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Abstract

Monochromator and analyzer systems that rely on bent single crystals are in use throughout
the neutron scattering community. An adequate component for the simulation of such
crystals was missing in the widely used neutron simulation software package McStas. The
newly developed component Monochromator_bent, which fills this gap, is introduced. It can
serve as a model for crystal monochromators and analyzers of various kinds, including the
bent perfect crystals, mosaic crystals, and crystals combining mosaicity with bending. The
performance of the component is tested at several configurations and compared with the
results of another simulation program, SIMRES. Validation is carried out using analytical
calculations and the McStas NCrystal_sample component for the case of unbent crystals.
Excellent agreement in all tests and good performance in terms of computing speed has
been found. The component has been included in the present distribution of McStas 3.5.

Keywords: neutron instrumentation; ray-tracing simulation; McStas; SIMRES; diffraction;
bent crystal

1. Introduction

The scientific request for neutron scattering experiments is vast, as can be seen from the
building and maintenance of large-scale facilities such as the ILL, ESS, ISIS, J-PARC, CSNS,
SN, etc. [1-6]. Every new instrument constructed or upgraded at such large facilities
inevitably involves a large cost [7,8]. Simulation and instrument upgrades before they are
built allows for the estimation of potential instrument efficiency and resolution. This leads
to the possibility of better informed decisions, therefore improving both the economy and
scientific performance of the facilities.

R) Check for updates An essential ingredient of many neutron scattering instruments is Bragg diffraction

off single crystals, used for both monochromators and analyzers. Most often, these crystals
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are imperfect due to the mosaicity—the presence of randomly misoriented perfect crystal
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McStas [14-16] is a software package used worldwide for simulating neutron instru-
ments by using the neutron ray tracing method. McStas includes a vast library of models
for various components used in existing and newly designed neutron instruments. A
model describing undeformed mosaic crystals has been included since the beginning of
McStas development, and very realistic simulations of such crystals have recently been
enabled by the binding of McStas with the NCrystal package [17,18]. However, an efficient
model for bent perfect or mosaic crystals is currently not supported.

An algorithm for simulation of the bent perfect and mosaic crystals has previously
been developed by one of us [19] for the software package SIMRES [20,21]. In this work,
we port this algorithm from SIMRES to McStas by creating a new component named
Monochromator_bent.comp. The underlying theory is described in the next section, followed
by simulation setups for validating the component. We then go through the results of
these validations, and then the limitations of the component. The new component is
validated by comparison of simulations for identical setups using both packages and by
comparing the simulated reflectivity with analytical calculations for the limiting case of a
flat mosaic crystal.

2. Reflectivity of Deformed Crystals

The neutron ray tracing algorithm for bent crystals, introduced in [19], is based on the
theory first introduced by Hu and Fang [22], which yields analytical expressions for the
reflecting power of bent mosaic crystals. In this section, we follow the derivation in [19],
but with more detail and a few additions.

The algorithm employs several approximations: (a) The orientation of single crystal
domains (mosaic blocks) is uncorrelated as assumed for the type I mosaic single crystals
described by Zachariasen [23]. (b) Reflection by each mosaic block is treated kinematically
as for a thin plane parallel single crystal, but a correction for primary extinction can be
added as a constant multiplication factor to the kinematical reflectivity. (c) The two-beam
approximation is adopted, assuming only the direct beam and the beam reflected by a
single lattice plane defined by a selected reciprocal lattice vector. (d) The crystal bending (if
applied) is elastic and uniform, producing a constant gradient of deviation of the reciprocal
lattice vector from its nominal (undeformed) value. (e) Quasi-classical trajectories of
neutrons in uniformly bent perfect crystals are hyperbolic [24]. However, we assume that
the bending is strong enough that the trajectories can be approximated by straight line
segments with singular points of reflection. Justification of these approximations and their
impact on the usability of the component are further discussed in Section 5.

2.1. Scattering Power

The notation and reference frames used in the following sections are shown in Figure 1.
Namely, Ty is the mean reciprocal lattice vector of the undeformed crystal, s is a unit vector
normal to Ty in the horizontal plane, s’ is the unit vector along the y-axis, and x is the
crystal cutting angle with respect to the reflection plane.

The key parameter for neutron transport calculations is the scattering power, i.e., the
probability of reflection per unit path length for a thin crystal layer with negligible extinc-
tion. It can be expressed as the macroscopic scattering cross-section per unit volume [23],

I(r) = fg(ef;)) 1)

where Q is the kinematical reflectivity, Q = |F|?A3/(sin(260) V?) multiplied by the Debye
Waller factor. g is the distribution function for mosaic domain angles in the z, x plane of
unit width, and 7 is the width of this distribution. In the expression for Q, A is the neutron
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wavelength, 6 is the Bragg angle, F is the scattering amplitude of the unit cell, and V} is
the unit cell volume. The variable € is the angular deviation of a mosaic domain required
to satisfy the Bragg condition for a given incident wave vector. In a deformed crystal, €
becomes a function of position, r. Using Equation (1), the transmission probability of a
neutron through a crystal is then found by the Beer-Lambert law,

Pr = exp (— /LZ(r)dl), ()

where the integral is a line integral over the neutron path through the crystal.

X T

Bent crystal
~_ y

y ~X
\ \\ Y

Unbent crystal

Figure 1. (Left) An unbent crystal. The reflecting lattice planes are cut at an angle x to the surface.
(Right) The deformed crystal with x = 0. The reciprocal lattice vectors are shown with Ty and ()
being the unbent and bent reciprocal lattice vector, respectively.

