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Abstract: In geophysical inversion issues, the Jacobian matrix computation takes the greatest time,
and it is the most significant factor limiting the inversion’s calculation speed. We think that the
correctness of the inverse problem is determined by the difference between the inversion data and
the real data, not the precision of the gradient solution in each iteration. Based on this, we present an
approximate computation approach for the Jacobian matrix that may rapidly solve the inverse issue by
estimating the gradient information. In this research, the approximate gradient information is solved
in each iteration process, and the approximate gradient is utilized for computation; nevertheless, the
poor fitting of the evaluation data is correctly evaluated, and the inversion model that fits the criteria
is achieved. We employed this approach of estimating the Jacobian matrix to invert the 3D airborne
transient electromagnetic method (ATEM) on synthetic data, and it was able to significantly minimize
the time necessary for the inversion while maintaining inversion accuracy. When the model mesh is
more precise, this technique outperforms the previous way of finding the exact Jacobian matrix in
terms of acceleration.

Keywords: Jacobi matrices; three-dimensional inversion; parallel computation

1. Introduction

Geophysical 3D electromagnetic inversion is a common nonlinear, underdetermined
inverse issue. Three-dimensional inversion technology has advanced significantly in
recent decades, along with advances in mathematical theory and computer science [1].
To solve 3D inversion problems, many researchers have developed a lot of optimization
methods such as the Gauss–Newton method [2,3], the conjugate gradient method [4],
the quasi-Newton method [5], and others. Because of the size of the 3D inversion issue,
modeling and inversion solutions require a long time to complete. In the last two decades,
several researchers have attempted to accelerate the inversion solution using various
methods. Efficient equation-solving algorithms, represented by several direct solvers [6]
and varied inversion procedures [7,8], are gradually gaining popularity. In addition, one
of the most important issues limiting the speed of inversion is the computation of the
Jacobian matrix, which is a fundamental challenge in several optimization techniques.
The Gauss–Newton approach requires directly calculating the Jacobian matrix, and the
iterative formula incorporates the second derivative information, which can achieve the
local optimum value after a few iterations; however, the Jacobian matrix computation is
extremely slow. The only information required for the nonlinear conjugate gradient method
and the quasi-Newton method is the objective function’s gradient, which can be calculated
by taking the product of the Jacobian matrix and a vector rather than the Jacobian matrix
itself. As a result, each iteration has fewer forward operations, but more iterations are
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required to get the local optimal value. For multi-source electromagnetic methodologies
such as ATEM, the Gauss–Newton method, characterized by the explicit computation
of the sensitivity matrix, exhibits a faster convergence rate. This is primarily due to the
fact that it necessitates approximately equivalent time for both the computation of the
Jacobian matrix and the gradient of the objective function within a single iteration, while
the Gauss–Newton method requires fewer iterations [9,10].

The disturbance approach, the adjoint forward method, and electromagnetic migration
imaging technology are several basic methods for obtaining the Jacobian matrix. Because
the perturbation approach requires a significant amount of computation, several researchers
have begun to employ the adjoint forward method to construct the Jacobian matrix since
the 1990s [11–13]. The adjoint forward methods are classified into two groups based on
the forward equations used: frequency domain and time domain. Many scholars use the
frequency domain adjoint forward method to obtain the Jacobian matrix in electromagnetic
method inversion problems based on a finite difference or finite element in the frequency
domain [14–20]. With the extensive application of time-domain electromagnetic simula-
tion methods, time-domain adjoint forward modeling [21–24] has increasingly become
a research hotspot. For certain problems lacking a forward equation, it becomes infeasi-
ble to calculate the gradient of the objective function using the adjoint forward method.
Consequently, some researchers have turned to electromagnetic migration technology as
an alternative approach for solving the Jacobian matrix: Zhdanov and Portniaguine [25]
introduced migration imaging technology and completed electromagnetic migration imag-
ing; Newman and Commer [26] calculated the gradient of the objective function us-
ing the migration technique’s back propagation field and completed three-dimensional
electromagnetic inversion.

