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Abstract: Gridded reanalysis data has been widely used in oceanic mesoscale eddy identification.
However, there is little research on identifying oceanic mesoscale eddies based on along-track data. In
this paper, the B-spline surface fitting model is established for oceanic mesoscale eddy identification.
This innovative model can embody along-track data’s advantages in accuracy, universality, and
instantaneity, and directly identify oceanic mesoscale eddies solely based on along-track data. We
start with ideal experiments using simulated data to explore the error sources of B-spline surface
fitting for one oceanic mesoscale eddy, followed by practical experiments with measured data to
analyze the effect of the B-spline surface fitting and the fitting errors further. Compared with eddies
obtained from gridded reanalysis data, results show that the B-spline surface fitting model based on
along-track data has an ideal effect in identifying oceanic mesoscale eddies; little difference exists
between the fitting result and measured data. The model proposes a new technological means to
deal with along-track data, which contributes to oceanic mesoscale eddy identification and marine
element data analysis.

Keywords: mesoscale eddy identification; B-spline surface fitting model; along-track data; altimeter

1. Introduction

Oceanic mesoscale eddies play a significant role in marine environmental physical
systems and ecosystems. A mesoscale eddy’s spatial scale ranges from dozens of kilometers
to hundreds of kilometers, while its temporal cycle ranges from several days to hundreds
of days with a daily movement speed on the order of kilometers [1].

Due to their vertical structure and tremendous kinetic energy, mesoscale eddies effec-
tively impact the distribution of flow field, thermocline structure, and marine ecological
diversity in nearby areas. Furthermore, they are important processes for mass, momentum,
and energy cascade in the ocean [2–6]. The study of mesoscale eddies has been a hot topic in
modern oceanography over the past few decades. The accurate and efficient identification
of oceanic mesoscale eddies is of great practical value in understanding and exploiting the
ocean [7].

For oceanic mesoscale eddy identification, scholars have put forward a series of
identification methods focusing on altimeter data only that mainly utilize one of three
methods, Eulerian [8], Lagrangian [8], or, increasingly, machine learning [9]. The Eulerian
method focuses on instantaneous ‘snapshot’ data, or spatial field data at a time, while the
Lagrangian method focuses on the trajectory data of a fluid particle [8]. In practice, it is hard
to follow the motion of each fluid particle cause there are countless fluid particles in a flow
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field; thus, for the sake of convenience, the Eulerian method tends to be prioritized. Along-
track data, which is spatial field data, is used solely in our model to identify mesoscale
eddies. This approach belongs to the Eulerian method.

Nencioli et al. [10] further divide the Eulerian method into the following three approaches:

1. Physical parameter method:

The Okubo–Weiss (OW) method [11,12] is the most representative method of this class.
The OW parameter calculation formula can be defined by Equation (1) [13]:{

W = s2
n + s2

s −ω2

sn = ∂u
∂x −

∂v
∂y , ss =

∂v
∂x + ∂u

∂y , ω = ∂v
∂x −

∂u
∂y

(1)

where W is the OW parameter, and u and v are the velocity in latitude and longitude
directions, respectively. The region where the OW parameter is below a specified threshold
is classed as the eddy. The method’s calculation is straightforward and widely applica-
ble. However, the selection of the threshold is subjective, which may cause more noise
interference, and its generalization ability is poor.

2. Sea surface geometry method:

The most representative methods of this class are the Sea Level Anomaly (SLA) Closed
Contour method [14] and the Winding Angle (WA) method [15]. These methods focus on
gridded reanalysis data and use the shape or curvature characteristics of the instantaneous
flow field as indicators to identify mesoscale eddies, but they cannot accurately identify
the eddy center, and their computational efficiency and generalization ability need to be
improved [14].

3. Synthesis method:

These methods identify mesoscale eddies by combining physical parameters and
geometric features of the sea surface flow field. For example, the eddy center is initially
located using the OW parameter method, and the eddy boundary is subsequently identified
using the SLA closed contour method [16,17].

These three identification methods have certain advantages, but all of the realizations
of these methods are based on gridded reanalysis data; they find it difficult to extract
mesoscale eddies from along-track data directly.

Though gridded reanalysis data are more regular than along-track data and more
friendly for scholars to study, at the same time, gridded reanalysis data is simply a processed
product of along-track data; and the process of reprocessing may result in the loss of initial
information. For example, smoothing data may weaken the value of extreme points that are
not abnormal points, adding error to the results. In actual ocean observations, most of the
data initially available to us show irregular spatial distribution rather than a state of regular
grid distribution. Moreover, gridded reanalysis data can be regarded as a special state of
irregular distribution data; in this case, a kind of data processing method appropriate for
handling along-track data also can be applied to gridded reanalysis data. Thus, in terms of
accuracy, instantaneity, and universality, along-track data is the better data source.

But studies on identifying oceanic mesoscale eddy based on along-track data are
few. Given this flaw, we want to encourage the audience to look into the advantages of
along-track data compared to gridded reanalysis data; as the results from the former can
be superior to those from the latter. In this context, the B-spline surface fitting model is
proposed. This is an innovative model and can directly identify mesoscale eddies solely
from along-track data [18–20].

The rest of this paper is organized as follows: the sea level anomaly (SLA) data that we
used, and the implementation process of B-spline surface fitting, are presented in Section 2.
In Section 3, ideal experiments with simulated data are carried out to explore the error
sources of the B-spline surface fitting. Practical experiments with measured data are carried
out in Section 4 to explore the effect of the B-spline surface fitting based on along-track
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data and the fitting errors further, and we compare our result with the result of the gridded
reanalysis data. Finally, the main conclusions are presented in Section 5.