In order to find €(r), one begins with the Bragg condition in vector form
ki — ks = 7(r), 3)

where k;(ky) is the incoming (outgoing) wavevector, and 7(r) is the spatially dependent
reciprocal lattice vector for the selected Bragg reflection. Using that the scattering is elastic,
a rearrangement transforms this equation into

ki + 7 ()" = [ki[* = 0. (4)
The assumption of uniform deformation implies that 7 is a linear function of position,
T(r) =10+ VT -1r—|70|(€5 + 795'), (5)

where V7 is the constant gradient of 7(r) derived in Appendix A. The third term in
Equation (5) is understood as the deviation due to mosaicity, assuming small, random
misfit angles € and <y around the s’ and s axes, respectively. Equation (5) thus defines the
diffraction vector in a bent mosaic single crystal. In a practical implementation, the diffrac-
tion vector has to be normalized to |79 + V T - r| as the adopted small-angle approximation
slightly changes the length of the vector.

The function €(r) is then found by substituting Equation (5) into Equation (4),

\ki+ro+Vr~r—|ro|(es+’ys’)]2—|k,~|2:0. (6)

In the expansion of Equation (6), we make the following approximations: The bending is
small, meaning that second-order terms of V7 - r are neglected. This is justified in practice
when the bending radius is always much larger than the crystal dimensions. Similarly,
we neglect second-order terms for € and -y since the mosaicity is typically smaller than 1°.
Therefore, v disappears as it is perpendicular to €. Finally, we assume that 7y and k; are
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both in (or near) the z, x plane, which is also typical for crystals used as monochromators
or analyzers. Equation (6) then yields e(r) in the first order approximation as,

6(1') — (ki + TO)Z _ |ki|2 (ki + TO) -Vt-r
2|Tolk; - s ITolki - s

(7)

The incident neutron trajectory has the linear form r = ry + v;t, where v; is the incident
neutron velocity and t is the flight time. Equation (7) remains valid for any coordinate
origin, ry if T¢ is replaced with 7p + VT - ry. We can thus substitute the position of the
incident neutron in Equation (7) and arrive at €, expressed as a function of flight time,

e(t) = e+ Bt 8)
(k,‘ + T()) -VT-v;

(ki + TO)Z — |ki|2 = (9)

where €9 =
° 2|Tolk; - s P ITolki - s

for T evaluated at the flight origin, ry.
The Equations (1), (2) and (8) allow us to express the cumulative probability of reflec-
tion as a function of flight time,

S S 0 RO

where @ is the cumulative probability for the distribution g. The McStas implementation

assumes that g is the Gaussian distribution, and ® thus equals (1 + erf) /2. However, this
algorithm also works for any other form of mosaicity distribution.

For a bent perfect crystal, Equation (10) must be evaluated in the limit # — 0. It yields
non-zero P(t) only if €y + Bt = 0 for some positive t < tyax, Where ty,4y is the flight time to
the crystal exit, i.e., when the Bragg condition is met on the path through the crystal. Then,
the probability

Py(tpax) =1 — exp(— Q|!8V|Z|>, (11)

determines the crystal peak reflectivity, in accordance with [25].

2.2. Finding the Point of Scattering

The scattering position can be found by sampling t from the cumulative probability
distribution P in Equation (10). This is done with inverse transformation sampling [26].
Provided that only the reflected neutrons are of interest, we can normalize the distribution
by dividing by the transmission probability, P (¢4 ). In this way, no neutron history would
be lost, but neutron weight has to be multiplied by P(t4y). Alternatively, it is possible to

set this normalization factor P(t,,y) = 1 and allow for transmission if ¢ > f,,,y. To obtain
P(t)
P (tmax)

t sampled with the distribution from Equation (10), we replace with a uniform

random variable ¢ distributed between 0 and 1 and isolate ¢,

=5 ( <€O> ; ) 5

t=-9 D — In(1—¢P(¢t - —. 12
p n)  Qlvil (1= EFlfmez)) p (12
In the limit 7 — 0, the above reduces to t = —¢p/B, which is the flight time to the

position where the neutron meets the Bragg condition. This equation is only true, provided
that this position is inside the crystal. The transport through a bent perfect crystal thus
becomes deterministic.

With these tools in hand, we can now simulate multiple scattering within the crystal,
since we can just repeat scattering as required. Such a multiple scattering event is shown
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in Figure 2, where a neutron ray goes through three possible events, having the choice of
reflecting, or transmitting at each sampled time ¢.

V

px= P(to)(1 - P(t1))

S5

px= (1 — P(ty))

p=Plt) P()(1 = P(t2))

Figure 2. A neutron ray (purple) tracing a possible path through the crystal. ¢, is the n’th ¢,,4x. Notice
that the algorithm uses t,,x to sample a t value at every reflection. The figure is heavily inspired
by [19].

In the component, this multiple reflection pattern is performed across all the crystals
in an array defined by the user. This allows for not only having multiple scattering inside
of one crystal, but scattering in multiple crystals, in a back and forth manner.

2.3. Corrections for Absorption, Scattering, and Primary Extinction

Since the total distance traveled through the crystal, /, is available, beam attenuation
caused by absorption and other scattering events can be accounted for by multiplying each
neutron weight by the factor:

A= eXp(*]/ltotl), (13)

where 150t is the linear attenuation coefficient, including the effects of absorption, incoherent
scattering, and phonon scattering. The McStas component uses the calculated values of
Utor according to Freund [27] for selected crystal materials.

The primary extinction is accounted for by multiplying the kinematical reflectivity
with the theoretical extinction function derived for a crystal slab in symmetric Bragg
geometry [23],

_ tanh(d/1,)

d/l, (9

where I, = Vy/(AF) is the extinction length and d is the flight path through the slab. Since
the actual shape of mosaic blocks is not known, d should be interpreted as an effective
domain size, to be determined, for example, by fitting the simulated reflectivity to experi-
mental data. Values in the order of 10 um should describe well the observed reflectivity in
mosaic crystal monochromators, and this value was also used in the presented simulations.