In recent years, the direct solution methodology for equations and the Jacobian matrix
approximation method have garnered a lot of attention for speeding up the inversion
process. The direct solver of equations separates the solution problem into two parts:
matrix decomposition and back generation. In the multi-source issue, the source only
impacts the right term of the forward equation; therefore, preserving the results of matrix
decomposition and the back generation of distinct right terms can significantly increase
computing speed [22]. On this basis, the program’s parallel programming may fully utilize
the computer’s processing performance while also reducing the program’s computing
time. Hu et al. [27] utilized MPI to parallelize magneto-electromagnetic 3D inversion.
Liu et al. [28] used OpenMP to create a parallel inversion technique for aircraft electro-
magnetic data, while Long et al. [29] completed a 3D inversion of CSEM data with the
parallel solver Pardiso and MPI. In addition, with the goal of decreasing the time required
to calculate the Jacobian matrix, numerous researchers have conducted research on the ap-
proximation of the Jacobian matrix. Siripunvaraporn and Egbert [30] used a few recording
locations in the research region to compute the Jacobian matrix elements, and then used
interpolation to acquire all the Jacobian matrix elements in the whole area, completing two-
dimensional magnetotelluranic inversion. Hu et al. [31] completed quasi-three-dimensional
MT inversion using the one-dimensional Jacobian matrix rather than the three-dimensional
Jacobian matrix. Because the airborne electromagnetic method must be transmitted and
received from an aerial vehicle, the transmitter suitable for the flight vehicle is small, as is
the transmission power, so the transmitting source’s influence range is limited to the area
near the transmitting source. Cox et al. [32] termed it a footprint. Yang et al. [33] employed
local grids to speed up the calculation of the Jacobian matrix in airborne electromagnetic
technique inversion. Christiansen et al. [34] used the Born approximation forward tech-
nique to compute the approximate Jacobian matrix, which expedited the inversion process.
Zhang et al. [24] employed the triple grid approach to compute the forward response and
Jacobian matrix, respectively, and a rough grid for computing the Jacobian matrix, which
significantly increased the inversion calculation efficiency.

This study proposes an approximation approach for obtaining the Jacobian matrix
that can significantly reduce the number of forward equations to be solved in the adjoint



Remote Sens. 2024, 16, 1830 3 of 17

forward computation while improving calculation performance without sacrificing inver-
sion quality. First, the finite-difference frequency domain simulation of airborne transient
electromagnetic response is performed, followed by the calculation of the massive system of
equations using the Pardiso direct solver in MKL. The Gauss–Newton technique is used to
generate the inversion iterative formula and calculate the exact and approximate Jacobian
matrices. The Jacobian matrix is employed in the inversion computation with varying
approximation degrees, and the quality of the inversion results as well as the time spent on
them are compared. Different levels of random noise are introduced into the synthetic data,
and the noisy data are inverted using the approximate Jacobian matrix. The approximate
Jacobian matrix approach is proven to be stable.

2. Methods
2.1. Three-Dimensional Modeling

The frequency-domain finite-difference approach is utilized in three-dimensional
modeling. The frequency domain curl equation for electromagnetic fields is constructed by
combining the constitutive relationship between their physical quantities:

∇× E = −iωµH (1)

∇× H = σE + Js (2)

where E is the electric field strength, H is the magnetic field strength, Js is the applied
current source, σ is the medium’s conductivity, µ is the medium’s permeability, ω is the
angular frequency, and i is the imaginary number unit; we use the field decomposition
method to deal with the field source term. The electric and magnetic field components are
classified as primary fields (Hp and Ep) and secondary fields (Hs and Es):

H = Hp + Hs (3)

E = Ep + Es (4)

Subtracting the background field from the total field yields the curl equation fulfilled
by the anomalous field, as shown below:

∇× Es = −iωµHs (5)

∇× Hs = σEs + (σ − σ0)Ep (6)

where σ0 denotes the background conductivity. The foregoing equations are integrated to
produce the double curl equation fulfilled by the abnormal field [35].

∇×∇× Es + iωµ0σEs = −iωµ0(σ − σ0)Ep (7)

The staggered grid finite difference technique is used for difference approximation,
and the electric and magnetic fields are alternately sampled in the grid, with the electric
component on the edge and the magnetic component on the plane (see Figure 1).