The process of the B-spline fitting model and article frame is shown in Figure 1.
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2. Materials and Methods
2.1. SLA Data

The along-track SLA data we used in this work is derived from the near-real-time
(NRT) products distributed by CMEMS (Copernicus Marine and Environment Monitor-
ing Service, https://marine.copernicus.eu/, accessed on 27 April 2022), which includes
data (L3) from six altimeters, i.e., Saral/AltiKa, Cryosat-2, HY-2B, Jason-3, Sentinel-3A,
and Sentinel-3B. These data are denoised by lowpass filtering and corrected by dynamic
atmospheric correction to reflect the initial field of sea surface preferably. To reveal the su-
periority of the B-spline surface fitting model, we select the 9-day along-track data ranging
from 1 March 2022 to 9 March 2022 and an area of 15◦ × 15◦ (25◦S–40◦N and 142–157◦E)
located in the Northwest Pacific Ocean as the study object. In this area, we conduct ideal
experiments with simulated data and practical experiments with measured data, succes-
sively. The geographic location of the study area and distribution of the along-track data
are shown in Figure 2, and the descriptive introduction to the SLA data in the study area is
shown in Table 1.

https://marine.copernicus.eu/
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Table 1. Descriptive introduction to the SLA data.

Sample Coverage Range Timer Series Level Type

SLA North–West
Pacific

25–40◦N
142–157◦E

2022,03,01–
2022,03,09 3 NRT

2.2. Methods
2.2.1. B-Spline Surface

Bezier proposed a method of constructing curves by control polygons in 1962, which
became known as the Bezier curve. However, the curve’s local flexibility is poor, and
the shape of the curve will change greatly because of the change in the position of any
control point.

To solve problems with the Bezier curve, Cox [18] and De Boor [19,20] proposed
replacing the Bernstein basis function with the B-spline basis function to construct a B-spline
curve. Compared with the Bezier curve, the B-spline curve has more local flexibility while
retaining all the advantages of the Bezier curve; it has become one of the mainstream
methods for shape mathematical description [21].

Assuming that there are n + 1 control points P0, P1, . . . , Pn and a knot vector
U = {u0, u1, . . . , um} with m + 1 knots, the B-spline curves determined by these n + 1
control points can be described by Equation (2):

C(u) =
n

∑
i=0

Ni,p(u)Pi, 0 < u < 1 (2)

where p is the degree of B-spline curves, and n, m, and p must satisfy the constraint
m = n + p + 1. Note that we call n the frequency of the B-spline curve for convenience,
which means the frequency of the curve (n) is conceptually equivalent to the number of
control points (n + 1). In numerical terms, frequency (n) is one less than the number of
control points (n + 1).

The knot vector U is a set of non-decreasing numbers, that is, u0 < u1 < . . . < um,
[ui , ui+1) is the ith node span. Note that the left and right endpoints of the node span may
be equal, which means some node spans are zero, or rather, they do not exist. If a node
repeatedly appears k times, the repeatability of this node is denoted as k [21]. In our study,
it is stipulated that u0 = 0, um = 1, which means the definition domain of the B-spline curve
(surface) is the closed interval [0, 1].

If the knot vector is evenly distributed, as shown in Figure 3a, the B-spline curve
generated by control points will not have any contact with the first and last edge of the
control polygon, and this type of B-spline curve is called the open B-spline curve [21].
According to the different distribution of knots in the knot vector, B-spline curves are
mainly divided into two types: one is the quasi-uniform B-spline curve, as shown in
Figure 3b, whose inner knots are evenly distributed and the repeatability of knots (knots at
both ends) are p + 1, the other is the piecewise Bezier curve, as shown in Figure 3c; its inner
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knots’ repeatability is p, the repeatability of knots at both ends is p + 1, and the positive
integer multiples of degree p must be equal to the number of control points (n + 1) minus
one, namely p = n.
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In this study, the quasi-uniform B-spline curve is selected to eliminate the problem of
poor fitting effect at the boundary.

Ni, p is the pth-degree B-spline basis function corresponding to the ith node span, its
Cox-De Boor recursion [18–20] is defined by Equations (3) and (4):

Ni,0(u) =

{
1 if ui < u < ui+1

0 otherwise
(3)

Ni,p(u) =
u− ui

ui+p − ui
Ni,p−1(u) +

ui+p+1 − u
ui+p+1 − ui+1

Ni+1,p−1(u) (4)

where 0
0 = 0. After calculating Ni, 0 and Ni+1 , 0, Ni, 1 can be obtained. All the B-spline

basis functions can be calculated iteratively in this manner.
The smoothness of a B-spline curve depends on its degree p. In most instances, the

smoothness of the curve improves with increasing degree p, but so does its computational
complexity. In careful consideration of the smoothness and computational complexity of
the curve, cubic B-spline curves are selected in this study, namely p =3.