2.4. Algorithm

The implementation of the bent mosaic crystal rests on quite a simple algorithm. It is
written out as pseudo-code in Algorithm 1, for multiple crystals in an array.
The ray tracing is performed in the following steps:

(a) Find the entry/exit times for all elements of the crystal array, which are crossed by the
neutron ray. If there is no intersection, break the main loop and let the neutron escape.
(b) Calculate the corresponding probabilities of reflection by using Equation (10).

https://doi.org/10.3390/qubs10010006
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(c) Using the Russian roulette method, select the interacting crystal or let the neutron
escape (jump to (a) for the next neutron).

(d) Sample the flight time to the next reflection point using Equation (12) and propagate
the neutron there.

(e) Reflect the neutron ray.

(f) While the neutron ray is reflected, the weight p is updated by P(t4x). Then jump to (a).

This process is repeated, allowing for multiple reflections, until the neutron escapes
the crystal array or its weight drops below a threshold (10~2). The distance L traveled
inside the crystal is summed during the tracing process. The correction for absorption is
thus made after the main loop by multiplying the weight p with the attenuation factor A
from Equation (13).

Algorithm 1: Pseudo-code explaining the algorithm behind Monochromator_Bent.
The comments in parenthesis refer to the descriptions in the text.

find_intersections(monochromator, neutron) ; /* (a) *x/
if intersections = @ then

‘ Allow neutron to pass on without interaction;
end
while infinite loop do
Find_the_probability_of_reflection_for_all_intersected_crystals; /* (b) =/

Choose_crystal_to_reflect_on ; /x (c) */
if Neutron does not reflect then
| break;

end
Sample_point_of_reflection ; /* (@) */
Propagate_to_point_of_reflection
Reflect_neutron ; /*x (e) x/
update_p ; /x (£) */
Find__new_intersections;

end

px = A; /* (g) */

This algorithm is in fact a prescription for a Monte Carlo method solving the Darwin
transfer equations [28]

0Py /sy = X(Py — Pg) — pirotPy

(15)
9Py /dsg = Z(Py — Py) — ptotPo,

where Py and P are probabilities of neutrons propagating along the incident and reflected
beam directions, respectively, and sy, sy are corresponding paths traveled along these direc-
tions. The scattering power X is the macroscopic scattering cross-section from Equation (1),
corrected for the primary extinction factor (14). For a homogeneous (unbent) mosaic crystal,
% does not depend on position and is only a function of €y, i.e., the angular deviation
from the Bragg condition. In such a case, these equations have the analytical solution as
described, e.g., in [29] for reflection from a plane-parallel plate,

2aX.
(a4+b)(Z+ pror) +vB coth(%) (16)

75 = /(@ + b2 (T + uor)? — dab ().

Rp =
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Here, Rp is the reflectivity, D, the thickness of the sample, a = 1/ sin(6 + x), and
b = 1/sin(f — x). This solution can be used for the validation of the component in
the special case of an unbent mosaic crystal.

3. Simulation Setup

To validate the new crystal component for McStas, simulations of simple instruments
were performed using both SIMRES and McStas. All simulations were performed with
McStas version 3.5.42. The general setup can be seen in Figure 3.

Source

Normalizing monitor PSD Monitor

\

7

Figure 3. The setup used for simulating the bent mosaic crystal in both SIMRES and McStas. x, y, and
z is the coordinate system of the monochromator, and w is the rotation angle around the y axis, used
for the rocking curve.

A narrow monochromatic incident beam with very small divergence was used to
probe the crystal reflectivity. The incident beam was a 0.1 x 1 cm? (width x height)
source that generated neutrons with a wavelength of A = 1.5+ 1.5- 107> A, where the
position and wavelength were uniformly distributed. The neutrons were focused by a
Monte Carlo choice to be sent through a 0.1 x 1cm? slit placed 10 m after the source. At the
slit, a PSD (position-sensitive detector) monitor was also placed, such that normalization
was possible.

For the basic set of validation simulations, a germanium crystal with dimensions
0.8 x 1.2 x 7 cm? (thickness x height x length) was placed 0.15 m after the slit. The
Yy, z cutting surface was parallel to the (211) plane, but the (511) reflection (Bragg angle
6 = 43.53°) was chosen for simulation, which resulted in an asymmetric reflection geometry
with the diffraction vector rotated by x = 19.47° with respect to the y, z surface. The crystal
was thus rotated by 0 — x = 24.06° to meet the Bragg condition. This asymmetry was used
in order to better visualize the dependence of scattering power on the penetration depth
and to showcase the correctness of the model for a general (non-symmetric) geometry.

Finally, a PSD monitor was placed 0.05 m after the crystal at 20 to observe the
Bragg scattering.

This setup was used to simulate three cases: (i) the bent perfect crystal for bending
radii R of 3, 5, and 10 m with 7 = 0/, (ii) the bent mosaic crystal for the same radii and
n = 6/, and (iii) a flat mosaic crystal by setting R = 1000 m and 1 = 6'. The case of = 0/
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and R = 1000 m was not simulated, because the model cannot describe diffraction correctly
near the limit of undeformed perfect single crystals.

Further simulations were carried out in the same geometry, but varying the crystal
properties and scattering angles in order to explore the component performance in a wider
parameter space.

To model the effect of secondary extinction, case (iii) with 6’ mosaicity and R = 1000 m
was simulated in two different scans. The first scan varied the thickness of the crystal
gradually while the reflectivity of the beam was monitored. The second scan was a rocking
curve. These results are then compared to the theoretical result from Equation (16).

For the case of strong secondary extinction, the germanium crystal was replaced by
copper (the same geometry), reflection Cu(311), which has higher scattering power.