For the first type of boundary requirement, edge expansion occurs on the computing
region’s periphery. Using the above strategy technique to discretize the double curl equa-
tion, where K represents the coefficient matrix following the difference and P represents
the right end containing the source term, the system of equations may be represented as:

KEs = P (8)

The anomalous electric field value is derived by solving large sparse equations using
the parallel solver Pardiso from the Intel Math Kernel Library. The overall electric field
strength may be calculated by summing the background and anomalous electric fields. The
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inverse Fourier transform may be used to derive the vertical magnetic field response in the
time domain and its time derivative:

hz(t) =
1

2π

∫ ∞

−∞

Hz(ω)

iω
eiωtdω (9)

∂hz(t)
∂t

=
1

2π

∫ ∞

−∞
Hz(ω)eiωtdω (10)
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We estimated the airborne transient electromagnetic response in the time domain
when the emission waveform is a step waveform. In actual applications, the airborne
electromagnetic emission system often employs several emission waveforms to increase the
quality of the obtained data. Combining the foregoing electromagnetic response with the
first derivative of the emission waveform with respect to time yields the electromagnetic
response in the time domain for any emission waveform.

dhwave(t)
dt

=
dI(t)

dt
∗

dhstep(t)
dt

(11)

The electromagnetic response of the 3D code was compared to the semi-analytical
solution of the uniform half space. The design included a uniform half space with a
resistivity of 100 Ω·m, a transmitting coil with a radius of 15 m, a transmitting current
of 100 A, and both coils situated 30 m above ground. Figure 2 compares the transmitted
waveform to the error, and the error for each time channel is less than 4%, demonstrating
the validity of the 3D forward program.

In this study, the IP properties of rock ore are described using the Cole–Cole model,
which is represented by the following formula:

ρ(iω) = ρ0

(
1 − m

(
1 − 1

1 + (iωτ)c

))
(12)

where ρ0 signifies zero-frequency resistivity, m denotes polarizability, τ defines the time
constant, and c represents the frequency correlation coefficient. The IP property of rock
ore may be defined by substituting the actual resistivity with the complex resistivity in the
Helmholtz equation, as well as the time-domain airborne electromagnetic response that
accounts for the excited polarization property of rock ore.
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solution. (e) Comparison of one-dimensional analytical solution error with a sinusoidal waveform
3D code.

2.2. The Objective Function

In this study, the regularized iterative inversion approach is used for inversion com-
putation, and the goal function below is created, which includes one data-fitting term and
two model-weighting components.

φ(m) = φd + λ1 φm1 + λ1 φm2 (13)

The data-fitting term φd indicates the difference between the measured data and the
inversion data, while the model-fitting terms φm1 and φm2 are utilized to limit the inversion
model such that the physical parameter model approaches the predicted model during the
iterative process. The matrix formulation of the objective function is as follows:

φ(m) = [d − F(m)]TWT
d Wd[d − F(m)] + λ1(m − m0)

TWT
mWm(m − m0) + λ2sTs (14)

d is the observed data, F(m) is the forward operator, Wd is the data-weighting matrix,
Wm is the model-weighting matrix, and s is the data dissimilarity matrix. Because the data
in separate time channels of TEM vary too much, the diagonal elements of Wd use the
reciprocal of the absolute values of the observed data to balance the magnitude discrep-
ancies between time channels. Wm uses the Laplace operator to create a smooth inversion
model. In this study, given that there is a high connection between distinct IP parameters,
s reflects the degree of difference between the data, implying that there is a correlation
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between different parameters throughout the inversion process. For two different physical
parameters, m1 and m2, the specific expressions are as follows:

s(m1, m2) =

√(
m1 − m1

σ1

)2
−

√(
m2 − m2

σ2

)2
2

(15)

m̄ =
∑n

j=1 m(j)

n
(16)

σ =

√
∑n

j=1(m(j)− m̄)2

n
(17)

The nonlinear component is approximated using the Taylor expansion approach, and
the model update value at the k+1th iteration is obtained:

mk+1 = mk +
(

JT
k WT

d Wd Jk + λ1WT
mWm + λ2BT

skBsk

)−1(
JT
k WT

mWm(F(mk)− dobs)− λ2BT
sksk

)
(18)

where Jk is the Jacobian matrix of the forward operator in the kth iteration, sk is the data
discrepancy evaluation operator in the kth iteration, Bsk is the partial derivative matrix of
sk with respect to the model variable, and λ balances the size of the data-fitting term and
the model constraint term. This paper uses Grayver’s technique:

λ1 =
b1

nc1
iter

∥∥JTWT
d Wd Jx

∥∥
2

∥WT
mWmx∥2

(19)

λ2 =
b2

nc2
iter

∥∥JTWT
d Wd Jx

∥∥
2

∥BT
s Bsx∥2

(20)

where niter is the number of iterations, and b and c are artificial constants chosen to
balance the absolute scale disparities between the two norms of various constraint terms.
In this manner, the regularization factor in each iteration is automatically modified to
guarantee that each regularization term contributes to the inversion outcome during the
inversion procedure.