Based on the above cubic quasi-uniform B-spline curves, the bicubic quasi-uniform
B-spline surface (hereinafter, this surface is also referred to as B-spline surface for succinct-
ness) is described as follows:

Assuming that a three-dimensional lattice V contains (m + 1)× (n + 1) control points
(in other words, the frequency of one direction is m and the frequency of the other direction
is n in an orthogonal space), the B-spline surface S determined by the lattice V is a surface
composed of (m− 2)× (n− 2) spatial control lattice V i, j which have 4× 4 control points
spliced under the principle of C2 continuity [22]. Each surface block is represented by cubic
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B-spline curves in two directions which are u (zonal) and v (meridional); the surface S can
be defined as Equation (5):

S =
m−2

∑
ii=0

n−2

∑
jj=0

Sii,jj(u, v) =
3

∑
i=0

3

∑
j=0

Vi,jNi,3(u)Nj,3 (5)

where u and v are in the interval [0, 1], and Ni, 3(u) and Nj, 3(v) are cubic B-spline basis
functions in the u and v directions as shown in Equations (3) and (4). Combining m-2
surface blocks in the u direction with n-2 surface blocks in the v direction, the bicubic
B-spline surface determined by lattice V can be constructed. Similarly, depending on
the different knot vectors in the direction u and v, bicubic B-spline surfaces can also be
mainly divided into a uniform bicubic B-spline surface (Figure 3d), a quasi-uniform bicubic
B-spline surface (Figure 3e), and a piecewise Bezier surface (Figure 3f).

In consideration of the smoothness, computational complexity, and edge-fitting effect
of the surface, the quasi-uniform bicubic B-spline surface is selected in our study.

2.2.2. Cross-Checking

Before fitting the surface, we must determine the number of control points in the lattice
V, or rather, determine the zonal frequency m and the radial frequency n. The frequencies
m and n have an enormous influence on the fitting results, as it is easy to underfit when the
frequency is too low, while over-fitting will result when the frequency is too large. To avoid
these situations, the cross-check method is used to determine the number of control points
in the lattice V.

The process of cross-checking is dividing the data set into two parts: the training set
and the validation set. The cross-check method can be further divided into the following
four categories: Hold-hot [23], leave-one-out [24], leave-p-out [25], and K-fold [26] cross-
checking; the main difference lies in the different ways of dividing data sets into training
sets and validation sets.

As is shown in Figure 4, we select a 10-fold cross-check in careful consideration
of computational efficiency and fitting accuracy. The along-track data set is randomly
divided into ten parts (Note that there is more than one way to divide the data set, and
this study adopts the way of random division), nine of them are used as training sets, and
the last one is used as the validation set. Firstly, we change the number of control points
in the training set (that is, changing frequency m and n). Secondly, we import the data of
the validation set into the model developed by training sets corresponding to different
frequency combinations; then, the model will return the mean absolute error (MAE) of the
validation set. In the end, we transform a data set in the training set into a validation set,
and the cross-check is repeated ten times to calculate the MAE corresponding to the same
frequency combination in the cross-check. The frequency combination corresponding to
the minimum MAE is the optimal frequency combination.
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2.2.3. Surface Fitting

In the case that the number of control points in the lattice is determined, which means
m and n are determined, fitting a quasi-uniform bicubic B-spline surface means finding a
quasi-uniform bicubic B-spline surface that meets the minimum sum of error squares from
all known data points Q(u, v) to the B-spline surface:

min

(
Q(u, v)−

m−2

∑
ii=0

n−2

∑
jj=0

Sii,jj(u, v)

)2

(6)

In our study, the known data points Q(u, v) are the SLA along-track data. The third-
degree basis functions Ni, 3(u) and Nj, 3(v) in Sii,jj can be solved by Equation (4), then
the problem changes into the least square problem. By solving the minimum value of
Equation (6), the value of each control point in the lattice V can be solved (namely, Vi, j in
Equation (5)).

When the number of control points in lattice V (namely, m and n are determined), the
value of each control point (namely, Vi, j) and basis functions (namely, Ni,3(u) and Nj,3(v))
are determined, the optimal B-spline surface corresponding to this certain SLA along-track
data set can be obtained according to Equation (5).

3. Results

Multiple ideal experiments with simulated data are carried out in this section to test
the identification accuracy and explore the fitting error source of one mesoscale eddy fitted
by a B-spline surface. A small area of 4◦ × 4◦ is selected from the study area of 25–40◦N,
142–157◦E, and an anticyclonic eddy is simulated in this small area. Combined with the
results of a high-resolution nested simulation of the Kuroshio extension body area by using
ROMS numerical model by Zhang et al. [27], the anticyclonic eddy is planned to reach a
diameter of roughly 200 km and an amplitude of 65 cm. To explore the influence of noise
and eddy movement on B-spline surface fitting, three groups of contrast experiments are
carried out on the simulated anticyclonic eddy. Different noise levels and different westerly
movement velocities are introduced to observe the change in fitting results.

3.1. Ideal Experiment I: Ideal Stationary Eddy

The definition domain of the B-spline surface in our study is the close interval [0, 1],
so data need to be normalized before starting the experiment. In our study, the min-max
normalization method is selected, which is described as Equation (7):

lat =
lat − latmin

latmax − latmin
, lon =

lon − lonmin

lonmax − lonmin
(7)

where latmax, latmin, lonmax, lonmax represent the maximum latitude, minimum longitude,
maximum longitude, and minimum latitude, respectively.

In experiment I, the moving speed of the simulated eddy is set to zero, and no noise
was introduced to explore the fitting effect of the B-spline surface on an ideal stationary
anticyclonic eddy.

