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Abstract: Seismic interferometry is a key technology in geophysical exploration, having achieved
significant developments in constructing virtual seismic responses, overcoming the limitation of
traditional exploration. However, non-physical reflections in virtual-shot gathers pose challenges
for data processing and interpretation. This study focuses on deghosting in virtual-shot gather
data processing. We propose a novel method that integrates sparse and nuclear norm constraint
inversion for multi-shot simultaneous deghosting. Initially, a pseudo 3D data cube is created to
enhance computational efficiency and lay the foundation for subsequent continuity regulariza-
tion. Subsequently, an inversion framework is constructed to improve deghosting precision and
stability by combining sparse and nuclear norm constraint inversion. Both synthetic and field ex-
amples demonstrate the superiority of our method, offering a new paradigm for virtual-shot gather
data processing, and representing a major advancement in overcoming the inherent limitations of
seismic interferometry.

Keywords: seismic interferometry; multi-shot simultaneous deghost; sparse and constraint inversion

1. Introduction

Seismic interferometry, a groundbreaking approach in geophysical exploration, has
revolutionized our ability to interpret and understand seismic data. Pioneered by Snieder
in 2009, this entirely data-driven method allows for the construction of virtual seismic re-
sponses between any two receivers, eliminating the need for detailed source
information [1]. This technique can convert the seismic signals of two receivers with
overlapping propagation paths into a new record, creating a scenario where one receiver
acts as a source while the other receives the seismic wave [2]. The significant advan-
tage of seismic interferometry lies in its ability to enhance the flexibility and scope of
seismic exploration, overcoming traditional limitations. Its application spans various do-
mains including oil and gas exploration [3–7], mineral exploration [8,9], tectonic structure
investigation [10,11], fluid monitoring [12], etc. Its impact is not limited to commercial
applications but also extends to academic and environmental studies, proving its versatility
and wide-ranging influence.

Although seismic interferometry has achieved substantial progress across various
fields, it still faces challenges. Fundamentally, seismic interferometry assumes a complete
boundary of sources around the receivers, an assumption that often confronts practical con-
straints in field applications, particularly due to the limited distribution of surface-based
illuminating sources [1]. This discrepancy results in complexities in the wavefield inter-
actions, notably in the generation of non-physical reflections (as shown in Figure 1) due
to cross-correlation between diverse interfaces [13]. These non-physical reflections, char-
acterized by kinematic properties similar to actual seismic reflections, represent a form of
coherent noise that challenges conventional denoising methods. Their resemblance to true

Remote Sens. 2024, 16, 2075. https://doi.org/10.3390/rs16122075 https://www.mdpi.com/journal/remotesensing

https://doi.org/10.3390/rs16122075
https://doi.org/10.3390/rs16122075
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/remotesensing
https://www.mdpi.com
https://orcid.org/0000-0002-4576-4560
https://orcid.org/0000-0002-1628-5210
https://doi.org/10.3390/rs16122075
https://www.mdpi.com/journal/remotesensing
https://www.mdpi.com/article/10.3390/rs16122075?type=check_update&version=2


Remote Sens. 2024, 16, 2075 2 of 21

seismic signals makes them difficult to distinguish and remove effectively. Furthermore,
these reflections often obscure many reconstructed weak events in the virtual seismic
response, creating a potential for instability in subsequent inversion processes. Such at-
tributes of non-physical reflections significantly affect data processing, predominantly due
to their contribution to a low signal-to-noise ratio of the data [14–16]. This issue is a critical
factor in the failure of most conventional processing methods, as outlined by Schuster in
his seminal work on seismic interferometry.
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To overcome these challenges, there have been significant advancements in tech-
niques such as multiple suppression [17,18], weak signal enhancement [19], and migration
methods [20]. These developments aim to refine the processing to effectively address
distortions caused by non-physical reflections. Our paper concentrates on deghosting
within the context of non-physical reflection interference.

Ghost interference is a common issue in marine seismic exploration, arising from the
receivers being positioned at a certain depth below the sea surface [21]. This setup results
in the formation of downgoing wavefields from the sea surface that mix with upgoing
wavefields from the seabed, captured by the receivers [22]. Ghosts, typically appearing
after the primary signal, interfere with it and degrade the data quality. Specifically, they
narrow the frequency band of the effective signal and eliminate the low frequencies [23].
Additionally, the phase distortion affects accurate event localization, while reduced data
resolution compromises the clarity of seismic interpretation, highlighting the critical need
for precise deghosting methods in marine seismic exploration.

The inversion-based deghosting method combines plane wave decomposition with
the construction of ghost delay operators and utilizes a linear inversion algorithm to
extract ghost-free wavefields, which have been gaining prominence in recent years [24,25].
Recent advances in this field have focused on integrating high-performance inversion
algorithms [26–28] or machine learning techniques [29–31] to further improve deghosting
results. Despite these significant advancements, existing deghosting methods does not
specifically consider the influence of non-physical reflections of the virtual gathers, which
is generated by seismic interferometry.