The rocking curves and beam profiles were also simulated for flat and bent mosaic
silicon crystals, with the symmetric reflection Si(111) and wavelength 2.4 A. This was done
for a broad range of mosaicities in order to demonstrate the coupled effects in stochastic
mosaicity and spatial variation of the diffraction vector introduced by crystal bending.

To establish that this algorithm is efficient, we examined (a) how the CPU time changes
as a function of the number of crystals simulated, and (b) how the new McStas component
compares to NCrystal.

The crystal properties used by the simulations are summarized in Table 1. The files
with all parameters used for simulating these virtual experiments can be found in this
github repository (https://github.com/Lomholy/Simulating-neutron-diffraction-from-
deformed-mosaic-crystals-in-McStas (accessed on the 20 January 2026)), and most of the
simulations themselves can be found in [30].

Table 1. Material properties for crystals and reflections used in the simulations. The kinematical
reflectivity Q already includes the Debye-Waller factor at room temperature calculated in accordance
with [27].

Reflection A dpr 0 0 Q 1. Y Utot K
[Al [Al [°] [°] [em™'] [um] [em—1]

Ge(511) 1.5 1.089 4353 —-1947 0.00173 29.46 0963 0.1547 0.27
Cu(311) 1.5 109 4348 —-1947 0.01139 1148 0.806 0.453 0.3
Si(111) 24 3135 225 0 0.00221 29.28 0963 0.0203 0.18

4. Results

Two types of simulated measurements were carried out: (I) the spatial distribution
of the reflected beam registered by the PSD monitor and (II) a rocking curve recorded
by simulating the integral intensity at the monitor as a function of the rocking angle, w.
In the first case (I), the result shows the distribution of the scattering power (modulated
by absorption) along the incident neutron ray, as illustrated in Figure 4. In the second
case (II), the integrated reflected intensity normalized by the intensity of the incident beam
elucidates the magnitude and angular width of the crystal reflectivity.

4.1. Bent Perfect Crystal

The simulated spatial distribution (I) of the reflected beam from the bent perfect crystal
(case (i) # = 0) can be seen in Figure 5. The results from McStas and SIMRES are almost
identical, with the points of reflection localized near the crystal center as expected. The
spatial distribution is determined by the contributions of primary beam width and angular
divergence. For the monochromatic beam defined by a pair of distant slits of equal width,
the resulting beam profile at the detector is a convolution of two uniformly distributed
random contributions (see Appendix B). This analytical solution is shown as the red dots in

https://doi.org/10.3390/qubs10010006
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Figure 5. For the bending radius near R = 5 m, the widths of both contributions are equal,
yielding the observed triangular beam profile.

Incoming Neutron

Reflected Intensities

Crystal

Figure 4. Visualization of the effect of attenuation throughout the unbent mosaic crystal. The purple
dots in the crystal illustrate potential paths of the neutrons.

0.03 (a) Radius=3 m (b) Radius=5 m (c) Radius=10 m
) \

20.02} — — . .
e 2T —— McStas
3 ---- SIMRES
£.0.01¢ Analytical

0‘0—00 2 =01 0.0 0.1 02 =02 -0.1 0.0 0.1 02 —-02 -=0.1 0.0 0.1 0.2

X [em] X [em] X [em]

Figure 5. SIMRES and McStas simulations of the spatial distribution for Bragg scattering from a
perfect crystal bent at different radii. Overlain with the analytically calculated reflectivity.

To visualize the wavelength—space correlation, the simulation was repeated for a
broader wavelength band, when the effects of beam width and divergence can be neglected.
The resulting Figure 6 illustrates how the position of reflection (projected on the detector
plane) varies along the incident beam as a function of wavelength. As expected for uniform
bending, the slope is linearly proportional to the curvature. Its value is determined by the
condition €y + Bt = 0 from Equation (8), where ¢y = tan(0)AA/A is the deviation from
the Bragg condition for wavelength A + AA. The time to reflection, ¢, then determines
the position at the detector, x;,; = sp - v;t, where sp is the unit vector along x-axis of
the detector and |v;| = 2637 m/s for A = 1.5 A. Hence, x4, = 2sin(6)?|v;|8~1AA/A. This
calculated dependence is indicated by the dots plot over the intensity maps in Figure 6.
The B values for the crystal with the specific R are 3 = 612/s, s = 367/s, B1g = 184/s.

The rocking curves (II) in Figure 7 become wider with increasing curvature 1/R. This
is reasonable, as the growing curvature increases the spread of lattice plane angles. The
peaks are all asymmetric. This is caused by a change in penetration length, as the point of
reflection moves within the crystal.
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(a) Radius=3m (b) Radius=5m (c) Radius=10m
1.5050 1.5050 1.5050 0.08
1.5025 1.5025 1.5025 0.06 =
w
=.1.5000 1.5000 1.5000 0.04 E
- S

1.4975 1.4975 1.4975

1.4950 1.4950 0.00

X [em] X [em] X [em]

1.4950

Figure 6. Two-dimensional plots of the correlations between wavelength and spatial position, corre-
sponding to McStas simulations of the crystal in case (i). Simulations were performed with a broad
wavelength spectrum A = 1.5+ 1.5- 1072 A and monitor area 0.03 m x 0.02m (width x height).
The red dots lie with the theoretically expected slope, as calculated in the text.

100 (a) Radius=3 m (b) Radius=5 m (c) Radius=10 m
5. 0.75
=
5050 e —— McStas
% - === -4-- SIMRES
& 0.25

WOG—=5""0 5 10 -0 5 0 5 10 -0 5 0 5 1

Rocking angle [arc min] Rocking angle [arc min] Rocking angle [arc min]

Figure 7. SIMRES and McStas simulations, showing rocking curves for a perfect crystal case (i), bent
at different radii.

