
Slope, Aspect, and Curvatures 

For this study, a multi-scale approach by fitting quadratic parameters to any size window (via 

least squares) was used to derive slope, aspect and curvatures. This method was proposed and 

implemented by Wood [1].  

Slope algorithm 

 

Wood and Evans both fit a quadratic surface to the points of the form: 

𝑧 = 𝑎𝑥2 + 𝑏𝑦2 + 𝑐𝑥𝑦 + 𝑑𝑥 + 𝑒𝑦 + 𝑓 (1) 

Thus 

𝛿𝑧

𝛿𝑥
= 2𝑎𝑥 + 𝑐𝑦 + 𝑑 (2) 

𝛿𝑧

𝛿𝑦
= 2𝑏𝑦 + 𝑐𝑥 + 𝑒 (3) 

and if we use a local coordinate system then we can set 

𝑥, 𝑦 = 0 and so 𝛿𝑧/𝛿𝑥 = 𝑑; 𝛿𝑧/𝛿𝑦 = 𝑒 (4) 

The quadratic does not pass through all the points, and the parameters are found by matrix 

algebra. 

In this method, all 9 cells are used to derive slope. 

 

For more details, please see [1]. 

The key contents are described below. 

Evans [2] considers five terrain parameters that may be defined for any two dimensional continuous 

surface. 

elevation 

slope, aspect 

profile convexity, plan convexity 

These correspond to groups of 0, 1st and 2nd order differentials, where the 1st and 2nd order 

functions have components in the XY and orthogonal planes. Whilst higher derivatives may also be 

extracted, there is no evidence that these have any geomorphological meaning. Additionally, higher 

order derivatives must be based on surface patches modelled by higher order polynomials if any 

component is to be extracted. The higher the order of the polynomial, the greater the number of points 

required to uniquely identify the necessary coefficients. Since it is only the property of the surface at 

the central point of each local patch that is required, the effect of generalization increases with the 

order of polynomial. 

Evans goes on to approximate the surface using a bivariate quadratic function in the form: 



𝑧 = 𝑎𝑥2 + 𝑏𝑦2 + 𝑐𝑥𝑦 + 𝑑𝑥 + 𝑒𝑦 + 𝑓 (5) 

This can be written in the form of the general conic: 

𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑗𝑥 + 2𝑘𝑦 +𝑚 = 0 (6) 

Where h=c/2, j=d/2, k=e/2, and m=f-z. 

Instances of the general conic fall into one of three types, depending on the values of the 

coefficients a, b and h [3]: 

 

 ab - h2 > 0  elliptic 

if, ab - h2 = 0 conic is parabolic 

 ab - h2 < 0  hyperbolic 

 

Slope and Aspect 

The rate of change of elevation in both the x and y directions can be used to identify the direction 

and magnitude of steepest gradient. These two parameters ca n be found by taking the partial first 

order derivatives of (1) above, with respect to x and y. Slope (magnitude) can be found by combining 

the two component partial derivatives: 

𝑑𝑧

𝑑𝑥𝑦
= √(

𝛿𝑧

𝛿𝑥
)
2

+ (
𝛿𝑧

𝛿𝑦
)
2

 (7) 

The partial derivatives for x and y are given as 

𝛿𝑧

𝛿𝑥
= 2𝑎𝑥 + 𝑐𝑦 + 𝑑 

𝛿𝑧

𝛿𝑦
= 2𝑏𝑦 + 𝑐𝑥 + 𝑒 

(8) 

Since we are only interested in the slope at the central point of the quadratic surface, by adopting 

a local coordinate system with the origin located at the point of interest, we can combine (3) and (4) 

where x = y = 0 giving, 

𝑑𝑧

𝑑𝑥𝑦
= √𝑑2 + 𝑒2 (9) 

This slope value is more usually represented in degrees, giving: 

𝑠𝑙𝑜𝑝𝑒 = arctan⁡(√𝑑2 + 𝑒2) (10) 

This definition is consistent with that reported in the literature (e.g. [2,4-6]). Likewise, aspect is 

simply the polar angle described by the two orthogonal partial derivatives: 

𝑎𝑠𝑝𝑒𝑐𝑡 = arctan⁡(
𝑒

𝑑
) (11) 

 

Profile and Plan Curvature (Quadratic surface model) 

Profile and plan curvature measures (of dimension [L-1]) are defined as follows, 



𝑝𝑟𝑜𝑓𝑐 =
−200(𝑎𝑑2 + 𝑏𝑒2 + 𝑐𝑑𝑒)

(𝑒2 + 𝑑2)(1 + 𝑑2 + 𝑒2)1.5
 (12) 

𝑝𝑙𝑎𝑛𝑐 =
200(𝑏𝑑2 + 𝑎𝑒2 − 𝑐𝑑𝑒)

(𝑒2 + 𝑑2)1.5
 (13) 

 

Mass Balance Index 

The mass-balance index is derived from transformed f(k, ht, n) values (Equation 14). High 

positive MBI values occur at convex terrain forms, like upper slopes and crests, while lower MBI 

values are associated with valley areas and concave zones at lower slopes. Balanced MBI values close 

to zero can be found in midslope zones and mean a location of no net loss or net accumulation of 

material [7].  

MBI = {
𝑓(𝑘) × [1 − 𝑓(𝑛)] × [1 − 𝑓(ℎ𝑡)]⁡𝑓𝑜𝑟⁡𝑓(𝑘) < 0

𝑓(𝑘) × [1 + 𝑓(𝑛)] × [1 + 𝑓(ℎ𝑡)]⁡𝑓𝑜𝑟⁡𝑓(𝑘) > 0
⁡⁡⁡𝑤𝑖𝑡ℎ⁡MBI ∈ [−1, 3] (14) 

Where MBI = mass-balance index, k = mean curvature, ht = vertical distance to channel network, 

and n = slope. 

The attributes were transformed according to Equation 15 [7,8]: 

f(x) =
𝑥

(|𝑥| + 𝑇𝑥)
⁡⁡⁡𝑤𝑖𝑡ℎ⁡𝑥 = 𝑘, 𝑛, ℎ𝑡, ℎ, 𝑓(𝑘) ∈ [−1, 1], f(n, ht, h) ∈ [0, 1] (15) 

Where Tx = transfer constant, and h = elevation. 
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