As mentioned above, non-physical reflections can lead to unstable inversion processes
and reduced accuracy in conventional deghosting algorithms. Therefore, we present an
innovative deghosting method for the virtual gathers based on the principles of low-rank
approximation and sparse inversion. This advanced method aims to improve the stability
by enhancing denoising ability and adding prior constraints. To solve the problem of noise
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interference, we introduced a sparse constraint method to enhance inversion accuracy.
Additionally, the proposed method modifies the traditional deghosting mode that involves
deghosting shot by shot. Taking advantage of the characteristics of streamer observation
systems, the data are rearranged into 3D data cubes, transforming the single-shot inversion
into multi-shot inversion. Introducing nuclear norm constraints allows stratigraphic conti-
nuity to become a new constraint in the inversion process, further improving the accuracy.
Synthetic data and field data are used to verify the effectiveness of the proposed method.

2. Materials and Methods
2.1. Foundational Information

In this section, we will introduce the foundational information. We will present the
principles and limitations of the deghosting methods, highlighting the challenges faced by
conventional deghosting methods when applied to virtual-shot gathers.

For existing deghosting algorithms, Ghosh demonstrated, through a comparison of
deconvolution-based time-domain and frequency-domain deghosting algorithms, that the
frequency-domain algorithm is more stable [21]. Furthermore, due to the independence of
slowness information from frequency in the frequency–slowness domain, the stability is
enhanced [22]. In practical applications, the deghosting algorithm based on a linear Radon
transform is the most widely used [24,32]. In this method, seismic records are transformed
from the time–space domain to the time–slowness domain through the Radon transform.
According to the slowness information, each trace is associated with its corresponding
ghost delay time4ti:

4ti =
2z
√

1− p2
i v2

v
, (1)

where pi indicates the different trace slowness in the Radon domain, z is receiver depth,
and v is water velocity. The Radon domain deghosting method can be represented as

D(xj, ω) =
np

∑
i=1

S(pi, ω) · e−iωpixj · (1− e−iω∆ti ), (2)

where D(xj, ω) represent two-dimensional seismic records in the frequency domain;xj
and ω are the offset index and angular frequency. S(pi, ω) represent frequency domain
deghosting results, which can be expressed as

D(x1, ω)
D(x2, ω)

...
D(xn−1, ω)

D(xn, ω)

 =


G1,1 G1,2 · · · G1,np−1 G1,np
G2,1 G2,2 · · · G2,np−1 G2,np

...
... Gi,j

...
...

Gn−1,1 Gn−1,2 · · · Gn−1,np−1 Gn−1,np
Gn,1 Gn,2 · · · Gn,np−1 Gn,np




S(p1, ω)
S(p2, ω)

...
S(pnp−1, ω)

S(pnp, ω)

 (3)

where Gi,j = e−iωpixj · (1− e−iω∆ti ). We can simplify this process by using a linear equation
for expression, as shown in Equation (4):

D = GS, (4)

where G represents a ghost operator. Solving the linear inversion problem can obtain the
Radon domain deghosting result, which is expressed as

S= (GHG + εI)−1GHD. (5)

Finally, performing an inverse Fourier transform in the frequency direction can obtain
the time–space domain deghosting results.

However, although such methods have been proven to achieve good results under
normal circumstances, they face limitations when dealing with complex wavefields, es-
pecially when the data contain a significant amount of noise. As mentioned above, the
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virtual-shot gathers contain a large amount of non-physical noise, which severely limits the
effectiveness of the deghosting inversion.

Virtual-shot gathers are generated through seismic interferometry [33,34]. By pro-
cessing the original seismic data using seismic interferometry, it can be transformed into
the data that approximate being generated from any arbitrary subsurface location. This
transformed data are known as virtual-shot gathers. In exploration, the flexibility of inter-
ferometry is often used to reposition imaging points to penetrate complex overburdens
or enhance illumination. Seismic interferometry is applicable to both active seismic data
and passive seismic data (Figure 2). The original data can be transformed into virtual-shot
gathers through Equations (6) and (7) [35].

<{G(xB, xA, ω)} ≈ 1
ρc

∫
G(xB, S, ω)G(xA, S, ω)∗dS, (6)

<{Ĝ(xB, xA, ω)}Ŝ(ω) =
1
ρc

〈
p̂obs(xB, S, ω) p̂obs(xA, S, ω)∗

〉
, (7)

where < represents the real part of a complex number; G and p̂obs represent the active
and passive seismic wavefield. ω represents the angular frequency; * denotes the complex
conjugate in the frequency domain. ρ is the density and c is the propagation velocity, and
〈·〉 represents the overall spatial average.
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The process of seismic interferometry can be understood as the matching of different
wavefield propagation paths. The cross-correlation process cancels the overlapping paths,
approximating the data as a new wavefield. However, unmatched wavefield paths during
cross-correlation generate non-physical noise [20]. This non-physical noise presents a major
challenge for deghosting frameworks when dealing with virtual-shot gathers, introducing
perturbations that disrupt the propagation relationship between the primary and ghost,
thereby affecting the stability of the inversion process.