4.2. Bent Mosaic Crystal

The bent mosaic Ge crystal (case (ii)) was also simulated by both McStas and SIMRES
for comparison.

(I) The spatial distributions of reflected neutrons can be seen in Figure 8. This data
illustrates the transition between the limiting cases, where either mosaicity or bending is
dominant. For R = 3 m, the broadening caused by mosaicity is small when compared
with the variation of the Bragg angle due to bending. The reflection points then become
localized around the crystal center. In the other end, at R = 10 m, the effect of mosaicity
prevails, and the distribution approaches that of a flat mosaic crystal.

(I) The rocking curves of the mosaic crystal bent at different radii are presented in
Figure 9. They also illustrate the transition from weak bending (R = 10 m), when the
peak shape is determined mainly by the Gaussian mosaicity, to the case of strong bending
(R = 3 m), where the curve is a convolution of the crystal mosaicity distribution with the
bent perfect crystal rocking curve shown in Figure 7.

To explore the dependence of the reflectivity on the mosaicity, #, simulations of a bent
(R =3 m) silicon crystal in symmetric reflection geometry (x = 0) were carried out for a
broad range of ;7 values. The reflection Si(111) and the longer wavelength of A = 2.4 A were
chosen to achieve higher scattering power, while neutron absorption is small in S5i when
compared to the secondary extinction effect. The slit and source widths were reduced to
0.1 mm, in this case, in order to suppress the smearing effect of the incident beam width.
Resulting reflected beam profiles and rocking curves are shown in Figure 10. Note that the
angular axis is scaled relative to 77, and the intensity of the beam profile is multiplied by #
in order to better visualize the extinction effect. The sharp edges of the spatial intensity
distribution thus indicate the rear and front crystal surfaces. The small tail at positions
below the left edge then corresponds to neutrons migrating further along the crystal due to
multiple diffraction.

https:/ /doi.org/10.3390/qubs10010006


https://doi.org/10.3390/qubs10010006

Quantum Beam Sci. 2026, 10, 6 11 of 22

0.04 (a) Radius=3 m (b) Radius=5 m (c) Radius=10 m

0.03 ]
ey —}— McStas
E ---- SIMRES
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Figure 8. McStas and SIMRES simulations of the spatial distribution of the reflected neutrons.
Simulations performed for the crystal of case (ii).
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Figure 9. McStas and SIMRES simulations of the crystal in case (ii). The simulations are rocking

curves for a mosaic crystal, bent at different radii.

The coupled effect of stochastic mosaicity and spatial variation of the diffraction
vector introduced by crystal bending is demonstrated. At small mosaicity, the reflectivity
broadening due to the bending prevails, the rocking curve distribution becomes uniform
rather than normal, and reflections are localized near the center of the crystal. At the limit
of large #, the rocking curve broadening due to mosaicity becomes dominant, and the
reflectivity tends to approach that of an unbent crystal. The incident beam then penetrates
the whole crystal with usual exponential attenuation due to secondary extinction and
absorption, as is visualized in Figure 4. Transition between these two limits is demonstrated

by the curves for # = 6" and 12"
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Figure 10. Simulated spatial distributions of the reflected neutrons and rocking curves of the bent
mosaic crystal, with the symmetric reflection Si(111) at A = 2.4 A. The angular axis is scaled relative

to 7.
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4.3. Flat Mosaic Crystal

The McStas and SIMRES simulations were compared for the mosaic Ge crystal with
negligible curvature (case (iii)). In this case, it was also possible to compare results with
another McStas component using the NCrystal model, which is expected to yield equiva-
lent results.

(I) The spatial distribution in Figure 11 (left) shows a gradual increase in intensity
along X, corresponding to a shorter distance traveled through the crystal. This effect is due
to the attenuation from absorption and extinction, similar to Figure 10 with large 7 values.

(II) The rocking curve of the nearly unbent mosaic crystal is likewise presented in
Figure 11 (right). This rocking curve is quite close to the normal distribution, as expected if
the effect of multiple diffraction (secondary extinction) is weak.

The agreement with the NCrystal model is almost perfect and thus provides an addi-
tional validation of the new McStas component. However, the zero point of the rocking
curves differs by 0.28 arc minutes according to their weighted means, with Monochroma-
tor_Bent being centered at —0.003 arc minutes.

0.04 T . : . . 1.00 . . _—F— McStas
—————— SIMRES

0.03f ] 0.751 —+-= McStas - Nerystal
@ z :
2 S
S 0.02f g o.50
1= ©
— o

0.01} ] 0.25}

0.00 b=y 0.00 b S

X [em] Rocking angle [arc min]

[N}

Figure 11. (Left) Spatial distribution and (Right) rocking curve for the (almost) flat mosaic crystal.

To further examine the effect of secondary extinction, we compare the simulation of
the rocking curves for Ge(511) with that of Cu(311) for the same crystal and instrument
geometries. The reflectivity for Cu(311) is significantly higher than that of Ge(511), and
rocking curve broadening is thus expected as a result of multiple diffraction. These sim-
ulations are also compared with the analytical solution to the Darwin intensity transfer
equations [29] given in Equation (16). The results can be seen in Figure 12. The calculations
use the values of kinematical reflectivity, absorption coefficient, and primary extinction
factor Y from Table 1. A broad, non-Gaussian curve shape is indeed observed for Cu(311)
as the result of a strong secondary extinction effect.

