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Abstract: The thickness of the Antarctic ice sheet is a crucial parameter for inferring glacier mass and
its evolution process. In the literature, the gravity method has been proven to be one of the effective
means for estimating ice sheet thickness. And it is a preferred approach when direct measurements
are not available. However, few gravity inversion methods are valid in rugged terrain areas with
undulating observation surfaces (UOSs). To solve this problem, this paper proposes an improved
high-precision 3D density interface inversion method considering terrain and UOSs simultaneously.
The proposed method utilizes airborne gravity data at their flight altitudes, instead of the continued
data yield from the unstable downward continuation procedure. In addition, based on the undulating
right rectangular prism model, the large reliefs of the terrain are included in the iterative inversion.
The proposed method is verified on two synthetic examples and is successfully applied to real data
in East Antarctica.

Keywords: Antarctic ice thickness; gravity method; undulating terrain; UOS

1. Introduction

The Antarctic ice sheet covers more than 98% of Antarctica, and approximately 70%
of the world’s freshwater is stored as ice in this region. The thickness of the ice sheet
directly impacts the total mass and volume of the ice sheet. So, it is a crucial parameter
for studying the mass of Antarctic ice sheets [1]. The changes in ice sheet thickness can
not only lead to sea level rise but also greatly affect global climate change [2]. In the
literature, the determination of ice thickness has become a prominent focus of scientific
investigation [3–5].

The direct and high-precise thickness measurements are manual drilling, radar sound-
ing, and seismic sounding. Due to radar sounding being nondestructive, continuous,
and efficient, it has been widely used in the determination of ice thickness. For example,
Stevens et al. [6] utilized a multifrequency ground-penetrating radar to recognize the shal-
low subsurface features of floating and grounded ice in the nearshore Mackenzie Delta in
northwest Canada. Fretwell et al. [7] derived the gridded ice thickness of the Antarctic
south at 60◦S primary using airborne radar data. Liu et al. [8] measured the ice thickness
of the Baishui River Glacier No. 1 of Yulong Snow Mountain using a ground-penetrating
radar. Jin et al. [9] used an unmanned aerial vehicle ice-penetrating radar to detect the
ice thickness of Qinghai Lake and Gahai Lake. However, radar measurements are often
expensive and currently challenging to carry out in extreme surroundings. Therefore, it is
of great significance to explore novel methods for determining ice thickness by employing
alternative Earth science datasets.
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There is a distinct density contrast between ice sheets and the bedrock. So, significant
gravity anomalies can be caused by the density interface, named the ice–rock interface [10,11].
In other words, it is feasible to utilize a gravity survey to estimate the elevation of the
ice–rock interface and the thickness of ice. In early gravity exploration, the thickness of
glaciers was commonly calculated using the infinite slab formula. Bull and Hardy [12]
first determined the thickness of a valley glacier from measurements of gravity, and they
converted the residuals into depths using the factor for an infinite slab. Thiel et al. [13]
used an identical method for a first approximation on Lemon Creek Glacier, Alaska. With
the development of computer and geophysical software, some scholars determined ice
thickness by using the Geosoft GMSYS-3D software version 9.0 package that implements
the Parker [14] method to form a three-dimensional model of an icefield and iteratively
adjusting it to obtain the best match with the observed gravity. For example, Gourlet
et al. [15] employed helicopter-borne gravity observations of the Northern and Southern
Patagonia Icefields in South America to infer ice thickness and bed topography using a
three-dimensional model constrained by fjord and lake bathymetry, as well as a land–ice
mask. An et al. [16] utilized airborne gravity data to infer the bathymetry of the coastal
areas of Northwest Greenland and simultaneously used multibeam echo-sounding data as
a constraint. Eisermann et al. [17] presented a bathymetric model for the central Dronning
Maud Land margin based on a constrained inversion of airborne gravity data.

Even though the gravity methods mentioned above have made significant contribu-
tions to the gravity exploration of ice thickness, there are still some limitations. On the
one hand, the validity of the methods is limited to regions characterized by minimal local
topography. The distortion of the estimated ice thickness may be caused by the glaciers
with large undulations. On the other hand, the implementation of the gravity method is
often based on the continuation of the observed data to a plane [18,19]. But the continuation
of the gravity is unstable and inaccurate, while the observation surface fluctuates greatly,
and the continuation height steps are large. Moreover, for the method that demands the
continued plane corresponding to the highest observed altitude, the attenuation of the short
wavelengths’ gravity can result from upward continuation [20,21]. Therefore, developing
an improved density interface inversion method considering terrain and UOSs is of great
significance for the high-precision characterization of glacier thickness.