2.2. Multi-Shots’ Sparse Inversion with Nuclear Norm Constraint Deghosting Framework

To overcome this challenge, we propose a novel inversion deghosting framework.
We introduce sparse constraints to reduce the impact of non-physical noise along the
shot direction. Additionally, the nuclear norm constraints are introduced, allowing the
continuity of the layer along the offset direction to serve as a new prior constraint, thereby
enhancing the stability of the inversion. In this section, we first introduce how to construct
the joint inversion framework based on sparse constraints and nuclear norm constraints.
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We then provide a comprehensive data processing workflow, including the preprocessing
steps for obtaining a 3D data cube suited for joint sparse and nuclear norm constraints, as
well as the solution methods for the joint constraint inversion.

2.2.1. Joint Inversion Framework with Sparse and Nuclear Norm Constraints

We regard the challenge as an inversion problem. Applying regularization during the
inversion process can prevent data overfitting and reduce its complexity with respect to
noise, thereby enhancing the stability of the inversion [36]. Considering the characteristics
of the data, in this paper, we choose a sparse constraint and nuclear norm constraint as
regularization terms to optimize the inversion process.

Sparse inversion, rooted in compressive sensing theory, aims to discretize the seismic
signal using a sampling matrix to eliminate redundant information [37]. By integrating
sparse inversion algorithms with deghosting frameworks, the influence of non-physical
events can be suppressed. Additionally, to further enhance the stability of the inversion
process, introducing new prior constraints is proven to be an effective strategy. Lateral
continuity of layers can be a good choice that can reduce the non-uniqueness of the solution,
making the inversion results more stable and reliable [38]. Nuclear norm regularization
treats the seismic reflection coefficient matrix as a low-rank matrix, and by minimizing its
nuclear norm, lateral constraints are applied, which can achieve the goal of the incorpora-
tion of lateral stratigraphic continuity as a prior constraint into the inversion process [39,40].

The inversion process with regularization constraints can be expressed by Equation (8):

F(r) = ‖Wr−D‖q + ϕR(r), (8)

where r is the inversion result, D is the input data, and W is the observation matrix.
‖Wr−D‖q represents the data fitting term, ϕR(r) is the regularization term, and ϕ is the
parameter controlling the strength of the regularization.

In the deghosting inversion, the observation matrix is equal to the ghost operator G,
and the inversion result is deghosting data S. Therefore, we can construct the deghosting
inversion framework with regularization constraints by rewriting Equation (8):

F(S) = ‖GS−D‖q + ϕR(S), (9)

and when using sparse constraint as the regularization method, Equation (9) can be rewrit-
ten as follows (see Appendix A for details):

F(S) = ‖GS−D‖2
2 + λ‖S‖1, (10)

where ‖·‖1 represents the L1 norm of the pure signal; ‖·‖2
2 denotes the calculation of the

squares of the L2 norm, which is the sum of the squares of the vector elements. It should
be noted that Equation (11) is the equation of single-shot inversion. When we extend
the inversion from single-shot to multi-shot simultaneous inversion, Equation (10) can be
rewritten as

F(S) = ‖GS−D‖2
F + λ‖S‖1, (11)

where ‖·‖2
F represents the squares of the Frobenius norm, that is, the sum of the squares of

the matrix elements.
When using nuclear norm constraints as a regularization method, Equation (9) is

rewritten as follows (detailed content can be found in Appendix B):

F(S) = ‖GS−D‖2
F + µ‖S‖∗, (12)

where ‖·‖2
F represents the Frobenius norm; µ is a regularization parameter with low-rank

constraints. ‖S‖∗ = ∑
i

σ(i), and σ(i) is the ith singular value of matrix S.

To ensure the effectiveness of the deghosting inversion process for virtual-shot gathers,
we combine the two regularization methods for joint inversion. By simultaneously enhancing
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noise resistance and introducing new prior constraints, we optimize the inversion process.
The joint inversion framework can be obtained by combining Equations (11) and (12):

F(S) = ‖GS−D‖2
F + λ‖S‖1 + µ‖S‖∗, (13)

2.2.2. Multi-Shots’ Simultaneous Deghosting Framework

The signal of seismic data appears in different forms across different gathers. In com-
mon shot gathers, it is represented as high-curvature hyperbolas, while in common-offset
gathers, it resembles the layers (smooth and continuous, which are suitable for nuclear
norm constraints). Based on this feature, we designed a data preprocessing procedure that
transforms 2D shot-by-shot arranged data into a 3D pseudo-data cube, providing more
suitable input data for joint constraints’ inversion. With the modified data cube, we can
achieve multi-shot simultaneous inversion, which improves efficiency while meeting the
requirements of both regularization methods for the data.

