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Abstract: The resolution accuracy of the inertial navigation system/global navigation satellite system
(INS/GNSS) integrated system would be degraded in challenging areas. This paper proposed a novel
algorithm, which combines the second-order mutual difference method with the maximum corren-
tropy criteria extended Kalman filter to address the following problems (1) the GNSS measurement
noise estimation cannot be isolated from the state estimation and suffers from the auto-correlated
statistic sequences, and (2) the performance of EKF would be degraded under the non-Gaussian
condition. In detail, the proposed algorithm determines the possible distribution of the measurement
noise by a kernel density function detection, then depending on the detection result, either the
difference sequences–based method or an autoregressive correction algorithm’s result is utilized
for calculating the noise covariance. Then, the obtained measurement noise covariance is used in
MCEKF instead of EKF to enhance filter adaptiveness. Meanwhile, to enhance the numerical stability
of the MCEKF, we adopted the Cholesky decomposition to calculate the matrix inverse in the kernel
function. The road experiment verified that our proposed method could achieve more accurate
navigation resolutions than the compared ones.

Keywords: maximum correntropy; extended kalman filter; noise variance estimation; second order
mutual difference; INS/GNSS integrated system

1. Introduction

To achieve satisfactory navigation accuracy in real-world applications, multiple sub-
systems are often used instead of a single system. The inertial navigation system (INS) is
usually an essential component in the navigation system due to its self-contained nature.
The global navigation satellite system (GNSS) can be installed easily, and its result error
does not accumulate over time. Thus, an effective combination of the two systems will
produce more satisfactory outcomes [1]. Specifically, the advantages of the INS include high
data output frequency, strong anti-interference, and low short-time noise [2]. However, the
main drawback of the INS is the output accuracy could not maintain a high level over time.
The GNSS could maintain long-term stability under an ideal environment, but the data
bandwidth is much lower than that of the INS. Moreover, the navigation solution would
be degraded if the GNSS is in a complex environment, such as in an urban street, tunnel,
dense building area, and so on [3]. Therefore, the aim of INS/GNSS is to conquer their
individual shortcomings, i.e., to suppress the prolonged drift of the INS and to filter the
solution of GNSS to a more stable and accurate one [4,5]. Xia et al. proposed a method for
the IMU and automotive onboard sensors to estimate the yaw misalignment autonomously.
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Based on this method, the estimation accuracy can be improved hugely when the INS
is integrated with other systems [6]. Gao et al. proposed an improved low-cost vehicle
localization method based on onboard sensors, including IMU, wheel speed sensors, and
steering wheel angle sensor. This method could keep a sub-meter-level during about 20 s
GNSS outages and can be seen as an excellent approach [7].

To obtain the navigation solution, the Kalman filter (KF) and the related extensions
are frequently employed in the integrated navigation system [8–11]. For linear problems
with the assumption that the noise both in the process and in measurement follow the
Normal distribution, by utilizing the minimum mean square error (MMSE) criterion, KF
could obtain an optimal estimation [12]. For nonlinear problems, several effective modified
filters have been most commonly employed since the 1970s [13].

The extended Kalman filter (EKF) adopts a straightforward linearization method,
which locally linearizes the nonlinear system state transition equation or observation
equation through the first-order Taylor expansion (TE) [14]. Different from the EKF, to
get a higher-order approximation, the unscented transformation (UT) is employed by the
unscented Kalman filter (UKF) [15]. For high-dimensional problems, the performance of
the UKF would degrade. Thus, a method based on the cubature integration rules with
Gaussian weighted factors is introduced by the cubature Kalman filter (CKF) [16]. PF and
the Gaussian sums filter (GSF) could give a better estimation than others but at the cost
of a higher computational burden [12]. In INS/GNSS integrated system, EKF is usually
adopted as the fusion algorithm to balance the estimation accuracy and the computation
load [13].

However, if the measurement noise or the process noise contains non-Gaussian compo-
nents, the performance of the above filters would be severely degraded [17]. For example,
the Middleton Class-A model, Middleton Class-B model, alpha-stable distribution model,
and the mixture Gaussian model are frequently discussed non-Gaussian noises [18]. The
Middleton Class-A noise describes the type of electromagnetic interference (EMI) often
encountered in telecommunication applications, and the Middleton Class-B one usually
denotes the man-made or nonmessage-bearing noise [19]. Ndo et al. proposed a method
to deal with the problem that the transmission over channels is impaired by impulsive
noise [20]. Based on the same parameters used in the Middleton Class-A model, they
added a correlation parameter that enables reproducing the bursty nature of impulses,
and the built optimum detector could obtain significant performance gains compared to
the Middleton Class-A model. The alpha-stable model and the Gaussian mixture model
can be seen as the parametric method. Peng et al. proposed a mixture of Alpha-stable
(MAS) distributions for modeling the statistical property of Synthetic Aperture Radar (SAR)
images, and the effectiveness is verified by the experiments on TerraSAR-X images for
modeling and classification of SAR images [21]. Zhang et al. proposed an individual tree
segmentation (ITS) optimization method based on the Gaussian mixture model for airborne
LiDAR data. The experiment was conducted with two datasets of airborne LiDAR data,
and the results showed that the proposed method well improved the under-segmentation
in the ITS of high-density, multistoried mixed forests, and achieved a better segmentation
accuracy [22].