Like in the case (ii) of bent mosaic crystal, the simulations of symmetric Si(111) reflec-
tion were carried out under the same conditions, but with negligible bending (R = 1000 m).
The results are shown in Figure 13, to be compared with Figure 10. In this case, the
rocking curves could be compared with the theoretical reflectivity calculated according
to Equation (16). The agreement between the simulations and the analytical calculations
is very good in this case of regular plane parallel crystal geometry, because the random
walk algorithm in McStas effectively solves the intensity transfer equations for the same
boundary conditions as those assumed in Equation (16).
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Figure 12. Comparison of analytical calculations and McStas simulations in case (iii) of flat mosaic
crystal at A = 1.5 A. (Left) Peak reflectivity (maxima of the rocking curves) as a function of crystal
thickness. (Right) Rocking curves for the crystal thickness of 8 mm.
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Figure 13. Simulated spatial distributions of the reflected neutrons and rocking curves of a flat mosaic
crystal, with the symmetric reflection Si(111) at A = 2.4 A. The angular axis is scaled relative to ;7. The
black dashed curves indicate reflectivity calculated according to Equation (16).

To examine the effects of the primary extinction factor Y, we simulated the Ge(511)
rocking curve with R = 10 m for domain size ranging from 0.0001 um to 1 mm, for both
the perfect and mosaic crystals (cases i and ii). The results in Figure 14 show that varying
the domain thickness towards larger values merely scales the intensity, whilst not changing
the general peak shape. It should be emphasized that this holds for Ge(511) because of the
small reflecting power. The Y factor scales down the kinematical reflectivity in our model.
Therefore, increasing the domain size parameter would generally lead to the reduction
of the secondary extinction effect, including the rocking curve broadening. The effect of
primary extinction in real crystals is more complex, as discussed in the next section.

4.4. Performance Analysis

To test the computing efficiency, we performed simulations where we replaced the Ge
crystal with a variable number of Ge crystals. The performance results from this simulation
can be seen in Figure 15. This analysis thus found that there was a general tendency which
followed 0.073N log(N). It is to be stressed that this test was performed in a situation
where all neutrons hit most of the crystals. In a real array, this is not the case, and therefore,
one should expect the scaling to be more favorable in that case.
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Figure 14. Rocking curves for the mosaic and perfect Ge(511) crystals bent at R = 10 m, for varying
domain thicknesses.

We also extracted the computing time it took to simulate the Ge(511) and Cu(111)
reflections for 107 incoming neutrons, comparing the computing times of the Monochro-
mator_bent component with that of the NCrystal component. The times were normalized
so that they correspond to the same standard deviation of the integral intensity recorded
by the monitor. With Monochromator_bent, the computing times were 7.4 s for Ge(511) and
43.4 s for Cu(111). Corresponding results with the NCrystal component were 14.4 s and
50.7, respectively. The component Monochromator_bent thus proves to be faster than NCrys-
tal at low reflectivity, probably due to the strategy of sampling only reflected neutrons. All
these simulations were performed on a single thread of an Apple M4 Max arm CPU with

48 GB of unified memory.

250 °
[ ]
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200} oo
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Figure 15. Time spent performing the simulation as a function of the number of crystals placed
in the array. The blue points are the simulation times, and the black dashed line is the theoretical

tendency.

5. Limits of Model Validity

One of the main benefits of the new component is its ability to model several types of
crystal monochromators and analyzers (bent perfect crystals and mosaic crystals with and
without bending) using the same theoretical framework and associated algorithm. This
approach (and the requirement of simulation efficiency) brings about the necessity of sim-
plifying approximations summarized in the beginning of Section 2. These approximations
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are typically justified for monochromators and analyzers, where only neutron flux and
instrument resolution are of main interest. For other applications, the model may still be
too idealistic, ignoring some important features of real crystals, such as the presence of
other competing reflecting planes, correlated mosaicity, or dynamical diffraction effects
in the case of weakly bent perfect crystals. The component should thus be used with
these limitations in mind. In particular, the component is not suitable for simulations
of single-crystal analyzers of backscattering spectrometers or Bonse-Hart SANS diffrac-
tometers, which would require implementation of dynamical diffraction theory of single
crystals. Similarly, the component is inadequate for use as a single-crystal filter or sample,
where a full reciprocal lattice and a more detailed description of microstructure should
be considered. The following subsections discuss these limitations separately for the bent
perfect and mosaic crystals, respectively. The common constraints regard the choice of the
reflecting plane:

(a) Only a single lattice plane is assumed to contribute to diffraction, thereby not allow-
ing the simulation of competing reflections. The beam attenuation at certain wavelengths
may thus be inaccurate.

(b) The equations implemented in the component do not consider reflecting planes,
which are not normal to the plane of bending (the z — x plane in Figure 1). Hence, the
component Monochromator_bent does not support this case.

5.1. Bent Perfect Crystals

Neutron diffraction by a bent perfect crystal is treated within the quasi-classical
approximation, which allows us to calculate neutron trajectories, as described in [24]. These
trajectories are bent due to the variation of the interaction potential caused by the gradient
of elastic deformation. In a uniformly bent crystal, these trajectories are hyperbolas, which
converge to the asymptotes with increasing curvature and decreasing wavelength, as
illustrated in Figure 16. The simulation model assumes that the crystal radius is so small
that the trajectories can be approximated by the asymptotes. This approach is justified if
the refraction effects at the crystal boundaries can be neglected and a neutron is described
by a single planar wave corresponding to the incident or reflected beam at the entry
or exit, respectively. This excludes grazing-incidence geometries and implies that the
crystal dimensions must be significantly larger than the deflection of the trajectory from
the cross-section of the asymptotes at the apex (hereafter denoted as xg). This deflection
is proportional to B~! from Equation (9) and hence to the bending radius, R. The exact
expression derived from [24] is

. le Q|Vi|
Y]