2.3. The Approximate Calculation Method of the Jacobian Matrix

The Jacobian matrix technique is a fundamental problem in inversion calculation.
Adjoint modeling is a popular approach for calculating the ATEM Jacobian matrix. Starting
from the forward equations represented by Equation (8), the partial derivative of model
parameter m is taken on both sides of the equation, and the following equation is obtained:

∂K
∂m

Es +
∂Es

∂m
K =

∂P
∂m

(21)

The Jacobian matrix in the frequency domain may be written as the derivative of the
magnetic-field component (B) with respect to the model variables (m):

J =
∂B
∂m

= LT
(

∂Ep

∂m
+

∂Es

∂m

)
(22)

LT depicts the interpolation operator, which maps the electric field component to the mag-
netic field component. Substituting Equation (21) into (22) yields the following expression:

J = LT ∂Ep

∂m
+ LTK−1

(
∂P
∂m

− ∂K
∂m

Es

)
(23)
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Because the value of the background field Ep remains constant during the forward
operation and its partial derivative with respect to m is zero, the formula may be reduced
as follows:

J = LTK−1
(

∂P
∂m

− ∂K
∂m

Es

)
(24)

Set the intermediate variable G, which is defined as follows:

G =
∂P
∂m

− ∂K
∂m

Es (25)

Set the intermediate variable v such that it equals:

v = K−1
(

∂P
∂m

− ∂K
∂m

Es

)
= K−1G (26)

The equation shown above is equivalent to

Kv = G (27)

By solving this system of equations, v is obtained, and by substituting it into Equation (24),
the frequency-domain Jacobian matrix is obtained. In the whole calculation process, solving
the equations is the most time-consuming, and it is also the main reason that limits the
speed of Jacobian matrix calculation. When the emission source is fixed, G is a fixed matrix,
and solving the Jacobian matrix of all the measurement points at one frequency point
requires solving 3 × Nx × Ny × Nz equations (Nx, Ny, and Nz denote the number of grid
segments in x, y, and z directions, respectively). However, for the ATEM, the emission
source changes with the location of the measurement points, assuming that there are
Np measurement points. Solving the Jacobian matrix of all measurement points at one
frequency point requires solving 3 × Nx × Ny × Nz × Np equations. Solving the Jacobian
matrix in this way is extremely time-consuming, so most of the current research aims to
solve the transpose matrix of the Jacobian matrix.

JT = GK−1L (28)

Additionally, the expression for v becomes:

v = K−1L (29)

When the position of the measurement points corresponds with the recording points
of the magnetic field component, finding the Jacobian matrix of all the measurement sites
at a frequency point requires the solution of Np systems of equations, which are reasonably
simple to compute. However, in practice, the position of the measurement points and
the position of the magnetic field component recording point in the model grid usually
do not coincide, which leads to the magnetic field component of the measurement point
position not being displayed and expressed by the Ex and Ey components at the electric-
field recording point, so it is necessary to calculate the Hz value of the magnetic-field
component recording points near all the measurement points and re-interpolate to the
measurement points. When the measurement points are in the same plane, the number of
systems of equations to be computed equals Nx × Ny; however, when they are not, the
number of systems of equations to be computed increases. Calculating the transposition of
the Jacobian matrix requires less computation than directly computing the Jacobian matrix;
however, for large-scale operations, the number of equations calculated is related to the
model grid, and the computational complexity remains relatively high when performing
fine grid division, so it is still unsuitable for large-scale inversion calculation.

