancel out in the mean error. This means that the total
error with a systematic and stochastic source is the sum of two errors from each source separately.
Note that the same is true for the case of several uncorrelated stochastic error sources, such as
motional frequency drifts or magnetic field instability mentioned before. Furthermore, the systematic
error operator Q can be any deterministic operator that represents the difference between the ideal

) (2) .
% . Any deviation

noiseless evolution operator (17) and its desired action at the end of the gate ¢y
of the entanglement phase x(7) from xo and the displacement parameters a;;(7) from zero can be
incorporated into Q with their contribution calculated separately, while the stochastic error can be
evaluated using the desired dynamics x(t), a;(t), for which x(t) = xo, a;;(t) = 0.

The difference between the rotating and the lab frame for the slow noise can be explained in the
following way. In the rotating frame that is in phase with the laser (which Uy is an example of), the
ideal MS gate Hamiltonian, as we have shown above, will be the same as the one in the non-rotating

lab frame. Phase noise comes only as an additional ¢, term. The same is true for single-qubit gates.
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Therefore, if all gates in the quantum circuit are performed with the same laser source, the rotating
frame will be the same for the entire evolution of the system, so it is possible to transition into
this frame in the beginning of the circuit and move back into the lab frame once the whole circuit
is finished. If the gate unitaries in the rotating frame are ﬁl, LAIZ, e, ﬁN, then the total evolution
operator in the lab frame will be

Uy = UR(Tn)UnUn-1 ... Ty, (87)

where Ty is the total evolution time after N gates, and we assume Uk (0) is the identity. This means
that in this case, the additional error due to rotation can be ignored and accounted for separately at
the end, so using the rotating frame filter function (62) makes more sense. Furthermore, the rotating
frame is suitable for describing other o,-type noises that are not correlated with the laser phase noise.
A common example is magnetic field fluctuations, which affect the qubit frequency directly.

A different effect takes place when each gate is performed with a separate source uncorrelated
with the rest. In this case, we use an equivalent representation of (87) that is the product of individual
evolution operators in the lab frame:

U = [AE(TN)CINCIR(TNA)]

X [A;{(TNfl)aNflﬁR(TNfz)] [

where
™) = Ok (T,) Uy U (Ty_1). (89)

In this picture, each individual operator gives its own evolution and error due to rotation. If
each gate is performed by an independent source uncorrelated with the rest, then the rotation error
must be accounted for in each gate separately, in which case the lab frame filter function (73) is the
correct one. If there is only one gate in the circuit, both representations become identical, so the
rotation error at the end of the gate cannot be separated from the error accumulated during the gate,
and the function (73) will be the correct one in this case as well.

Summing up, we list the use cases for both filter functions as follows:

¢  Rotating frame

1. Evaluating the error of the MS gate in a multi-gate circuit implemented with the same
laser source;
2. Investigating other 0,-type noise sources, such as magnetic field fluctuations.

. Lab frame
1. Measuring the error of a single MS gate;
2. Measuring the error of one MS gate in a multi-gate circuit implemented with different
uncorrelated sources.

Opverall, despite these differences, the error estimates in both cases have been shown to be of the

same order, so the universal approximation
Eglow ~ AwT (90)

is acceptable in most cases.

The validity of the white-noise approximation that has been used for the simplified slow noise
error estimate has an important caveat. Below very low frequencies (100 Hz and lower) the noise is
dominated by 1/ f noise, as was pointed out in the introduction. Strictly speaking, the convolution
integral will diverge. However, this integral only diverges for an infinite measurement time. For a
finite measurement time Tj, the error will be

+o0
er = / Sw(f)F(f) df. ©1)

1/T,
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Afterwards we will take into account the fact that for modern cavity-locked lasers the cutoff
frequency fy between the white noise and 1/ f noise is 10 <+ 100 Hz [31,32], which is much smaller
than the width of the filter function ~1/7. Therefore, the integral can be divided into intervals, before
and after fy:

fo
€T = /Sw df+/5w f)df =~ F(0 /Sw df—l—ho/]: f. 92)
1/Ty 1/Ty

The second term is the error from the white noise approximation that was calculated before.
The integral in the first term is the mean squared frequency deviation [19]. Therefore, for the error
induced by a low-frequency 1/ f-type noise component, we get

€low ~ slow(o) <(5(U2>, (93)

where dw? is the squared frequency deviation. Physically, this result can be understood as follows.
The low-noise component is only prevalent at times much longer than the gate time. Therefore,
during the gate, the laser spectrum will behave like a narrow line that has the linewidth Aw and
is shifted by a constant dw. Thus, we can treat this constant shift as a noise that has a delta-like
spectrum S, (f) = 6w? 6(f) during the gate. Then the convolution with the same filter function Fyjoy,
will yield the formula above. The averaging time Ty depends on the design of the experiment and
should take the value that makes the most sense in each specific case. For example, this can be the
total duration of an uninterrupted experimental sequence, where multiple runs of the same quantum
circuit are executed without intermittent re-calibrations.