Figure 17 illustrates the dependence of R/ x on the diffraction angle, which helps

sin(6p) (17)

estimate the minimum radius required to ensure that x( is much smaller than the crystal
size. For example, the SALSA monochromator is composed of 0.9 mm thick Si<100> wafers.
The curve for Si(400) reflection then indicates that the condition R < 180 m should be
satisfied for 26 up to 100°. As the radius is in practice always smaller than 10 m, this
condition is clearly satisfied. However, at larger scattering angles, the ratio R/xy drops
quickly down and reaches zero at a singular point where = 0 for a certain value of 26,
depending on the values of the effective Poisson constant, ¥ and cutting angle, x. Note
that ¥ depends on the reflection plane orientation with respect to the wafer surface and on
the mode of bending, as discussed in [31]. The data embedded in the McStas component
include « values estimated for several common symmetric reflections only. A x value
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calculated for the actual geometry should therefore be used instead of the default one if the
accuracy of results at large scattering angles is of concern.
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Figure 16. Quasi-classical neutron trajectories in a uniformly bent Si crystal, symmetric reflection (400),
as a function of bending radius. The take-off angles of 55° and 100° correspond to the wavelengths
1.25 A and 2.08 A, respectively.
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Figure 17. Ratio of the trajectory deflection, x, to the bending radius as a function of take-off angle

for symmetric reflections Si(400) and Si(111), and for asymmetric reflection Si(311) with wafer plane
parallel to 5i(400).

5.2. Mosaic Crystals

There are several constraints to be considered when using the Monochromator_bent
component for simulations of mosaic crystals.
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The simulation model assumes the Zachariasen type I mosaic crystals, where the
mosaic domains are treated as randomly misoriented and undeformed single crystals.
The bending in this case introduces just a linear gradient of the mean domain angle. The
primary extinction is treated merely as the multiplication factor Y (Equation (14)) to the
kinematical reflectivity Q. It thus affects the results in the same way as the value of Q, but
allows for describing the wavelength dependence of primary extinction. The domain size
can then serve as a tunable parameter to match the simulated reflectivity with experimental
data. This is obviously a coarse simplification in the case when the mosaic domains tend to
be large and deformed by residual microstresses. This is likely the case of crystals prepared
by plastic bending. A more general extinction theory has been introduced by Kulda [32]
and further developed in [33], which considers primary extinction of deformed domains in
various regimes. Implementation of such a theory in a simulation component would be
interesting and should be considered in the future.

The model neglects the finite reflectivity width of a perfect crystal, which is typically
of the order of 1 arcsec for a large crystal plate. Even when considering the size effect of
small mosaic domains of the order of 1 um, the natural width of reflection from a single
domain should remain smaller than 1 arcmin in the absence of microstrains. This limit
should be considered when simulating unbent crystals with very low mosaicity. With the
bending applied, the effect of mosaicity becomes negligible, as illustrated by Figure 10 and
the transition to zero mosaicity should be safe.

The orientation distribution of mosaic domains is assumed to be Gussian and inde-
pendent of position, which may not be a valid assumption for real crystals such as those
produced by plastic bending. The component is intended as a universal model for crystal
monochromators or analyzers, when users typically do not know details of the crystal
microstructure. The idealized analytical form of mosaicity distribution is thus necessary.
However, it is recommended that the simulated reflectivity be compared with experimental
data for particular crystals used in the instrument project, if available.

6. Discussion and Conclusions

In this work, we have developed a new McStas component Monochromator_bent.comp
that simulates neutron transport in bent, and potentially mosaic, single crystals. Our work
fills a gap for the McStas software package in simulating monochromator and analyzer
arrays that use this type of crystal. Therefore, this new development allows the simulation
of instrument designs that were previously impossible to simulate with McStas only.

Monochromator_bent is based on the algorithm presented in [19]. The said algorithm is
used due to its relative simplicity and therefore speed and reliability. It propagates neutrons
using a random walk process which employs an analytical function (Equation (12)) to
generate a random flight time to reflection. Multiple scattering is thus simulated, potentially
over an array of crystals.

Validation of the simulation model was carried out with a simple instrument model
using a narrow monochromatic beam in order to show the characteristics of crystal reflec-
tivity without smearing from resolution effects. Two different virtual experiments were
used for this purpose: (I) spatial distribution measurements of the reflected neutrons and
(II) reflectivity curve measurements by scanning the crystal angle (rocking curve). These
simulations were performed for asymmetric reflection geometry of a germanium crystal,
reflection Ge(511) in three different cases: (i) a bent perfect crystal (7 = 0') at three different
bending radii R = 3, 5,10 m, (ii) a bent mosaic crystal with the same geometry and bending,
but with 7 = 6/, and finally (iii) a flat mosaic crystal with the same mosaicity.

In all these cases, comparison with the equivalent simulation by the program SIMRES
showed excellent agreement, with results very similar to what was earlier published in [19].
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It demonstrates the general correctness of the model implementation in the component.
For the case (i) in Figure 5, the spatial distribution of reflected intensity was derived
analytically, which allowed us to confirm the correctness of the simulated reflected beam
profiles. In the last case (iii) in Figure 11, independent comparisons with McStas simulation
using NCrystal and analytical calculation of reflectivity were also performed. Very good
agreement observed in this case confirmed that the random walk process properly solves
the Darwin transfer Equation (15) as required. However, we notice that the rocking curve
in the NCrystal case seems slightly shifted away from the center of the scan, although the
widths of the rocking curve agree with our new component. We attribute this difference to
the approximations performed when ignoring the second-order contributions in Equation
(7), as the skewing of rocking curves is an effect arising from multiple reflections coupled
with azimuthal scattering, as shown by Wuttke [34]. That the NCrystal software achieves
this asymmetry is pointed out by the developers of the NCrystal program in the treatment
of their elastic modules [18]. The developers also show that this skewing increases with
crystal thickness and increased Bragg angle. Their experiments show ~0.1° skewing of
the rocking curve center for a 20 cm thick germanium crystal from the 511 reflection at an
incident angle of 80°, with a FWHM mosaicity of 30 arc min in a setup with a small, well
collimated, monochromatic incoming neutron beam.