In practical INS/GNSS applications, impulsive-type noise in the GNSS signal is
relatively typical, which makes the measurement noise tend to be heavy-tailed [23]. For
example, in the following environments, the GNSS outputs are particularly susceptible to
interference: foliage-covered districts, urban overpasses, and tunnels [24]. To get a better
navigation solution accuracy, the noise covariance of the measurement noise should be
estimated timely. Therefore, many studies have proposed solutions aiming to suppress
the heavy-tailed noise in GNSS signals. Therefore, based on the fact that the MMSE is no
longer suitable for this type of noise, the corresponding robust adaptive filtering methods
have been proposed to address the issue by introducing different metrics, such as the
Huber-based algorithms [25]. However, these filters can achieve desirable results only
under certain conditions [17]. The maximum correntropy Kalman filter (MCKF) can be
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employed to address non-Gaussian noise problems, which was inspired by the information
learning theorem (ILT) [26,27]. Additionally, to employ the above-mentioned non-Gaussian
models, many parameters should be determined either by training offline or based on
the knowledge of the statistics of the noise. Fortunately, the MCC based on the kernel
technique conquers this parametric problem well.

The MCKF is a combination of MCC and KF. Due to the ability of MCC to capture
higher-order statistics of the noise, it can achieve a higher estimation accuracy than other
filters if non-Gaussian noise exists. For different applications, to get a more accurate
estimation, scholars proposed modified versions of MCKF. Qu et al. proposed a generalized
maximum asymmetric correntropy criterion. Different from the classical Gaussian kernel
function, they adopted a generalized asymmetric Gaussian density function. The proposed
method could achieve more accurate prediction than the classical MCC in a delay prediction
simulation of a satellite network [28]. Liao et al. proposed a dynamic self-tuning MCKF
(DSTMCKF), which was used to improve positioning accuracy in wireless sensor networks
(WSN). This algorithm employed the observation as a priori information together with
the innovation to calculate the noise covariance effectively; then, the new noise covariance
estimation could be taken into a standard MCKF procedure [29]. Wang et al. introduced
the MCC to the extended Kalman filter (MCEKF) under the condition that measurement
outliers exist for nonlinear systems. They combined the MCC and the weighted least
squares (WLS) algorithm in EKF. The MCEKF performed better than the standard EKF and
UKF in an object trajectory estimation simulation [30].

Usually, in an INS/GNSS integrated system, the process noise covariance matrix Q can
be seen as the uncertainties in the dynamic model, while the measurement noise covariance
matrix R can be regarded as an indicator of the accuracy of the observations. Q and R are
set to predetermined values in many realistic applications [31]. However, in practice, they
could not be constant, if a more accurate state estimation is desired, one needs to estimate
Q and R as accurately and timely as possible [21]. Although the kernel function technique-
based MCEKF already takes process noise and measurement noise into consideration, it
can get better estimation accuracy when R could be accurately obtained. Many adaptive
algorithms have been put forward to estimate R. Ref. [32] proposed the Sage-Husa statistics
estimator for obtaining a more accurate state estimation. Similar methods also include
the strong tracking Kalman filter [33,34] and the H∞ filter [35], to name a few. To sum up,
these algorithms employ the sequences that contains the state vector to evaluate R.

However, the sequences of innovation and residual are not independent, and the state
estimation error will influence the estimation of R. In order to address this problem, a
few researchers proposed algorithms that only employ the sensors’ data to estimate the
covariance matrix in a system with redundant measurements. Ref. [36] proposed a random
weighting method (RWM) to fuse the data in a multisensor system. This method could
achieve variances of an individual sensor; therefore, a good estimation accuracy could
be obtained through optimal weighting distribution. However, the RWM only uses the
second-order moments of the raw sensors’ data; the first-order information is not fully
used. Based on the RWM idea, a randomly weighted CKF algorithm is developed [37],
and an adaptive unscented Kalman filter is proposed, which is based on the maximum
posterior and random weighting method [38]. However, these algorithms adjust the
weights basically on the state-contained sequences simultaneously, except for the RWM.
Thus, the drawback that the error in state estimation would influence the evaluation of
the measurement noise covariance inevitably exists in these algorithms [39]. Velázquez
proposed a variance estimation algorithm that could be implemented online. By using a
Minimum Norm Quadratic Unbiased Estimation [40], Velázquez argued that the proposed
algorithm could estimate the individual variances at each time instant. However, the
prerequisite for applying this algorithm is that the number of observers must be more than
twice the amount of signals to be measured [39].

To address the problems for INS/GNSS in unfriendly areas: (1) the method for esti-
mating R usually involves the estimation of the state; hence the estimation result would be
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contaminated if the state estimation is not accurate; and (2) the performance of the MCEKF
would be degraded if non-Gaussian noise exists, we proposed a Redundant measurement-
based Maximum Correntropy Extended Kalman Filter (RMCEKF). The key contributions
are listed as follows:

• To make full use of the first- and second-order measurement statistics, the proposed
method adopts the enhanced SOMD algorithm to estimate R in real time. The RM-
CEKF is the first algorithm that combines the estimation of R with observations only.
Moreover, to get better numerical stability for the MCEKF, the matrix inverse operation
is calculated by the Cholesky decomposition.

• To verify the effectiveness and performance of the RMCEKF, real road experiment data
were used. The result showed that RMCEKF could achieve better estimation accuracy
than the compared ones.

The ensuing sections of this paper are arranged in the subsequent manner. The
INS/GNSS tightly coupled integration and the standard EKF solution procedure are re-
viewed in Section 2. In Section 3, the MCEKF and the SOMD are described. Meanwhile,
the drawback of the MCEKF is analyzed. Then, in Section 4, the novel RMCEKF will be
given. A real road test and the precision comparisons of different algorithms are given in
Section 5. The conclusions are given in Section 6.