For original data, in a conventional streamer observation system, the positions of the
source and receivers are relatively fixed, which means that the offsets of different shots
are consistent. Therefore, for the streamer data, we can simply rearrange the data from
different shots (as shown in Figure 3) into a 3D data cube. This process can be simply
understood as follows: Firstly, as shown in Figure 3a,b, the original data, which are shown
in common shot gathers, are arranged according to shot numbers to obtain a 3D data cube.
Then, by performing a Fourier transform along the time axis, we can obtain the frequency
domain representation of the 3D data cube (as shown in Figure 3c). At this point, extracting
it at any frequency slice will give us a 2D slice where the first dimension represents the shot
number, and the second dimension represents the offset (as shown in Figure 3d,e).
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However, for virtual data generated through seismic interferometry, it is not a cable
system, but rather similar to conventional seismic acquisition systems; that is, the receiver
remains stationary with the source moves, and the offsets between different shots are
different. It means that if we rearrange the data as shown in Figure 3, the data slice along
shots is not the common-offset gather, which is required by the nuclear norm constraint.
Therefore, before constructing a pseudo-3D data cube, it is necessary to preprocess the
virtual-shot data to form a common-offset gather. It is interesting that through the obser-
vation and analysis of virtual data, we found that with only a slight adjustment of the
observation perspective, we can still easily obtain the desired common-offset gathers from
the rearranged 3D data cube. The process is shown in Figure 4, and we present it in the
form of a 3D data overview diagram.
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Figure 4. Schematic diagram of virtual-shot data rearrangement. (a) Top view of the 3D data cube
where we illustrate the relative positions of the sources and receivers. (b) Top view of the rotated
pseudo-3D data cube, where the red lines indicate data with the same offset. (c) Top view of the
preprocessed results, with shaded areas indicating filled zero matrices.

For the virtual-shot gather, we can understand it as shown in Figure 4a. The receiver
position of the acquisition system remains unchanged, the source position moves, and each
receiver position undergoes an excitation. First, we rotate the data cube to Figure 4b and
connect the data with the same offset in the red line. Then, with the shaded area being a
zero matrix, as shown in Figure 4c, we can obtain the preprocessing result, in which the
vertical slice of the 3D data cube becomes a common-offset gather (each vertical slice is
connected by red lines). The frequency domain slices of the data can be represented as

Dpse-3D(ωk) =


Dv

1(x−ntr, ωk) · · · Dv
1(xj, ωk) · · · Dv

1(xntr, ωk)
· · · · · · · · · · · · · · ·

Dv
i (x−ntr, ωk) · · · Dv

i (xj, ωk) · · · Dv
i (xntr, ωk)

· · · · · · · · · · · · · · ·
Dv

ns(x−ntr, ωk) · · · Dv
ns(xj, ωk) · · · Dv

ns(xntr, ωk)

, (14)

where ns is the number of shots, and ntr represents the number of traces and

Dv
i (xj, ω) =


0 x−ntr < xj < x−i

Di−(j+1)/2(xi+(j−1)/2, ω) x−i ≤ xj ≤ xi
0 xi < xj < xntr

, (15)

among them; si represents the ith shot, xi is the offset coordinate, and its value range is
−xntr ≤ xj ≤ xntr. In this way, we can rearrange the virtual-shot data into a pseudo-3D
data cube.

Through the aforementioned data preprocessing steps, we obtain the input data
Dpse-3D that meet the requirements of the joint constraint inversion. Then, we can derive
the objective function of the inversion framework:
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F(Spse-3D) =
∥∥GSpse-3D −Dpse-3D

∥∥2
F + λ

∥∥Spse-3D
∥∥

1 + µ
∥∥Spse-3D

∥∥
∗. (16)

Equation (16) can be solved using a split Bergman iteration strategy and introducing
auxiliary variable matrix Θ. Equation (16) can be rewritten as

F(Spse-3D, Θ) =
∥∥GSpse-3D −Dpse-3D

∥∥2
F + λ‖Θ‖1 + β

∥∥Spse-3D −Θ
∥∥2

F + µ
∥∥Spse-3D

∥∥
∗, (17)

and among them, β is an auxiliary parameter in the split Bergman iteration. Equation (17)
can be iteratively solved by alternately minimizing the Θ and Spse-3D.