To summarize our findings, we estimate some experimental requirements that should be put
onto the laser system for it to be able to perform useful quantum computation. The widely accepted
error value for error correction to begin offering an advantage is around 1073 [58,59]. We take the
same gate parameters that we used to plot the filter functions, namely: gate time T = 167 us, Rabi
frequency Q) = 27t - 20 kHz. For this set of parameters, we obtain the following;:

e Phasenoise PSD at /27 Sy (p/2m) < —93 dBc/Hz;
. Laser linewidth Aw < 2 Hz;
e Central frequency deviation dw < 65 Hz.

These characteristics are achievable in practice, but are quite demanding. They require long-
term stability of the cavity (both thermal and mechanical), as well as a sufficiently low Schawlow-
Townes white noise floor, which motivates the use of solid-state lasers over diodes. Furthermore, a
—93 dBc/Hz level of noise at the detuning can only be realized using auxiliary techniques, such as
implementing a filtering cavity [60,61] or injection locking [60,62].
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PSD Power spectral density
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QCCD  Quantum charge-coupled device
FWHM  Full width at half-maximum

Appendix A. Derivation of the Formula for the Mean Gate Error

This section is devoted to the derivation of Equation (16) for the gate error averaged over all
starting states, when the ideal and actual gate unitaries are Uy and U = Uy(1 — iT), respectively. We
start from the formula for the average fidelity [63,64]:

gn(ﬁov“v,jﬁg Try, [lAIW,, ® pmlAlq ) +d?

F= 2(d+ 1)

;Tr(WJ T [ (1= iT) Wy @ (1 +iTH)] ) + 2

2(d+1) , (Al

where d = 4 for two qubits, Tr;, is the trace over the motional degrees of freedom, p;; is the motional
density matrix (assumed to be diagonal), and Wn are the orthogonal unitary operators constituting a
basis, such that

Te(W) W) = dn. (A2)

We take a specific basis of operators as in [63]:
W, = X*Z!, (A3)

where n = (k,I) is a multi-index with k,I = 0,...,d — 1, and X and Z are the generalized Pauli
matrices for a d-level system that act as

Xny=|n®1),
Zlny = 2min/dyy, (Ad)
where @ is the addition modulo d. Before simplifying (A1), we consider the sum
Y W W Wi, (A5)
n
Substituting (A3) with n = (k,1),m = (k/,1') and using the easily checked identity
ZIxk = FH xk 71 (A6)
we obtain
WA W W,y = e (=IO (A7)
Therefore, the sum will be
YW W Wy = Y e T8 Y e 5N W,y = 26,0 Wi = d%6,01, (A8)
n k 1
where [ is the identity operator.
The trace over motional variables in (A1) is expanded as
Wy — i Te [TWy @ o] + i Ty [Wi @ o T + Tep [TW,, @ 0 T7). (A9)
The first term will contribute to the sum in (A1) the following value:
Y T (Wi W,) = d2. (A10)
n
The motional trace in the second term can be expressed as
T [TWy @ o] = Tep [Tom|Wn = AW, (A11)
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where A is the operator acting in the two-qubit space; therefore, it can be expanded on the basis
Of Wki

Tr(WfA) W
Tr w‘fwk

A= nmimg

When multiplied by W, traced and summed over 7, the expression (A11) will be

=3 ZT (A12)

Y T

AW, dzzn A) T (W W Wy) = d;Tr(,j/T)ék,oTrl
=PTrA=dTO[Tp,), (A13)

where Tr(?) is the full trace (over all variables), so the operators within this trace can be reordered:
0 [Tom] = Tr9]p,,T]. The third term in (A9) can be simplified likewise. Therefore, these two
terms will contribute to the sum in (A1) the following:

—id? e [0, T] + id® Tt [0, T1] = @? Te( V[0, (T — T)]. (A14)
Since U = Uy (1 — iT) is unitary, it can be shown that
i(TH=T) = -T'T. (A15)
Therefore, the contribution to the sum in (A1) will be
BT [p,i(TH - T)) = —d> Tr @ [, (TTT)] = —d? ;pn [n(T*T)]nn, (A16)
since py; is diagonal. The last term in (A9) is

Tty [TWy @ o T1] = Y o Tk Wi T, (A17)
mk

Multiplying by W, tracing and summing over 7, we obtain, analogously to (A13):

Y peTr (Zw kaWnTkm) - dekTr<(Tr ka) ) - dek(Tr ka) Tr(Tkm)

mk

- dek‘Tr kaf. (A18)
mk

Combining (A10), (A13), and (A18) and substituting into (A1), we obtain the average gate error:

1 2

q_p__ L e =
e=1 F_dH;pn[Tr(T T)]m d(dﬂ);pm‘(nnnm (A19)
For two qubits d = 4, and
1 P 1 ~ 2
g ; {TI' T ]nn 20 ;pm‘(Tr T)nm (420
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