2. INS/GNSS Tightly Coupled Integration and EKF

There are generally three groups for INS/GNSS integration systems [41]. The differ-
ence is the way how the GNSS signals are employed in the integration procedure. In the
loosely coupled architecture, the GNSS data are used as the measurements of KF. Although
redundancy and simplicity could be achieved, the disadvantage is that the requirement
of visibility of at least four satellites makes the loosely coupled method only suitable to
some ideal environments. Xu et al. constructed a loosely coupled system by employing
the BeiDou global navigation satellite system (BDS-3). Through two experiments with
different INS in a complex urban environment for 15 min, they verified their method
could improve the positioning accuracy by over 60% in every direction [42]. Zhai et al.
proposed a vision-aided loosely coupled navigation system based on semantic information.
They verified the algorithm using the KITTI dataset and argued that the loosely coupled
navigation system could achieve satisfying estimation accuracy in GNSS-challenged envi-
ronments [43]. Chiang et al. proposed a method based on the Non-Holonomic Constraint
(NHC) to improve the INS/GPS vehicle navigation solution accuracy. They applied the
algorithm with both loosely coupled and tightly coupled schemes to test the performance.
One field test result showed that in poisoning, compared to the loosely coupled strategy,
the tightly coupled and the proposed method with abnormal GPS measurement rejection
could achieve an improvement of 33% and 61%, respectively [44].

In a tightly coupled integration system, the pseudo-range and pseudo-range rate
of GNSS is used as elements in KF’s state vector. This algorithm is widely adopted for
its anti-multipath ability. For the ultra-tightly coupled mechanism, the INS is utilized to
aim the GNSS receiver for the loop track. Thus, INS can be seen as a part of the GNSS
receiver. This architecture can enhance the anti-jamming ability. However, this architecture
is complex because it requires intensive computation resources and hardware redesign [45].
Thus, in this study, we adopt the tightly coupled mechanism as the navigation solution
method. As the loosely coupled scheme is widely used in real applications, such as in a low-
cost scenario, our proposed algorithm could be deployed by modifying the measurement
function similar to [44].

2.1. Dynamic Model

We adopt the kinetic equation mechanism for the navigation system discussed in [46].
The expression for the propagation of attitude error in the navigation frame is as follows:

.
ϕ

n
= −(ωn

ie + ωn
en)×ϕn + (δωn

ie + δωn
en)− Cn

b εb (1)
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where the superscript n and b denote the navigation frame and the body frame, respectively,
the subscript e represents the earth-centered, earth-fixed frame, ϕn is the attitude error,
ωn

ie denotes the earth rate, ωn
en is the rate of n-frame with respect to e-frame, Cn

b represents
the direction cosine matrix transmitted from the b-frame to the n-frame, and εb is the
gyroscope drift.

The position error can be given as:

δ
.
L

δ
.
λ

δ
.
h

 =



δVn
y

RM + h
−

Vn
y

(RM + h)2 δh

δVn
x

(RN + h) cos L
− Vn

x

(RN + h)2 cos L
δh +

Vn
x · tan L

(RN + h) cos L
δL

Vn
z


(2)

where [δL δλ δh] stands for the position error vector, which includes the error in latitude,
longitude, and height are listed. Vn

x denotes the velocity in the east direction, Vn
y in the

north direction, and Vn
z in the up direction. The meridian and transverse radius of curvature

are denoted by RM and RN , respectively.
The velocity error transition function is derived as:

δ
.
V

n
= −fn × f n + δVn × (2ωn

ie +ωn
en) + Vn × (2δωn

ie + δωn
en) + δgn + Cn

b∇
b (3)

in which the velocity error is denoted by δVn, f n denotes the specific force error, δgn is the
gravitational error, and ∇b represents the accelerometer error.

The gyroscope error model is expressed by:
Gε = Gεb + Gεr.
Gε = 0
.

Gεr = −
1

Ctg
Gεr + ωg

(4)

in which Gεb is the gyroscope bias, Gεr stands for the first-order Gauss-Markov (GM)
process, Ctg denotes coefficient of the correlation time, and ωg represents the noise.

It can be assumed to be the first-order Markov process for the model of the accelerom-
eter too. Additionally, we assume that the three axes follow the same model [46]:

.
∇

b
= − 1

Ta
∇b + ωa (5)

where Ta represents correlation time coefficient and ωa is assumed as the Gaussian white noise.
The stochastic model of δtu and δttu in this paper are also considered as the first-order

Markov process:
δ

.
tu = δtru + ωu

δ
.
tru = −βδtru + ωru

(6)

where δtu denotes the GNSS receiver’s clock offset, δtru is the drift of δtu, ωu and ωtu
represent the Gaussian white noise item, and −β stands for the correlation time factor.

2.2. Measurement Model

The observation function considered in the system can be given by the difference
between the pseudo-range and pseudo-range rate calculated by INS and the pseudo-range
and pseudo-range rate output by the GNSS receiver. First, the pseudo-range of INS-driven
and GNSS together with the difference between them are given as [3]:
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
ρ

j
I =

√
(xI − xj

sa)
2
+ (yI − yj

sa)
2
+ (zI − zj

sa)
2

(j = 1, 2, 3, 4)

ρ
j
G =

√(
x− xj

sa

)2
+
(

y− yj
sa

)2
+
(

z− zj
sa

)2
− δtu − vj

ρ (j = 1, 2, 3, 4)

δρj = ρ
j
I − ρ

j
G = ej1δx + ej2δy + ej3δz + δtu + vj

ρ

(7)

in which [xI , yI , zI ] represents the coordinate of INS in the e-frame. For the GNSS receiver,
[x, y, z] is true position in the e-frame, [xj

sa, yj
sa, zj

sa] denotes the position of the jth satellite,
vj

ρ is the measurement noise of the jth satellite.
Subsequently, the difference in pseudo-range rate between the two systems is ex-

pressed as follows:

rj =

√(
x− xj

sa

)2
+
(

y− yj
sa

)2
+
(

z− zj
sa

)2

.
ρ

j
I = ej1(

.
xI −

.
xj

sa) + ej2(
.
yI −

.
yj

sa) + ej3(
.
zI −

.
zj

sa) + ej1δ
.
x + ej2δ

.
y + ej3δ

.
z

.
ρ

j
G = ej1(

.
x− .