Firstly, we will introduce how to minimize the auxiliary matrix Θ. Θ can be obtained
by solving the objective function shown in Equation (18):

F(Θk) = β
∥∥∥Sk−1

pse-3D −Θk
∥∥∥2

F
+ λ

∥∥∥Θk
∥∥∥

1
, (18)

where k is the number of iterations. This function can be solved through the threshold
shrinkage algorithm [41]:

Θk = Tt(Sk−1
pse-3D), (19)

where t = λ
2β , and Tt(Sk−1

pse-3D) is the threshold shrinkage operator:

Tt(Spse-3D) =


Si,j − t Si,j ≥ t > 0

0 −t < Si,j < t
Si,j + t Si,j < −t

, (20)

where Spse-3D can be obtained by solving the objective function of Equation (21), which
requires the use of auxiliary matrices Θ.

F(Sk
pse-3D) =

∥∥∥GSk
pse-3D −Dpse-3D

∥∥∥2

F
+ βk−1

∥∥∥Sk
pse-3D −Θk

∥∥∥2

F
+ µ

∥∥∥Sk
pse-3D

∥∥∥
∗
, (21)

which can be rewritten as

F(Sk
pse-3D) =

∥∥∥A− LSk
pse-3D

∥∥∥2

F
+ µ

∥∥∥Sk
pse-3D

∥∥∥
∗
, (22)

where A =

[
Dpse-3D√

βΘk

]
and L =

[
G√
βI

]
. Equation (22) can be solved by an approximate

message passing algorithm [42].
In summary, Equation (16) can be solved by the following steps:
Step 1: Input data contain ghost Dpse-3D, ghost operator G, zero matrix S0, regulariza-

tion parameters λ and µ, and auxiliary parameters β0. Set k = 1.
Step 2: Obtain the auxiliary matrix Θk through Equation (20).
Step 3: Substituting Θk into Equation (21) to obtain the matrix Sk.

Step 4: Determine if Sk meets the requirement ‖Sk−Sk−1‖2
F

1+‖Sk‖2
F

< ε, where ε is the Bregman

iteration stop parameter, or if the desired number of iterations has been reached. If so, stop
the iteration. If not, set k = k + 1 and βk = aβk−1, a ∈ (1, 2) and return to Step 2.

2.3. Data Description

The performance of the proposed multi-shot simultaneous deghosting method in this
article is evaluated on three datasets: the passive seismic synthetic data, the active seismic
synthetic data, and field data. Details of all datasets are described as follows:

2.3.1. Synthetic Data

The velocity model used is the salt dome model (Figure 5). This model has 250 grid
points in the vertical direction and 1081 sampling points in the horizontal direction, with a
grid spacing of 5 m. The model includes various velocity layers and contains a large number
of geological anomalies. These complex geological structures (including high-velocity
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layers and faults) and significant velocity variations result in a highly complex synthetic
seismic wavefield. This complexity effectively tests the method’s efficacy in handling
intricate situations, making it widely used in seismic exploration-related research [1,2]. In
this study, we applied this model to generate synthetic datasets and test the effectiveness of
the multi-shot simultaneous deghosting method.
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Figure 5. Salt dome velocity model.

First, we use synthetic datasets to test the effectiveness of the multi-shot simultane-
ous deghosting method (the detailed acquisition system parameter settings are provided
in Table 1). Recognizing the applicability of both active and passive seismic data in con-
structing virtual-shot gathers via seismic interferometry, we conducted separate analyses
on these datasets (Figure 6).

Table 1. Parameter setting of Synthetic data.

Acquisition System Parameter Setting

Source 271
Receivers 271

Trace spacing 20 m
Shot spacing 20 m

Time sampling 2 ms
Total time 1.6 s

Receiver depth 20 m

We used the finite difference seismic forward modeling method and Ricker wavelet
with a main frequency of 30 Hz to generate the synthetic data. Among them, Figure 6a,b
are the virtual-shot gathers obtained by passive and active seismic data, respectively. The
air–water surface was set as a free surface. Additionally, the sides of the model were
configured with absorbing boundaries to prevent unnecessary interfering wavefields.
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Figure 6. The 3D data cube of original synthetic data: (a) Virtual-shot gathers of passive seismic data.
(b) Virtual-shot gathers of active seismic data. The blue lines indicate the positions of the displayed
slices within the data cube, that is, the three slices shown from the 3D cube are: a time slice at 0.8 s, a
common shot gather at shot number 135, and a common offset gather at an offset of 0 km.

2.3.2. Field Data

Field data were collected (Figure 7) in the South Sea of China using a steamer system.
In Table 2, we provide the relevant information for this field data. These data were acquired
using a steamer observation system, which is a unique marine exploration system that
involves towing a series of receivers behind a survey vessel to continuously collect seismic
data along predefined lines. During the acquisition process, the source points and receivers
move with the survey vessel, resulting in the obtained data having a fixed offset in different
shot gathers. Compared to the synthetic data, the layers are relatively gentle, but the
wavefield is more complex, which is a challenge to the stability of the deghosting method.
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Table 2. Parameter setting of Field data.