The Jacobian matrix in inversion calculates a gradient direction that approximates the
local minimum value in each iteration. However, during the iteration process, the gradient
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information of the objective function is not required to be highly exact; we just need to offer
an approximate search direction, and satisfactory inversion results can be produced after
multiple iterations (Figure 3). For example, the quasi-Newton method for optimization
problems is accelerated by an approximation of the Hessian matrix.
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Based on the preceding study, this paper provides a method for approximating the
Jacobian matrix, which can significantly minimize the amount of math involved in the
inversion. Currently, in the mainstream calculation approach, L is at least an interpolation
operator of size (Nx × Ny, 3 × Nx × Ny × Nz). The actual Jacobian matrix must be solved
by calculating Nx × Ny equations. However, if we can take a small number of field value
calculation points in the vicinity of each measurement point and average them so that
the calculation of each frequency point is only related to the measurement point and has
nothing to do with the number of grid divisions, the system of equations we calculate can
be written as:

Kv′ = L′ (30)

The subsurface model is partitioned into hexahedral grids of Nx × Ny × Nz to make
the approximation approach easier to understand. For ease of depiction, we simplify the real
model by assuming that Np measurement sites are spread in the same plane, as illustrated
in Figure 4. In this case, the size of the interpolation operator L in the conventional Jacobian
matrix calculation method is (Nx × Ny, 3 × Nx × Ny × Nz), and at least Nx × Ny systems
of equations need to be calculated (the blue grid center point in Figure 4). If four field
calculation points are selected in the neighborhood of the measurement point, the size of
the approximate operator L matrix is (4 × Np, 3 × Nx × Ny × Nz), only 4 × Np equations
need to be calculated, and the number of measurement points Np is far less than the
number of field calculation points Nx × Ny. If further approximation is carried out, only
one field calculation point in the field is selected. The number of equations calculated can
be reduced to Np at most (the red points in Figure 4), which greatly reduces the amount
of calculation.

We may retrieve the value of the frequency domain Jacobian matrix using the approach
described above, and then use the time–frequency transformation in the forward process to
obtain the value of the time domain Jacobian matrix.

When calculating the Jacobian matrix, we use the adjoint forward method to obtain the
derivative of the induced electromotive force with respect to resistivity; however, in the IP
parameter inversion, we require the Jacobian matrix of the induced electromotive force with
respect to multiple IP parameters. As a result, using the Cole–Cole model expression and
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the derivative chain solution rule, we develop the partial derivative expression appropriate
for IP parameter inversion [36]:

∂B
∂ρ0

=
∂B
∂ρ

∂ρ

∂ρ0
=

∂B
∂ρ

(
1 − m

(
1 − 1

1 + (iωτ)c

))
(31)

∂B
∂m

=
∂B
∂ρ

∂ρ

∂m
= −∂B

∂ρ
ρ0

(
1 − 1

1 + (iωτ)c

)
(32)

∂B
∂τ

=
∂B
∂ρ

∂ρ

∂τ
= −∂B

∂ρ

iωρ0mc(iωτ)c−1(
1 + (iωτ)c)2 (33)

∂B
∂τ

=
∂B
∂ρ

∂ρ

∂τ
= −∂B

∂ρ

iωρ0mc(iωτ)c−1(
1 + (iωτ)c)2 (34)
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Figure 4. Calculate the XOY plane of the Jacobian matrix including many measurement points.
The red dot represents the measurement point position, whereas the blue dot represents the Hz

component position derived in the forward calculation.

The adjoint forward approximation approach and the analytical equation of the partial
derivative of the Cole–Cole model may be used to swiftly compute the Jacobian matrix for
3D ATEM inversion.

Figure 5 compares the estimated Jacobian matrix computation results with the precise
Jacobian matrix. Because of the large scale of the partial derivative matrix, only partial
derivatives of resistivity parameters in the first subsurface layer grid (20 grids in the x-
direction in the range y = 0–20 m) for 30 time channels in a single set of observations
(observations at x = 0 m and y = 0 m in Figure 4) are shown. Figure 5a,b exhibit the precise
and approximate Jacobian matrix computation results, respectively. The absolute size of
the elements in the Jacobian matrix has increased dramatically since the approximation,
but the distribution rule remains stable. Figure 5c shows the Jacobian matrix elements
from the tenth time channel for comparison. Figure 5d depicts the relative inaccuracy of
the approximate Jacobian matrix and the actual Jacobian matrix. The components of the
approximate Jacobian matrix deviate significantly from the precise value; however, as long
as the Jacobian matrix is comparable to the actual value in the subterranean distribution,
gradient information may be determined very accurately.
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Figure 5. Comparison of partial elements between an accurate Jacobian matrix and an approximate
Jacobian matrix. (a) The partial values of an accurate Jacobian matrix; (b) the partial values of an
approximate Jacobian matrix; (c) a comparison of partial derivatives of the tenth time channel with
regard to several model variables is performed; (d) the relative error of the partial derivatives.