As shown in Figure 5a, a normally distributed eddy with a central strength of 65 cm
and a diameter of nearly 200 km is generated in the area of 34–38◦N, 144–148◦E. The real
satellite orbits in 9 days are shown in Figure 2b, which are used to generate the location
of the along-track data points that are used to fit the simulated anticyclonic eddy; the
along-track data are shown in Figure 5b. We change the zonal frequency m and the radial
frequency n; the results of cross-checking are shown in Figure 6 and Table 2.
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Table 2. MAE corresponding to different frequencies (cm).

Frequency n
Frequency m

5 6 7 8 9 10

7 5.84 5.34 6.40 6.70 7.53 28.01
8 5.86 5.03 5.86 4.95 5.41 22.79
9 5.65 5.04 6.30 5.52 7.04 14.18

10 5.63 5.02 6.30 4.93 5.69 10.32
11 6.12 5.00 6.31 5.12 8.79 13.95

From Figure 6 and Table 2, we can see that when the zonal frequency m is 8 and the
radial frequency n is 10, the mean absolute error of the 10-fold cross-check is minimized,
which is 4.93 cm.

Note that m = 8 and n = 10 are the optimal frequency combination, but the optimal
frequency combination here just is the result obtained by the specific training set and
verification set. A distinct set of optimal frequency combinations can be obtained if the
training set and verification set are divided differently.
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In the case of optimal frequency combination, the mean absolute error is 4.93 cm.
However, if the frequency combination m = n = 8 is used instead of using the optimal
frequency combination, the mean absolute error is 4.95 cm, whose value of the error is
only 0.02 cm higher than the error corresponding to the optimal frequency combination, a
change of only 0.4%. Thus, it can be considered that there is no significant difference in
using the combination of frequency m = n = 8 and frequency m = 8, n = 10. The frequency
combination m = n = 8 is not the optimal frequency, but it is a feasible frequency. In the
following sections, to facilitate the analysis of the fitting effect, the optimal frequency
combination is used to display the fitting result.

Figure 7a shows the B-spline surface fitting result of the eddy by using the along-track
data, which is shown in Figure 5b. Intuitively, there is no obvious difference between
the fitting eddy and the simulated eddy in Figure 7a. In this 4◦ × 4◦ area, there are
1060 along-track data points; we select absolute error as an evaluation index to analyze
error because most of the data-point values are close to zero. The whole-fitting absolute
error distribution is shown in Figure 7b, the absolute error distribution of the along-track
data is shown in Figure 7c, and its cumulative absolute error curve (CMAE) is drawn in
Figure 7d. We have conducted a qualitative analysis and quantitative analysis of error
distribution, respectively.
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whole fitting absolute error distribution. (c) The absolute error distribution of along-track data.
(d) Cumulative absolute error curve.

It can be seen from the Figure 7b that, although the overall distribution of the absolute
error is irregular due to the irregular spatial distribution of the data set shown in Figure 7c,
the absolute error also presents a symmetric distribution of zonal and radial directions to a
certain extent as a result of the existence of symmetry in the eddy itself.
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As is shown in Figure 7c, the maximum absolute error of the fitting result is 0.72 cm,
which appears in the central region of the eddy in Figure 7b. The average absolute error of
the whole field is 0.08 cm, which is nearly three orders of magnitude lower than the central
strength of the simulated eddy. Combined with the distribution in Figure 5b, it can be seen
that there are no along-track data at the edge of the eddy central region, and the absolute
errors in these areas are large. Therefore, from ideal experiment I, we consider that the
absence of data points in some areas will lead to the occurrence of large errors in this area.

Analysis of experiment I leads to the conclusion that, for a stationary eddy, the B-spline
surface fitting effect is good, and the eddy can be fitted accurately from the along-track
data. The determination of the optimal frequency combination depends on the distribution
of the training set and validation set in cross-checking. There is only one optimal frequency
combination, although there may be more than one feasible frequency combination. The
best frequency combination has an average absolute fitting error of 0.08 cm, which is within
acceptable bounds.

3.2. Ideal Experiment II: Stationary Eddy with Noise

To examine how noise affects the result of B-spline surface fitting, ideal experiment II
was carried out, introducing different levels of noise for the simulated stationary eddy and
observing the change of B-spline fitting results with the optimal frequency combination.

Figure 8a shows the state of the simulated eddy without noise; the optimal frequency
combination of the B-spline surface may change with different levels of noise. Figure 8b–f
shows the fitting results of the B-spline surface corresponding to the optimal frequency
combination after 1–5 cm of random noise is introduced into the along-track data, respec-
tively. Qualitatively, Figure 8 shows that the profile of the fitting eddy does not change
significantly compared with the simulated stationary eddy, but its central strength tends to
decrease with the increase in noise.
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To quantitatively observe the changes in the fitting results, the cumulative absolute
error curves of data points under different noise levels are presented in Figure 9; the
corresponding cumulative absolute error change is shown in Table 3.
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Table 3. The value of the cumulative absolute error under differernt noise levels.

Noise (cm)
Total Number

10% 20% 40% 60% 80% 100%

0 0.29 0.23 0.16 0.12 0.10 0.08
1 1.02 0.76 0.53 0.41 0.33 0.27
2 1.46 1.18 0.89 0.71 0.59 0.49
3 1.56 1.32 1.03 0.84 0.69 0.57
5 1.95 1.56 1.21 0.99 0.82 0.67

Under the same level of noise, the mean absolute error with the same percentage of
total volume increases gradually. The mean absolute error increases from 0.08 cm without
noise to 0.67 cm with 5 cm random noise. Although the absolute errors of certain data
points are significantly enhanced when a random error of 1–5 cm is introduced, the average
absolute error of the entire field increases only very little, reaching a maximum value of
0.67 cm.