Acquisition System Parameter Setting

Source 371
Receivers 371

Trace spacing 25 m
Shot spacing 25 m

Time sampling 4 ms
Total time 2.4 s

Receiver depth 7 m

3. Results

In this section, the original data (contain ghosts) and the result of the widely used
Radon-based deghosting method will be used as the control group. Because of the effect
of the ghost shown in both the data domain and frequency domain, in each test, we will
provide the data domain deghosting results and frequency domain result (f-k spectra). In
this section, we will compare the kinematic characteristics and frequency bands of different
methods on seismic records, which aims to comprehensively verify the effectiveness of the
proposed multi-shot simultaneous deghosting framework.

3.1. Synthetic Data Result

First, we use the passive synthetic data to test the effectiveness of the multi-shot
simultaneous deghosting method. The data domain deghosting results are shown in
Figure 8. Through Figure 8, we mainly compare the impact of different deghosting methods
on kinematic characteristics of the seismic events. Firstly, from an overall perspective,
comparing the original data shown in Figure 8a, both the conventional deghosting method
and the multi-shot simultaneous deghosting framework reduced the impact of the ghost.
This phenomenon is mainly shown in the two events of 0.3 s and 0.5 s in the slice of
a common shot gather. In the original data (Figure 8a), the events shown in black are
followed by the events with opposite polarity (shown in white), which is due to the delay
superposition between the ghost and the original data, but in Figure 8b,c, the negative
polarity events disappear. When we compare the processing effects shown in Figure 8b,c,
we can find that there is a significant difference between the two methods. At the position
indicated by the yellow arrow in a common shot gather near 0.4 s, due to the strong energy
at the near offset, the conventional deghosting method exhibits instability, and non-physical
events appear in seismic records. But, in Figure 8c, this phenomenon does not occur, which
proved the effectiveness of the multi-shot simultaneous deghosting method. Similarly, we
can observe that regarding the common-offset gather, the results obtained by the multi-
shot simultaneous deghosting method are also more accurate than those obtained by the
conventional method. It can be observed that the conventional method also leads to the
presence of non-physical events due to inversion instability. In the meantime, marked by
a yellow arrow, the layer present in the original data is almost masked by the introduced
noise in Figure 8b, but in the multi-shot simultaneous deghosting method, the layer can still
be clearly observed. This proves the superiority of the multi-shot simultaneous deghosting
method over conventional methods.

By applying the Fast Fourier Transform (FFT) to the time-domain data shown in
Figure 8, we can obtain the f -k spectra for the three datasets (shown in Figure 9) to further
validate the effectiveness through the aspect of frequency band compensation. The impact
of the ghost on the data frequency band is mainly reflected in two aspects; one is the absence
of low frequency, and the other is the generation of notch frequencies. In the passive virtual-
shot gathers, the latter is the main phenomenon of ghost impact. The theoretical notch
frequency due to ghosting can be calculated using the equation fn = n c

2z , n = 0, 1, 2, · · · ,
where z is receiver depth, and c is water velocity. Substituting the water velocity and
the receiver depth, we can obtain that the notch frequency should be concentrated near
37.5 Hz. To better compare the compensation effects of different methods on this notch
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frequency, we selected the frequency band range of the f-k spectrum to be 0–50 Hz. From
Figure 9a, it can be observed that the notch frequency is near the 35 Hz position (marked
by red arrows). In Figure 9b,c, both results compensate for the notch effect. However, it is
evident that there is an obvious outlier in the processing results of the conventional method
shown in Figure 9b, which is caused by the instability of the inversion algorithm. But,
in the multi-shot simultaneous deghosting framework shown in Figure 9c, results have
the complete frequency band without outliers. Through this comparative experiment, we
have verified that the multi-shot simultaneous deghosting framework can achieve better
processing results than conventional methods in passive virtual-shot gathers. Whether from
the kinematic characteristics of the events shown in the data domain or frequency band
shown in the f-k spectrum, it has been proven that the multi-shot simultaneous deghosting
framework has strong stability, which can avoid interference caused by inversion instability.
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Similar to the passive seismic data, we compare the effects of different deghosting methods
on the kinematic characteristics of events in the data domain (Figure 10) and frequency band
compensation (Figure 11). By comparing the original data (Figure 10a), conventional deghosting
result (Figure 10b), and multi-shot simultaneous deghosting result (Figure 10c), we can clearly
see changes in the polarity of seismic events after deghosting. At the position marked by the
red arrow, the negative polarity (white) seen in Figure 10a, caused by the delay superposition
of the ghost and the original data, is suppressed in Figure 10b,c, indicating the effectiveness
of the deghosting method. Comparing the results shown in Figure 10b,c, it can be seen that
due to the improvement in inversion stability, the interference introduced by the conventional
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deghosting method (marked by yellow arrow) does not appear in Figure 10c. Whether in the
time slice or the common-offset slice, the processing results of the multi-shot simultaneous
deghosting framework are better than those of the conventional method, specifically shown in
better event continuity and the disappearance of false layers.