xj
sa) + ej2(

.
y− .

yj
sa) + ej3(

.
z− .

zj
sa) + δtru + vj

.
ρ

δ
.
ρj =

.
ρ

j
I −

.
ρ

j
G = ej1δ

.
x + ej2δ

.
y + ej3δ

.
z− δtru − vj

.
ρ

(8)

where vj
.
ρ

is the measurement noise, and ej can be given by:

∂ρj

∂x
=

x− xj
s

rj
= ej1

∂ρj

∂y
=

y− yj
s

rj
= ej2

∂ρj

∂z
=

z− zj
s

rj
= ej3

(9)

In summary, we can draw the measurement function as follows:{
δρj = ρ

j
I − ρ

j
G

δ
.
ρj =

.
ρ

j
I −

.
ρ

j
G

(10)

2.3. Navigation Filtering with the Standard EKF

An EKF algorithm is applied for the integrated system to obtain the navigation solution.
The model can be expressed as:{

xk = Ak,k−1xk−1 + MkvP
k

zk = Bkxk + vR
k

(11)

in which x =
[
ϕn, δVn, δL, δλ, δh, εb,∇b, δtu, δtru

]T
∈ R17, Ak,k−1 is the state transition

matrix, and vP
k denotes the process noise. Both Ak,k−1 and vP

k can be calculated by

stacking (1)–(6). Mk represents the noise-driving matrix. z =
[
δρj, δ

.
ρj

]
, Bk denotes the

measurement matrix, also can be linearized by the first-order TE, i.e., Bk = ∂b/∂
^
xk/k−1, b is

the nonlinear measuring function obtained from (7)–(10), vR
k is the measurement noise. The

detail form of Ak,k−1 and Bk can be found in [45]. The statistics of vP
k and vR

k are assumed:{
E[vP

t vP
τ ] = Qkδt,τ

E[vR
t vR

τ ] = Rkδt,τ
(12)
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in which δt,τ stands for the Kronecker delta function.
Typically, a two-step process is used in an EKF:
Step Prediction: 

^
xk/k−1 = Ak,k−1

^
xk−1

Pk/k−1 = Ak,k−1Pk−1AT
k,k−1 + MkQk−1MT

k

(13)

in which
^
xk−1 is the estimated state and Pk−1 denotes the estimation error covariance at the

time instant k− 1.
^
xk/k−1 and Pk/k−1 represent the prediction of

^
xk−1 and Pk−1, respectively.

Qk−1 stands for the process noise covariance.
Step Measurement correction (updating):

Kk = Pk/k−1BT
k
(
BkPk/k−1BT

k + Rk
)−1

^
xk =

^
xk/k−1 + Kk(zk − Bk

^
xk/k−1)

Pk = (I−KkBk)Pk/k−1

(14)

in which the Kalman gain is denoted by Kk, I represents the identity matrix. As can be
seen in (14) that if Rk is not accurate, the estimation would not be reliable. To level up the
precision of the navigation solution, Rk should be estimated timely.

3. Maximum Correntropy Extended Kalman Filter and Second Order Mutual
Difference Method
3.1. Maximum Correntropy EKF

To further enhance the capabilities of the conventional ILT, the correntropy was orig-
inally proposed to use both the statistical and time domain information from the ob-
server(s) [47]. Based on ILT, MCKF was proposed aiming to address the non-Gaussian
problems and achieved promising results [48]. MCKF employs the MCC, which is more
robust compared to the MMSE. Later, MCEKF was proposed in state estimation for the
nonlinear system under outliers; the authors confirmed that the result obtained by MCEKF
had much better than the traditional EKF [30].

Considering two stochastic variables A, B ∈ R, to obtain the correntropy is to calculate
the following equation:

V(A, B) = E[κernel(A, B)] =
∫

κernel(α, β)dFAB(α, β) (15)

in which E[·] represents the mathematic expectation, κernel(·, ·) is the kernel function satisfy-
ing the Mercer theory, and FAB(α, β) is the joint probability distribution of the two variables.

As it is effective and versatile, the Gaussian kernel is usually the widely adopted one,
the kernel function is expressed as:

κernel(α, β) = Gσ(α− β) = exp

(
− (α− β)2

2σ2

)
(16)

in which Gσ(·) represents the Gaussian kernel function, σ stands for the kernel size. The
details of the selection procedure of our study are given in the experiment section.

In real applications, only limited numbers of data could be used. Moreover, it is
not easy to calculate the joint probability density function of random variables. So, the
correntropy is usually calculated by the arithmetic operation:

V̂(X, Z) =
1
L

L

∑
i=1

κernel(ei) (17)

in which ei = xi − zi, i = 1 . . . , L, L represents the length of the sampling window.
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MCEKF can be seen as a combination of MCC and EKF. When the MCEKF is applied
to the INS/GNSS integrated system, the core steps can be listed as follows.