We can therefore conclude that noise would have a certain impact on the result of
B-spline surface fitting. Information loss relies on the quantity of noise being introduced;
as noise levels rise, more actual information will be lost in the fitting eddy.

3.3. Ideal Experiment III: Ideal Dynamic Eddy

In ideal experiment III, the radial velocity of the eddy was set to 0.2 km/day. The
westerly moving velocity of North Pacific mesoscale eddies ranges from 0 to 12 km/day.
Therefore, the westerly moving velocity of the simulated eddy is set to range from 0 to
12 with a step size of 2 km/day, and the fitting results of the B-spline surface under the
optimal frequency combination corresponding to different westerly moving velocities are
present in Figure 10.
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Figure 10. The fitting results of the B-spline surface under the optimal frequency combination
corresponding to different westerly moving velocities. (a–f) Westerly moving velocities stepped from
0 to 12 km/day in 2 km/day steps, respectively.

The absolute error distribution changes are shown in Figure 11. When the westerly
moving speed is 2 km/day, the fitting eddy is close to the simulated eddy, and the maximum
fitting error is 15 cm, which appears in the position slightly above the center of the eddy.
When the westerly movement velocity gradually increases to 6 km/day, the zonal range
of the fitting eddy becomes larger, the maximum value of the fitting error increases, the
maximum value region moves to the center of the eddy, and the center strength of the
fitting eddy decreases, the errors mainly appear in the center of the eddy and its two sides.
When the westerly movement velocity is further increased to 12 km/day, it is found that
the zonal range of the fitting eddy is further expanded, the error distribution becomes “low
at the center and high at the two sides”, and the center’s error and zonal errors increase
with the increase in the eddy’s movement velocity.

Analyzing the cause, the movement of the eddy will lead to the values of two data
points with similar spatial distances greatly differing at different times. In this experiment,
it is shown that, for two data points that are on different days, but have close space distance,
due to the movement of the eddy, the previous day’s data point is located in the center of
the eddy, while the data point from the next day is at the edge of the eddy, making the data
values differ greatly in eddy strength, namely 65 cm; thus, increasing the eddy fitting error.
This phenomenon occurs mostly in the edge region of the eddy.

However, in the central region of the eddy, namely the area near 36◦N, 146◦E, if the
eddy does not move, the altimeter can only obtain the high-value point of the sea surface
height caused by the convergence of seawater in this area. However, as the eddy moves
to the west, the edge region of the eddy passes through the area of the central region, and
the altimeter can obtain low-value points of the edge region of the eddy in the area. The
influence of these low-value points on the fitting eddy reduces the intensity of its center.

The above two reasons explain why eddy movement will lead to frequent fitting errors
occurring in the eddy’s central region and two sides, and the strength of the fitting eddy’s
center is lower than that of the simulated eddy’s center. This error and the effect on the
strength of the center will increase as the movement of the simulated eddy increases.
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To quantitatively analyze the change of this error, the cumulative absolute error
distribution curve at different westerly movement speeds is drawn, as shown in Figure 12,
and the corresponding cumulative errors are shown in Table 4.
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When the westerly movement velocity of the eddy increases from 0 to 12 km/day,
the mean absolute error rises from 0.08 to 2.49 cm. It can be seen that, when the westerly
movement velocity of the eddy is too high, the B-spline surface fitting will lose a lot of real
information about the eddy, making it impossible to fit the real shape of the eddy.

4. Discussion
4.1. Practical Experiments with Measured Data

From ideal experiments in Section 3, we can conclude that noise and westerly move-
ment velocity have a great influence on the B-spline surface fitting. To explore the effect of
B-spline surface fitting on real eddies, we selected an area (15◦ × 15◦) near the Kuroshio
extension body to conduct experiments based on the real along-track altimeter data.

4.1.1. Determining the Optional Frequency Combination

Firstly, we need to determine the range of days of the data set for B-spline surface
fitting. The fitting error increases with the number of days of data selected and the speed
of the eddy’s westerly movement. If the number of days selected is too small, the B-spline
surface can’t fit the eddy due to the number of given data points being too low to reflect
the state of the eddy; conversely, if the number of days selected is too large, noise and the
eddy’s westerly movement will further cause an increase in the fitting error.

It should be noted that different ranges of days of the dataset correspond to different
optimal frequency combinations. The control variables method and cross-check mentioned
in Section 2.2.2 are used in this experiment to determine the optional frequency combination.
First, we made the days of the data set range from 1 to 20, then changed the zonal frequency
m and radial frequency n to obtain the optimal frequency combination corresponding to
different days of the dataset.

It can be seen from Table 5 that the B-spline surface shows the best fitting effect when
the data from nine consecutive days are used, namely, when 16,108 along-track data points
are selected. However, the MAE corresponding to the data from 7–11 consecutive days is
very close, and the maximum MAE difference is only 0.49 cm, which only changes 6.4%
relative to the MAE from 9 consecutive days. Therefore, all 7–11 days are feasible days for
the dataset, and all the corresponding fitting results are acceptable. For the convenience of
analysis, we select the data from nine consecutive days for further study.

Table 5. Minimum MAE corresponding to different days of data set (cm).