In the f -k spectrum of the original data shown in Figure 11a, it can be observed that
due to the influence of the ghost, there is low frequency missing at the 0–10 Hz position,
and a notch phenomenon near 40 Hz. Firstly, we compare the compensation effects of two
deghosting methods for missing low frequency. In Figure 11b,c, we can see that the missing
low-frequency wavefield in both results is compensated, but the result of the multi-shot
simultaneous deghosting method has stronger energy, which will bring convenience for
subsequent processing. For the frequency band notch near 40 Hz, it can be seen that after
notch compensation, the frequency band continuity of the multi-shot simultaneous deghosting
method is significantly better than the processing results of conventional methods because
of the outliers caused by inversion instability. The processing results in the f -k spectrum
fully demonstrate that the multi-shot simultaneous deghosting framework can achieve better
processing results than conventional methods in the active source virtual data, demonstrating
the effectiveness of the multi-shot simultaneous deghosting framework.
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In the f-k spectrum of the original data shown in Figure 11a, it can be observed that 
due to the influence of the ghost, there is low frequency missing at the 0–10 Hz position, 
and a notch phenomenon near 40 Hz. Firstly, we compare the compensation effects of two 
deghosting methods for missing low frequency. In Figure 11b,c, we can see that the miss-
ing low-frequency wavefield in both results is compensated, but the result of the multi-
shot simultaneous deghosting method has stronger energy, which will bring convenience 
for subsequent processing. For the frequency band notch near 40 Hz, it can be seen that 
after notch compensation, the frequency band continuity of the multi-shot simultaneous 
deghosting method is significantly better than the processing results of conventional 
methods because of the outliers caused by inversion instability. The processing results in 
the f-k spectrum fully demonstrate that the multi-shot simultaneous deghosting frame-
work can achieve better processing results than conventional methods in the active source 
virtual data, demonstrating the effectiveness of the multi-shot simultaneous deghosting 
framework. 

Figure 10. The data domain deghosting result of active seismic data: (a) The input data which contain
ghosts. (b) Radon-based inversion deghosting result. (c) Multi-shot simultaneous deghosting result.
The locations of the denoising effect are marked by red arrows, and the location of noise introduced
is marked by a yellow arrow. The blue lines indicate the positions of the displayed slices within the
data cube.
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3.2. Field Data Result

Furthermore, we used the field data to test the effectiveness of the multi-shot simul-
taneous deghosting framework. The result is shown in Figure 12. In Figure 12, to better
present the results, we adjusted the display range of the offset, mainly focusing on the
near-offset data that contains more information. Overall, both conventional deghosting
methods and the multi-shot simultaneous deghosting framework have successfully sup-
pressed the ghost in the original data, as shown by the red arrow in the time slice. The
seismic wave field formed by the delay superposition of the ghost and the original data
(shown in white) is suppressed in Figure 12b,c. By comparing the processing results of the
two methods in detail, we can find that the conventional method, due to the instability
of the inversion process, not only attenuates the ghost but also affects the effective signal.
At the position indicated by the yellow arrow in the shot slice, it can be seen that the



Remote Sens. 2024, 16, 2075 16 of 21

results processed by the conventional method show waveform distortion compared to the
original data and the results processed by the multi-shot simultaneous deghosting method.
Meanwhile, there is a phenomenon of real strata being masked in the common-offset slice.
For a more intuitive comparison, in Figure 13, we present the zoom view of the position
marked by the red dotted box in the common-offset slice of Figure 12.
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The blue lines indicate the positions of the displayed slices within the data cube.

Remote Sens. 2024, 16, x FOR PEER REVIEW 20 of 24 
 

 

 
Figure 12. The data domain deghosting result of field data: (a) The input data which contain ghosts. 
(b) Radon-based inversion deghosting result. (c) Multi-shot simultaneous deghosting result. The 
locations of the denoising effect are marked by red arrows, and the location of waveform distortion 
is marked by yellow arrows. The red dotted box marks the position needed to provide a zoom view. 
The blue lines indicate the positions of the displayed slices within the data cube. 

By comparing Figure 13, we observe that the multi-shot simultaneous deghosting 
framework (Figure 13c) provides better continuity and higher resolution than the conven-
tional method (Figure 13b), and shows a certain noise suppression effect. At the positions 
marked by yellow arrows, we can see that Figure 13b, compared to Figure 13c, lacks some 
data. This indicates that the conventional method has caused damage to the effective sig-
nal due to instability in the inversion process. However, the multi-shot simultaneous 
deghosting framework (Figure 13c) effectively protects the signals. The analysis of data 
domain processing results shows that the multi-shot simultaneous deghosting framework 
achieves better results in field data, balancing deghosting and signal protection, thereby 
proving its effectiveness. 