Further virtual experiments were carried out to demonstrate the component perfor-
mance in a wider range of geometry and material parameters:

The effect of secondary extinction was also demonstrated by simulation of the reflec-
tivity with varying thickness for the Ge(511) and Cu(311) flat crystal reflections (case (iii)),
again in agreement with the theoretical predictions as seen in Figure 12.

Simulations of the symmetric Si(111) reflection in a wide range of 7 for the bent
crystal case (ii) revealed how the effects of stochastic mosaicity couple with the effect of
deformation gradient, showing the transition between the limits of negligible deformation
and negligible mosaicity (Figure 10). Namely, it demonstrates two effects of the crystal
bending. One is the localization of reflections near the crystal center, the other is the
transition of the shape of the reflectivity curves from nearly Gaussian to a uniform (step)
function. Independent validation was not possible in this case, as there is no adequate
analytical model or other software providing such a simulation model.

The same simulation for the flat crystal case (iii) shown in Figure 13 agreed very well
with the analytical solution for reflectivity (Equation (16)). Here, the effect of changing scat-
tering power (see Equation (1)) is demonstrated by localization of reflection points near the
front surface at small 77, and transition to the exponential decay at large # due to decreasing
scattering power and hence weaker secondary extinction. Similarly, the extinction effect is
visible as the corresponding change of the rocking curve shape and width.

Similarly to the previous work, Monochromator_bent relies on a number of approxi-
mations imposing some limits on the component usability. These limits are discussed in
more detail in Section 5. In summary, the component is suitable for usual applications as a
crystal monochromator or analyzer of neutron spectrometers, either as bent perfect crystals
with bending radii below about 10 m, or as mosaic crystals with mosaicity exceeding about
1 arcmin. A combination of both mosaicity and bending should also be possible, but there
are no independent theoretical or experimental data available yet for validation. On the
other hand, the simulation model would fail if used in grazing incidence geometry, or at
special situations when the effective deformation gradient  in a bent perfect crystal drops
near zero.

The new McStas component Monochromator_bent has been added to the McStas 3.5
library as a contributed component. It can be used in instrument simulation projects as an
alternative to existing options for mosaic crystals, but it also brings about new functionality
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(r) = To(

as a model for bent perfect crystals, which was not available in previous releases. The
novelty of the component also consists of the underlying algorithm, which allows one to
combine the mosaic crystal model with uniform bending under the assumptions described
in Section 5.
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Appendix A. Derivation of Deformation Gradient

The spatial dependence of T(r) can be derived from the displacement function {(z, x),
which defines the neutral surface in a bent thin plate. The solution for small deformations
has been found by Stoica and Popovici [31] in the form

2 2
L2550 = (0 o)) + frals (5~ 1551+ w)sinGa) cos())
2
— |To|s’<g§cos()() + xaazagy sin(x)). (A1)

where we use the notation described in Section 2.1 and Figure 1. The symbol x stands for
the effective Poisson elastic constant, which depends on the type of boundary conditions,
crystal elastic constants and lattice orientation. Values of x for particular cases relevant for
monochromators and analyzers can be found in [31].

In this project, { is assumed to describe uniform elliptical bending { = % + %
In many practical situations, the crystal bending is close to cylindrical, and the vertical
(v) component of curvature 1/R; can be neglected. However, for very thin wafers or
pneumatic bending, a non-zero vertical curvature has to be considered.

The deformation gradient of T

JdTy 0Ty OTyx

ox ay 0z

_ |9ty 9ty OdTy
V=% 5 & (A2)

9tz Jdrz 9T

ox ay 0z

is then derived by substitution for the direction vectors
First we express T, s as well as s as a function of y, and then we express 7 from (A1):
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in (A1) and evaluation of the derivatives:
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Appendix B. Flight Time to Reflection

In the case of bent perfect crystal (7 = 0), the flight time to the reflection point can be
solved analytically by setting € = v = 0 and k; = kq; + Ak, where kj; denotes the mean
incident neutron wave vector. For a crystal perfectly aligned with the given diffraction
vector T, the Bragg condition implies that |ko; + 7| = |ko;| and the expansion of Equation
5 from the main text then yields

270 - Ak +2(koi + T9) - VT -1 +2Ak -1+ |[VT 1> =0 (A5)

By substituting for r = rg + v;t and solving for ¢, we arrive at the quadratic equation
fort,

e0+2(koi +To+ VT 19 +AK) - (VT -vi)t +|VT v =0,

X (A6)
€0 =210 Ak +2(kgi + T+ AK) - VT 19+ | VT 10|

In almost all practical situations, the second order terms with V T and Ak can be neglected,
which leads to the linear solution
_T0~Ak+ (koi + 7o) - VT 19

t =
(koi—l—‘fo) -VT-v;

(A7)

For the simple instrument setup considered in this article, the incident neutron trajec-
tory is determined by two random variables, which are the neutron positions at the pair
of distant slits. Their distribution is uniform and can be expressed by a pair of uniform
random numbers ¢y and ¢; on the interval (—0.5;0.5). We can thus substitute for ry and Ak:

cos(6+ x)
1) = giwur, Ak = (§1 — Go)w/Lur, ur = 0 (A8)
sin(0 + x)

where w is the slit width, L is their distance, and ur is the unit vector normal to the incident
beam. Substitutions in (A7) then allow us to calculate the distribution of ¢, and hence that of
the reflection positions, rg + v;t as a convolution of two uniform distributions. This results
in the trapezoidal intensity distribution at the detector as observed in the simulations (see
Section 4.1).
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