Days

5 6 7 8 9 10 11 12 13

Data Points 8781 10,042 12,797 14,763 16,108 17,746 19,942 21,413 23,119
MAE 13.24 8.77 8.11 8.04 7.62 7.67 7.74 8.05 8.19

Figure 13 and Table 6 correspond to each other; it can be seen that MAE reaches a
minimum when m = 14 and n = 15; in this case, the lattice V contains 240 control points.
However, it is similar to the case of determining the day of the dataset when m ranges from
13 to 15 and n ranges from 14 to 16; the MAE corresponding to every frequency combination
does not differ greatly, with the maximum difference being only 0.5 cm, which is very small
compared with real SLA along-track data. So even when ranging m from 13 to 15, n from 14
to 16, or when making the range even larger, all the corresponding frequency combinations
are feasible.



Remote Sens. 2022, 14, 5713 15 of 23

Remote Sens. 2022, 14, 5713 15 of 24 
 

 

It can be seen from Table 5 that the B-spline surface shows the best fitting effect when 
the data from nine consecutive days are used, namely, when 16108 along-track data points 
are selected. However, the MAE corresponding to the data from 7–11 consecutive days is 
very close, and the maximum MAE difference is only 0.49 cm, which only changes 6.4% 
relative to the MAE from 9 consecutive days. Therefore, all 7–11 days are feasible days for 
the dataset, and all the corresponding fitting results are acceptable. For the convenience 
of analysis, we select the data from nine consecutive days for further study. 

Table 5. Minimum MAE corresponding to different days of data set (cm). 

 
Days 

5 6 7 8 9 10 11 12 13 
Data Points 8781  10,042 12,797 14,763 16,108 17,746 19,942 21,413 23,119 

MAE 13.24  8.77 8.11 8.04 7.62 7.67 7.74  8.05 8.19 

Figure 13 and Table 6 correspond to each other; it can be seen that MAE reaches a 
minimum when m = 14 and n = 15; in this case, the lattice V contains 240 control points. 
However, it is similar to the case of determining the day of the dataset when m ranges 
from 13 to 15 and n ranges from 14 to 16; the MAE corresponding to every frequency 
combination does not differ greatly, with the maximum difference being only 0.5 cm, 
which is very small compared with real SLA along-track data. So even when ranging m 
from 13 to 15, n from 14 to 16, or when making the range even larger, all the corresponding 
frequency combinations are feasible. 

Table 6. The value of the cumulative absolute error under different frequency combinations. 

Frequency n 
Frequency m 

11 12 13 14 15 16 
12 9.60  9.32  9.09  9.00  9.15  9.08  
13 8.91  8.71  8.45  8.25  8.35  8.31  
14 8.64  8.43  8.16  7.96  7.97  7.96  
15 9.06  8.13  7.88  7.62  7.71  7.68  
16 9.41  8.70  7.94  7.78  7.66  7.67  
17 10.49  8.85  8.25  7.77  7.69  7.64  

 
Figure 13. The cumulative absolute error curves under different frequency combinations. 

In order to facilitate the subsequent analysis, we select the optional frequency com-
bination m = 14, n = 15; the B-spline surface fitting result and the absolute fitting error are 
present in Figure 14a,b, respectively. 
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Table 6. The value of the cumulative absolute error under different frequency combinations.

Frequency n
Frequency m

11 12 13 14 15 16

12 9.60 9.32 9.09 9.00 9.15 9.08
13 8.91 8.71 8.45 8.25 8.35 8.31
14 8.64 8.43 8.16 7.96 7.97 7.96
15 9.06 8.13 7.88 7.62 7.71 7.68
16 9.41 8.70 7.94 7.78 7.66 7.67
17 10.49 8.85 8.25 7.77 7.69 7.64

In order to facilitate the subsequent analysis, we select the optional frequency combi-
nation m = 14, n = 15; the B-spline surface fitting result and the absolute fitting error are
present in Figure 14a,b, respectively.
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It can be seen from Figure 14b that the vast majority of the data points where the
fitting error is large appear at the edge of the eddy. Combined with the conclusion of ideal
experiment III, the movement of the eddy may be the cause of this phenomenon. In order
to further determine whether the fitting error is within the acceptable range, we conducted
hypothesis testing on the fitting error.



Remote Sens. 2022, 14, 5713 16 of 23

4.1.2. Hypothesis Testing

Firstly, a normality test is necessary for the fitting errors. The null hypothesis is that
the fitting error conforms to the normal distribution, and the alternative hypothesis is that
the fitting error doesn’t conform to the normal distribution. The result of the normality test
is presented in Table 7.

Table 7. Normality test (cm).

Sample Total Average Skewness Kurtosis S–W
Inspection

K–S
Inspection

ERROR 16,108 −0.075 0.427 4.453 0.942
(0.000 ***)

0.067
(0.000 ***)

Note: *** represents the significance level of 1%.

Because the data from nine consecutive days is a large sample with far more than
5000 data points, K–S inspection has higher reliability. The result of the K–S inspection
shows that p is less than 0.01, meaning the result is significant, and the null hypothesis is
rejected at a 99% confidence level. So the data does not conform to a normal distribution.
However, in practice, the uncertainty of the data is great, and the dataset cannot easily
fit a strict normal distribution; other methods should be adopted to test the normality of
the data.