Aiming at the above-mentioned issue, this study presents an improved high-precision
3D density interface inversion method to estimate the ice sheet thickness. In the proposed
method, both terrain and UOSs are considered simultaneously. The airborne gravity at
the flight altitude is used in this method, rather than the data on the continuation height.
Based on the right rectangular prism model, the rugged topography is contained in the
inversion. As a result, the proposed method avoids the distortion and instability caused by
the terrain and the UOSs and improves the accuracy of estimating the ice sheet thickness
with airborne gravity.

This paper is organized as follows. First, the basic procedure and theoretical formulas
of the presented forward modeling and modified inversion are described. Then, the
proposed method is tested on two synthetic examples and real data in East Antarctica.
Finally, the conclusions are summarized.

2. Methodology
2.1. Forward Modeling Considering Terrain and UOS

Between ice sheets and bedrock, there is a large density contrast. And the density
interface that separates the ice sheet from the bedrock is called the ice–rock interface. When
the terrain and observation surface are undulating, the forward process that includes the
terrain and UOSs is a key prerequisite for the 3D density interface inversion.

In contrast with the conventional methods, the gravity data are calculated at their
original elevation, and the terrain effect is included. As shown in Figure 1, the observation
surface is undulating, and the ice sheet is divided into a series of juxtaposed vertical
prisms. The top surface of the prism represents the terrain, which is the surface of the ice
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sheet. Moreover, the prism’s bottom symbolizes the ice-rock interface. And the elevations
at the bottom of prisms are the parameters to be determined. The gravity anomaly ∆gi
due to the ice–rock interface at observation point P(xi, yi, f lighti) can be calculated as the
accumulation of gravitation from M vertical prisms,

∆gi(xi, yi, f lighti) =
M

∑
j=1

fi(xi, yi, f lighti, lj, terrainj), i = 1, · · · , N, (1)

where f lighti is the flight altitude of the ith observed airborne gravity, and N is the number
of the observation points. And function fi(xi, yi, f lighti, lj, terrainj) represents the gravity
anomaly caused by the jth prism at the ith observation point P(xi, yi, f lighti). The elevation
of the jth prism is from lj to terrainj.
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The function fi(xi, yi, f lighti, lj, terrainj) can be calculated as

fi(xi, yi, f lighti, lj, terrainj) = G
ξ2∫

ξ1

η2∫
η1

terrainj∫
lj

∆ρice−rock · (ζ − f lighti)[
(ξ − xi)

2 + (η − yi)
2 + (ζ − f lighti)

2
]dξdηdζ, (2)

where G is the gravitational constant, and ∆ρice−rock is the density contrast between the
ice sheet and bedrock. ξ1 to ξ2 and η1 to η2 are the x and y coordinate ranges of the jth
prism, respectively. In addition, terrainj is the terrain elevation of the jth prism, and lj is
the elevation of ice–rock interface. Due to the elevation of the terrain being higher than the
ice–rock interface, the ice thickness is

(
terrainj − lj

)
.

2.2. Inverse Ice–Rock Interface under Terrain and UOS

Unlike conventional approaches, the proposed inversion method uses gravity at the
flight altitude instead of the continued plane. And the topography relief is included.
According to the Tikhonov regularization theory [22], the inverse problem of estimating
the elevation of ice–rock interface under terrain and UOSs can also be formulated as
minimizing the following function:

ψ(L) = ψd(L) + λ · ψm(L), (3)
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where ψd(L) is the gravity data fitting function, which is associated with the terrain and
flight altitude. ψm(L) is the relative constraint function. L ≡ {l1, l2, · · · , lM}T is the
estimated elevation matrix of the ice–rock interface. And λ is the regularization parameter.