Different from [30], we first calculate the Pk/k−1 and Rk by the Cholesky decomposition
as follows: {

Pk/k−1 = ΘpΘT
p

Rk = ΘrΘT
r

(18)

Then, ex and ez are used in the Gaussian kernel function and calculated as:

ex = Θ−1
p (

^
xk −Ak,k−1

^
xk−1/k−1)

ez = Θ−1
r (zk − Bk

^
xk/k)

(19)

Recalling (16) and (17), the Gaussian kernel correntropy and the cost function are
written as [20]:

JMCC = Gσ(‖ex‖) + Gσ(‖ez‖) (20)

By solving the following equation,
^
xk/k can be obtained:

∂JMCC

∂
^
xk|k

=
1
σ2

[
Gσ(‖ex‖)P−1

k/k−1(
^
xk −Ak,k−1

^
xk−1/k−1)− Gσ(‖ez‖)BT

k R−1
k (zk − Bk

^
xk/k)

]
= 0 (21)

Note that
^
xk/k−1 = Ak,k−1

^
xk−1/k−1, if the sampling frequency is high enough, then

^
xk/k =

^
xk/k−1 [30], Equation (21) should be rearranged as:

P−1
k/k−1

^
xk|k − P−1

k/k−1
^
xk−1/k−1 = LkBT

k R−1
k (zk − Bk

^
xk/k) (22)

where:

Lk =
Gσ(‖ez‖)
Gσ(‖ex‖)

(23)

in which
^
xk|k ≈

^
xk−1/k−1 for Lk [30]. So, in MCEKF, Kk in (14) can be replaced as follows:

~
Kk =

(
P−1

k/k−1 + LkBkPk/k−1BT
k

)−1
LkBT

k R−1
k (24)

Then,
^
xk|k and Pk/k can be calculated as:

^
xk|k =

^
xk|k−1 +

~
Kk(zk − Bk

^
xk/k)

Pk/k =
(

I−
~
KkBk

)
Pk/k−1

(
I−

~
KkBk

)T
+

~
KkRk

~
K

T

k

(25)

It can be found in (25) that
^
xk|k are shown at both sides, in MCC based Kalman filters,

a fixed-point iteration way can be employed for solving the equation [26]. The fixed-point
iterative algorithm in our prosed RMCEKF is calculated by:

^
x

l+1

k|k =
^
x

l

k|k−1 +
~
K

l

k(zk − Bk
^
xk/k−1) (26)

where
^
x

l

k|k−1 is the result at iteration l,
~
K

l

k and its factor Ll
k are calculated as:

~
K

l

k =
(

P−1
k/k−1 + Ll

kBkPk/k−1BT
k

)−1
Ll

kBT
k R−1

k (27)

Ll
k =

Gσ(‖ez‖)
Gσ

(∥∥el
x
∥∥) , el

x = Θ−1
p (

^
x

l

k|k −Ak,k−1
^
xk−1) (28)
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To terminate the iteration, a termination condition is defined as:∥∥∥∥^
x

l+1

k|k −
^
x

l

k|k

∥∥∥∥∥∥∥∥^
x

l

k|k

∥∥∥∥ ≤ ε (29)

where ε ∈ R+ is a constant small value. When the termination condition is reached, then
^
xk|k =

^
x

l+1

k|k , Kk =
~
K

l

k, and calculate Equation Pk/k by (25). Otherwise, set l = l + 1, continue
the next iteration. Other details of MCEKF can be found in [30].

As an important issue, the global convergence analysis of the fixed-point iteration can
be found in Ref. [26], so it is omitted here. Similar derivation also can be found in Ref. [17],
in which a student’s t kernel is adopted. The key idea is that if the kernel bandwidth
is greater than a threshold value, then by Banach fixed-point Theorem, the fixed-point
iteration algorithm will surely converge to a unique fixed point. Additionally, Ref. [49]
verified that given an appropriate kernel width, the MCEKF could obtain good estimation
when the standard EKF even failed to converge under different measurement noises.

It can be found in (23) that the MCEKF takes both the innovation and the residual into
the Gaussian kernel. Although the kernel technique can provide higher robustness when
the non-Gaussian noises exist. Unfortunately, if the noise encountered by the filter is time-
varying and contains many impulsive elements or heavy-tailed properties, the performance
of the MCEKF would not be as good as desired [17]. The limitations of MCEKF are given
in the next subsection.

3.2. Limitations of MCEKF

In real INS/GNSS applications, If the state estimation error is greater than expected led
by some unknown reason, even though the measurement is accurate, the iteration would
not take this situation into consideration. Vice versa, if the measured signal is disturbed by
impulsive noise or the noise covariance of the measurement violates the preset assumption,
the iterative process still could not adjust the strategy to concentrate on the contaminated
observation. Based on the above analysis, a method is desired that if it could isolate the
noise variance estimate from the state estimate as considerably as possible. Fortunately, the
SOMD algorithm mentioned above can meet this requirement.

In the following subsection, the SOMD and its enhanced version which is adopted by
this paper will be described for INS/GNSS integrated navigation application.

3.3. Second Order Mutual Difference Algorithm for Estimation of Noise Variance

In the INS/GNSS integrated system, there are two independent measurements for the
same signals, i.e., the pseudo-range (s) provided by the GNSS receiver and that calculated
by the INS in an indirect way. Let zGN(t) and zIN(t) be the measurements obtained from
GNSS and INS, respectively, the following redundant measurement model can be made{

zGN(t) = ztrue(t) + εGN(t) + vGN(t)

zIN(t) = ztrue(t) + ε IN(t) + vIN(t)
(30)

in which ztrue(t) is the true signal value, εGN(t) and ε IN(t) denote the unknown bias item
which can be seen as the Gaussian random walk process [39], t is the discrete time epoch,
vGN(t) and vIN(t) are uncorrelated discrete noise, the statistics of them can be given as{

E[vGN(t)vT
GN(l)] = RGNδt,l

E[vIN(t)vT
IN(l)] = RINδt,l

(31)

in which δt,l is the Kronecker delta function.
The first order-self-difference (FOSD) of individual observation can be calculated by
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
∆zGN(t) = zGN(t)− zGN(t− 1)

= [ztrue(t)− ztrue(t− 1)] + [εGN(t)− εGN(t− 1)] + [vGN(t)− vGN(t− 1)]
∆zIN(t) = zIN(t)− zIN(t− 1)