2.4. Parallelization of Programs

Each frequency is calculated independently throughout the calculating process, which
provides a natural parallel advantage. To speed the inversion computation, this work
uses the message passing interface (MPI) to perform the program’s multi-process parallel
calculation on a personal computer. The subprocess is in charge of forward-calculating
various frequency points, computing the Jacobian matrix, and performing time–frequency
transformations. The master process collects the subprocess’s computation results, synthe-
sizes large-scale equations, and computes the matrix. In this study, parallel programming
and inversion computation are performed on a personal computer (an Intel (R) CoreTM
i7-8700 processor), which significantly enhances the program’s calculation performance.

3. Inversion Example

We created 28 × 28 × 18 hexahedral grids to test the efficacy of the suggested approxi-
mation approach (see Figure 6). The transmitting coil had a radius of 15 m and a sending
current of 100 A, and both the transmitting and receiving coils were 30 m in the air, with a
total of 121 measurement sites, shown as red dots at z = 30 m in Figure 6. The computation
area was split into 20 grids with equal intervals in the x and y directions, with each grid
measuring 20 m. In the z direction, the grid size steadily grew from the surface to the deep;
the initial grid size was 20 m, and each subsequent grid size was 1.1 times the previous grid
size. The border and air region were made up of eight extended grids on the x, y, and z axes.
In the synthetic model, an oblique low-resistance polarized body was buried in uniform
half-space, progressively deepening from the negative to positive direction of X and Y. The
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surrounding rock had a resistivity of 200 Ω·m, a polarizability of 0.01, a time constant of
0.0001, and a frequency correlation coefficient of 0.01. The target body had a resistivity of
50 Ω·m, a polarization of 0.5, a time constant of 0.005, and a frequency correlation coeffi-
cient of 0.5. Our original model for the inversion was a uniform half-space with 100 Ω·m
resistivity, 0.1 polarizability, 0.001 time constant, and a 0.1 frequency correlation coefficient.
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Figure 6. Schematic diagram of the model. The red points are the locations of the sampling points,
and the internal oblique body is the low-resistance polarization target body.

To see how the approximate Jacobian matrix calculation approach suggested in this
research affects the accuracy of inversion findings, a few field value calculation locations in
the region were utilized to compute the form of the equation. When computing equations
such as Kv = L′, a few field value calculation sites in the neighborhood were employed to
see how the approximate Jacobian matrix calculation approach provided in this research
affects the accuracy of inversion findings:

cg(m1, m2) = ∇m1 ×∇m2 (35)

Table 1 displays the 2-norm of cross-gradient values between the inversion and true
models derived with four approximation degrees. J represents the calculation results
obtained by the exact Jacobian matrix; J represents the calculation results at n field value
calculation points in the vicinity of the sampling point, and the average of them is used as
the value at the sampling point of the approximate Jacobian matrix to participate in the
following calculation. They have approximately the same cross-gradient 2-norm as the
actual model, and the precise and approximate Jacobian computation methods provide
similar results.

Table 1. The inversion produces varying degrees of Jacobian approximation cross-gradient 2-norm
with the genuine model.