As shown in Table 7, the absolute value of kurtosis of the sample data in this ex-
periment is less than 10, and the absolute value of skewness is less than 3, which can be
combined with the histogram of normal distribution and P-P diagram for further analysis.
In the normal distribution histogram, if the data distribution is high in the middle and low
on both sides, the more bell-shaped the data is, the stronger the normality of the data will
be. In the P-P diagram, we can observe whether the points on the graph are distributed on
the straight line of the theoretical distribution; if the points are distributed on the straight
line, it indicates that the data approximately follows the normal distribution.

The kurtosis and skewness of the data error are 4.453 and 0.427; and, the normal
distribution and P-P diagram are present in Figures 15 and 16:
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The normal distribution histogram shows a largely bell-shaped trend where the middle
is high, and the two sides are low, and the P-P diagram shows a good fit between the
accumulated probability (P) and the normal accumulated probability (P), approximately
forming a straight line. Therefore, we can conclude that, although the error data is not
absolutely normal, it can be accepted as a normal distribution.

On the premise of accepting the error data as a normal distribution, the single-sample
t-test is performed on the data, and the test value is set to 0. The null hypothesis is that
there is no difference between the fitting error and the test value. The result is shown in
Table 8:

Table 8. The single-sample t-test.

Test Value Total Standard Deviation T P

0 16,108 0.427 −1.398 0.162

It can be seen from the result of the single-sample t-test that the P is 0.162, so the
null hypothesis can’t be rejected, meaning there is no significant difference between the
fitting error and test value 0. Therefore, the fitting error of B-spline surface fitting can be
regarded as 0, and there is no significant difference between the fitting result and the given
along-track data.

4.1.3. Mesoscale Eddy Indexes

After obtaining the sea surface height anomaly fitting pattern, as shown in Figure 14a,
we set a series of indexes to identify the contour of the eddy and make the display of the
eddy more intuitive. We refer to Chelton’s method [2] of using pixel sets to identify the
mesoscale eddy proposed in 2011, which can identify the contour of the mesoscale eddy,
but not the location of the eddy core.

Combined with the method proposed by Chelton and the statistical characteristics of
the global nonlinear mesoscale eddy [4], we defined the mesoscale eddy in the study area
as follows:

• For an (anticyclone) cyclone eddy, the SLA data points inside the eddy are all (high)
below a certain value.

• For an (anticyclone) cyclone eddy, there is at least one minimum (maximum) SLA value.
• The amplitude of the eddy is not less than 7.5 cm.
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• The eddy boundary is a closed contour.
• The diameter of the eddy ranges from 50 to 400 km.

As can be seen from the above definition, the key to identifying mesoscale eddies lies
in the setting of the first index: specific SLA value. We limit the range of SLA within −200
to 200 cm, and the closed SLA contour lines of cyclone eddies and anticyclone eddies are
respectively searched with steps of 1 cm until the eddy formed by the contour satisfies the
above five indexes.

4.2. Eddy Contours

The method and eddy indexes defined above are adopted to obtain the identification
results, which are shown in Figure 17. Figure 17a contains eddy contours and the back-
ground field, while Figure 17b only contains the eddy contours. Comparing the two figures,
it can be seen that the bicubic quasi-uniform B-spline fitting method can well reflect the
initial field information of the sea surface. Using the data from nine consecutive days for
this experiment, the identification effect is good in that it identifies 15 anticyclone eddies
and 12 cyclone eddies successfully, corresponding to frequency 14 (m = 14) in the zonal
direction and frequency 15 (n = 15) in the meridional direction, respectively.
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However, there are still some aspects that need to be improved. For example, the
mesoscale eddy contour depends on the indexes we choose, and the effect of contour
recognition varies with different indexes. In our study, the mesoscale eddy indexes we set
cannot distinguish between multi-core eddy structures; if two eddies’ spatial positions are
too close and they share comparable characteristics, the B-spline model will identify them
into the same eddy, causing a “gourd shape” structure.

4.3. Compare and Analyze the Results of Gridded Data and Along-Track Data

For the above experiments, we also briefly analyzed the fitting effect of the B-spline
surface on gridded reanalysis data. SLA gridded reanalysis data with a resolution of
0.25◦ × 0.25◦ in the area of 25◦S–40◦N and 142–157◦E from 9 March 2022, is presented in
Figure 18a. The B-spline surface fitting result is shown in Figure 18b, and the corresponding
cumulative absolute error curve is shown in Figure 18c.
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Combining Figure 18a–c, it can be seen that the mean absolute error of all data points
in the area is 4.72 cm. The resolution of the fitting result in Figure 18b is 0.01◦ × 0.01◦;
compared with the resolution of data in Figure 18a, which is 0.25◦ × 0.25◦, its degree of
visualization is better, the spatial distribution of data is denser, and there is no significant
difference between the result of B-spline fitting and initial gridded data. So, we conclude
that the B-spline surface can densify the spatial distribution of gridded reanalysis data and
still show a good fitting effect.

The advantages and shortcomings of the data source itself must be considered. As we
mentioned in the introduction, we can discuss this problem in the following aspects:

The result of B-spline surface fitting based on the gridded reanalysis data and along-
track data are shown in Figure 19, where Figure 19a,c are initial gridded reanalysis data
and initial along-track data of the same days in the same area, respectively, Figure 19b,d
are the fitting results of corresponding B-spline surface. It can be seen from Figure 19 that
there are significant differences between the spatial distribution of gridded data and that
of along-track data, while the corresponding B-spline fitting results show little difference.
At the same spatial position in Figure 19b,d, one data point is taken every 0.01◦, and the
average fitting error of all data points is 4.41 cm. That is, the fitting results of the B-spline
surface based on gridded reanalysis data and along-track data showed only a 4.41 cm
difference in the whole field.