In order to match the observed data better, the form of the data fitting function is

ψd(L) =
∥∥∥∆gobs − ∆g(L, Flight, Terrain)

∥∥∥2

2
, (4)

where ∆gobs is the observed gravity anomaly at the UOS. Based on the undulating right
rectangular prism model, the gravity anomaly ∆g(L, Flight, Terrain) is calculated by the
forward modeling of parameters L with the observed altitude Flight and topography
elevation Terrain. ∥·∥ donates the Euclidean norm. And to guarantee the continuity of the
ice thickness, the relative constraint function can be expressed as

ψm(L) = ∥RL∥2
2, (5)

where R is a derivative operator matrix whose elements contain only 1, −1, and 0.
The regularization parameter λ controls the weight between the data fitting ψd(L)

and the relative constraint ψm(L). The selection of regularization parameter values can be
based on the following principles:

λ =


λ(1) = λ0, k = 1

λ(k) = β · λ(k−1), k > 1
, (6)

where k is the iterative number, λ0 is an empirical initial value, and β is a positive constant
less than 1.

The objective function of 3D density interface inversion considering terrain and UOSs
can be given as follows:

ψ(L) =
∥∥∥∆gobs − ∆g(L, Flight, Terrain)

∥∥∥2

2
+ λ · ∥RL∥2

2. (7)

The Gauss–Newton method is utilized to optimize the nonlinear inverse problem and
minimize the objective function ψ(L).

To facilitate understanding, the flow chart of the proposed method is shown in Figure 2.
For the inversion under terrain and UOSs, the terrain elevation Terrain and the position
of airborne gravity P(x, y, Flight) are the important inputs. Furthermore, the forward
modeling considering terrain and UOSs has laid a good foundation for the inversion.
Usually, the initial iterative values of an ice–rock interface are set the same as the elevation
of terrain. The elevation of an ice–rock interface L is obtained by minimizing the objective
function ψ(L), and the ice sheet thickness H can be calculated based on the terrain,

H = Terrain − L. (8)
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3. Synthetic Examples

In this section, the proposed method is applied to two groups of synthetic models.
And all the synthetic models are generated by the numerical simulation of surfaces. To
investigate the effectiveness of the presented method for a simple model, the smooth
and regular reliefs of the surfaces (terrain, observation surface, and ice–rock interface)
are designed in the first synthetic example. And the second synthetic example aims to
demonstrate the validity of the proposed method for a complex model with random rough
surfaces. To intuitively display the improvements of the proposed method, the results of
the proposed method in two examples are compared with the results of the conventional
inversion method.

3.1. Simple Synthetic Example

A series of simple and regular models were designed, as shown in Figure 2. In practical
applications, the flight altitude often needs to be adjusted based on terrain variations to
ensure the accuracy and precision of measurement data. Therefore, the flight altitude
of airborne gravity is designed to be correlated with the terrain. The elevations of the
observation surface and terrain are shown in Figure 3a,b, respectively. We can see that
the terrain is an asymmetrical mountain, and the observation surface has a similar shape.
But the elevation of the observation surface is higher than the terrain, and their elevation
parameters are shown in Table 1. As shown in Figure 3c, the ice–rock interface is a
symmetrical valley with one depocenter. According to the elevations of the terrain and ice–
rock interface, we can obtain the ice sheet thickness shown in Figure 3d. The shape of the
ice-rock interface is simple and asymmetrical, and its density contrast is set as −1.75 g/cm3.
This density contrast is the difference between ice density and the average density of the
crust. As shown in Table 1, the range of the ice sheet thickness is from 257.5 m to 2230.5 m,
and the mean thickness is 616.8 m. The gravity anomaly of this group model (Figure 3e) is
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generated on a grid with 21 × 21 points and a 500 m interval. It is obvious that there is no
direct correlation between the gravity anomaly and ice sheet thickness.
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Table 1. Parameters of the models and gravity anomaly in synthetic example 1.