= [ztrue(t)− ztrue(t− 1)] + [ε IN(t)− ε IN(t− 1)] + [vIN(t)− vIN(t− 1)]

(32)

The second order-self-difference sequences of zGN(t) and zIN(t) can be calculated as

∆zGI(t) = ∆zGN(t)− ∆zIN(t)

≈ [vGN(t)− vGN(t− 1)]− [vIN(t)− vIN(t− 1)]
(33)

where the items about εGN and ε IN are neglected because they are usually much smaller
in numerical than the noise [50]. The statistics of noise of ∆zGN(t) and ∆zIN(t) could be
obtained on the assumption that they are independent and zero-mean:

E[vGN(t)vT
IN(t)] = 0

E[vGN(t)vT
GN(t− 1)] = 0

E[vIN(t)vT
IN(t− 1)] = 0

(34)

and obviously, E[∆zGI(t)] = 0.
The mathematical expectation of E

[
∆zGI(t)∆zT

GI(t)
]

can be calculated as

E
[
∆zGI(t)∆zT

GI(t)
]
=

E[vGN(t)vT
GN(t)] + E[vGN(t− 1)vT

GN(t− 1)]

+E[vIN(t)vT
IN(t)] + E[vIN(t− 1)vT

IN(t− 1)]

(35)

In real applications, the error accumulation of INS is significantly less than that of
GNSS in a short time interval. So, the last two items in (35) can be neglected, RGN can be
got by

RGN =
(

E[vGN(t)vT
GN(t)] + E[vGN(t− 1)vT

GN(t− 1)]
)

/2 = E
[
∆zGI(t)∆zT

GI(t)
]
/2 (36)

where E
[
∆zGI(t)∆zT

GI(t)
]

can be determined by:

E
[
∆zGI(t)∆zT

GI(t)
]
=

1
L

L−1

∑
l=0

∆zGI(t− l)∆zT
GI(t− l) (37)

in which L stands for the sample window size.
The SOMD could obtain satisfying performance if the measurement sequences are Gaus-

sian and independent. However, when the GNSS receiver is in an undesirable environment,
the two assumptions that (1) the noise distribution conforms to a Gaussian distribution and
(2) the measurement difference sequences are uncorrelated would hold anymore.

Although the MCEKF could resist non-Gaussian noise, especially in the outlier’s
form, it still suffers from performance degradation when heavy-tailed noise exists [17].
Unfortunately, in INS/GNSS applications, heavy-tailed noise usually exists in challenging
environments [23]. Additionally, if the noise arises in a correlated form, the MCEKF would
not obtain an accurate estimation as expected.

To address the two problems, we adopt a two-step methodology that has already been
proposed by our team. For simplicity, the core ideas are presented as follows, and the
details can be found in [50].
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First, we use the method established by kernel density estimation (KDE) to detect the
potential distribution of the measurement noise. KDE is a powerful tool in that it can evaluate
the probability density with a moderate hypothesis about the concerned noise statistics.

Second, if the noise distribution is not Gaussian, then Burg’s algorithm is employed to
evaluate RGN by the mutual difference observations instead of SOMD.

4. RMCEKF for the INS/GNSS Integration System

To illustrate the above ideas, the flowchart of RMCEKF is given in Figure 1. The dark
green block is a modified MCEKF version proposed by this study, in which the Cholesky
decomposition technique is utilized for calculating Pk/k−1 and Rk and enhancing the numerical
stability. The light green block stands for the proposed method; only GNSS signal is available
so that the enhanced redundant measurement could be employed.
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When the GNSS signal is available, the SOMD sequences are calculated, then the KDE
based method is used to make a decision whether the sequences calculated by the SOMD
follow the Gaussian distribution or not. Based on the decision, either the standard SOMD
algorithm or the Buger’s method is adopted to estimate RGNSS of the GNSS. Finally, RGNSS
is employed by the MCEKF in an iterative way to estimate the state x̂ k|k.

The detail of the RMCEKF is summarized in a pseudocode form as follows.
Initialization: the Gaussian kernel width parameter, σ, and the fixed-point termination

parameter, ε, are chosen.
^
x0|0 and P0|0 are set. Q and R are obtained by the INS ‘s and GNSS

receiver’s datasheet, respectively (Algorithm 1).

Algorithm 1 The pseudocode of the RMCEKF.

Input:
^
x0|0, P0|0, Qk−1, Rk = diag(RIN , RGN), σ, ε.

Prediction:

1.
^
xk/k−1 = Ak,k−1

^
xk−1.

2. Pk/k−1 = Ak,k−1Pk−1AT
k,k−1 + MkQk−1MT

k .
Measurement update (when GNSS signal is available):
1. Calculate the ∆zGI(k) by (32)–(33).
2. Gaussian distribution of ∆zGI(k) test by KDE method [36]:

if ∆zGI(k) ∼ Gaussian

Calculate
~
RGN by (36).

Else
~
RGN = Burg′s mehtod(∆zGI(k)).

End

Rk = diag
(

RIN ,
~
RGN

)
.

3. Θp = chol(Pk/k−1), Θr = chol(Rk).
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Algorithm 1 Cont.

4. ex = Θ−1
p

(^
xk −Ak|k−1

^
xk−1/k−1

)
, ez = Θ−1

r

(
zk − Bk

^
xk/k

)
.

5. Ll
k =

Gσ(‖ez‖)
Gσ(‖el

x‖)
, el

x = Θ−1
p

(^
x

l

k|k −Ak,k−1
^
xk−1

)
.

6.
~
K

l
k =

(
P−1

k/k−1 + Ll
kBkPk/k−1BT

k

)−1
Ll

kBT
k R−1

k .