A single cyclone eddy is extracted separately to conduct a more detailed comparative
analysis. The position of this eddy is shown in the black box in Figure 19a–d, and the spatial
distribution and fitting result corresponding to the black box are present in Figure 19e–g.

Figure 19e–h are reflecting the same cyclone eddy from the same day, but Figure 19e is
the gridded reanalysis data source, Figure 19f is the corresponding fitting result; Figure 19g
is the along-track data source, Figure 19h is the corresponding fitting result. Comparing
the four Figures, it can be seen that the value range of the gridded reanalysis data is smaller
than the along-track data. This is due to the gridded reanalysis data having been smoothed,
and some extreme points have been weakened. So, the strength of the data source and
corresponding fitting result from the gridded reanalysis data are weaker than those from
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the along-track data. In this aspect, along-track data is a more accurate data source and can
reflect the actual state of the eddy better.
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Figure 19. (a) Initial gridded reanalysis data. (b) The corresponding result of B-spline surface fitting
based on gridded reanalysis data. (c) Initial along-track data. (d) The corresponding result of B-spline
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eddy corresponding to the black box in (a–d): (e) Gridded data. (f) The fitting result based on gridded
reanalysis data. (g) Along-track data. (h) The fitting result based on along-track data.
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From the point of view of the spatial distribution of data, along-track data can be
seen as a representation of a series of irregular distribution data, such as ship scatter data.
Gridded reanalysis data also can be regarded as a special case of irregular distribution data,
so a data processing method appropriate for handling along-track data also can be applied
to gridded reanalysis data. In this aspect, the universality of the along-track data is better
than that of gridded reanalysis data.

In actual ocean observations, most of the data available initially to us show an irregular
spatial distribution rather than a regular gridded distribution. Time and more procedures
are needed to turn the irregular spatial distribution data into gridded reanalysis data; this
may lead to data hysteresis and introduce re-sampling error into results, as we discussed
above. In this aspect, the along-track data has a better ability of instantaneity.

On the one hand, in terms of fitting results, for gridded reanalysis data, B-spline
surface fitting can densify the spatial distribution of the data under the premise that data
is not distorted; while, for along-track data, which can be seen as a representation of the
irregular distribution of scatter data, B-spline surface fitting provides a new technological
means in data analysis and mesoscale eddy detection.

On the other hand, in terms of the accuracy, universality, and instantaneity of the data
source, the along-track data itself is a better data source than the gridded reanalysis data;
results obtained from the along-track data are more representative of the practical state of
the sea surface.

Therefore, it can be concluded that B-spline surface fitting has a good fitting effect on
both gridded reanalysis data and along-track data.

5. Conclusions

Gridded reanalysis data, which has been widely used in ocean science for a long time,
is a processed product of along-track data. However, there are few references relating
to the direct use of along-track data. It is unavoidable that much initial information
is lost during data reprocessing, and in actual ocean observations, the majority of the
data initially accessible to us reveal an irregular spatial distribution rather than a normal
gridded distribution. Thus along-track data is the better data source in terms of accuracy,
universality, and instantaneity.

Aiming to exploit the advantages of along-track data sources, we encourage audiences
to examine along-track data instead of gridded reanalysis data. Taking mesoscale eddy
identification as an example, the B-spline surface fitting model is proposed. This innovative
model can identify eddies solely based on along-track data and provides a new technical
means in data analysis, ocean science, and climate change science.

To explore the influence of noise and an eddy’s westerly movement on the fitting effect,
three different types of oceanic mesoscale eddies, static, static with noise, and moving
without noise, are simulated; and the corresponding three ideal experiments are carried
out. It is discovered that when noise and movement increase, more genuine information is
lost in the process of fitting the eddy, and there is only one optimal frequency combination,
although there may be more than one group of feasible frequency combinations that exist.

To examine the effect of B-spline surface fitting based on along-track data, an area of
15◦ × 15◦ near the Kuroshio extension body is selected to conduct practical experiments
with measured data and analyze fitting error further. Hypothesis testing is adopted to
analyze the error, and the result shows that there are no significant differences between the
fitting data and initial along-track data. In order to present the contour of mesoscale eddies
more intuitively, five mesoscale eddy indexes are set according to Chelton’s method and the
statistical characteristics of global oceanic nonlinear mesoscale eddies. Fifteen anticyclone
eddies and twelve cyclone eddies are detected successfully using this approach.

Finally, we analyze the advantages of along-track data compared to gridded reanalysis
data, discuss briefly the fitting effect of B-spline surface on gridded reanalysis data, and
compare it with along-track data. The result shows that B-spline surface fitting has a good
fitting effect on both gridded reanalysis data and along-track data.
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Mesoscale eddies are identified successfully in this paper using only SLA along-track
data to identify eddies using the B-spline surface fitting model. Considering that there
is more than one identification index of oceanic mesoscale eddies, such as temperature,
nutrients, and other marine elements, which can reflect eddy characteristics, it is necessary
to carry out more B-spline fitting experiments on other marine elements. Additionally,
ship scatter data can also be integrated into the B-spline surface fitting model, which is
anticipated to significantly increase the model’s recognition accuracy and efficiency.
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