Type Minimum Value
(m/mGal)

Maximum Value
(m/mGal)

Mean Value
(m/mGal)

observation surface 1233.0 2487.6 1487.9
terrain 1016.1 1686.8 1142.9

ice–rock interface −646.0 758.6 526.1
ice sheet thickness 257.5 2230.5 616.8
gravity anomaly −64.65 −10.80 −34.37

At first, the conventional inversion method without considering the terrain and ob-
servation surface is applied for comparison. And the calculated plane of the conventional
inversion method is on plane z = 0. Figure 4a shows the calculated gravity anomaly of the
estimated ice thickness (in Figure 4c) obtained from the conventional inversion method. For
ease of comparison, the same color bar as Figure 3e is used in Figure 4a, and the color bar in
Figure 4c is also the same as in Figure 3d. As we can see, the shape of the calculated gravity
anomaly (Figure 4a) is close to the theoretical gravity anomaly (Figure 3e), but there is a
significant morphological difference between the estimated ice thickness (Figure 4c) and
the theoretical ice thickness. In addition, the residuals of data fitting and the residuals of
estimated ice thickness are shown in Figure 4b,d, respectively. We can find out that the large
deformation of the estimated ice thickness is negatively correlated with the morphology
of the terrain and observation surface (Figure 3a,b). Combining the data in Table 2, the
large residuals of the ice thickness can reach [−1622.5, 15.5] m, while the data misfit is only
[−0.15, 0.12] mGal.
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Figure 4. The results of the simple models obtained by the conventional method: (a) The calculated
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Table 2. Statistical misfit comparison between w/o considering the terrain and UOSs of synthetic
example 1.

Result RMSE
(m/mGal)

Minimum Value
(m/mGal)

Maximum Value
(m/mGal)

Minimum Error
(m/mGal)

Maximum Error
(m/mGal)

Without: gravity anomaly 0.03 −64.55 −10.80 −0.15 0.12
Without: ice thickness 232.2 147.1 1357.5 −1622.5 15.5
With: gravity anomaly 0.01 −64.59 −10.80 −0.03 0.06

With: ice thickness 17.2 257.7 2109.0 −151.3 44.60

Then, the presented inversion method considering the terrain and UOSs is applied.
The results of the simple models obtained by the proposed inversion method are shown
in Figure 5. As shown in Figure 5a,b, this inversion fits the data well. The estimated
ice thickness shown in Figure 5c is obtained by subtracting the elevation of the ice–rock
interface from the elevation of the terrain (Figure 3b), and the residuals of the thickness are
shown in Figure 5d. Similarly, the color bars in Figure 5a,c are modified to be the same as
those in Figure 3e,d. It is obvious that the shape of the estimated thickness obtained by the
proposed method is similar to the theoretical model, and the amplitude of the estimated
result is close to the true value. With the set color bars in Figure 5b,d being the same
as those in Figure 4b,d, the comparisons of the residuals between the proposed method
and the conventional inversion method are more intuitive. And, as shown in Table 2, the
improvements of the presented method are quantified. The numerical interval for the
residuals of the estimated ice thickness is reasonable, which is [−151.3, 44.6] m. Overall,
the proposed method can obtain better results, and the reliefs of the terrain and observation
surface have a significant negative impact on the estimation of ice thickness.
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3.2. Complex Synthetic Example

In this example, a series of complex and irregular models are built to validate the ability
of the proposed method to estimate the random rough surfaces. As shown in Figure 6b,
the terrain exhibits a bimodal shape, with one larger and one smaller protrusion. And the
shapes of the observation surface (Figure 6a) and the terrain are approximately similar, but
the terrain is more random. But, as shown in Table 3, the elevation of the observation surface
is higher than the terrain. These are designed based on geological knowledge. As shown in
Figure 6c, the ice–rock interface is a random and rough surface. Utilizing the elevations
of the terrain and ice–rock interface, the ice sheet thickness is obtained (Figure 6d). The
range of the ice sheet thickness is [46.2, 3373.0] m, and the average thickness is 1277.1 m.
And the density contrast of the ice–rock interface is also set as −1.75 g/cm3. The gravity
anomaly of this group model (Figure 6e) is calculated at the nodes of a 21 × 21 grid with a
500 m grid step. And the relationship between the gravity anomaly and ice sheet thickness
is also invisible.

Table 3. Parameters of the models and gravity anomaly in synthetic example 2.

Type Minimum Value
(m/mGal)

Maximum Value
(m/mGal)

Mean Value
(m/mGal)

observation surface 1586.0 4088.0 2245.7
terrain 428.0 3338.0 1426.7

ice–rock interface −929.7 1470.0 149.6
ice sheet thickness 46.2 3373.0 1277.1
gravity anomaly −108.73 −9.87 −60.30
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surface. (b) The elevation of terrain. (c) The elevation of ice–rock interface. (d) The ice sheet thickness.
(e) The theoretical gravity anomaly due to these models.