7.
^
x

l+1

k|k =
^
x

l

k|k−1 +
~
K

l
k

(
zk − Bk

^
xk/k−1

)

8. if

∥∥∥∥^
x

l+1

k|k −
^
x

l

k|k

∥∥∥∥∥∥∥∥^
x

l

k|k

∥∥∥∥ ≤ ε

go to 9.
Else

l = l + 1, go to 3.
End

9.
^
xk|k =

^
x

l+1

k|k .

Pk/k =
(

I−
~
K

l
kBk

)
Pk/k−1

(
I−

~
K

l
kBk

)T
+

~
K

l
kRk

~
K

l
k.

Outputs:
^
xk|k, Pk/k.

5. Experiment and Results

To verify the RMCEKF, we use the data from a road experiment conducted by our
team in Tianjin City, China. An INS and a differential GNSS receiver were used in the trial.
In Table 1, the primary parameters of the INS are presented. The ground truth is obtained
in a post-processing way by the NovAtel Inertial Explorer. The horizontal accuracy of
post-processed positioning can reach as high as 1 cm, while the vertical accuracy can reach
up to 2 cm.

Table 1. The key parameters of IMU-ISA-100C and GNSS.

Gyroscope Parameters Accelerator Parameters

Measurement range ±495 deg/s ±10 g
Bias stability(In-run) ≤0.05 deg/hr ≤100 µg

Non-linearity (Scale factor) ≤100 ppm ≤100 ppm
Random walk 0.012 deg/

√
hr ≤100 µg/

√
Hz

Raw Data Rate 200 Hz 200 Hz

Horizontal Position Accuracy of GNSS (RMS)

Single point L1/L2 1.2 m
SBAS 60 cm
DGPS 40 cm

In Figure 2, the trajectory of this road trial is given. The ground truth is marked by
the yellow line, the GNSS outputs is denoted by the red one. It can be seen that there are
mainly two intervals, in which the GNSS signals fluctuated due to the poor environment.
The challenges include tree foliage in blue blocks and dense buildings in green blocks.

The standard EKF, the MCEKF [30], the ERMAKF [50], the EIAKF [51], and the
proposed RMCEKF are used as comparisons.

Scholars adopted several kernel size values in their simulations or experiments to
demonstrate the performance of the MCC-based algorithms [26]. Additionally, we tried
several kernel sizes among σ = 5, σ= 15, σ = 20, σ = 30, and σ = 50 to find the most
appropriate one for the INS/GNSS application. The experiment results showed that when
σ = 30, the estimation error is the smallest. For simplicity, we only showed the experiment
result when σ = 30.
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Figure 2. The ground trajectory of the road experiment.

The parameters used in MCEKF and RMCEKF are the same, i.e.,{
σMCEKF = σRMCEKF = 30
εMCEKF = εRMCEKF = 10−4 . (38)

The sliding windows size used in SOMD is set to 50 [36].
The root mean square error (RMSE) is utilized for evaluating the precision of the

methods in the following manner.

RMSE =

√√√√ 1
L

L

∑
i=1

(
^
xi − xi

)2
(39)

in which
^
xi and xi stand for the navigation solution and the ground truth at the ith epoch,

respectively. L denotes the length of the interval.
Figure 3 shows the acceleration information.
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5.1. Estimation Accuracy Comparision in Foliage Environment

It can be found from Figure 4a that the positioning precision of RMCEKF is leveled
up by about 17% and 24% compared to ERMAKF and MCEKF. The velocity accuracy of
RMCEKF is improved by 39% and 35% compared to standard EKF and MCEKF and 10%
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worse than ERMAKF. As for the attitude resolution accuracy, it is improved by about 52%
and 33% compared to the ERMAKF and MCEKF, respectively.
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Figure 4. Estimation errors comparison in foliage environment at interval [40 s, 120 s]. (a) Comparison
of 3-D poisoning, velocity, and attitude for different methods. (b) Position errors are estimated by
different algorithms. (c) Velocity errors are estimated by different algorithms. (d) Attitude errors are
estimated by different algorithms.

To furtherly analyze the estimation accuracy of the compared methods, Figure 4b
gives the estimation error in longitude, latitude, and height, respectively. For longitude
estimation, ERMAKF and RMCEKF performed better than others because of their ability
to estimate the GNSS noise variance in line, while the standard EKF and EIAKF reached
a maximum error of about 20 m in the interval [90 s, 100 s], while the MCEKF obtained a
better accuracy than the EKF and EIAKF because the MCC was used instead of the MMSE.
For latitude estimation, RMCEKF performed neck and neck as our previously proposed
ERMAKF, the reason why RMCEKF performed not and in longitude and height is one
of our future works. For height resolution, RMCEKF performed much better than the
compared ones. Figure 4c,d give the details of the velocity and attitude estimation result;
ERMAKF and RMCEKF performed better than others; the reason is similar to that in the
poisoning estimation.
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The RMSE of the navigation errors for different methods is shown in Table 2. The
bold type denotes the highest accuracy among the algorithms. The accuracy obtained from
the proposed RMCEKF has improved by 23% and 21% in longitude and height estimation
compared to the second-best one. MCEKF performed the best in latitude estimation; this
is deserved to study and could be a direction for furtherly improving the positioning
accuracy. RMCEKF performed in velocity estimation not and in positions, mainly because
the measurement noise covariance calculated from the enhanced SOMD is overestimated.
For attitude estimation, the proposed RMCEKF performed the best of all. For the sake of
simplicity, the comparison of the measurement noise covariance estimation results from
GNSS is omitted; furthermore, there is no mechanism for adapting the measurement noise
covariance for MCEKF, so readers, please refer to [50] for the detailed comparison result.

Table 2. Navigation Errors for Compared Algorithms in Foliage Environment.