 
Figure 13. Zoom views of the position marked by a red dotted box of the data domain deghosting 
result of field data: (a) The input data which contain ghosts. (b) Radon-based inversion deghosting 
result. (c) Multi-shot simultaneous deghosting result. The location of the damaged signal is marked 
by yellow arrows. 

Figure 13. Zoom views of the position marked by a red dotted box of the data domain deghosting
result of field data: (a) The input data which contain ghosts. (b) Radon-based inversion deghosting
result. (c) Multi-shot simultaneous deghosting result. The location of the damaged signal is marked
by yellow arrows.

By comparing Figure 13, we observe that the multi-shot simultaneous deghosting
framework (Figure 13c) provides better continuity and higher resolution than the conven-
tional method (Figure 13b), and shows a certain noise suppression effect. At the positions
marked by yellow arrows, we can see that Figure 13b, compared to Figure 13c, lacks some
data. This indicates that the conventional method has caused damage to the effective
signal due to instability in the inversion process. However, the multi-shot simultaneous
deghosting framework (Figure 13c) effectively protects the signals. The analysis of data
domain processing results shows that the multi-shot simultaneous deghosting framework
achieves better results in field data, balancing deghosting and signal protection, thereby
proving its effectiveness.

In Figure 14, we present the f-k spectrum of field data and evaluate the compensation
effect of the method for missing frequency bands through a frequency band analysis.
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Compared to the original data (Figure 14a), the results in Figure 14b,c both enhance
low-frequency signals within 10 Hz. However, the multi-shot simultaneous deghosting
framework provides better energy compensation, resulting in stronger frequency band
energy than the conventional method. This demonstrates the frequency band compensation
capability of the multi-shot simultaneous deghosting framework in processing field data.
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4. Conclusions

This study demonstrates an innovative approach to multi-shot simultaneous ghosting
by integrating sparse and nuclear norm-constrained inversion. Our method focuses on con-
structing a pseudo-3D data cube and introducing joint sparsity and nuclear norm-constrained
inversion, significantly enhancing ghost separation accuracy. The new method effectively
balances computational demands and inversion accuracy. Synthetic and field examples
show significant improvement in accuracy and stability with the multi-shot simultaneous
deghosting method. The practical application of seismic interferometry marks a major
advance in the field and offers a promising direction for future seismic data processing and
interpretation.
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Appendix A

Sparse inversion is based on compressive sensing theory; its basic idea is to discretize
the seismic signal by a sampling matrix, then remove redundant information. Under the
least square criterion to deal with the effects of noise and the constraint of L0 norm spare
regularization, the objective function is

F(r) = ‖Wr−D‖2
2 + λ‖r‖0, (A1)

where r is the denoise result, D is the original data containing noise, W is the observation
matrix, ‖·‖2

2 represents the L2 norm, and ‖ ‖0 represents the L0 norm.
Because obtaining the direct solution to the sparse inverse problem under the

L0 norm constraint is an NP hard problem [43], to solve the equation, a useful method is to
perform reasonable convex relaxation from the perspective of optimization theory. In sparse
inversion, the commonly used convex relaxation is the L1 norm. Therefore, Equation (A1)
is transformed into a convex relaxed version of the L1 norm:

F(r) = ‖Wr−D‖2
2 + λ‖r‖1, (A2)

where ‖S‖1 represents the L1 norm of the pure signal.

Appendix B

Nuclear norm constraint inversion is a high-precision inversion method based on
low-rank approximation. The basic problem of nuclear norm constraint inversion is that
if the signal matrix r is a low rank, the missing terms can be accurately or approximately
restored by minimizing the rank of the objective function shown in Equation (A3):

F(r) = ‖Wr−D‖2
F + µ · rank‖r‖∗, (A3)

where W is an observation matrix, ‖·‖2
F represents the Frobenius norm, and µ is a regular-

ization parameter with low-rank constraints.
The rank of matrix r is equal to the number of singular values of r; that is,

rank‖r‖ = ‖Λ(r)‖0, (A4)

and among them, Λ(r) is a vector composed of singular values of r. Therefore, Equation (A4)
can be written as

F(r) = ‖Wr−D‖2
F + µ‖Λ(r)‖0. (A5)

The direct solution to Equation B3 is also NP hard. It is similar to the sparse inverse
problem under an L0 norm constraint. To approximate the solution of Equation (A5), the
L1 norm can be used to perform reasonable convex relaxation. Therefore, Equation (A5) is
transformed into a convex relaxed version:

F(r) = ‖Wr−D‖2
F + µ‖Λ(r)‖1, (A6)

and the sum of all singular values of a matrix r is defined as the nuclear norm of r, which is
denoted as ‖r‖∗; that is,

‖r‖∗ = ‖Λ(r)‖1 = ∑
i

σ(i), (A7)

where σ(i) is the ith singular value of matrix r. Therefore, Equation (A7) can be written as

F(r) = ‖Wr−D‖2
F + µ‖r‖∗ (A8)
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