The results of the complex models obtained by the conventional inversion method are
shown in Figure 7. And the calculated plane of the conventional inversion method is on
plane z = 0. For ease of comparison, the color bars of the results in Figure 7a,c are modified
to be the same as those in Figure 6e,d. It can be seen that the calculated gravity anomaly
(Figure 7a) fits the theoretical gravity anomaly (Figure 6e) well, but there are some large
deformations of the estimated ice thickness (Figure 7c) compared with the theoretical ice
thickness (Figure 6d). And the terrain and observation surface (Figure 6a,b) have a complex
impact on the estimated thickness of the conventional method. As shown in Table 4, the
large residuals of the ice thickness are in the range of [−1858.2, 627.9] m.

Table 4. Statistical misfit comparison between w/o considering the terrain and UOSs of synthetic
example 2.

Result RMSE
(m/mGal)

Minimum Value
(m/mGal)

Maximum Value
(m/mGal)

Minimum Error
(m/mGal)

Maximum Error
(m/mGal)

Without: gravity anomaly 0.44 −108.56 −9.88 −2.01 1.93
Without: ice thickness 491.4 118.1 2299.8 −1858.2 627.9
With: gravity anomaly 0.01 −108.73 −9.88 −0.03 0.03

With: ice thickness 38.9 45.8 3221.8 −171.4 138.7

Subsequently, the presented method is applied to the complex models. As shown
in Figure 8a,b, the calculated gravity anomaly fits well. Subtracting the elevation of the
ice–rock interface from the elevation of the terrain (Figure 6b), the estimated ice thickness
shown in Figure 8c is obtained. In order to display the improvements of the proposed
method more intuitively, the color bars in Figure 8a,c are set to be the same as those in
Figures 6e,d and 8b,d, as well as Figure 7b,d. As we can see, the estimated thickness is very
close to the theoretical model. But there still exist some reasonable residuals. And as shown
in Table 4, the residuals of the estimated ice thickness are in the range of [−171.4, 138.7] m.
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Although the surfaces are complex and irregular, the proposed method can also obtain
good results.
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4. Real Data Application

To investigate the practicality of the proposed method, we applied it to a region
in Antarctica. As shown in Figure 9, the study area is located in East Antarctica. And
it is entirely buried under a thick ice sheet. Antarctica’s Gamburtsev Province (AGAP)
Project collected the airborne geophysical data in this region. According to the inputs of
the presented method, the aerogravity data [23] and radio-echo sounding data [24] from
the AGAP are utilized (Figure 10). The residual gravity anomaly caused by the ice–rock
interface is shown in Figure 10a, and the aircraft altitude of the aerogravity is shown in
Figure 10b. Based on the radio-echo sounding data, we can obtain the elevation of the
ice surface (Figure 10c), the derived ice bed elevation (Figure 10d), the and ice thickness
(Figure 10e). The elevation of the ice surface is the important input of the presented method.
And the radar-derived ice bed elevation and ice thickness are used to verify the accuracy of
inversion results. Integrating the analysis of Table 5, it can be found that the reliefs of the
aircraft altitude and ice surface elevation in this region are relatively moderate. Therefore,
there is a discernible correlation between the shapes of the residual gravity anomaly and
the ice bed elevation. Moreover, the range of the radar-derived ice sheet thickness is
[1178.1, 3853.7] m, and the average thickness is 2726.4 m.
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Figure 9. Location of the study area in Antarctica. The base map is the elevation of the Antarctic
topography. The study area is bounded by a green rectangle.

Table 5. Parameters of the airborne geophysical data from the AGAP Project.