Algorithm Longitude
(m)

Latitude
(m)

Height
(m)

East Velocity
(m/s)

North Velocity
(m/s)

Up Velocity
(m/s)

Pitch
(◦)

Roll
(◦)

Yaw
(◦)

Standard EKF 5.4944 1.2624 5.6871 0.6415 0.2246 0.2221 0.2785 0.2165 0.0485
EIAKF 6.4422 1.8996 4.5233 0.6779 0.3255 0.1585 0.2784 0.2645 0.0454

ERMAKF 5.0846 1.9428 4.1101 0.2884 0.2544 0.1006 0.2783 0.3518 0.0312
MCEKF 5.1309 1.1844 5.3577 0.6000 0.2009 0.2183 0.2616 0.2032 0.0483

RMCEKF 3.9347 2.6159 3.2446 0.3112 0.2588 0.1792 0.1710 0.1294 0.0497

5.2. Estimation Accuracy Comparision in Dense Building Area

Compared to Section 5.1, RMCEKF performed even better compared to other ones.
Specifically, as can be seen from Figure 5a, for positioning accuracy, it is improved by
35% and 40% compared to ERMAKF and MCEKF. For velocity estimation, the accuracy is
refined by about 43% and 53% compared to ERMAKF and MCEKF. It is improved by 35%
and 23% in attitude accuracy compared to ERMACK and MCEKF.

In Figure 5b–d, the estimation errors comparison in the dense building environment at
intervals [260 s, 320 s] is given. The reason why ERMAKF and RMCEKF performed better
than the others is similar to that in Section 5.1. However, it is worth to emphasis that RM-
CEKF performed much better in this environment than in the foliage environment because
the measurement noises in this environment exhibited a heavy-tailed distribution charac-
teristic, which is consistent with the insightful analysis in [52]. In that study, the authors
concluded that in the dense urban area (Shanghai, China), the multipath-contaminated
line-of-sight (LOS) signal reception follows the Gamma distribution, and non-line-of-sight
(NLOS) signal reception follows the exponential distribution, respectively. Clearly, both are
heavy-tailed styles.

The RMSE of the navigation errors for different methods in the dense building area is
shown in Table 3. The bold type denotes the highest accuracy among the algorithms. It can
be found that all the solutions provided by the proposed RMCEKF maintained the lowest
error except for the north velocity item, which was only about 1% worse than the best one
(MCEKF). Specifically, in positioning error compared to ERMAKF, our method achieved
an improvement of about 45% (1.4543 m vs. 2.6509 m), 1% (1.4129 m vs. 1.4191 m), 37%
(2.1926 m vs. 3.4597 m) in longitude, latitude, and height estimations, respectively, which
resulted in about 43% improvement in 3-D positioning error.

Table 3. Navigation Errors for Compared Algorithms in Dense Building Area.

Algorithm Longitude
(m)

Latitude
(m)

Height
(m)

East Velocity
(m/s)

North Velocity
(m/s)

Up Velocity
(m/s)

Pitch
(◦)

Roll
(◦)

Yaw
(◦)

Standard EKF 3.1620 1.7765 4.1326 0.3017 0.1075 0.1870 0.1653 0.0830 0.1347
EIAKF 2.9980 4.7459 3.2645 0.1961 0.1597 0.1011 0.1921 0.0888 0.1837

ERMAKF 2.6209 1.4191 3.4597 0.2152 0.1456 0.1037 0.1620 0.1902 0.0868
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Table 3. Cont.

Algorithm Longitude
(m)

Latitude
(m)

Height
(m)

East Velocity
(m/s)

North Velocity
(m/s)

Up Velocity
(m/s)

Pitch
(◦)

Roll
(◦)

Yaw
(◦)

MCEKF 2.8755 1.7279 3.6706 0.2758 0.1020 0.1733 0.1573 0.0750 0.1361
RMCEKF 1.4543 1.4129 2.1926 0.0853 0.1031 0.0783 0.0884 0.0538 0.1346
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Figure 5. Estimation errors comparison in building environment at interval [260 s, 320 s]. (a) Com-
parison of 3-D poisoning, velocity, and attitude for different methods. (b) Position errors for different
methods. (c) Velocity errors. (d) Attitude errors for different methods.

5.3. Discussion

In the first challenging environment of the road experiment, our proposed method
could achieve the best estimation accuracy among the compared ones in 3-D positioning,
but in the latitude item, there is still space for improvement. Additionally, the estimation of
velocity is not as good as ERMAKF and MCEKF. Thus, one of our future works should be
focused on this issue. In the second dense building area, RMCEKF performed much better
than in the first environment. This is consistent with the argument that the MCC performs
better than the MMSE if the noises follow the Non-Gaussian distribution, especially in a
heavy-tailed form.

This paper focuses on the tightly coupled mechanism. However, if the GNSS receiver
could just provide the position and the velocity information instead of the pseudo-range and
pseudo-range rate data, then only a loosely coupled integrated system could be employed.
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As the measurement function is different from that of the tightly coupled system, the
calculations of SOMD should be revised accordingly.

Currently, the development of autonomous driving technology and machine learning
is getting faster. The cameras and LiDARs are essential sensors in addition to GNSS in these
fields [53]. These sensors also may generate non-Gaussian measurement information [54].
Therefore, the method proposed in this paper can be combined with existing work by other
scholars to improve their performance. Additionally, this is still a very meaningful direction
for our future work.

6. Conclusions

In this study, to address the challenges of the INS/GNSS integrate system caused by
complex environments, a novel Redundant measurement-based Maximum Correntropy
Extended Kalman Filter (RMCEKF) is presented. This novel method used the independent
measurement from INS and GNSS to evaluate the noise covariance of the GNSS signal,
then MCEKF was employed instead of the standard EKF. A real road experiment verified
the methodology, and the positioning accuracy in the plant area and dense building area
were improved by 17% and 35% compared to ERMAKF, respectively.
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