J J4 J3 J2 J1

ρ (Ω·m) 0.0793 0.0762 0.0760 0.0773 0.0771
m 0.1296 0.1336 0.1361 0.1290 0.1341

τ (s) 8.4045 × 10−6 9.3400 × 10−6 1.3112 × 10−5 9.3653 × 10−6 9.3751 × 10−6

c 0.1412 0.1369 0.1410 0.1381 0.1376

Figure 7 shows the inversion results achieved by the two Jacobian calculation tech-
niques. The approximate Jacobian calculation method employs the most approximate way,
which is to use the value of just one field value calculation point in the neighborhood rather
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than the value of its sampling point. The results show that there is no significant difference
between the inversion results obtained by the exact Jacobian matrix calculation method
and the approximate Jacobian matrix calculation method, which can better recover the
resistivity information of underground media, and the recovery results of the polarizability
and frequency correlation coefficient are also improved. The target body’s form may also
be defined by its relative size, and the time constant’s sensitivity to the electromagnetic
reaction is minimal. When the correct Jacobian matrix is used in the inversion computation,
the change between each iteration calculation is insufficient, and the recovery impact is low.
Although the change in computation in the iterative process is still small, another local
minimum point is discovered throughout the process of determining the local minimum
value, which can enhance the inversion result to some extent.
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To analyze the accelerating impact of the number of processes on inversion, this
study calculates the problem with various numbers of processes. Figure 8 depicts the time
required for each iteration with varying numbers of processes, as well as the speedup ratio.
The computation time lowers as the number of processes rises, but it remains restricted by
the computer’s capability. The CPU usage rate reached 100% during the computation, and
the impact of increasing the number of processes on calculation performance is unclear.
The computation speed of the computer employed in this work can be up to 4.15 times
faster than serial computing.
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In addition, we utilized 12 computation processes and recorded the time spent on
inversion calculations at various degrees of Jacobian approximation. Figure 9 depicts the
time consumed and speedup ratio for each iteration of the various approximate Jacobian
computation methods. The graphic clearly shows how the Jacobian approximation ap-
proach may significantly reduce the time necessary for each iteration of the inversion.
When the highest approximation ratio is used for computation, the speed is 2.88 times that
of the actual Jacobian matrix calculation technique.
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The approximate Jacobian matrix was chosen, resulting in an estimated gradient
direction. Figure 10 shows the fluctuation of the data-fitting error with the number of
iterations when various Jacobian approximation methods are used in the computation. The
approximation method used in this paper has little effect on the model’s gradient search
direction, so the change in error with the number of iterations in the local minimum search
process is similar, and the number of iterations is not increased as a result of the gradient
direction approximation.
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Figure 10. The relationship between data fitting error and the number of iterations when different
approximate Jacobian matrices are used in the calculation.

Combining the above two groups of analyses on the time of each iteration and the
total number of iterations, it is possible to demonstrate that the method of approximating
the Jacobian matrix in this paper can reduce the time required for each iteration without
increasing the number of iterations, significantly improving the calculation speed of the
entire inversion process.

To further validate the stability of the suggested technique, various amounts of random
noise were applied to the synthetic data, and the approximate Jacobian matrix computation
method described in this work was employed for calculation. Figure 11 shows the XOY
inversion slices at z = −130 m with the addition of 1%, 3%, and 5% random noise.

Even after adding various degrees of random noise, the inversion results may still
determine the target body’s position and approximate form. Figure 10’s XOY section shows
that the target body stretches from the negative direction of the X and Y axes to the positive
direction of X and Y. The inversion results of resistivity, polarizability, and frequency
correlation coefficient with noise can accurately describe the lateral electrical changes of the
underground medium and delineate the precise position of the low-resistance polarization
body, but the inversion results of the time constant are poor. The absolute magnitude of the
time constants acquired by inversion varies depending on the noise level, but the relative
magnitude may still be used to estimate the position of the polarimetric body. The results
of the inversion with noise reveal that approximating the Jacobian matrix has no effect on
the inversion algorithm’s stability.
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4. Results

In this research, the issue of huge quantities of Jacobian matrix calculations in inversion
is investigated and improved. The approximate Jacobian matrix calculation method and
parallel computing technologies are utilized to speed up the inversion computation of
ATEM data. The approximate Jacobian matrix approach can minimize the number of adjoint
forward equations while also providing three times or more speedup in large-scale fine
inversion. The approximate Jacobian matrix was used in the inversion computation of time-
domain aviation electromagnetic data, and multi-parameter three-dimensional inversion
results were produced. In comparison to the fine Jacobian matrix findings, the inversion
computation time was significantly increased without sacrificing inversion quality. We
also ran computations on noisy data to demonstrate that the approximate Jacobian matrix
calculation approach has no effect on the inversion algorithm’s stability.

Three-dimensional inversion is a computationally intensive, ill-posed problem, and
there are currently two main approaches to reducing inversion time: reducing the amount
of calculation required during the inversion iteration and speeding up the calculation by
using faster algorithms or better hardware. The approximate Jacobian matrix calculation
technique obtains an estimated gradient direction to carry out inversion iteration while
decreasing the quantity of work. The approximation approach presented in this study may
also be applied to the inversion process based on various forward-modeling methodologies,
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as well as parallel computing technology and a fast and accurate forward algorithm, to
encourage the development of large-scale 3D inversion.
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