Type Minimum Value
(m/mGal)

Maximum Value
(m/mGal)

Mean Value
(m/mGal)

residual gravity anomaly −250.11 −93.60 −187.87
aircraft altitude 2221.2 3095.0 2727.0

ice surface elevation 2056.5 2741.1 2433.9
radar-derived ice bed elevation −1484.7 1249.7 −292.5

radar-derived ice thickness 1178.1 3853.7 2726.4

The results obtained by the conventional method in the survey area are shown in
Figure 11. And the calculated plane of the conventional inversion method is on plane
z = 0. To facilitate comparison, the color bars in Figure 11a,c are adjusted to match those
in Figure 10a,e. It can be seen that the calculated gravity anomaly (Figure 11a) fits the
residual gravity anomaly (Figure 10a) well. But compared with the radar-derived thickness
(Figure 10e), notable deviations exist in the estimated ice thickness (Figure 11c). And the
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estimated thickness of the conventional method is influenced by both the ice surface and
aircraft altitude (Figure 10b,c). The large deviations (Figure 11d) are distributed in locations
where the ice surface and aircraft altitude fluctuate greatly. As shown in Table 6, the large
residuals of the ice thickness are in the range of [−548.7, 123.5] m.
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Figure 10. The airborne geophysical data from the AGAP Project. Aerogravity data: (a) the residual
gravity anomaly caused by the ice–rock interface; (b) the aircraft altitude. Radio-echo sounding data:
(c) ice surface elevation, (d) ice bed elevation, and (e) ice thickness.

Table 6. Statistical misfit comparison between w/o considering the terrain and UOSs of the sur-
vey area.

Result RMSE
(m/mGal)

Minimum Value
(m/mGal)

Maximum Value
(m/mGal)

Minimum Error
(m/mGal)

Maximum Error
(m/mGal)

Without: gravity anomaly 0.18 −250.03 −93.66 −0.59 1.05
Without: ice thickness 79.2 1197.0 3832.6 −548.7 123.5
With: gravity anomaly 0.21 −250.23 −93.65 −0.79 1.57

With: ice thickness 19.8 1187.3 3876.1 −172.6 86.4

Then, the proposed method is applied to the survey area. As shown in Figure 12a,b, the
calculated gravity anomaly fits well. By subtracting the elevation of the ice–rock interface
from the elevation of the ice’s surface (Figure 10c), we obtain the estimated ice thickness
shown in Figure 12c. To present the advancements of the proposed method in a more visual
manner, the color bars in Figure 12a,c are aligned with those in Figure 10a,e. Similarly, the
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color bars in Figure 12b,d are matched to those in Figure 11b,d. As we can observe, the
estimated thickness is very close to the radar-derived values. However, there are still some
reasonable residuals present. And the residuals of the estimated ice thickness (Table 6) are
in the range of [−172.6, 86.4] m. The application of the real data from East Antarctica shows
that our proposed method considering terrain and UOSs can fade the negative influence of
terrain and UOSs in density interface inversion.
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Figure 11. The results obtained by the conventional method in the survey area: (a) The calculated
gravity anomaly. (b) The residuals of data fitting. (c) The estimated ice thickness. (d) The residuals
between the estimated ice thickness and the radar-derived ice thickness.
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anomaly. (b) The residuals of data fitting. (c) The estimated ice thickness. (d) The residuals between
the inverted thickness and the radar-derived value.
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5. Conclusions

In this study, we propose an improved 3D density interface inversion method simul-
taneously considering terrain and UOSs to estimate ice sheet thickness. The synthetic
examples validate the effectiveness of the presented method. And the results of the con-
ventional method in the simple synthetic example intuitively display that the reliefs of the
terrain and observation surfaces have a significant negative impact on the estimation of ice
thickness. Furthermore, in the complex synthetic example, even though the terrain and
UOSs are complex and irregular, the proposed method can still obtain good results.

The real data application in East Antarctica confirms the practicality of the proposed
method for estimating ice sheet thickness. Utilizing the aerogravity data and radio-echo
sounding data from the AGAP, the ice sheet thickness obtained by the proposed method
is very close to the radar-derived ice thickness. Compared with the conventional method,
the proposed method fades the deviations caused by the fluctuations of the ice surface and
aircraft altitude.

Overall, the proposed method avoids the distortion and instability caused by the
terrain and the UOSs and improves the accuracy of estimating ice sheet thickness with
airborne gravity. Still, some limitations should also be mentioned. Because of the inherent
nonuniqueness of gravity inversion, there exist some reasonable residuals of the estimated
ice thickness. Some prior depth points are suggested to be introduced to improve the
accuracy of the estimation. And the computational cost of the proposed method may be a
bit high when the number of computational grids is large.
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